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Introductory Note 


This twelfth volume of Collected Papers includes 86 papers comprising 976 pages on Neutrosophic Theories 
and their Applications, published between 2013-2021 in the international book series about neutrosophic sets and 
systems by the author alone or in collaboration with the following 112 co-authors (alphabetically ordered) from 21 
countries: Abdel Nasser H. Zaied, Muhammad Akram, Bobin Albert, S. A. Alblowi, S. Anitha, Guennoun Asmae, 
Assia Bakali, Ayman M. Manie, Abdul Sami Awan, Azeddine Elhassouny, Erick Gonzalez-Caballero, D. Dafik, 
Mithun Datta, Arindam Dey, Mamouni Dhar, Christopher Dyer, Nur Ain Ebas, Mohamed Eisa, Ahmed K. Essa, Faruk 
Karaaslan, Joao Alcione Sganderla Figueiredo, Jorge Fernando Goyes Garcia, N. Ramila Gandhi, Sudipta Gayen, 
Gustavo Alvarez Gomez, Sharon Dinarza Alvarez Gomez, Haitham A. El-Ghareeb, Hamiden Abd El-Wahed Khalifa, 
Masooma Raza Hashmi, Ibrahim M. Hezam, German Acurio Hidalgo, Le Hoang Son, R. Jahir Hussain, S. Satham 
Hussain, Ali Hussein Mahmood Al-Obaidi, Hays Hatem Imran, Nabeela Ishfaq, Saeid Jafari, R. Jansi, V. Jeyanthi, 
M. Jeyaraman, Sripati Jha, Jun Ye, W.B. Vasantha Kandasamy, Abdullah Kargin, J. Kavikumar, Kawther Fawzi 
Hamza Alhasan, Huda E. Khalid, Neha Andalleb Khalid, Mohsin Khalid, Madad Khan, D. Koley, Valeri Kroumov, 
Manoranjan Kumar Singh, Pavan Kumar, Prem Kumar Singh, Ranjan Kumar, Malayalan Lathamaheswari, A.N. 
Mangayarkkarasi, Carlos Rosero Martinez, Marvelio Alfaro Matos, Mai Mohamed, Nivetha Martin, Mohamed Abdel- 
Basset, Mohamed Talea, K. Mohana, Muhammad Irfan Ahamad, Rana Muhammad Zulgarnain, Muhammad Riaz, 
Muhammad Saeed, Muhammad Saqlain, Muhammad Shabir, Muhammad Zeeshan, Anjan Mukherjee, Mumtaz Ali, 
Deivanayagampillai Nagarajan, Iqra Nawaz, Munazza Naz, Roan Thi Ngan, Necati Olgun, Rodolfo Gonzalez Ortega, 
P. Pandiammal, I. Pradeepa, R. Princy, Marcos David Oviedo Rodriguez, Jesus Estupifian Ricardo, A. Rohini, Sabu 
Sebastian, Abhijit Saha, Mehmet Sahin, Said Broumi, Saima Anis, A.A. Salama, Ganeshsree Selvachandran, Seyed 
Ahmad Edalatpanah, Sajana Shaik, Soufiane Idbrahim, S. Sowndrarajan, Mohamed Talea, Ruipu Tan, Chalapathi 
Tekuri, Selcuk Topal, S. P. Tiwari, Vakkas Ulugay, Maikel Leyva Vazquez, Chinnadurai Veerappan, M. 
Venkatachalam, Luige Vladareanu, Stefan Vladutescu, Young Bae Jun, Wadei F. Al-Omeri, Xiao Long Xin. 
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Crisp Topology; Interval-Valued Neutrosophic Set; Interval-Valued Neutrosophic Subring; Interval-Valued 
Neutrosophic Normal Subring; Interval-Valued Neutrosophic Hypersoft Set; Neutrosophic Multiple Regression; 
Neutrosophic Regression; Neutrosophic Correlation; Neutrosophic Implication; Single Valued Neutrosophic 
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Neutrosophic Quadratic Residues; Neutrosophic Quadratic Nonresidues; Neutrosophic Quadratic Residue Graph; 
Neutrosophic Quadratic Nonresidue Graph; Fuzzy Neutrosophic Soft Mapping; Coincidence Point; Fixed Point; 
Centroid Points; Neutrosophic Metric Space; Banach Contraction; Edelstein Contraction; Trapezoidal Fuzzy 
Neutrosophic Numbers; TriVariate Truth-Value; MultiVariate Truth-Value; UniVariate Truth-Value; Automata 
Theory; Box Function; Sociogram; Neutrosophic Sociogram; Neutrosociology; Group Analysis; Sociometry 
Analysis; Communication; Information; Extensics. 
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Neutrosophic Measure and Neutrosophic Integral 


Florentin Smarandache 


Florentin Smarandache (2013). Neutrosophic Measure and Neutrosophic Integral. 


Neutrosophic Sets and Systems 1, 3-7 


Abstract. Since the world is full of indeterminacy, the 
neutrosophics found their place into contemporary 
research. We now introduce for the first time the notions 
of neutrosophic measure and neutrosophic integral. 
Neutrosophic Science means development and 
applications of neutrosophic logic/set/measure/integral/ 
probability etc. and their applications in any field. It is 
possible to define the neutrosophic measure and 
consequently the neutrosophic integral and neutrosophic 
probability in many ways, because there are various types 


of indeterminacies, depending on the problem we need to 
solve. Indeterminacy is different from randomness. 
Indeterminacy can be caused by physical space materials 
and type of construction, by items involved in the space, 
or by other factors. Neutrosophic measure is a 
generalization of the classical measure for the case when 
the space contains some indeterminacy. Neutrosophic 
Integral is defined on neutrosophic measure. Simple 
examples of neutrosophic integrals are given. 


Keywords: neutrosophy, neutrosophic measure, neutrosophic integral, indeterminacy, randomness, probability. 


1 Introduction to Neutrosophic Measure 


1.1 Introduction 

Let <A> be an item. <A> can be a notion, an attribute, 
an idea, a proposition, a theorem, a theory, etc. 

And let <antiA> be the opposite of <A>; while 
<neutA> be neither <A> nor <antiA> but the neutral (or 
indeterminacy, unknown) related to <A>. 

For example, if <A> = victory, then <antiA> = defeat, 
while <neutA> = tie game. 

If <A> is the degree of truth value of a proposition, 
then <antiA> is the degree of falsehood of the proposition, 
while <neutA> is the degree of indeterminacy (i.e. neither 
true nor false) of the proposition. 

Also, if <A> = voting for a candidate, <antiA> = voting 
against that candidate, while <neutA> = not voting at all, 
or casting a blank vote, or casting a black vote. In the case 
when <antiA> does not exist, we consider its measure be 
null {m(antiA)=0}. And similarly when <neutA> does not 
exist, its measure is null { m(neutA) = 0}. 


1.2 Definition of Neutrosophic Measure 


We introduce for the first time the scientific notion of 
neutrosophic measure. 

Let X be a neutrosophic space, and 2% a 
oO -neutrosophic algebra over X. A_ neutrosophic 
measure Vv is defined by for neutrosophic set A € X by 

viX OR, 

v(A) =(m(A), m(neutA),m(antiA)) , (1) 

with antiA = the opposite of A, and neutA = the neutral 
(indeterminacy) neither A nor anti A (as defined above); 
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forany AC X and AeX, 

m(A) means measure of the determinate part of A; 

m(neutA) means measure of indeterminate part of A; 

and m(antiA) means measure of the determinate part of 
antiA; 

where v is a function that satisfies the following two 
properties: 

a) Null empty set: y (®) = (0,0,0) ; 

b) Countable additivity (or o -additivity): For all 
countable collections { A,} of disjoint neutrosophic 


neL 
sets in &, one has: 
(Ua)}-(Zma dm(neut, Zana, Cn) X)) 


where X is the whole neutrosophic space, 
(2) 
Yi m(antiA, )—(n-1)m(X )= m(X ) Dem A, )=m(O anti, ). 


and 
neL neL 


1.3 Neutrosophic Measure Space 


A neutrosophic measure space is a triplet ( X VY) : 


1.4 Normalized Neutrosophic Measure 
A neutrosophic measure is called normalized if 
4(X)=(m(X ),m(neutX ),m(antiX )) =(x,,x,,%;)> 
with x,+x,+x,=1; 
and x, 2 0,x, 20,x, 20. (3) 


Where, of course, X is the whole neutrosophic measure 
space. 
1.5 Finite Neutrosophic Measure Space 
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Let Ac X . We say that v(A) =(a,,a,,a,) 4S finite if all 


a1, a2, and a3 are finite real numbers. 
A neutrosophic measure space (X,z,v) is called finite 


if , (X)=(a,b,c) Such that all a, b, and c are finite (rather 
than infinite). 


1.6 o-Finite Neutrosophic Measure 
A neutrosophic measure is called o-finite if X can be 
decomposed into a countable union of neutrosophically 
measurable sets of fine neutrosophic measure. 
Analogously, a set A in X is said to have a o-finite 
neutrosophic measure if it is a countable union of sets with 
finite neutrosophic measure. 


1.7 Neutrosophic Axiom of Non-Negativity 
We say that the neutrosophic measure v satisfies the 
axiom of non-negativity, if: 
VAex, 
v(A) =(a,,4,,a,) 20 if a, > 0,a, > 0, and a, > 0. (4) 


While a neutrosophic measure V , that satisfies only 
the null empty set and countable additivity axioms (hence 
not the non-negativity axiom), takes on at most one of the 
too values. 


1.8 Measurable Neutrosophic Set and Measurable 
Neutrosophic Space 

The members of & are called measurable neutrosophic 
sets, while (x3) is called a measurable neutrosophic 
space. 


1.9 Neutrosophic Measurable Function 

A function f xy ) = (Y,z,)> mapping 
measurable neutrosophic spaces, is called neutrosophic 
measurable function if VBex,,f '(B)eX, (the 


inverse image of a neutrosophic Y -measurable set is a 
neutrosophic X -measurable set). 


two 


1.10 Neutrosophic Probability Measure 

As a particular case of neutrosophic measure V is th 
neutrosophic probability measure, i.e. a neutrosophic 
measure that measures probable/possible propositions 
“O0<v(X)<3'5 (5) 
where X is the whole neutrosophic probability sample 
space. 

We use nonstandard numbers, such 1* for example, to 
denominate the absolute measure (measure in all possible 
worlds), and standard numbers such as 1 to denominate the 
relative measure (measure in at least one world). Etc. 

We denote the neutrosophic probability measure by 
NP for a closer connection with the classical probability 


ae 


1.11 Neutrosophic Category Theory 
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The neutrosophic measurable functions and _ their 
neutrosophic measurable spaces form a_neutrosophic 
category, where the functions are arrows and the spaces 
objects. 

We introduce the neutrosophic category theory, which 
means the study of the neutrosophic structures and of the 
neutrosophic mappings that preserve these structures. 

The classical category theory was introduced about 
1940 by Eilenberg and Mac Lane. 

A neutrosophic category is formed by a class of 
neutrosophic objects X,Y,Z,... and a class of 


neutrosophic morphisms (arrows) V,¢,@,... such that: 
a) If Hom(X,Y) the 
morphisms from X to Y, then Hom(X,Y)and 


represent neutrosophic 


Hom(X',Y') are disjoint, except when X=X' and 
Y=Y'; 

b) The composition of the neutrosophic morphisms 
verify the axioms of 


i) Associativity: (v ° é) o@M@=Vo (é ° ) 
ii) Identity unit: for each neutrosophic object X 
there exists a neutrosophic morphism denoted id x» called 


neutrosophic identity of X such that id, ov=V and 


Seid, =¢ 


Fig. 2 


1.12 Properties of Neutrosophic Measure 
a) Monotonicity. 


If A, and A, are neutrosophically measurable, with 
A, cA, where 

v(A) =(m(A,),m(neutA, ) m(antiA, )) 

and v(A,)=(m(A,),m(neutA, ) ,m(antiA, )), 


then 
m(A,) < m(A,), m(neutA,) < m(neutA, ), m(antiA,) = m(antiA, ) 
(6) 
Let V(X) =(%.% 5X3) and V{V)=(Yu¥s.¥s)- We 
say that v(X)<v(Y),if X, LY, ,xX, Ly,, and x, > y,. 


b) Additivity. 
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IfA MA, =, then v(A UA,)=v(A)+V(A), 
(7) 


where we define 
(a,,b,,¢,)+(a,,b,,¢,)=(a,4 


a, ,b, +b, ,a, +b, —m(X )) 


(8) 
where X is the whole neutrosophic space, and 
a, +b, —m(X ) = m(X)—m(A)—-m(B) = m(X)-a, -a, 
= m(antiA qn antiB). 

(9) 


1.13  Neutrosophic Measure Continuous from 
Below or Above 
A neutrosophic measure Vv is continuous from below 


if, for A,,A,,... neutrosophically measurable sets with 


A,cA,,, for all n, the union of the sets A, is 
neutrosophically measurable, and 


(UA )=tinv(A) 


no 
And a neutrosophic measure Vv is continuous from 


(10) 


above if for A,,A,,... neutrosophically measurable sets, 
with A, >A,,, for all n, and at least one A, has finite 


neutrosophic measure, the intersection of the sets A, and 


neutrosophically measurable, and 
vy} [{ ]A, |=limv(A,). 11 
iN ) noo ( ) ( ) 


1.14 Generalizations 
Neutrosophic measure is a generalization of the fuzzy 
measure, because when m(neutA) = 0 and m(antiA) is 


ignored, we get 


v(A)=(m(A),0,0)=m(A) (12) 


and the two fuzzy measure axioms are verified: 
a) If A=, then y(A)=(0,0,0)=0 
b) If ACB, then v(A)<v(B)- 


The neutrosophic measure is practically a triple 
classical measure: a classical measure of the determinate 
part of a neutrosophic object, a classical part of the 
indeterminate part of the neutrosophic object, and another 
classical measure of the determinate part of the opposite 
neutrosophic object. Of course, if the indeterminate part 
does not exist (its measure is zero) and the measure of the 
opposite object is ignored, the neutrosophic measure is 
reduced to the classical measure. 


1.15 Examples 

Let’s see some examples of neutrosophic objects and 
neutrosophic measures. 

a) If a book of 100 sheets (covers included) has 3 
missing sheets, then 
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v(book) =(97,3,0) (13) 

where v is the neutrosophic measure of the book 
number of pages. 

b) Ifa surface of 5 x 5 square meters has cracks of 

0.1 x 0.2 square meters, then v (surface) = (24.98,0.02,0) » 


(14), where v is the neutrosophic measure of the surface. 
c)  Ifadie has two erased faces then 
v (die) =(4,2,0), (14) 
where v is the neutrosophic measure of the die’s 
number of correct faces. 
d) An approximate number N can be interpreted as 


a neutrosophic measure N=d+i, where d is its 
determinate part, and i its indeterminate part. Its anti part 


is considered 0. 
For example if we don’t know exactly a quantity q, 


but only that it is between let’s say qe[0.8,0.9], then 


q=0.8+i, where 0.8 is the determinate part of | q, and 


its indeterminate part j [0,0.1] : 


We get a negative neutrosophic measure if we 
approximate a quantity measured in an inverse direction on 
the x-axis to an equivalent positive quantity. 

For example, if re [-6,-4], then r=-—6+i, where -6 


is the determinate part of r, and ic[0,2] is its 


indeterminate part. Its anti part is also 0. 

e) Let’s measure the truth-value of the proposition 

G = “through a point exterior to a line one can draw 
only one parallel to the given line”. 

The proposition is incomplete, since it does not specify 
the type of geometrical space it belongs to. In an Euclidean 
geometric space the proposition G is true; in a Riemannian 
geometric space the proposition G is false (since there is 
no parallel passing through an exterior point to a given 
line); in a Smarandache geometric space (constructed from 
mixed spaces, for example from a part of Euclidean 
subspace together with another part of Riemannian space) 
the proposition G is indeterminate (true and false in the 
same time). 

v(G)=(L11)- (15) 

f) In general, not well determined objects, notions, 

ideas, etc. can become subject to the neutrosophic theory. 


2 Introduction to Neutrosophic Integral 


2.1 Definition of Neutrosophic Integral 


Using the neutrosophic measure, we can define a 
neutrosophic integral. 
The neutrosophic integral of a function f is written as: 


I, fdv (16) 


where X is the a neutrosophic measure space, 
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and the integral is taken with the 


neutrosophic measure V . 


respect to 


Indeterminacy related to integration can occur in 
multiple ways: with respect to value of the function to be 
integrated, or with respect to the lower or upper limit of 
integration, or with respect to the space and its measure. 


2.2 First Example of Neutrosophic Integral: 
Indeterminacy Related to Function’s Values 


Let fN: [a,b] DR (17) 
where the neutrosophic function is defined as: 
[N (x) = g(x) +i(x) (18) 


with g(x) the determinate part of fN(x), and i(x) the 

indeterminate part of fN(x),where for all x in [a, b] one 

has: i(x) €[0, h(x)], h(x) = 0. (19) 
t 


y 


Therefore the values of the function fN(x) are 
approximate, i.e. fy (xX) €[ g(x), g(X)+h(X)]. (20) 


Similarly, the neutrosophic integral is an approxi- 
mation: 


i fy(dv =facde+ ficnde (21) 


1.10 Second Example of Neutrosophic Integral: 
Indeterminacy Related to the Lower Limit 
Suppose we need to integrate the function 


f/XPR 22) 


on the interval [a, b] from X, but we are unsure about the 
lower limit a. Let’s suppose that the lower limit “a” has a 


4 
y 


Fig. 4 
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determinant part “a,” and an indeterminate part ¢, ie. 


a=ate (23) 
where 

é €[0,0.1]. (24) 
Therefore 

b b 
fx fav =| f (x)dx i, (25) 


where the indeterminacy i; belongs to the interval: 


a, +0.1 


i, 10, f f(xddxl- (26) 
Or, in a different way: 
[x fav= [ f@ax+i, (27) 


a a,+0.1 


where similarly the indeterminacy iz belongs to the 
interval: 


a, +0.1 


i, €[0, J f(xax]" 


uy 


(28) 
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Muhammad Shabir, Mumtaz Ali, Munazza Naz, and Florentin Smarandache (2013). 
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Abstract.In this paper we extend the neutrosophic group 
and subgroup to soft neutrosophic group and soft neutro- 


sophic subgroup respectively. Properties and theorems 
related to them are proved and many examples are given. 


Keywords: Neutrosophic group,neutrosophic subgroup,soft set,soft subset,soft group,soft subgroup,soft neutrosophic group, soft 


yneutrosophic subgroup. 


1 Introduction 


The concept of neutrosophic set was first introduced by 
Smarandache [13,16] which is a generalization of the clas- 
sical sets, fuzzy set [18], intuitionistic fuzzy set [4] and in- 
terval valued fuzzy set [7]. Soft Set theory was initiated by 
Molodstov as a new mathematical tool which is free from 
the problems of parameterization inadequacy. In his paper 
[11], he presented the fundamental results of new theory 
and successfully applied it into several directions such as 
smoothness of functions, game theory, operations research, 
Riemann-integration, Perron integration, theory of proba- 
bility. Later on many researchers followed him and worked 
on soft set theory as well as applications of soft sets in de- 
cision making problems and artificial intelligence. Now, 
this idea has a wide range of research in many fields, such 
as databases [5, 6], medical diagnosis problem [7], deci- 
sion making problem [8], topology [9], algebra and so 
on.Maji gave the concept of neutrosophic soft set in [8] 
and later on Broumi and Smarandache defined intuition- 
istic neutrosophic soft set. We have worked with neutro- 
sophic soft set and its applications in group theory. 


2 Preliminaries 


2.1 Nuetrosophic Groups 
Definition 1 [14] Let (G, «) be any group and let 


(Gui\= {a +61 :a,beE G} . Then neutrosophic 


group is generated by I and G under * denoted by 
N(G) = {(G U I), *} . I is called the neutrosoph- 


ic element with the property I? =I. Foran integer n 
, 2+] and nl are neutrosophic elements and 


Ol=0. 


-1 
I ,the inverse of J is not defined and hence does not 
exist. 
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Theorem 1 [14] Let N (G ) be a neutrosophic 
group. Then 

1) N (G ) in general is not a group; 

2) N (G ) always contains a group. 


Definition 2 A pseudo neutrosophic group is defined as a 
neutrosophic group, which does not contain a proper sub- 
set which is a group. 


Definition 3 Let N (G ) be a neutrosophic group. 
Then, 
1) A proper subset N ( H) of N (G) is said to bea 


neutrosophic subgroup of NV (G if N (H ) isa 


neutrosophic group, that is, N ( A ) contains a 
proper subset which is a group. 
2) N ( A ) is said to be a pseudo neutrosophic sub- 


group if it does not contain a proper subset which is a 
group. 
Example 1 (N(Z),+) , (N(Q),+) (N(R),+) and 


(N (C \, +) are neutrosophic groups of integer, rational, 
real and complex numbers, respectively. 

Example 2 Let Z, = {o, Le2ibate 6} be a group under 
addition modulo 7 . 

N(G) = {(Z, U I),'+ 'mod uloT } is a neutro- 
sophic group which is in fact a group. For 

N(G) = {a + bl :a,b€ Z,} is a group under ~ 
+ 'modulo 7 . 

Definition 4 Let N (G ) be a finite neutrosophic group. 


Let P beaproper subset of N (G ) which under the 
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operations of N (G ) is a neutrosophic group. If 
o(P) . o(N (G)) then we call P to be a Lagrange 


neutrosophic subgroup. 


Definition 5 NV (G ) is called weakly Lagrange neutro- 
sophic group if N (G ) has at least one Lagrange neu- 
trosophic subgroup. 

Definition 6 N (G ) is called Lagrange free neutrosoph- 
ic group if N (G ) has no Lagrange neutrosophic sub- 
group. 

Definition7 Let N (G ) be a finite neutrosophic group. 
Suppose L is a pseudo neutrosophic subgroup of 
N(G) and if o(L) ‘| o(N(G)) then we call L 
to be a pseudo Lagrange neutrosophic subgroup. 
Definition 8 If N (G ) has at least one pseudo La- 
grange neutrosophic subgroup then we call N (G ) to 
be a weakly pseudo Lagrange neutrosophic group. 
Definition 9 If N (G ) has no pseudo Lagrange neutro- 
sophic subgroup then we call N (G ) to be pseudo La- 
grange free neutrosophic group. 

Definition 10 Let N (G ) be a neutrosophic group. We 
say a neutrosophic subgroup H of N (G ) is normal 
ifwecan find x and y in N (G ) such that 

H = xHy forall x,y € N(G) (Note x = y or 


y= z+ canalso occur). 
Definition 11 A neutrosophic group N (G ) which has 


no nontrivial neutrosophic normal subgroup is called a 
simple neutrosophic group. 


Definition 12 Let N (G ) be a neutrosophic group. A 
proper pseudo neutrosophic subgroup P of N (G) is 
said to be normal if we have P = xPy for all 

x,y EN (G) . A neutrosophic group is said to be 
pseudo simple neutrosophic group if N (G ) has no 


nontrivial pseudo normal subgroups. 
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2.2 Soft Sets 


Throughout this subsection U refers to an initial 
universe, EL’ is aset of parameters, P ( U ) is the pow- 
ersetof U ,and A C FE . Molodtsov [12] defined the 
soft set in the following manner: 

Definition13 [11] A pair (F, A ) is called a soft set 
over U where F’ isa mapping given by F : 

A— P(U). 

In other words, a soft set over U is a parameterized fami- 
ly of subsets of the universe U .For e€ A, F (e) 
may be considered as the set of e -elements of the soft set 
(F ,A ) , or as the set of e-approximate elements of the 


soft set. 
Example 3 Suppose that U is the set of shops. E’ is 
the set of parameters and each parameter is a word or sen- 
tence. Let 

high rent,normal rent, 


in good condition,in bad condition 


Let us consider a soft set (F ,A ) which describes the 


attractiveness of shops that Mr. Z_ is taking on rent. Sup- 
pose that there are five houses in the universe 


U = {ha hy hg, Ng, he, } under consideration, and that 
A= tes Cy, 3 } be the set of parameters where 


€1 stands for the parameter ‘high rent, 
€2 stands for the parameter 'normal rent, 


€3 stands for the parameter 'in good condition. 
Suppose that 


F(e,) = {hy, ha} > 
F(ey) = {ho,hs} > 
F(e3) = {hg,hya,hs} - 


The soft set (F ,A ) is an approximated family 
{F(e,;),¢ = 1,2,3} of subsets of the 


set U_ which gives us a collection of approximate de- 
scription of an object. Thus, we have the soft set (F, A) as 
a collection of approximations as below: 


(F,A) = { high rent = {h,,h,}, normal rent 
= {h,,hs}, in good condition = { hs, hy hs } : 


Definition 14 [3] . For two soft sets (F, A) and 
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(H,B) over U , (F,A) is called a soft subset of 


(H,B) if 

1) ACB and 

2) F(e) C H(e), forall e€ A. 
This relationship is denoted by (F',A) C (H,B). 
Similarly (', A ) is called a soft superset of (H, B) 
f (H,B) isasoft subset of (F',A) which is denot- 
edby (F,A) > (H,B). 

Definition 15 [3] . Two soft sets (F,A) and 
(H,B) over U are called soft equal if (F,A) isa 
soft subset of (H,B) and (H,B) is a soft subset of 
(F,A). 

Definition 16 Let [3] (F,A) and (G,B) be two 


soft sets over a common universe U_ such that 
AN B = @. Then their restricted intersection is denot- 


ed by (F,A) Np (G,B) = (H,C) where (H,C) 
is definedas H(c) = F(c)M G(c) forall 
CEOS Ane 


Definition 17[3] The extended intersection of two soft 


sets (F, A ) and (G, B) over a common universe U 
is the soft set (H,C) , where C = AU B ,and for 


al eEC, H(e) is defined as 


F(e) ifeec A-B 
Hley= G(e) ifee B-A 
F(e) 1 Ge) ife€ ANB. 

We write (F', A). (G,B) = (H,C) . 


Definition 18 [ 3 ] The restricted union of two soft sets 
(F, A ) and (G, B) over acommon universe U_ is 


the soft set (H,C)) , where C = AU B , and forall 
eeC, H(e) is defined as the soft set (H,C) = 
(F,A)Up (G,B) where C = ANB and 
H(c) = F(c)U Gc) forall cEC. 
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Definition 19[ 3] The extended union of two soft sets 
(F, A ) and (G, B) over a common universe U_ is 


the soft set (H,C) , where C = AU B ,and forall 
eeC, H(e) is defined as 


F(e) ifee¢A-B 
H(e) = G(e) ifee B-A 
F(e) U Ge) ife Ee ANB. 

We write (F', A) U. (G,B) = (H,C) . 


2.3 Soft Groups 


Definition 20[ 2] Let (F, A) be a soft set over G . 


Then (F, A) i is said to be a soft group over G' if and 


only if F(a) <x G forall CEA. 


Example 4 Suppose that 
G = A=S, = {e,(12), (13), (23), (123), (132)} 


. Then (F, A ) is a soft group over S, where 


F(e) = {e}, 

F(12) = {e,(12)}, 

F(13) = {e,(13)}, 

F (23) = {e,(23)}, 

F (123) = F(132) = {e,(123),(132)}. 


Definition 21[2] Let (F, A ) be a soft group over G . 
Then 
1) (F JA ) is said to be an identity soft group over G 


if F(a) = {e} forall x € A, where e isthe 
identity element of G and 


2) (F ,A ) is said to be an absolute soft group if 


F(z) 


Definition 22 The restricted product (H GC ) of two soft 


=G forall cE A. 


groups (F, A) and (K, B) over G is denoted by 


the soft set (H,C) = (F,A)> (K,B) where 
C= ANB and # isaset valued function from C 
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to P ( G) and is definedas H(c) = F(c)K(c) for 
all c € C’. The soft set (HC) is called the restrict- 


ed soft product of (F,A) and (K,B) over G. 


3 Soft Neutrosophic Group 
Definition 23 Let N (G ) be a neutrosophic group and 
(F,A) be soft set over N (G) .Then (F,A) is 
called soft neutrosophic group over N (G ) if and only 
if F(a) =< N(G@), forall c € A. 
Example 5 Let 

N 0,1,2,3, 1,27, 301+ 714+2714+3/, 

(4,) = 245242F2435341,3421,3431 


be a neutrosophic group under addition modulo 4, Let 


A= {es Cea ey } be the set of parameters, then 


(F,A) is soft neutrosophic group over N(Z,) 
where 

Fé) = {012,83}; F (2) =40,2,2531 | 
F(e,) = {0,2,21,2 + 27}, 
F(e,) = {0,,27,37,2,2 + 27,2+1,2+43/}. 


Theorem 2 Let (F, A ) and (H, A ) be two soft neu- 
trosophic groups over N (G) . Then their intersection 
(F, A ) al (H, A ) is again a soft neutrosophic group 
over N (G ) ; 


Proof The proof is straightforward. 
Theorem 3 Let (F, A ) and (A, B) be two soft neu- 


trosophic groups over N(G). If AM B = @ , then 
(F,A)U(H,B) isa soft neutrosophic group over 
N(G). 

Theorem 4 Let (F,A) and (H, A) be two soft neu- 
trosophic groups over N(G) .If F(e) C H(e)for 


all e € A , then (F, A) is a soft neutrosophic sub- 
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group of (H, A) : 
Theorem 5 The extended union of two soft neutrosophic 
groups (F,A) and (K,B) over N(G) is not a 
soft neutrosophic group over N (G ) ; 
Proof Let (F,A) and (K,B) be two soft neutro- 
sophic groups over N (G) Let C = AUB, then 
for all e € C, (F, A) U. (K,B) = (H,C) where 
F(e) Ifec A-B, 
H(e) = K(e) Ifee B-A, 

= F(e)UK(e) Ifee ANB. 
As union of two subgroups may not be again a subgroup. 
Clearly if e€ C = ANB , then H(e) may not be 


a subgroup of NV (G ) . Hence the extended union 
(H, C ) is not a soft neutrosophic group over N ( G ) : 
Example 6 Let (F,A) and (K,B) be two soft 


neutrosophic groups over N (Z, ) under addition 


modulo 2 , where 


Fle) ={01},F(%) = {07} 


K(e,) = {0,1},K(e,) = {0,1+ 7}. 
Then clearly their extended union is not a soft neutrosoph- 
ic group as 


H(e,) = F(e,)U K (e,) = {0,1,1} is not a 
subgroup of N(Z,) : 


Theorem 6 The extended intersection of two soft neutro- 


And 


sophic groups over N (G ) is soft neutrosophic group 
over N (G) : 

Theorem 7 The restricted union of two soft neutrosophic 
groups (F,A) and (K,B) over N(G) is not a 
soft neutrosophic group over N (G Js 

Theorem 8 The restricted intersection of two soft neutro- 
sophic groups over N (G) is soft neutrosophic group 
over N (G) : 


Theorem 9 The restricted product of two soft neutrosoph- 
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ict groups (F,A) and (K,B) over N (G) isa 
soft neutrosophic group over N (G ) : 

Theorem 10 The AND operation of two soft neutro- 
sophic groups over N (G ) is soft neutrosophic group 
over N (G ) . 

Theorem 11 The OR operation of two soft neutrosophic 
groups over N (G ) may not be a soft neutrosophic 
group. 

Definition 24 A soft neutrosophic group which does not 
contain a proper soft group is called soft pseudo neutro- 


sophic group. 
Example 7 Let 


N(Z,) a (Z, U T) = {04,04 + I} be a neu- 
trosophic group under addition modulo 2. Let 


A= { €1, €5,€; } be the set of parameters, then 
(F, A) isa soft pseudo neutrosophic group over 
N(G) where 

P(«,) = {0.1} 

F(e,) Pa {0,1}, 


F(e,) = {0,14 I}. 

Theorem 12 The extended union of two soft pseudo neu- 
trosophic groups CB A) and (K, B) over 
N (G ) is not a soft pseudo neutrosophic group over 
N(G). 
Example 8 Let 
N(Z,) = (4, UT) = {0,1,1,1+ I} beaneu- 
trosophic group under addition modulo 2. Let (F, A ) 
and (K ,B ) be two soft pseudo neutrosophic groups 
over N (G) , where 

F(e,) = {0,1}, Fle.) = {0,7}, 

F(e,) = {0,1 +I}. 
And 

K(e,)= {01+ 7},K(e,) = {0,1}. 


Clearly their restricted union is not a soft pseudo neutro- 
sophic group as union of two subgroups is not a subgroup. 
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Theorem 13 The extended intersection of two soft pseudo 
neutrosophic groups (F, A) and (K, B) over 

N (G ) is againa soft pseudo neutrosophic group over 
N(G). 

Theorem 14 The restricted union of two soft pseudo neu- 
trosophic groups (F, A) and (K, B) over 

N (G ) is not a soft pseudo neutrosophic group over 
N(G@). 

Theorem 15 The restricted intersection of two soft pseudo 
neutrosophic groups (F, A) and (K, B) over 

N (G ) is again a soft pseudo neutrosophic group over 
N(G). 

Theorem 16 The restricted product of two soft pseudo 
neutrosophic groups (F, A) and (K, B) over 

N (G ) is a soft pseudo neutrosophic group over 
N(@). 

Theorem 17 The AND operation of two soft pseudo 


neutrosophic groups over N (G ) soft pseudo neutro- 
sophic soft group over N (G ) : 
Theorem 18 The OR operation of two soft pseudo neu- 


trosophic groups over N (G ) may not be a soft pseudo 


neutrosophic group. 

Theorem19 Every soft pseudo neutrosophic group is a 
soft neutrosophic group. 

Proof The proof is straight forward. 

Remark 1 The converse of above theorem does not hold. 


Example 9 Let N(Z,) be a neutrosophic group and 
(F, A) be a soft neutrosophic group over N(Z, ) ; 
Then 
F(e,) = {0,1,2,3},F(e,) = {0,7,27,37}, 
F(e,) = {0,2,21,2 + ar}. 


But (F, A ) is not a soft pseudo neutrosophic group as 
(H, B ) is clearly a proper soft subgroup of (F, A Js 
where 

ALE) = 40.218 (6) = 4102): 


Theorem 20 (F,A) over N (G) is a soft pseudo 
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neutrosophic group if N (G ) is a pseudo neutrosoph- 
ic group. 

Proof Suppose that N (G ) be a pseudo neutrosophic 
group, then it does not contain a proper group and for all 


e € A, the soft neutrosophic group (F ,A ) over 
N (G) is such that F(e) ~< N(@). Since each 
PF (e ) is a pseudo neutrosophic subgroup which does not 


contain a proper group which make ( F,A ) is soft 


pseudo neutrosophic group. 
Example 10 Let 


N(Z,) = (Z, U I) = {0,1,1,1 + 1} be a pseudo 
neutrosophic group under addition modulo 2. Then 


clearly (F,A) a soft pseudo neutrosophic soft group 
over N(Z,) , where 
F(e) = {0,1}, P(e) = {07}, 
F(e,)={0,1+ J}. 
Definition 25 Let (F,A) and (H,B) be two soft 
neutrosophic groups over N(G).Then (H,B) isa 
soft neutrosophic subgroup of (F', A) , denoted as 
(H,B) ~<(F,A). if 
1) BCA and 
2) H(e)<F(e), forall ee A. 
Example 11 Let N(Z,) = (Z, UT) bea soft neu- 


trosophic group under addition modulo 4. , that is 
(Zz 0,1, 2,3, 7,27,37,1+ 714+ 27,14 3, 
(24) = 2+1,2+ 272+ 313+ 13+ 21,3+3T| 


Let (F,A) be a soft neutrosophic group over 
N(Z,) , then 
Fle )S {01 23h, Fe |= {00,2581 | 
F(e,) = {0,2,27,2 + 27}, 
F(e,) = {0,1,21,31,2,2 + 21,24 1,2+ 31}. 


(H, B) is asoft neutrosophic subgroup of (F, A) P 


where 
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H(e) = {0,2}, #(e) = {0,27}, 
He; ) = {0, 7,27, 37 |. 


Theorem 21 A soft group over G is always a soft neu- 
trosophic subgroup of a soft neutrosophic group over 


N(G) if ACB. 
Proof Let (F,A) be asoft neutrosophic group over 
N(G) and (H,B) beasoft group over G. As 
G Cc N(G) and forall 
b € B,H(b) < GC N(G). This implies 
H(e)< F(e), forall e€ A as BC A. Hence 
(H,B) <(F,A). 
Example 12 Let (F',A) bea soft neutrosophic group 
over N(Z,), then 
F(e,) = {0,1,2,3},F(e,) = {0,1,21, 37}, 
F(e,) = {0,2,27,2 + 27}. 
Let B = {e,,e,} suchthat (H,B)<(F,A), 


where 

H(e,) = {0,2},H(3) = {02}. 
Clearly BC A and H(e) ~< F(e) for all 
ec B. 
Theorem 22 A soft neutrosophic group over N (G) 


always contains a soft group over G. 
Proof The proof is followed from above Theorem. 


Definition 26 Let (F, A ) and (H, B) be two soft 
pseudo neutrosophic groups over N (G) . Then 

(H, B) is called soft pseudo neutrosophic subgroup of 
(F,A) , denoted as (H,B) < (F,A) ,if 


1) BCA 
2) H(e)<F(e),foral e€ A. 


Example 13 Let (F ; A) be a soft pseudo neutrosophic 


group over N(Z, ) , where 
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Be.) 0g 2131), les 10,21) 


Hence (H,B) ~< (F,A) where 


He.) = 40,20}, 
Theorem 23 Every soft neutrosophic group (F ,A ) 


over N (G) has soft neutrosophic subgroup as well as 


soft pseudo neutrosophic subgroup. 
Proof Straightforward. 


Definition 27 Let (F ,A ) be a soft neutrosophic 
group over N (G) , then (F, A ) is called the identity 
soft neutrosophic group over N (G) if 


F(a) = fel, forall x € A, where e is the iden- 


tity element of G . 
Definition 28 Let (H ,B ) be a soft neutrosophic 


group over N (G) , then (H, B) is called Full-soft 
neutrosophic group over N(G) if 


F(«)=N(G) forall eA, 


Example 14 Let 


a+bI : a,b € Rand 


N(R) = 
4) I is indeterminacy 


| 


is aneutrosophic real group where [. is set of real num- 
bersand I? =I , therefore I" =I , for n a posi- 
tive integer. Then (F ,A ) is a Full-soft neutrosophic 


real group where 


F(e) = N(R), for alle € A 


Theorem 24 Every Full-soft neutrosophic group contain 
absolute soft group. 

Theorem 25 Every absolute soft group over G' isa soft 
neutrosophic subgroup of Full-soft neutrosophic group 


over N (G ) ; 
Theorem 26 Let N (G) be a neutrosophic group. If 
order of N (G ) is prime number, then the soft neutro- 


sophic group (F,A) over N (G) is either identity 


soft neutrosophic group or Full-soft neutrosophic group. 
Proof Straightforward. 
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Definition 29 Let (F ,A ) be a soft neutrosophic group 
over N(G) . If forall e € A ,each F(e) is La- 
grange neutrosophic subgroup of N (G) , then 

(F ,A ) is called soft Lagrange neutrosophic group 
over N (G ) : 

Example 15 Let N(Z, /{o}) aY{2, Otis a 
neutrosophic group under multiplication modulo 3 . Now 
{1,2} ; {1, I} are subgroups of N(Z, / {0}) 
which divides order of N ( Za] {0 }) . Then the soft 
neutrosophic group 

(FA) ={Fle) = {b2},F(e) = {L7}} 

is an example of soft Lagrange neutrosophic group. 
Theorem 27 If N (G ) is Lagrange neutrosophic group, 
then (F, A ) over N (G ) is soft Lagrange neutro- 


sophic group but the converse is not true in general. 
Theorem 28 Every soft Lagrange neutrosophic group is 
a soft neutrosophic group. 

Proof Straightforward. 

Remark 2 The converse of the above theorem does not 
hold. 


Example 16 Let N(G) = {1,2,3,4,/,2/,3/, 47} 

be a neutrosophic group under multiplication modulo 5 

and (F, A) be a soft neutrosophic group over 

N (G) , where 

Fle a44 22084 hee alot, 
P(e) = {15203141}. 

But clearly it is not soft Lagrange neutrosophic group as 

P (e, ) which is a subgroup of N (G ) does not divide 
order of N(G) . 


eorem isa neutrosop ic group, then the 
Th 29If N(G) i hi hen th 


soft Lagrange neutrosophic group is a soft neutrosophic 
group. 
Proof Suppose that N (G ) be a neutrosophic group 


and (F ,A ) bea soft Lagrange neutrosophic group 


over N (G ) . Then by above theorem (F, A ) is also 


soft neutrosophic group. 
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Example 17 Let N(Z,) bea neutrosophic group and 
(F,A) isa soft Lagrange neutrosophic group over 
N(Z,) under addition modulo 4 , where 
F(e;) ={0,1,2,3},F'(6)={0,5,21, 31}, 
F(e,) = {0,2,27,2 + ar}. 

But (FA) hasa proper soft group (H,B) , where 

H(e,) = {0,2},H(e,) = {0,2}. 

Hence (F', A) is soft neutrosophic group. 

Theorem 30 Let (F',A) and (K,B) be two soft 

Lagrange neutrosophic groups over N(G) . Then 

1) Their extended union (F',A)U_ (K,B) over 
N (G ) is not soft Lagrange neutrosophic group 
over N(G). 

2) Their extended intersection (F', A). (K,B) 
over N (G ) is not soft Lagrange neutrosophic 
group over N(G). 

3) Their restricted union (F',A) Up (K,B) over 
N (G ) is not soft Lagrange neutrosophic group 
over N(G). 

4) Their restricted intersection (F', A) Mp (K,B) 
over N(G) isnot soft Lagrange neutrosophic 
group over N(G). 

5) Their restricted product (F,A)(K ,B) over 
N (G ) is not soft Lagrange neutrosophic group 
over N(G). 

Theorem 31 Let (F',A) and (H,B) be two soft 

Lagrange neutrosophic groups over N(G ) .Then 

1) Their AND operation (F,A) A (K,B) isnot 


soft Lagrange neutrosophic group over N (G ) : 
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2) Their OR operation (F, A) V (K,B) is nota 
soft Lagrange neutrosophic group over N (G ) : 

Definition 30 Let (F ,A ) be a soft neutrosophic 

group over N (G) . Then (F, A) is called soft weak- 

ly Lagrange neutrosophic group if atleast one F (e ) is a 

Lagrange neutrosophic subgroup of N (G ) , for some 

ecA. 

Example 18 Let N(G') = {1,2,3,4, I,2/,31, 41} 


be a neutrosophic group under multiplication modulo 5 , 


then (F JA ) is a soft weakly Lagrange neutrosophic 
group over N (G) , where 

Blé)=4A TOL SL AT Be) S112 8A 
Plea Roshan, 

As F be ) and F (23 ) which are subgroups of 

N (G) do not divide order of N (G) : 

Theorem 32 Every soft weakly Lagrange neutrosophic 
group (F, A) is soft neutrosophic group. 


Remark 3 The converse of the above theorem does not 
hold in general. 


Example 19 Let N ( Li ) be a neutrosophic group un- 
der addition modulo 4 and A = {e,, e, } be the set 
of parameters, then (F ,A ) is a soft neutrosophic 
group over N(Z, ) , where 

Fé) ={0,1,21,31 | Fe ).= {0,21}: 
But not soft weakly Lagrange neutrosophic group over 
N(Z,). 
Definition 31 Let (F ,A ) bea soft neutrosophic group 
over N (G) . Then (F, A) is called soft Lagrange 
free neutrosophic group if F (ec) is not Lagrangeneu- 
trosophic subgroup of N (G ) ,foradll eG A. 
Example 20 Let N(G) = {1,2,3,4,/,2/,3/, 47} 


be a neutrosophic group under multiplication modulo 5 
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and then (F , A) bea soft Lagrange free neutrosophic 


group over N (G) , where 


F(e,) ={1,4,1,21,31,41}, F(e) = {1,1,21,31, 41}. 


As F ( e ) and F ( e; ) which are subgroups of 
N (G) do not divide order of N (G) ‘ 


Theorem 33 Every soft Lagrange free neutrosophic 
group (F, A) over N (G) is a soft neutrosophic 
group but the converse is not true. 


Definition 32 Let (F JA ) bea soft neutrosophic group 
over N(G) If forall e € A , each F(e) isa 
pseudo Lagrange neutrosophic subgroup of N (G ) , then 
(F A ) is called soft pseudo Lagrange neutrosophic 
group over N (G) : 
Example 21 Let N (Z, ) be a neutrosophic group un- 
der addition modulo 4 and A = {e,, e, } be the set 
of parameters, then (F ,A ) is a soft pseudo Lagrange 
neutrosophic group over N ( Z, ) where 

Pele. L2G aE ela 1027}. 
Theorem 34 Every soft pseudo Lagrange neutrosophic 
group is a soft neutrosophic group but the converse may 


not be true. 
Proof Straightforward. 


Theorem 35 Let (F, A) and (K, B) be two soft 
pseudo Lagrange neutrosophic groups over N (G ) : 


Then 

1) Their extended union (F, A) U. (K, B) over 
N (G ) is not a soft pseudo Lagrange neutrosophic 
group over N (G) ; 

2) Their extended intersection (F ; A) Nn. (K ,B ) 
over N (G ) is not pseudo Lagrange neutrosophic 
soft group over N (G ) ; 


3) Their restricted union (F, A) Up (K, B) over 
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N (G ) is not pseudo Lagrange neutrosophic soft 
group over N (G) 
4) Their restricted intersection (F ,A ) Np (K ,B ) 


over N(G') is also not soft pseudo Lagrange neu- 
p grang 


trosophic group over N (G) . 


A 
5) Their restricted product ( FA ), ( K,B ) over 


N (G ) is not soft pseudo Lagrange neutrosophic 
group over N (G) 
Theorem 36 Let ea A) and (H, B) be two soft 


pseudo Lagrange neutrosophic groups over N (G ) 5 
Then 


1) Their AND operation (F,A) A (K,B) is not 
soft pseudo Lagrange neutrosophic group over 
N(G). 

2) Their OR operation (F, A) V (K, B) is nota 


soft pseudo Lagrange neutrosophic soft group over 
N(G). 
Definition 33 Let (F ,A ) bea soft neutrosophic group 
over N (G) . Then (F, A) is called soft weakly 


pseudo Lagrange neutrosophic group if atleast one 


PF (ec) is a pseudo Lagrange neutrosophic subgroup of 
N(G) ,forsome e€ A. 
Example 22 Let N(G') = {1,2,3,4,,2/,31, 41} 


be a neutrosophic group under multiplication modulo 5 


Then (F ,A ) is a soft weakly pseudo Lagrange neutro- 
sophic group over N (G ) , where 

Fle) =452,2L8b41} Fle) ={ ui}: 
As F ( e ) which is a subgroup of N (G) does not di- 
vide order of N (G) : 
Theorem 37 Every soft weakly pseudo Lagrange neutro- 
sophic group (F ,A ) is soft neutrosophic group. 


Remark 4 The converse of the above theorem is not true in 
general. 
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Example 23 Let N (Z 4 ) be a neutrosophic group un- 
der addition modulo 4 and A = ter, e, } be the set 
of parameters, then (F ,A ) is a soft neutrosophic 


group over N (Z, ) where 
F(é,)=4) 421,31} F (e) = {0,2F | 


But it is not soft weakly pseudo Lagrange neutrosophic 
group. 
Theorem 38 Let (F, A) and (K, B) be two soft 


weakly pseudo Lagrange neutrosophic groups over 


N(G) . Then 

1) Their extended union (F, A) We ( K, B) over 
N ( G) is not soft weakly pseudo Lagrange neutro- 
sophic group over N (G ) . 

2) Their extended intersection (F ; A) N. (K ,B ) 
over N (G ) is not soft weakly pseudo Lagrange 
neutrosophic group over N (G ) : 

3) Their restricted union ( F, A) Up ( K, B) over 
N (G ) is not soft weakly pseudo Lagrange neutro- 
sophic group over N (G ) : 

4) Their restricted intersection (F ; A) Np (K ,B ) 
over N (G ) is not soft weakly pseudo Lagrange 


neutrosophic group over N (G ) . 


5) Their restricted product ( FA ; ( K,B ) over 
N (G ) is not soft weakly pseudo Lagrange neutro- 
sophic group over N (G ) : 
Definition 34 Let (F JA ) be a soft neutrosophic group 
over N (G) . Then (F, A) is called soft pseudo La- 
grange free neutrosophic group if F' (e) is not pseudo 
Lagrange neutrosophic subgroup of N (G ) , for all 
ecA. 
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Example 24 Let N(G') = {1,2,3,4, 1,2/,31, 41} 
be a neutrosophic group under multiplication modulo 5 


Then (F ,A ) isa soft pseudo Lagrange free neutro- 


sophic group over N (G) , where 


Fle) 40 101, 31,47 Fle) 1d 2 Lact 


As F (e, ) and F (e, ) which are subgroups of 


N (G) do not divide order of N (G) , 

Theorem 39 Every soft pseudo Lagrange free neutrosoph- 
ic group (F, A) over N (G) is a soft neutrosophic 
group but the converse is not true. 

Theorem 40 Let (F, A) and (K,B) be two soft 


pseudo Lagrange free neutrosophic groups over N (G ) 
. Then 
1) Their extended union (F, A) Ws (K, B) over 


N (G ) is not soft pseudo Lagrange free neutro- 
sophic group over N (G ) ‘ 

2) Their extended intersection (F ; A) ae (K ,B ) 
over N (G ) is not soft pseudo Lagrange free neu- 
trosophic group over N (G ) ; 

3) Their restricted union (F, A) Up (K, B) over 
N (G ) is not pseudo Lagrange free neutrosophic 
soft group over N (G ) 

4) Their restricted intersection (F ,A ) Np (K ,B ) 
over N (G ) is not soft pseudo Lagrange free neu- 
trosophic group over N (G ) ; 

5) Their restricted product ( FA i" ( K,B ) over 
N (G ) isnot soft pseudo Lagrange free neutro- 
sophic group over N (G ) . 

Definition 35 A soft neutrosophic group (F JA ) over 


N (G ) is called soft normal neutrosophic group over 
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N (G) if F (e) is a normal neutrosophic subgroup of 
N(G), forall ee A. 
Example 25 Let N(G) = 1¢,0,0,61,aF,b1,cl} 


be a neutrosophic group under multiplicationwhere a’ 


i? 


C =ebe=cb =aac=ca=b,ab=ba=c. 
Then (F, A ) is a soft normal neutrosophic group over 
N(G) where 
F(e,) = {e,a,l,al}, 
F(e,) = {e,b,1,o7}, 
P(e.) = eod crt. 


Theorem 42 Every soft normal neutrosophic group 
(F, A ) over N (G ) is a soft neutrosophic group but 
the converse is not true. 


Theorem 42 Let (F, A) and (#, B) be two soft 
normal neutrosophic groups over N (G) . Then 
U. (K ,B ) over 


1) Their extended union ( FLA ) 


N (G ) is not soft normal neutrosophic group over 
N(G). 


2) Their extended intersection (F ; A) ily (K ,B ) 


over N (G ) is soft normal neutrosophic group 
over N (G ) 3 
3) Their restricted union (F, A) Up (K, B) over 
N (G ) is not soft normal neutrosophic group over 
N(G). 


4) Their restricted intersection (F JA ) Np (K ,B ) 


over N (G ) is soft normal neutrosophic group 


over N(G) ; 


A 
5) Their restricted product ( FA ) ( K,B ) over 
fe} 


N (G ) is not soft normal neutrosophic soft group 
over N (G ) : 


Theorem 43 Let (F,A) and (H,B) be two soft 
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Then 


K,B 


). 


2) Their OR operation (F, A) V (K, B) is not 


normal neutrosophic groups over N (G Ve 
1) Their AND operation (F , A)A ( ) is soft 
normal neutrosophic group over N (G 
soft normal neutrosophic group over N (G ) : 
Definition 36 Let (F ,A ) be a soft neutrosophic group 
over N (G) . Then (F,A) is called soft pseudo 


normal neutrosophic group if F' (ec) is a pseudo nor- 


mal neutrosophic subgroup of N (G) , forall eC A 


Example 26 Let 
N(Z,) = (4Z,U1) = {0,1,1,1+ I} beaneu- 
trosophic group under addition modulo 2 gnd let 
A= 1e3 C5 } be the set of parameters, then (F, A ) 
is soft pseudo normal neutrosophic group over 
N (G iF where 

F(e,)={07},F(e,) = {01+ 7}. 
As F(e,) and F (e, ) are pseudo normal subgroup 
of N (G ) : 
Theorem 44 Every soft pseudo normal neutrosophic 
group (F, A) over N (G) is a soft neutrosophic 
group but the converse is not true. 
Theorem 45 Let (F, A) and (K, B) be two soft 


pseudo normal neutrosophic groups over N (G) . Then 


1) Their extended union (F, A) U. (K, B) over 
N (G ) is not soft pseudo normal neutrosophic 
group over N (G) 

2) Their extended intersection (F ‘ A) as (K ,B ) 
over N (G ) is soft pseudo normal neutrosophic 
group over N (G) 

3) Their restricted union (F, A) Up (K, B) over 


N (G ) is not soft pseudo normal neutrosophic 
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group over N (G) 
4) Their restricted intersection (F ; A) Op (K ,B ) 
over N (G ) is soft pseudo normal neutrosophic 


group over NV (G) 


5) Their restricted product ( FA ( K,B ) over 
N (G ) is not soft pseudo normal neutrosophic 
group over NV ( G ) ‘ 

Theorem 46 Let( J’, A) and (K, B) be two soft 


pseudo normal neutrosophic groups over N (G ) . Then 

1) Their AND operation (F,A) A (K,B) is 
soft pseudo normal neutrosophic group over 
N(G). 

2) Their OR operation (F, A) V (K,B) is not 
soft pseudo normal neutrosophic group over 
N(G). 

Definition 37 Let N (G ) be a neutrosophic group. 

Then (F ,A ) is called soft conjugate neutrosophic 

group over N (G) if and only if F(e) is conjugate 

neutrosophic subgroup of N (G), forall eC A. 

Example 27 Let 
N( ) 0,1, 2,3, 4,5, 7,27, 37,47, 5/, 

ie) | ee Pe ee es en eres ee | 

be a neutrosophic group under addition modulo 6 and 

lec P = {0,3,31,3 + 37} and 

K = {0,2,4,2 + 27,4 + 41,21,41} are conju- 

gate neutrosophic subgroups of N (G) . Then 

(F oA ) is soft conjugate neutrosophic group over 

N (G) , where 

F(e,) = {0,3,37,3 + 37}, 

F(e,) = {0,2,4,2 + 27,4 + 4,21, 47}. 
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Theorem 47 Let (F,A) and (K,B) be two soft 

conjugate neutrosophic groups over N (G ) . Then 

1) Their extended union LE, A) U. (K, B) over 
N (G ) is not soft conjugate neutrosophic group 
over N (G ) . 

2) Their extended intersection (F : A) ae (K ,B ) 
over N (G ) is again soft conjugate neutrosophic 
group over N (G ) 

3) Their restricted union (F, A) Up (K, B) over 
N (G ) is not soft conjugate neutrosophic group 
over N (G ) : 

4) Their restricted intersection (F ,A ) Np (K ,B ) 
over N (G ) is soft conjugate neutrosophic group 


over N(G) ; 


5) Their restricted product ( FA ; ( K,B ) over 
N (G ) is not soft conjugate neutrosophic group 
over N (G ) . 

Theorem 48 Let ea A) and (K, B) be two soft 


conjugate neutrosophic groups over N (G ) . Then 

1) Their AND operation (F,A) A (K,B) is 
again soft conjugate neutrosophic group over 
N(G). 

2) Their OR operation (F, A) V (K, B) is not 


soft conjugate neutrosophic group over N (G ) : 


Conclusion 


In this paper we extend the neutrosophic group and 
sub-group, pseudo neutrosophic group and subgroup to 
soft neutrosophic group and soft neutrosophic 
subgroup and respectively soft pseudo neutrosophic group 
and soft pseu-do neutrosophic subgroup. The normal 
neutrosophic sub-group is extended to soft normal 
neutrosophic subgroup. We showed all these by giving 
various examples in order to illustrate the soft part of 
the neutrosophic notions used. 
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Filters via Neutrosophic Crisp Sets 


A. A. Salama, Florentin Smarandache 


A.A. Salama. Florentin Smarandache (2013). Filters via Neutrosophic Crisp Sets. 
Neutrosophic Sets and Systems 1, 34-37 


Abstract. In this paper we introduce the notion of filter 
on the neutrosophic crisp set, then we consider a 
generalization of the filter’s studies. Afterwards, we 
present the important neutrosophic crisp filters. We also 


study several relations between different neutrosophic 
crisp filters and neutrosophic topologies. Possible 
applications to database systems are touched upon. 


Keywords: Filters; Neutrosophic Sets; Neutrosophic crisp filters; Neutrosophic Topology; Neutrosophic Crisp Ultra Filters; 


Neutrosophic Crisp Sets. 


1 Introduction 

The fundamental concept of neutrosophic _ set, 
introduced by Smarandache in [6, 7, 8] and studied by 
Salama in [1, 2, 3, 4, 5, 9, 10], provides a groundwork to 
mathematically act towards the neutrosophic phenomena 
which exists pervasively in our real world and expand to 
building new branches of neutrosophic mathematics. 
Neutrosophy has laid the foundation for a whole family of 
new mathematical theories, generalizing both their crisp 
and fuzzy counterparts, such as the neutrosophic crisp set 
theory. 


2 Preliminaries 

We recollect some relevant basic preliminaries, and in 
particular, the work of Smarandache in [6, 7, 8] and 
Salama et al. [1, 2, 3, 4, 5, 9, 10]. Smarandache introduced 
the neutrosophic components T, I, and F which represent 
the membership, indeterminacy, and non-membership 
values respectively, where }-o lis the non- standard unit 


interval. 
3 Neutrosophic Crisp Filters 


3.1 Definition 1 

First we recall that a neutrosophic crisp set A is an 
object of the form A = <Aj, Az, A3>, where Aj, Ao, A3 are 
subsets of X, and 
ADA, =6A 04, =6,4,04,=9. 

Let Y bea neutrosophic crisp set in the set X. We call 
Y a neutrosophic crisp filter on X if it satisfies the 
following conditions: 

(N e) Every neutrosophic crisp set in X, containing a 
member of ¥ , belongs to” . 

(N>)Every finite intersection of members of Y 


belongs to . 
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(N3) dy isnot inY . 


In this case, the pair (x WY is neutrosophically 
filtered by Y . 

It follows from (N»)and (N3)that every finite 
intersection of members of Y is not @y (not empty). We 
obtain the following results. 


3.2 Proposition 1 

The conditions (N > and (Ni) are equivalent to the 
following two conditions: 

(N»q)The intersection of two members of Y belongs 
to. 

(N,,) X y belongs to Y. 
3.3 Proposition 1.2 

Let Y be a non-empty neutrosophic subsets in X 
satisfying (N;). 

Then, 

(1) X, eViff V4; 


(2) by €¥ iff Y # all neutrosophic crisp subsets 


of X. 
From the above Propositions (1) and (2), 
characterize the concept of neutrosophic crisp filter. 


we Can 


3.4 Theorem 1.1 

Let Y bea neutrosophic crisp subsets in a set X. Then 
Y is neutrosophic crisp filter on X, if and only if it 
satisfies the following conditions: 

(i) Every neutrosophic crisp set in X, containing a 
member of ¥ , belongs to . 

(GijIf AABeY ,thnAnNBeY. 


(ii) V* PV ¥dy. 
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Proof: It’s clear. 


3.5 Theorem 1.2 

Let X #@. Then the set {x at is a neutrosophic crisp 
filter on X. Moreover if A is a non-empty neutrosophic 
crisp set in X, then \B eW* -Ac B} is a neutrosophic 
crisp filter on X. 
Let N=\Bev* “AC Bh. Since 
by EV, by Pe %. 

thn ACU,ACV. 


Proof: 
Xy €¥ and 
SupposeU ,VeY , 
Thus A, CU, OV,, A, CU,AV, © 
A, CU,UV,, and = A,CU,UV, for allxe X. So 
ACUOV andhence UNVeEN. 


4 Comparison of Neutrosophic Crisp Filters 


4.1 Definition 2 
Let Y%,and ¥, be two neutrosophic crisp filters on a 


set X. We say that , is finer than %, or Y% is coarser 
than %,, if Yc. 
If also % # ¥,, then we say that ¥, is strictly finer 


than Y%,, or Mis strictly coarser than Y%,. 


We say that two neutrosophic crisp filters are 
comparable if one is finer than the other. The set of all 
neutrosophic crisp filters on X is ordered by the relation: 


Y, coarser than ¥,, this relation inducing the inclusion 


Te. 
relation in’ . 


4.2 Proposition 2 
Let (Y;) 


crisp filters on X. Then ¥ =~ 


jey be any non-empty family of neutrosophic 


fed a is a neutrosophic 
crisp filter on X. In fact, Y is the greatest lower bound of 
the neutrosophic crisp set (¥;) jey in the ordered set of all 


neutrosophic crisp filters on X. 


4.3 Remark 2 
The neutrosophic crisp filter induced by the single 


neutrosophic set X , is the smallest element of the ordered 
set of all neutrosophic crisp filters on X. 


4.4 Theorem 2 
Let A be a neutrosophic set in X. Then there exists a 
neutrosophic filter ¥(.A) on X containing A if for any 


given finite subset 1S Soca Sot of A, the intersection 
yA; eee In YA) is the 


neutrosophic crisp filter containing A . 


fact coarsest 


48 


Collected Papers, XII 


Proof (=) Suppose there exists a neutrosophic filter 
Y’(A) on X containing A. Let B be the set of all finite 
intersections of members of A. Then by axiom (N 5) 
Bc¥(A). By axiom (N3), dy €(A). Thus for 
each member B of B, we get that the necessary condition 
holds 

(<=) Suppose the necessary condition holds. 

Let ¥(A) = A e¥*:A contains a member of B}, 


where B is the family of all finite intersections of members 
of A. Then we can easily check that¥(A) satisfies the 


conditions in Definition 1. We say that the neutrosophic 
crisp filter Y(A) defined above is generated by A, and A 


is called a sub-base of ¥ (A). 


4.5 Corollary 2.1 
Let ¥ be aneutrosophic crisp filter in a set X, and Aa 
neutrosophic set. Then there is a neutrosophic crisp 


filter ¥’ which is finer than Y and such that Ac Y’ if 
and A is a neutrosophic set. Then there is a neutrosophic 


crisp filterY’/ which is finer than Y and such that 
Ae’ iff ANU # gy foreach U EY. 


4.6 Corollary 2.2 
A set My of a neutrosophic crisp filter on a non-empty 


set X, has a least upper bound in the set of all neutrosophic 
crisp filters on X if for all finite sequence 


(Y;) j-.,0< j<not of Mx and all 


A, e¥(1s js), Yah thy. 


elements 


4.7 Corollary 2.3 

The ordered set of all neutrosophic crisp filters on a 
non-empty set X is inductive. 

If A is a sub-base of a neutrosophic filter V on X, 
then ¥” is not in general the set of neutrosophic sets in X 
containing an element of A; for A to have this property it 
is necessary and sufficient that every finite intersection of 
members of A should contain an element of A. Hence, 
we have the following results. 


4.8 Theorem 3 
Let # be a set of neutrosophic crisp sets on a set X. 


Then the set of neutrosophic crisp sets in X containing an 
element of { is a neutrosophic crisp filter on X if 


possesses the following two conditions: 
(f,) The intersection of two members of / contain a 
member of /. 
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(Br) B # Py andgy ¢ B. 


4.9 Definition 3 

Let Aand / be two neutrosophic sets on X satisfying 
(Z,) and (f). We call them bases of 
neutrosophic crisp filters they generate. We consider two 
neutrosophic bases equivalent, if they generate the same 
neutrosophic crisp filter. 


conditions 


4.10 Remark 3 


Let A be a sub-base of neutrosophic filter Y% . Then 
the set ( of finite intersections of members of A is a base 


of aneutrosophic filter Y . 


4.11 Proposition 3.1 

A subset £ of a neutrosophic crisp filter % on X is a 
base of Y if every member of Y contains a member 
of f. 

Proof (=) Suppose fis a base of N . Then clearly, 
every member of Y contains an element of #.(<) 


Suppose the necessary condition holds. Then the set of 
neutrosophic sets in X containing a member of 


f coincides with ¥ by reason of (Y;) jc; - 
4.12 Proposition 3.2 
On a set X, a neutrosophic crisp filter ¥’ with base 


B! is finer than a neutrosophic crisp filter ¥Y’ with base 


f if every member of / contains a member of Bp’. 
Proof: This is an immediate 


Definitions 2 and 3. 


consequence of 


4.13 Proposition 3.3 
Two neutrosophic crisp filters bases @ and B! ona 
set X are equivalent if every member of / contains a 


member of B' and every member of B’ and every 


member of Bp! contains a member of f . 


5 Neutrosophic Crisp Ultrafilters 


5.1 Definition 4 

A neutrosophic ultrafilter on a set X is a neutrosophic 
crisp filter Y such that there is no neutrosophic crisp filter 
on X which is strictly finer than Y (in other words, a 
maximal element in the ordered set of all neutrosophic 
crisp filters on X). 

Since the ordered set of all neutrosophic crisp filters on 
X is inductive, Zorn's lemma shows that: 
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5.2 Theorem 4 
Let ¥Y be any neutrosophic ultrafilter on a set X; then 
there is a neutrosophic ultrafilter other than Y . 


5.3 Proposition 4 

Let Y be a neutrosophic ultrafilter on a set X. If A 
and Bare two neutrosophic subsets such 
thtAUBeY ,thn AcC¥VorBeY. 

Proof: Suppose not. Then there are neutrosophic sets 
Aand Bin X such that A¢Y,B¢¥ and 


AUBe¥ Let A=|MeY*:AUMeY}. It is 


straightforward to check that A is a neutrosophic crisp 
filter on X, and A is strictly finer than Y, since 
Be A This contradiction proves the hypothesis that Y is 
a neutrosophic crisp ultrafilter. 


5.4 Corollary 4 
Let Y be a neutrosophic crisp ultrafilter on a set X 
and let (¥; Jie j<n be a finite sequence of neutrosophic 


crisp sets in X. If UY; © ¥,, then at least one of the ¥; 
jal 


belongs to Y . 


5.5 Definition 5 

Let A be a neutrosophic crisp set in a set X. If U is 
any neutrosophic crisp set in X, then the neutrosophic crisp 
set ANU is called trace of U on A, and it is denoted by 


U,. For all neutrosophic crisp sets U and V in X, we 
have (UAV) 4 =U, OV. 


5.6 Definition 6 
Let A bea neutrosophic crisp set in a set X. Then the 


set A, of traces A € Y~ of members of Ais called the 
trace of A on A. 


5.7 Proposition 5 
Let Y be a neutrosophic crisp filter on a set X 


and A ¢ ¥~. Then the trace Y, of Won A isa 


neutrosophic crisp filter if each member of ¥ intersects 
with A. 


Proof: The result in Definition 6 shows that YW, 
(N,). If = MAACPCA,then 


P=(MUP)OA. Thus ¥, satisfies (N,). Hence ¥, is 
a neutrosophic crisp filter if it satisfies(N3), ie. if each 


satisfies 


member of ¥ intersects with A. 
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5.8 Definition 7 
Let Y be a neutrosophic crisp filter on a set X 


and Ae Y% . If the trace is WY, of Y onA, thenY, is 
said to be induced by Y and A. 


5.9 Proposition 6 
Let Y be a neutrosophic crisp filter on a set X 


inducing a neutrosophic filter N, on A € ¥~* . Then the 
trace By, on Aofabase fof Y isabaseof Vy. 


References 


[1] A.A. Salama and S.A. Alblowi, “Generalized Neutrosophic 
Set and Generalized Neutrosophic Topological Spaces”, in 
Journal computer Sci. Engineering, Vol. (2) No. (7) (2012). 

[2] A.A. Salama and S.A. Albolwi, “Neutrosophic set and 
Neutrosophic topological space”, in ISORJ. Mathematics, 
Vol.(3), Issue(4), pp-31-35 (2012). 

[3] A.A. Salama and S.A. Albalwi, “Intuitionistic Fuzzy Ideals 
Topological Spaces”, Advances in Fuzzy Mathematics, 
Vol.(7), Number 1, pp. 51- 60, (2012). 

[4] A.A.Salama, and H.Elagamy, “Neutrosophic Filters”, in 
International Journal of Computer Science Engineering and 
Information Technology Reseearch (IJCSEITR), Vol.3, 
Issue(1),Mar 2013, pp 307-312 (2013). 

[5] S. A. Albowi, A. A. Salama & Mohmed Eisa, “New 
Concepts of Neutrosophic Sets”, in International Journal of 
Mathematics and Computer Applications Research 
(IJMCAR),Vol.3, Issue 4, Oct 2013, 95-102 (2013). 


50 


[6] 


[7] 


[8] 


[9] 


[10] 


Collected Papers, XII 


Florentin Smarandache, “Neutrosophy and Neutrosophic 
Logic”, First International Conference on Neutrosophy, 
Neutrosophic Logic, Set, Probability, and Statistics, 
University of | New Mexico, Gallup, NM 87301, USA 
(2002). 

Florentin Smarandache, “An _ introduction to the 
Neutrosophy probability applied in Quantum Physics”, 
International Conference on Introduction Neutrosophic 
Physics, Neutrosophic Logic, Set, Probability, and 
Statistics, University of New Mexico, Gallup, NM 87301, 
USA 2-4 December (2011). 

F. Smarandache. “A Unifying Field in Logics: Neutrosophic 
Logic”. Neutrosophy, Neutrosophic Set, Neutrosophic 
Probability. American Research Press, Rehoboth, NM, 
1999. 

I. Hanafy, A.A. Salama and K. Mahfouz, “Correlation of 
Neutrosophic Data”, in International Refereed Journal of 
Engineering and Science (IRJES) , Vol.(1), Issue 2 PP.39- 
43 (2012). 

I.M. Hanafy, A.A. Salama and K.M. Mahfouz, 
“Neutrosophic Crisp Events and Its Probability”, in 
International Journal of Mathematics and Computer 
Applications Research (IJMCAR) Vol. (3), Issue 1, Mar 
2013, pp 171-178 (2013). 


Florentin Smarandache (author and editor) 


Collected Papers, XII 


Communication vs. Information, an Axiomatic 
Neutrosophic Solution 


Florentin Smarandache, $tefan Viadutescu 


Florentin Smarandache, Stefan Vladutescu (2013). Communication vs. Information, 
an Axiomatic Neutrosophic Solution. Neutrosophic Sets and Systems 1, 38-45 


Abstract. Study represents an application of the neutrosophic 
method, for solving the contradiction between communication 
and information. In addition, it recourse to an appropriate 
method of approaching the contradictions: Extensics, as the 
method and the science of solving the contradictions. 

The research core is the reality that the scientific 
research of communication-information relationship has 
reached a dead end. The bivalent relationship communication- 
information, information-communication has come to be 
contradictory, and the two concepts to block each other. 

After the critical examination of conflicting positions 
expressed by many experts in the field, the extensic and 
inclusive hypothesis is issued that information is a form of 
communication. The object of communication is the sending of 
a message. The message may consist of thoughts, ideas, 
opinions, feelings, beliefs, facts, information, intelligence or 
other significational elements. When the message content is 
primarily informational, communication will become 
information or intelligence. 

The arguments of supporting the hypothesis are: 

a) linguistic (the most important being that there is 
"communication of information" but not "information of 


communication"; also, it is clarified and reinforced the over 
situated referent, that of the communication as a process), 

b) systemic-procedural (in the communication system 
is developing an information system; the informing actant is a 
type of communicator, the information process is a 
communication process), 

C) practical (the delimitation eliminates the efforts of 
disparate and inconsistent understanding of the two concepts), 

d) epistemological arguments (the possibility of inter- 
subjective thinking of reality is created), linguistic arguments, 

e) logical and realistic arguments (it is noted the 
situation that allows to think coherently in a system of 
concepts - derivative series or integrative groups) 

f) and arguments from historical experience (the 
concept of communication has temporal priority, it appears 13 
times in Julius Caesar’s writings ). 

In an axiomatic conclusion, the main arguments are 
summarized in four axioms: three are based on the pertinent 
observations of specialists, and the fourth is a relevant 
application of Florentin Smarandache’s neutrosophic theory. 


Keywords: neutrosophy, communication, information, message, extensics 


1. Clarification on the used methodological tool 
With the Extensics as a science of solving the 
conflicting issues, "extensical procedures" will be used to 
solve the contradiction. In this respect, considering that the 
matter-elements are defined, their properties will be 
explored ("The key to solve contradictory problems, Wen 
Cai argues, the founder of Extensics (Cai, 1999, p. 1540), 
is the study of properties about matter-elements"). 
According to ,,The basic method of Extensics is called 
extension methodology” (...), and "the application of the 
extension methodology in every field is the extension 
engineering methods" (Weihai Li & Chunyan Yang, 2008, 


p. 34). 
With neutrosophic, linguistic, systemic, and 
hermeneutical methods, grafted on "extension 


methodology" a) are "open up the things", b) is marked 
"divergent nature of matter-element", c) "extensibility of 
matter-element" takes place and cc) "extension 
communication" allows a new inclusion perspective to 
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open, a sequential ranging of things to emphasize at a 
higher level and the contradictory elements to be solved. 
"Extension" is, as postulated by Wen Cai (Cai, 1999, p. 
1538) "opening up carried out". 


2. The subject of communication: the message. 
The subject of informing: the information. The 
information thesis as species of message 

In order to finish our basic thesis that of the 
information as a form of communication, new arguments 
may be revealed which corroborate with those previously 
mentioned. As phenomena, processes, the communication 
and information occur in a unique communication system. 
In communication, information has acquired a specialized 
profile. In the information field, the intelligence, in his 
turn, strengthened a specific, detectable, identifiable and 
discriminative profile. It is therefore acceptable under the 
pressure of practical argument that one may speak of a 
general communication system which in relation to the 
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message sent and configured in the communication 
process could be imagined as information system or 
intelligence system. Under the influence of the systemic 
assumption that a (unitary) communicator transmits or 
customize transactionally with another (receiving) 
communicator a message, one may understand the 
communicational system as the interactional unit of the 


factors that exerts and fulfill the function of 
communicating a message. 
In his books "Messages: building interpersonal 


communication skills" (attained in 1993 its fourth edition 
and in 2010 its twelfth) and "Human Communication" 
(2000), Joseph De Vito (the renowned specialist who has 
proposed the name "Communicology" for the sciences of 
communication - 1978), develops a concept of a simple 
and productive message. The message is, as content, what 
is communicated. As a systemic factor, it is emerging as 
what is communicated. To remember in this context is that 
the German Otto Kade insisted that what it is 
communicated to receive the title of "release". According 
to Joseph De Vito, through communication meanings are 
transmitted. "The communicated message" is only a part 
of the meanings (De Vito, 1993, p. 116). Among the 
shared meanings feelings and perceptions are found (De 
Vito J., 1993, p. 298). Likewise, information can be 
communicated (De Vito, 1990, p. 42), (De Vito, 2000, p. 
347) (also, Farte, 2004; Ciuperca, 2009; Cojocaru, Bragaru 
& Ciuchi, 2012; Cobley & Schulz, 2013). 

In a "message theory" called "Angelitics", Rafael 
Capurro argues that the message and information are 
concepts that designate similar but not identical 
phenomena. In Greek "Angelia" meant message; from 
here, "Angelitics" or theory of the message (Angelitics is 
different from Angeologia dealing, in the field of religion 
and theology, with the study of angels). R. Capurro set 
four criteria for assessing the relationship between 
message and information. The similarity of the two 
extends over three of them. The message, as well as the 
information, is characterized as follows: ,,is supposed to 
bring something new and/or relevant to the receiver; can 
be coded and transmitted through different media or 
messengers; is an utterance that gives rise to the receiver’s 
selection through a release mechanism of interpretation”. 
"The difference between these two is the next: ,,a message 
is sender-dependent, i.e. it is based on a heteronomic or 
assymetric structure. This is not the case of information: 
we receive a message but we ask for information” 
(http://www.capurro.de/angeletics_zkm.html) (see also, 
Capurro, 2011; Holgate, 2011). To request information is 
to send a message of requesting information. Therefore, 
the message is similar to the information in this respect 
too. In our opinion, the difference between them is from 
genus to species: information is a species of message. The 
message depends on the transmitter and the information, 
as well. Information is still a specification of the message, 
is an informative message. C. Shannon asserts that the 
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message is the defining subject of the communication. He 
is the stake of the communication because _,,the 
fundamental problem of communication is that of 
reproducing at one point either exactly or approximately a 
message selected at another point” (Shannon, 1948, p. 31). 

The communication process is in fact the 
"communication" of a complex and multilayered message. 
‘Thoughts, interests, talents, experiences"(Duck & 
McMahan, 2011, p. 222), "information, ideas, beliefs, 
feelings "(Wood, 2009, p. 19 and p. 260) can be found in a 
message. G. A. Miller, T. M. Newcomb and Brent R. 
Ruben consider that the subject of communication is 
information: "Communication - Miller shows — means that 
information is passed from one place to another” (Miller, 
1951, p. 6). In his turn, T. M. Newcomb asserts: ,,very 
communication act is viewed as a transmission of 
information” (Newcomb, 1966, p. 66) and Brent R. Ruben 
argues: ,.Human communication is the process through 
which individuals in relationships, groups, organizations 
and societies create, transmit and use information to relate 
to the environment and one another” (Ruben, 1992, p. 18). 

Professor Nicolae Dragulaénescu, member of the 
American Society of Information Science and Technology, 
is the most important of Romanian specialists in the 
Science of information. According to him, 
"communicating information" is the third of the four 
processes that form the "informational cycle", along with 
generating the information, processing/storing the 
information and the use of information. The process of 
communication, Nicolae Dragulanescu argues, is one of 
the processes whose object is the information 
(http://ndragulanescu.ro/publicatii/CP54.pdf, p. 8) (also, 
Dragulanescu, 2002; Dragulanescu, 2005). The same line 
is followed by Gabriel Zamfir too; he sees the information 
as "what is communicated in one or other of the available 
languages" (Zamfir, 1998, p. 7), as well as teacher Sultana 
Craia: communication is a "process of transmitting a piece 
of information, a message" (Craia, 2008, p. 53). In general, 
it is accepted that information means transmitting or 
receiving information. However, when speaking of 
transmitting information, the process is considered not to 
be information but communication. Therefore, it is created 
the appearance that the information is the product and 
communication would only be the transmitting process. 
Teodoru Stefan, Ion Ivan gi Cristian Popa assert: 
"Communication is the process of transmitting 
information, so the ratio of the two categories is from the 
basic product to its transmission" (Popa, Teodoru & Ivan 
I., 2008, p. 22). The professors Vasile Tran and Irina 
Stanciugelu see communication as an "exchange of 
information with symbolic content" (Tran & Stanciugelu, 
2003, p. 109). The communication is an over-ranged 
concept and an ontological category more extended than 
informing or information. On the other hand, information 
is generated even in the global communication process. 
From this point of view, information (whose subject- 
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message is information) is a _ regional, sectorial 
communication. Information is that communication whose 
message consists of new, relevant, pertinent and useful 
significances, i.e. of information. This position is shared 
by Doru Enache too (Enache, 2010, p. 26). 

The position set by Norbert Wiener, consolidated by L. 
Brillouin and endorsed by many others makes from the 
information the only content of the message. N. Wiener 
argues that the message "contains information" (Wiener 
N., 1965, p. 16), L. Brillouin talks about "information 
contained in the message" (Brillouin, 2004, p. 94 and p. 
28). 

Through communication "information, concepts, 
emotions, beliefs are conveyed" and communication 
"means (and subsumes) information" (Rotaru, 2007, p.10). 
Well-known teachers Marius Petrescu and Neculae 
Nabarjoiu consider that the distinction between 
communication and information must be achieved 
depending on the message. A communication with an 
informational message becomes information. As a form of 
communication, information is characterized by an 
informative message and a "message is informative as 
long as it contains something unknown yet" (Petrescu & 
Nabarjoiu, 2006, p. 25). One of the possible significant 
elements that could form the message content is thus the 
information as well. Other components could be thoughts, 
ideas, beliefs, knowledge, feelings, emotions, experiences, 
news facts. Communication is "communicating" a 
message regardless of its significant content. 


3. The information thesis as a form of commu- 
nication 

The question of the relationship between commu- 
nication and information as fields of existence is the 
fingerprint axis of communication and _ information 
ontology. The ontological format allows two formulas: the 
existence in the act and the virtual existence. The 
ontological component of the concepts integrates a 
presence or a potency and an existential fact or at a 
potential of existence (Zins, 2007; Allo, 2007; Stan, 2009; 
Burgin, 2010; Case, 2013). 

In addition to the categorial-ontological element, in the 
nuclear ratio of communication-information concepts it 
shows comparative specificities and regarding attributes 
and characteristics, on three components, epistemological, 
methodological and hermeneutical. 

In a science which would have firmly taken a strong 
subject, a methodology and a specific set of concepts, this 
ontological founding decision would be taken in an axiom. 
It is known that, in principle, axioms solve within the 
limits of that type of argument called evidence (clear and 
distinct situation), the relations between the systemic, 
structural, basic concepts. Specifically, in Extensics, 
scientists with an advanced vision, substantiated by 
professor Wen Cai, axioms govern the relationship 
between two matter-elements with divergent profiles. For 
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the communication and information issues that have 
occurred relatively recently (about three quarters of a 
century) in subjects of study or areas of scientific concern 
not a scientific authority to settle the issue was found. The 
weaknesses of these sciences of soft type are visible even 
today when after non accredited proposals of science 
("comunicology" - communicology Joseph De Vito, 
"communicatics," - "“comunicatique" of Metayer G., 
informatology - Klaus Otten and Anthony Debons, 1970) 
it was resorted to the remaining in the ambiguity of 
validating the subject "The sciences of communication and 
information" or "The sciences of information and 
communication", enjoying the support of some courses, 
books, studies and dictionaries (Toma, 1999; Tudor, 2001; 
Strechie, 2009; Tenescu, 2009). 

This generic vision of unity and cohesion wrongs both 
the communication and information (Vladutescu, 2004; 
Vladutescu, 2006). In practice, the apparent unjust overall, 
integrative, altogether treatment has not an entirely and 
covering confirmation. In almost all humanist universities 
of the world the faculties and the communication courses 
are prevailing, including those of Romania and China. 
Professor Nicolae Dragulanescu ascertained in what 
Romania is concerned, that in 20 colleagues commu- 
nication (with various denominations) is taught and in only 
two the informing-information is taught. 

The main perspectives from which the contradictory 
relationship of |= communication-information was 
approached are the ontological, the epistemological and 
the systemic. In most cases, opinions were incidental. 
When it was about the dedicated studies, the most 
common comparative approach was not programmatically 
made on one or more criteria and neither directly and 
applied. 

In his study "Communication and Information" (19 
March 9, pp. 3-31), J. R. Schement starts from the 
observation that "in the rhetoric of the Information Age, 
the communication and information converge in 
synonymous meanings." On the other hand, he retains that 
there are specialists who declare in favor of stating a 
firming distinction of their meanings. To clarify exactly 
the relationship between the two phenomena, i.e. concepts, 
he examines the definitions of information and 
communication that have marked the evolution of the 
"information studies" and the "communication studies". 
For informing (information) three fundamental themes 
result: information-as-thing (M. K. Buckland), infor- 
mation-as-process (N. J. Belkin - 1978, R. M. Hayes, 
Machlup & Mansfield, Elstner - 2010 etc.), Information- 
as-product-of - manipulation (C. J. Fox, R. M. Hayes). It is 
also noted that these three subjects involve the assessing of 
their issuers, a "connection to the phenomenon of com- 
munication". In parallel, from examining the definitions of 
communication it is revealed that the specialists 
"implicitly or explicitly introduce the notion of infor- 
mation in defining communication". There are also three 
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the central themes of defining communication: commu- 
nication-as-transmission (C. Shannon, W. Weaver, E. 
Emery, C. Cherry, B. Berelson, G. Steiner), commu- 
nication-as-sharing-process (R. S. Gover, W. Schramm), 
communication-as-interaction (G. Gerbner, L. Thayer). 
Comparing the six thematic nodes, Schement emphasizes 
that the link between information and communication is 
"highly complex" and dynamic "information and 
communication is ever present and connected" (Schement, 
1993, p. 17). In addition, in order that “information exist, 
the potential for communication must be present”. The 
result at the ontological level of these findings is that the 
existence of information is (strictly) conditioned by the 
presence of communication. That is for the information to 
occur communication must be present. Communication 
will precede and always condition the existence of 
information. And more detailed: communication is part of 
the information ontology. Ontologically, information 
occurs in communication also as_ potency of 
communication (Vladutescu, 2002). J. R. Schement is 
focused on finding a way to census a coherent image 
leading to a theory of communication and information 
("Toward a Theory of Communication and Information" - 
Schement, 1993, p. 6). He avoids to conclusively asserting 
the temporal and linguistic priority, the ontological 
precedence and the amplitude of communication in 
relation to information. The study concludes that 

1. "Information and communication are social 
structures" ("two words are used as interchangeable, even 
as synonyms" — it is argued) (Schement, 1993, p. 17), 

2. "The study of information and communication share 
concepts in common" (in both of them communication, 
information, "symbol, cognition, content, structure, 
process, interaction, technology and system are to be 
found" - Schement, 1993, p. 18), 

3. "Information and communication form dual aspects 
of a broader phenomenon" (Schement J.R., 1993, p. 18). 

In other words, we understand that: a) linguistically 
("words", "terms", "notions", "concepts", "idea of") 
communication and information are synonyms; b) as area 
of study the two resort the same conceptual arsenal. 
Situation produced by these two elements of the 
conclusion allows, in our opinion, a hierarchy between 
communication and information. If it is true that 
ontologically and temporally the communication precedes 
information, if this latter phenomenon is an extension 
smaller than the first, if eventual sciences having 
communication as object, respectively information, benefit 
from the one and the same conceptual vocabulary, then the 
information can be a form of communication. Despite this 
line followed coherently by the linguistic, categorical- 
ontological, conceptual and definitional epistemological 
arguments brought in the reasoning, the third part of the 
conclusion postulates the existence of a unique 
phenomenon which would include communication and 
information (3. "Information and communication form two 


54 


Collected Papers, XII 


aspects of the same phenomenon "- Schement JR, 1993, p. 
18). This phenomenon is not named. The conclusive line 
followed by the arguments and the previous conclusive 
elements enabled us to articulate information as one of the 
forms of communication. Confirmatively, the fact that J. 
R. Schement does not name a phenomenon situated over 
communication and information, gives us the possibility of 
attracting the argument in order to strengthen our thesis 
that information is a form of communication. That is 
because a category of phenomena _ encompassing 
communication and information cannot be found. J. R. 
Schement tends towards a leveling perspective and of 
convergence in the communication and _ information 
ontology. Instead, M. Norton supports an emphasized 
differentiation between communication and information. 
He belongs to those who see communication as one of the 
processes and one of the methods "for making information 
available". The two phenomena "are intricately connected 
and have some aspects that seem similar, but they are not 
the same" (Norton, 2000, p. 48 and p. 39). Harmut B. 
Mokros and Brent R. Ruben (1991) lay the foundation of a 
systemic vision and leveling understanding of the 
communication-information relationship. Taking into 
account the context of reporting as a core element of the 
internal structure of communication and information 
systems, they mark the information as a criterion for the 
radiography of relationship. The systemic-theoretical non- 
linear method of research founded in 1983 by B. R. Ruben 
is applied to the subject represented by the phenomena of 
communication and information. Research lays in the 
"Information Age" and creates an informational reporting 
image. The main merit of the investigation comes from the 
relevance given to the non-subordination between 
communication and information in terms of a unipolar 
communication that relates to a leveling information. 
Interesting is the approach of information in three 
constituent aspects: "informatione" (potential information 
- that which exists in a particular context, but never 
received a significance in the system), "information" 
(active information in the system) and "information" 
(information created socially and culturally in the system). 
The leveling information is related to a _ unified 
communication (Hofkirchner, 2010; Floridi, 2011; Fuchs, 
2013; Hofkirchner, 2013). On each level of information 
there is communication. Information and communication 
is co-present: communication is inherent to information. 
Information has inherent properties of communication. 
Research brings a systemic-contextual elucidation to the 
relationship between communication and information and 
only subsidiarily a firm ontological positioning. In any 
case: in information communication never misses. 

In the most important studies of the professor Stan 
Petrescu: "Information, the fourth weapon" (1999) and 
"About intelligence. Espionage-Counterespionage" (2007), 
information is understood as "a type of communication" 
(Petrescu, 1999, p. 143) and situated in the broader context 
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of "knowledge on the internal and_ international 
information environment " (Petrescu, 2007, p. 32). 


4. Axiomatic conclusion: four axioms of com- 
munication-information ontology 


4.1. The message axiom. 

We call the ontological segregation axiom on the 
subject or the Tom D. Wilson - Solomon Marcus’ axiom, 
the thesis that not any communication is information, but 
any information is communication. Whenever the message 
contains information, the communicational process will 
acquire an informational profile. Moreover, the 
communicational system becomes informational system. 
Derivatively, the communicator becomes the "informer" 
and the communicational relationship turns into 
informational relationship. The interactional basis of 
society, even in the Information Age, is the 
communicational interaction. Most social interactions are 
non-informational. In this respect, T. D. Wilson has noted: 
»We frequently receive communications of facts, data, 
news, or whatever which leave us more confused than 
ever. Under formal definition, these communications 
contain no information” (Wilson, 1987, p. 410). 
Academician Solomon Marcus takes into account the 
undeniable existence of a communication "without a 
transfer of information" (Marcus, 2011a, p. 220; Marcus, 
2011b). For communications that do not contain 
information we do not have a separate and specific term. 
Communications containing information or just 
information are called informing. 

Communication involves a kind of information, but as 
Jean Baudrillard stated (Apud Ddancu, 1999, p. 39), "it is 
not necessarily based on information". More specifically, 
any communication contains cognition that can be 
knowledge, data or information. Therefore, in 
communication, information may be missing, may be 
adjacent, incidental or collateral. Communication can be 
informational in nature or its destination. That 
communication which by its nature and organization is 
communication of information is called informing. 

The main process ran in Information System is 
informing. The function of such a system is to inform. The 
actants can be informants, producers-consumers of 
information, transmitters of information, etc. The 
information action takes identity by the cover enabled 
onto-categorial by the verb "to inform". In his tum, Petros 
A. Gelepithis considers the two concepts, communication 
and information to be crucial for "the study of information 
system" (Gelepithis, 1999, p. 69). 

Confirming the information axiom as post reductionist 
message, as reduced object of communication, Soren Brier 
substantiates: ,communication system actually does not 
exchange information” (Brier, 1999, p. 96). Sometimes, 
within the communication system information is no longer 
exchanged. 
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However, communication remains; communication 
system preserves its validity, which indicates and, 
subsequently, proves that there can be communication that 
does not involve information (Bates, 2006; Dejica, 2006; 
Chapman & Ramage, 2013). 

On the other hand, then 

a) when in the Information System functional 
principles such as "need to know"/"need to share" are 
introduced, 

b) when running processes for collecting, analyzing 
and disseminating information, 

c) when the beneficiaries are deciders, "decision 
maker", "ministry", "government", "policymakers" and 

d) when the caginess item occurs, this Information 
System will become Intelligence System (see Gill, Marrin 
& Phytian, 2009, p. 16, p. 17, p. 112, p. 217), (Sims & 
Gerber, 2005, p. 46, p. 234; Gill P.& Phytian, 2006, p. 9, 
p. 236, p. 88; Johnson, 2010, p. 5, p. 6, p. 61, p. 392, p. 
279; Maior, 2009; Maior, 2010). Peter Gill shows that 
"Secrecy is the Key to Understanding the essence of 
intelligence" (Gill, 2009, p. 18), and Professor George 
Cristian Maior emphasizes: "in intelligence, collecting and 
processing information from secret sources remain 
essential" (Major, 2010, p. 11). 

Sherman Kent, W. Laqueur, M. M. Lowenthal, G.-C. 
Maior etc. start from a complex and multilayered concept 
of intelligence, understood as meaning knowledge, 
activity, organization, product, process and information. 
Subsequently, the question of ontology, epistemology, 
hermeneutics and methodology of intelligence occurs. 
Like Peter Gill, G.-C. Maior does pioneering work to 
separate the ontological approach of intelligence from the 
epistemological one and to analyze the "epistemological 
foundation of intelligence" (Maior, 2010, p. 33 and p. 43). 

The intelligence must be also considered in terms of 
ontological axiom of the object. In this regard, noticeable 
is that one of its meanings, perhaps the critical one, places 
it in some way in the information area. In our opinion, the 
information that has critical significance for accredited 
operators of the state, economic, financial and political 
power, and holds or acquires confidential, secret feature is 
or becomes intelligence. Information from intelligence 
systems can be by itself intelligence or end up being 
intelligence after some _ specialized processing. 
"Intelligence is not just information that merely exists" 
(Marinica & Ivan, 2010, p. 108), Mariana Marinica and 
Ion Ivan assert, it is acquired after a "conscious act of 
creation, collection, analysis, interpretation and modeling 
information" (Marinicé & Ivan, 2010, p. 105). 


4.2. Linguistic axiom. 

A second axiom of communication-information 
ontological segregation can be drawn in relation to the 
linguistic argument of the acceptable grammatical context. 
Richard Varey considers that understanding "the 
difference between communication and information is the 
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central factor" and finds in the linguistic context the 
criterion to validate the difference: ,,we speak of giving 
information to while communicate with other” (Varey, 
1997, p. 220). The transmission of information takes place 
"to" or to someone, and communication takes place 
"with". Along with this variant of grammatical context it 
might also emerge the situation of acceptability of some 
statements in relation to the object of the communication 
process, respectively the object of the information process. 


The statement "to communicate a message, 
information" is acceptable. Instead, the statement "to 
inform communication" is not. The phrase 


"communication of messages-information" is valid, but the 
phrase "informing of communication", is not. Therefore, 
language bears knowledge and "lead us" (Martin 
Heidegger states) to note that, linguistically, 
communication is more ontological extensive and that 
information ontology is subsumed to it (Henno, 2013; Gifu 
& Cristea, 2013; Gorun & Gorun, 2011). 

The ontical and ontological nature of language allows 
it to express the existence and to achieve a functional- 
grammatical specification. Language allows only 
grammatical existences. As message, the information can 
be "communicated" or "communicable". There is also the 
case in which a piece of information cannot be 
"communicated" or "communicable". Related, 
communication cannot be "informed". The semantic field 
of communication is therefore larger, richer and more 


versatile (Stefan Buzamescu, 2006). Communication 
allows the "incommunicable". 
4.3. Teleological axiom. 

In addition to the axiom of _ segregating 


communication, of informing in relation to the object 
(message), it may be stated as an axiom a Magoroh 
Maruyama's contribution to the demythologization of 
information. In the article "Information and 
Communication in Poly Epistemological System" in "The 
Myths of Information", he states: ,,The transmission of 
information is not the purpose of communication. In 
Danish culture, for example, the purpose of 
communication is frequently to perpetuate the familiar, 
rather than to introduce new information” (Maruyama, 
1980, p. 29). 

The ontological axiom of segregation in relation to the 
purpose determines information as that type of 
communication with low emergence in which the purpose 
of the interaction is transmitting information. 


4.4. The neutrosophic communication axiom. 
Understanding the frame set by the three axioms, we 
find that some communicational elements are 
heterogeneous and neutral in relation to the criterion of 
informativity. In a speech some elements can be 
suppressed without the message suffering informational 
alterations. This means that some message-discursive 
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meanings are redundant; others are not essential in relation 
to the orexis-the practical course or of practical touch in 
the order of reasoning. Redundancies and non-nuclear 
significational components can be elided and 
informational and the message remains informationally 
unchanged. This proves the existence of cores with 
neutral, neutrosophic meanings. (In the epistemological 
foundations of the concept of neutrosophy we refer to 
Florentin Smarandache’s work, A Unifying Field in 
Logics, Neutrosophic Logic, Neutrosophy, Neutrosophic 
Set, Neutrosophic Probability and_ Statistics, 1998) 
(Smarandache, 1998; Smarandache, 1999; Smarandache, 
2002; Smarandache, 2005; Smarandache, 2010a; 
Smarandache, 2010b; Smarandache & Paroiu, 2012). 

On the operation of this phenomenon are based the 
procedures of textual contraction, of grouping, of serial 
registration, of associating, summarizing, synthesizing, 
integrating. 

We propose to understand by  neutrosophic 
communication that type of communication in which the 
message consists of and it is based on neutrosophic 
significational elements: non-informational, redundant, 
elidable, contradictory, incomplete, vague, imprecise, 
contemplative, non-practical, of relational cultivation. 
Informational communication is that type of 
communication whose purpose is sharing an informational 
message. The issuer's fundamental approach is, in 
informational communication, to inform. To inform is to 
transmit information or, specifically, in the professor’s Tlie 
Rad words: "to inform, that is just send information" 
(Moldovan, 2011, p. 70) (also, Rad, 2005; Rad, 2008). In 
general, any communication contains some or certain 
neutrosophic elements, suppressible, redundant, elidable, 
non-nuclear elements. But when neutrosophic elements are 
prevailing communication is no longer informational, but 
neutrosophic. Therefore, the neutrosophic axiom allows us 
to distinguish two types of communication: neutrosophic 
communication and informational communication. In most 
of the time our communication is neutrosophic. The 
neutrosophic communication is the rule. The informational 
communication is the exception. In the ocean of the 
neutrosophic communication, diamantine islands of 
informational communication are distinguished. 
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Several Similarity Measures of Neutrosophic Sets 
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Said Broumi, Florentin Smarandache (2013). Several Similarity Measures of Neutrosophic Sets. 


Neutrosophic Sets and Systems 1, 54-62 


Abstract. Smarandache (1995) defined the notion of 
neutrosophic sets, which is a generalization of Zadeh's 
fuzzy set and Atanassov's intuitionistic fuzzy set. In this 
paper, we first develop some similarity measures of 
neutrosophic sets. We will present a method to calculate 


the distance between neutrosophic sets (NS) on the basis 
of the Hausdorff distance. Then we will use this distance 
to generate a new similarity measure to calculate the 
degree of similarity between NS. Finally we will prove 
some properties of the proposed similarity measures. 


Keywords- Neutrosophic Set, Matching Function, Hausdorff Distance, Similarity Measure. 


1 Introduction 

Smarandache introduced a _ concept’ of 
neutrosophic set which has been a mathematical tool 
for handling problems involving — imprecise, 
indeterminacy, and inconsistent data [1l, 2].The 
concept of similarity is fundamentally important in 
almost every scientific field. Many methods have 
been proposed for measuring the degree of similarity 
between fuzzy sets (Chen, [11]; Chen et al., [12]; 
Hyung, Song, & Lee, [14]; Pappis& Karacapilidis, 
[10]; Wang, [13]...). But these methods are unsuitable 
for dealing with the similarity measures of 
neutrosophic set (NS). Few researchers have dealt 
with similarity measures for neutrosophic set and 
single valued neutrosophic set ([3, 4,17,18]), (i.e. the 
crisp neutrosophic sets, where the components T, I, F 
are all crisp numbers). Recently, Jun [3] discussed 
similarity measures on interval neutrosophic set 
(which an instance of NS) based on Hamming 
distance and Euclidean distance and showed how 
these measures may be used in decision making 
problems. Furthermore, A.A.Salama [4] defined the 
correlation coefficient, on the domain of neutrosophic 
sets, which is another kind of similarity measurement. 
In this paper we first extend the Hausdorff distance 
to neutrosophic set which plays an important role in 
practical application, especially in many visual tasks, 
computer assisted surgery and so on. After that a new 
series of similarity measures has been proposed for 
neutrosophic set using different approaches. 

Similarity measures have extensive application in 
several areas such as pattern recognition, image 
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processing, region extraction, psychology [5], 
handwriting recognition [6], decision making [7], 
coding theory etc. 

This paper is organized as follows: Section2 
briefly reviews the definition of Hausdorff distance 
and the neutrosophic set. Section 3 presents the new 
extended Hausdorff distance between neutrosophic 
sets. Section 4 provides the new series of similarity 
measure between neutrosophic sets, some of its 
properties are discussed. In section 5 a comparative 
study was done. Finally the section 6 outlines some 
conclusions. 


2 Preliminaries 

In this section we briefly review some definitions 
and examples which will be used in the rest of the 
paper. 


2.1Definition: Hausdorff Distance 

The Hausdorff distance (Nadler, 1978) is the 
maximum distance of a set to the nearest point in the 
other set. More formal description is given by the 
following 

Given two finite sets A = {a1, ..., ap} and B = {bi, 
bq}, the Hausdorff distance H (A, B) is defined as: 

H (A, B) = max {h (A, B), h(B, A)} 


(1) 
where 
H (A, B) = max min d (a, b) 
a€A beEB 
a and b are elements of sets A and B 
respectively; d (a, b) is any metric between these 
elements. 


see 


(2) 


Florentin Smarandache (author and editor) 


The two distances h (A, B) and h (B, A) are 
called directed Hausdorff distances. 

The function h (A, B) (the directed Hausdorff 
distance from A to B) ranks each element of A based 
on its distance to the nearest element of B, and 
then the largest ranked such element (the most 
mismatched element of A) specifies the value of 
the distance. Intuitively, if h(A, B) = c, then each 
element of A must be within distance c of some 
element of B, and there also is some element of A 
that is exactly distance c from the nearest element 
of B (the most mismatched element). In general h 
(A, B) and h (B, A) can attain very different values 
(the directed distances are not symmetric). 

Let us consider the real space R, for any two 
intervals A= [aj,a2] and B= [b:,b2], the Hausdorff 
distance H(A,B) is given by 

H (A, B) =max {la, — b,!, la; — b2/} (3) 
2.2 Definition (see [2]). Let U be an universe of 
discourse then the neutrosophic set A is an object 
having the form A = {< x: Taqlaq@,Faw >x € U}, 
where the functions T, I, F : U-]0,1*[ define 
respectively the degree of membership (or Truth) , the 
degree of indeterminacy, and the degree of non- 
membership (or Falsehood) of the element x € U to the 
set A with the condition. 

0S Tact Tac + Fac $ 3°. (4) 

From philosophical point of view, the 
neutrosophic set takes the value from real standard or 
non-standard subsets of ]-0,1*[. So instead of ]°0,1°[ 
we need to take the interval [0,1] for technical 
applications, because ]-0,1*[will be difficult to apply 
in the real applications such as in scientific and 
engineering problems. 


2.3 Definition (see [18] ): Let X be a space of points 
(objects) with generic elements in X denoted by x 
(Wang et al, 2010). An SVNS A in X is 
characterized by a truth-membership function Ta(x), 
an indeterminacy-membership function Ia(x), and a 
falsity-membership function Fa(x) for each point x in 
X, Ta(x), I(x), Fa(x) €[0, 1]. 

When X is continuous, an SVNS A can be written 
as 


<T, iJ, td Fy {x},> 
Ax, Za@ea@aao> 


: x EX, (5) 


When X is discrete, an SVNS A can be written as 


<T pq) Ja fag ).2, Gy).> 
A=33 pasa ie Se na Ses aoe x; E€ XZ. 


(6) 


xj 


2.4 Definition (see [2,18]). A neutrosophic set or 
single valued neutrosophic set (SVNS ) A is 
contained in another neutrosophic set B i.e. A © Bif 
Vx € U, Ta(x) < Ta(x), Ta(X) = In(x), Fa(x) = Fr(x). 


2.5 Definition (see [2]). The complement of a 
neutrosophic set A is denoted by A° and is defined as 
Ta‘ox) = Faco, La%oy = Taco, and 
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F a(x) = Tacg for every x in X. 

A complete study of the operations and application 
of neutrosophic set can be found in [1] [2] [18]. 

In this paper we are concerned with neutrosophic 
sets whose Ta, Ia and Fa values are single points in 
[0, 1] instead of subintervals/subsets in [0, 1]. 


3 Extended Hausdorff Distance Between Two 

Neutrosophic Sets 

Based on the Hausdorff metric, Eulalia Szmidt 
and Janusz Kacprzyk defined a new distance 
between intuitionistic fuzzy sets and/or interval- 
valued fuzzy sets in[8], taking into account three 
parameter representation (membership, non- 
membership values, and the hesitation margins) of A- 
IFSs which fulfill the properties of the Hausdorff 
distances. Their definition is defined by: 


H,(4.B) = —Y2_,max{lua(s) — up(s)l. va) — 


vg ()|. |a(x) — (x))} 
(7) 

where A = {< x, Wa(X), va(X), a(x) >} and B = 
{< Xx, p(X), vp(X), Tp(X)>}. 

The terms and symbols used in [8] are changed so 
that they are consistent with those in this section. 

In this paper we are interested in extending the 
Hausdorff distance formulation in constructing a new 
distance for neutrosophic set due to its simplicity in 
the calculation. 

Let X={x1,x2, ..., Xn} be a discrete finite set. 
Consider a neutrosophic set A in X, where Taci, 
Taci), Faciy © [0, 1], for every xi€& X, represent its 
membership, indeterminacy, and non-membership 
values respectively denoted by A = {< x, Tawiy, Iaciiy, 
Faciy>}. 

Then we propose a new distance between A © NS 
and B € NS defined by 


dy(A.B) ==FP, maxflT,Gq) — Te@s)l. aGa) — 


Ip()I. FaGa) — FeGa)} 
(8) 


Where dz (A,B) 
extended Hausdorff 
neutrosophic sets A and B. 

Let A, B and C be three neutrosophic sets. For all 
xi © X we have: 

dy (A. B) = H (A, B) 


H (A, B) denote the 
distance between two 


max{ITg (5) — TyGs)I. |I4Ga) — Ipc |, FaGa) — 
FpGy)l} 
(9) 
The same between A and C are written as: 
For all xi€ X 
H(A, C) 
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max{IT, Gy) — Te Gy) IIaG@) — H(A, C) =|Ta(%j) — Tea)! but we have 
Ic (;) |. IFaGa) — FeGa)l} (i) For all Xi in x 
(10) at) — Ip@4)l = HaG)— Ic)! 
and between B and C is written as: (ii) (20) 
For all xi X 
a cS Tata) - Tetsh 
= : And ,¥ x;£X 
max{ITg G5) — TeGs)I. IgGs) —IcG%) LIFp@g)—  -/Fa@a) — Fe@a)l < IFaGa)— Fe)! 
Fc(x)I} : 21) 
(11) = [Ta@y)— Tel)! 
(iii) ¥ x € X 5, 
3.1 Proposition: Ite) — Icq)l = Hata) — Ich) = 
The above defined distance dy (A. B) between NS (22) 
A and B satisfies the following properties (D1-D4): € ITa@)— Tels)! 
And ,for all Xi in Xx 
(D1) dy (A.B) >0. (12) |Fe@a)- Fe(a)l = Fay) —- Fes) 
= Ta@y)- Tel)! 
(D2) d,,(4.B) =0 if and only if A =B; for all A, B (23) 
BN. (13) On the other hand we have, ¥ x;£ X 
(03) dy(A.B) =dg(B.A). (14) (iv) ITa@§) — Te@i)l <= Tay) -— Tey)! 
(24) 
(D4) If ACBCC, C is an NS in X, then and [Tg @%) — Te)! = Mata) —- Teo)! 
Combining (i), (ii), and (iii) we obtain 
oo a aad i) Therefore, for all xj in X 
d,(A,C) = dy(B.C) (16) as oe ee enna 
Fei} 
Remark: Let A, BE NS, A&B ifand onlyif, for < 235 max ITGe)— Tee IL Wy Ged — 1G) LIFyGe) — 
all Xj inX EF x1} 
Cc 
T,(x;) © Ty (xz). Lg (xq) = Ey j).Fg(%;) = Fax) Awa 
(17) 235 mar{lTeGe)— Tee II. te Ge) — 1G) | Fee) — 
It is easy to see that the defined measure dy (A,B) Febe D1} 
satisfies the above properties (D1)-(D3). Therefore, we 
only prove (D4). <*33max(fTG)— TeGQ IL Gy) — 1eGy) LL FG) — 


Proof of (D4) for the extended Hausdorff distance Ff.) 
between two neutrosophic sets. Since 


A&= BEC implies , forall xiinX That is 
TG) <7,G@)) <= T, G)).1,6) = 1,6) = dy (A.B) < dy(A.C) anddy(B.C) = dy(4.C). 
1 Gx;), E, G;) > F, G,) > FC) (25) 

B - if 
We prove that dy{A.B) <= d,(A.C) IRG@J—- Th)! <1 G@) — bl < IbG@) -— b&)! 
(26) 
? : i Then 
ee ; +. : H (A, C) =|La(5j) — Ip(x;)] but we have ¥ x;£X 

ITaGs) — Tea)! > HaGa) — IcGa)! > an 


IFaG@) — FrG,)l 
(19) (a2) ITaGe)— TeGe)/ <= Mae) — Te)! (28) 
Then 
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$ TaGs)— Tete) () VxzEX [yGe)— Fes lFaGe)— Fell 
And [FaGe}— FeGe3l< IFaGe}— FeGe3l (39) 
= IhG)— ket)! and 
(6) Tae) — Tele DI < MTG) — Tee II Fete) — Fete DI < Wate) — FeGa)I 
(29) (40) 


€ la) — In 3l 
And |Fe@qJ— Feel < IFaGe)— FeGe}] (30) 


<= IG) — Ie) 


Combining (a), (b), and (c) we obtain 


Therefore, for all xj in X 


On the other hand we have ¥ x;EX_ : 235 max {IT Ge) — Tee Ih baGe) — teGe) L Fae) — 
(c) Hae) — eGe)/ = IyG)—- keGe)land (31) Fatal} 
HeGa) — Teta)! < MaGe)— Ica) <2 SpmaxflT.Gq)— Tee IL baGe) — 16g) | Fae) — 


Fee Jl} 


Combining (a) and (c) we obtain: 
Therefore, ¥ x;£X 


And 
223 maxt|T, Gy) — TyGy Y), My S5) — Igy) [Ey Gg) — Fy Gel} 23> max{ITaGq)— Tee IL eG) — 1G) LL FeGe) — 
= = Fy maxi TG) — Tes), [Ly Ga) — TGs} |, EG) — Freie, 31} ¥ GI} 
56 . 
And = = Sy max{lT,Gy) Te)1 lye) = I-t) L [Fate) - 
* Fj max {)Tp (x) - EGJLIRGI-hoILIRGI- Fel II} 
F-Gx,) |} 
a That is 
= =Xfmax(ltG)— TL IG) — Gy) LG) — 
F-Gx,)I} dy,(A.B) = d,(A.C) and 
d, (B.C) = d,(A.C). 
That is (41) 
dy(A.B) < dy(A.C) and From a, B , and ¥, we can obtain the property (D4). 
dy(B.C) = dy(4.C) 3.2 Weighted Extended Hausdorff Distance 
(32) Between Two Neutrosophic Sets. 
In many situations the weight of the 
| eae element xj © X should be taken into account. 


MG) — Tel = lkG)— bol s IG) — KG) Usually the elements have _ different 


(33) importance. We need to consider the weight 
Then of the element so that we have the following 
weighted distance between NS. Assume that 


H(A, C)=|Fa(j) — Fo(q)] but we have forall xiinX the weight of x; © X is wi where X={x1, X2,.., 


(34) Xn}, wi © [0,1], i={1,2,3,.., n} and LEw; =1. 
(a) !TaG) — TyG;)! < ITaG) — TG)! Then the weighted extended Hausdorff 
(35) distance between NS A and B is defined as: 

ices alle dy (A.B) = EE w; dA). BG) (42) 
and IaGg) — IpGy)I = IIa Gy) — Ip Gy)! ( It is easy to check that dy,y (A.B) satisfies the four 
36) properties D1-D4 defined above. 


4 Some new similarity measures for neutro- 

= IF, G) — Fo GI sophic sets 
(b) ¥ x; © X BG)- FQ <,@)- F&I The distance measure between two NS is 
37 used in finding the similarity between 
G7) neutrosophic sets. We found in the literature 
<,G@)— R&I cians scion cones ne we ae 
: pigs, : ee a ae em to neutrosophic sets , several o 
and Wx; X lipGy) — Gl < I4Ga) — Ga) them defined below: Liu [9] also gave an 
(38) axiom definition for the similarity measure of 
= lFx Ge) — Fel) fuzzy sets, which also can be expressed for 


t hi ts (NS follow: 
On the other hand we have for all xj in X neulsopnie sels (NS) ae follow 
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4.1.Definition: Axioms of a Similarity Measure 


A mapping S:NS(X)*NSCX)- [0,1], 
NS(X) denotes the set of all NS in 
X= {X1,X2,...,Xn}, S(A, B) is said to be the 


degree of similarity between A€ NS and BE 
NS, if S(A,B) satisfies the properties of 
conditions (P1-P4): 
(P1)S (A, B) =SQ@, A). (43) 
(P2) S(A,B) = (1,0,0) =1 If A =B for all 
A,BE NS. (44) 
(P3) Sy (A. B) = 0, (A.B) = 0, Sp(A.B) = 
0. (45) 
(P4) If ACBEC for all A, B, C © NS, then S 
(A, B) =S (A, C) and S (B, C) = S (A, C). 
(46) 
Numerical Example: 
Let A=B = C. with Ta = Tp = Tc and 
Ia=Ip=Ic and Fa=Fsa=Fc for each xi€ NS. 
For example: 
A= {x1 (0.2, 0.5, 0.6); x2 (0.2, 0.4, 0.4) } 
B= { x: (0.2, 0.4, 0.4); x2 (0.4, 0.2, 0.3) } 
C= { x1 (0.3, 0.3, 0.4); x2 (0.5, 0.0, 0.3) } 
In the following we define a new similarity 
measure of neutrosophic set and discuss its 
properties. 


4.2 Similarity Measures Based on the Set — 
Theoretic Approach. 

In this section we extend the similarity 
measure for intuitionistic and fuzzy set 
defined by Hung and Yung [16] to 
neutrosophic set which is based on set- 
theoretic approach as follow. 


4.2.Definition: Let A,B be two neutrosophic 
sets in X={x1,xX2,.., Xn}, if A = {< x, Ta(xi), 
Ta(xi), Fa(xi) >} and B= {< x, Tp(xi), In(xi), 
Fp(xi) >} are neutrosophic values of X in A 
and B_ respectively, then the similarity 
measure between the neutrosophic sets A and 
B can be evaluated by the function 
For all xj in X 


min a — as 
(47) 
_ oy [rise ltg qty oq) 
5,4,B) =1-(@t x(t, (5 )ip lar; von 
(48) 
. ur | milan) ran?) 
5,(4,B) =1— Gy ax Fa (x;) Fy {x;))) ya 
(49) 
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and S(4,B) =(S,(4,B),5,(4,B),5,(4.B)) 
(50) 

where 

S;(A.B) denote the degree of similarity 
(where we take only the T's). 

5; (A. B) denote the degree of indeterminate 
similarity (where we take only the I's). 

Sr({A.B) denote degree of nonsimilarity 
(where we take only the F's). 

Min denotes the minimum between each 
element of A and B. 

Max denotes the minimum between each 
element of A and B. 

Proof of (P4) for the (1). 

Since AS BEC implies, for all x; in X 


Tala) = Te Gq) = Te(aq). IGG) = Tg) = 
Ip(sq). Faq) = Fe Gg) = Fels) 


Then, for all xj in X 


min(Taly)Te')) Tals) 


Max(Ta(x;:),7g{x;)) Tyfx;) (51) 
min(TaGy)tciy)) _ Tala) 5 
Max(Tg(q).7-())  Tef) (52) 

min(Tgix)teiy)) ry lx) 

Max(Tg(a;),T-fa:)) Tf) (53) 
Therefore, for all x; in X 
Tg t;) = Tyix;) | Talx;)—Tygix;) _ Tete) (54) 
fr {x;} Tre (x;} T-{x;) ~ T-{x) 
57 

(since Ty (x;) = T; Ge) ) 
Furthermore, for all x; in X 

min (T4(x). Tg{x,)) min(T g{x,),T-fx,)) 

Max(T 405%) ~ Max(tapteap) ©) 
Or 


T,' Ty) 
a > a or Tg xj) <TC) (56) 


(since T,(x;) > T,Cx;) ) 
Inequality (53) implies that, for all x; in X 


Ty) Tg{x,} 
ria) <a 67 
From the inequalities (54) and (57), the property 
(P4) for Sp(A. B) = 54. C) is proven. 
In a similar way we can prove that 5;{4.B) and 
5,(A.B). 
We will to prove that 5)(A.C) = 5,C4.B). For all 
xi= X we have: 


_ write fs, la (ale) fe! (x;) ig Cx} 
54,0) =1—- Maxx) (oxy i. ~ fala) — ~~ taf) 
(58) 

Since L(x) = I5x;) 
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Similarly we prove Sp(4.C) = S,(A.B) for all x; 
in X 


(59) 
_ 4 min(Fglx) Fela) 
5p{A,.C) = 1—- Max{F(x,).Feix)) 
Foi) Fala) 
ai Falx) = Falx,) 
(60) 


Since Fe Gx,) <= FyGy) 

Then S(A, C)=S(A, B) where 

S(A,C)=( Spf. C), S7(A, C), Sp (A. C)) and 
S (A, B) = (Sr{A.B), 5 (A. B), Sp(A.B)). 

(61) 

In a similar way we can prove that S (B, C) = S (A, 
C). If AS BEC therefore S (A, B) satisfies (P4) 
of definition 4.1. 

By applying (50), the degree of similarity 
between the neutrosophic sets (A, B), (A, C) 
and (B, C) are: 

S(A, B) =(Sy (A.B), 5,(4, B), 5,(A. B))= (0.75, 0.35, 


0.30) 
S (A, C) = GG. C), 5,04,C), 5,f4.C))= (0.53, 0.7, 
0.30) 

S B, © =G,@.c), 5,C.C), 5,8.C)- (0.73, 
0.63, 0) 


Then (49) satisfies property P4: S(A, C) = S(A, 
B) and S(A, C) = S(B, C). 

Usually, the weight of the element x; © X should be 
taken into account, then we present the following 
weighted similarity between NS. Assume that the 
weight of xi © X={1,2,...,n} is wi (=1,2,..., n) when 
wi © [0,1],22 4 = 1. 
Denote S7(A. B) = (3 w; a ean yo 

(62) 
mim tg dug {a;)) 


0.8) =1- G0 [ES hn 


(63) 
min Fg (a) 2D) 


r 3 a bl re 
5 (A,B) = 1-2 w; ax{ Fy ().P (x) ya 


(64) 
and S,(A.B)=( Si((A.B). Si((A.B). SE((A.B)) 
(65) 


It is easy to check that 5 (A.B) satisfies the four 
properties P1-P4 defined above. 


4.3 Similarity Measure Based on the Type1 
Geometric Distance Model 

In the following, we express the definition 
of similarity measure between fuzzy sets 
based on the model of geometric distance 
proposed by Pappis and Karacapilidis in [10] 
to similarity of neutrosophic set. 
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4.3.Definition: Let A,B be two neutrosophic 
sets in X={x1, X2,..., Xn}, if A = {< x, Ta(xi), 
Ta(xi), Fa(xi) >} and B= {< x, Ta(xi), In(xi), 
Fp(xi) >} are neutrosophic values of X in A 
and B_ respectively, then the similarity 
measure between the neutrosophic sets A and 
B can be evaluated by the function 


For all x; in X 


_ 1 — BilTace- Tacx! 
[y{4.B) =1 ~ FP qTaGe)+ Tate) 
- (66) 
— lac - lecxal 
L, (A, B) = Eda (x)+ Igtx;)) 
(67) 
— EtlfaGs)— Fe)! 
L,f{A, B) _ Tifa ay)+ Fe 4) 
(68) 
and 
L(A, B) = (Ly. B), 1,G,B), Ly. B)) 
(69) 


We will prove this similarity measure 
satisfies the properties 1-4 as above. The 
property (P1) for the similarity measure (69) 
is obtained directly from the definition 4.1. 


Proof: obviously, (68) satisfies P1-P3-P4 of 
definition 4.1. In the following L (A, B) will be proved 
to satisfy (P2) and (P4). 

Proof of (P2) for the (69) 


For all x; in X 


First of all, lp(A.B) =1 «> 2!Ta@a—Tecal _ 


EpcTalx)+ Tate) 
(70) 
+ ITa@) — Ta)! = 0 
 TaGy) = TeG) 
TillaGy)— Incl _ 9 


L, (A,B) = 0 


Fecis(x:)+ Inc) 
(71) 
© llaG)— In@)l=0 + 1Gy)= IG) 
— 0 ¢> VeFaGe- Fete! _ 
L,(A4,B) =O EecFatx)+ Fac) 
(72) 


+ IFaG) — Fa Gq)l = 0  FaGy) = Fa(q) 
Then L(A,B) =(L,(A,B), L,(4,B), Lp(A.B)) = (1, 
0, 0) if A=B for all A, BE NS. 

(73) 


Proof of P3 for the (69) is obvious. 
By applying (69) the degree of similarity 
between the neutrosophic sets (A, B), (A, C) 
and (B, C) are: 
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L (A, B) =(Lp (A, B), L, (A. B), Lg (A, B))= (0.8, 0.2, 


0.17). 
L(A, C) =@y GC), £,G.€), LyG.C))= (0.67, 0.5, 
0.17). 

L(B, © =@y7@.C), 1,6, C), Lz. CY (0.85, 0.33, 
0). 


The result indicates that the degree of 
similarity between neutrosophic sets A and B 
€ [0, 1]. Then (69) satisfies property P4: L(A, 
C) = L(A, B) and L(A, C) = L(B, C). 


4.4 Similarity Measure Based on the Type 2 
Geometric Distance model 

In this section we extend the similarity measure 
proposed by Yang and Hang [16] to neutrosophic set 
as follow: 


4.4.Definition: Let A, B be two neutrosophic 
set in X={X1,x2,.., Xn}, if A = {< x, Ta(xi), 
Ta(xi), Fa(xi) >} and B= {<x, Tx(xi), In(xi), 
Fp(xi) >} are neutrosophic values of X in A 
and B_ respectively, then the _ similarity 
measure between the neutrosophic set A and 
B can be evaluated by the function: 


For all x; in X 


My (A, B)=233(1— Matap Tate 
(74) 
M, (A,B) = a 4 (asd tatay . 
(75) 
Mg (A,B) = 2 a (aaa 
And 
Mryyr = (My(A,B),M,(A,B),Mg(A,B)) for 
all i= {x1,x2,.., Xn} (76) 
The proofs of the properties P1-P2-P3 in 


definition 4.1 (Axioms of a Similarity Measure) of 
the similarity measure in definition 4.4 are obvious. 


Proof of (P4) for the (76). 
Since for all x; in X 


T, G@;) <7, G,) <7, G,).1,G,) = 1,6) = 
I-x;), E, &;) > Fz (x)= F,(x,) 
Then for all x; in X 


IT-fx)-Tatx)) 1 (Te{x)-Tat)) 
2 2 


1 


(77) 
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= 1 — Geeta , Catster, 


(Tc ix)—Tp lx) 


<1- = ) 
as 1 7 |T-{x)-Ty (x3) 
~ 2 

Then Myp(A,C) <= My(B, C). (78) 


Similarly, My(A, C) = My(A, B) can be proved 
easily. 

For M,(A, C) = M,(B, C) and Mp(A, C) = Mg(B, 
C) the proof is easy. 

Then by the definition 4.4, (P4) for definition 4.1, 
is satisfied as well. 

By applying (76), the degree of similarity 
between the neutrosophic sets (A, B), (A, C) 
and (B, C) are: 


M(A, B)=(M (A,B), My (A,B), Mz (A,B))=(0.95 , 0.075 , 
0.075) 
M(A, C)= (Mp (A.C), My (A.C), Mp (A,C)=(0.9, 0.15 , 
0.075) 
M(B, C)= (My (B,C), My (B,C), Mg (B,C))=(0.9, 0.075 , 0) 

Then (76) satisfies property P4: 

M (A, C) = M(A,B)andM (A, C) = M(B,©). 

(79) 

Another way of calculating similarity (degree) of 
neutrosophic sets is based on their distance. There are 
more approaches on how the relation between the two 
notions in form of a function can be expressed. Two 
of them are presented below (in section 4.5 and 4.6). 


4.5 Similarity Measure Based on the Type3 
Geometric Distance Model. 


In the following we extended the similarity 
measure proposed by Koczy in [15] to 
neutrosophic set (NS). 


4.5.Definition: Let A, B be two neutrosophic 
sets in X={x1,x2,.., Xn}, if A = {< x, Ta(xi), 
Ia(xi), Fa(xi) >} and B= {< x, Tp(xi), In(xi), 
Fp(xi) >} are neutrosophic values of x in A 
and B_ respectively, then the similarity 
measure between the neutrosophic sets A and 
B can be evaluated by the function 


Hy(A.B) = 


similarity. 


denotes the degree of 


1 
1+dT(AB) 


(80) 
denotes the degree of 


(81) 


1 
Mi(A-B) = 4 — Tata 


indeterminate similarity. 
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di(A,B) = max{|T, Gs) — TyG,)I}. 
(83) 


dZ(A,B) = max{|I,(;) — Ip(,)I}. 
(84) 


dz (A,B) = max{ |Fa(x;) — Fa (x)/}. 
(85) 


and H(A, B)=(Hy(A.B), #,(4.B), H(A. B)). 
(86) 


By applying the (86) in numerical example we 
obtain: 


d..(A,.B)= (0.2, 0.2, 0.2), then H (A, B) = (0.83, 
0.17, 0.17). 


d..fA.C)= (0.3, 0.4, 0.1), then H (A, C) = (0.76, 
0.29, 0.17). 


d..(B,C)= (0.1, 0.2, 0), then H (B, C) = (0.90, 
0.17, 0). 


It can be verified that H (A, B) also has the 
properties (P1)-(P4). 


4.6 Similarity Measure Based on Extended 
Hausdorff Distance 

It is well known that similarity measures 
can be generated from distance measures. 
Therefore, we may use the proposed distance 
measure based on _ extended Hausdorff 
distance to define similarity measures. Based 
on the relationship of similarity measures and 
distance measures, we can define a new 
similarity measure between NS A and B as 

lows: 

NW,B) =1-—d,(A.B) (87) 

Where dy(A.B) represent the extended 
Hausdorff distance between neutrosophic sets 
(NS) A and B. 

According to the above distance properties 
(D1-D4).It is easy to check that the similarity 
measure (87) satisfies the four properties of 
axiom similarity defined in 4.1 

By applying the (87) in numerical example we 
obtain: 


N(A,B) =0.8 
N(A,C) =0.7 
N(B,C) =0.85 61 


Then (5) satisfies property P4: 
N(A, C) € N(A, B) and N(A, C) = N(B, C) 


Remark: It is clear that the larger the value of 
N(A, B), the more the similarity between NS A and 
B. 

Next we define similarity measure between NS A 
and B using a matching function. 


4.7 Similarity Measure of two Neutrosophic 
Sets Based on Matching Function. 
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Chen [11] and Chen et al. [12] introduced a 
matching function to calculate the degree of similarity 
between fuzzy sets. In the following, we extend the 
matching function to deal with the similarity measure 
of NS. 


4.7 Definition Let F and E be two neutrosophic 
sets over U. Then the similarity between them, 
denoted by K (F, G) or Kr,c_ has been defined based 
on the matching function as: 


For all x; in X 


sees EN, (e)-Tele) +4 (2)-Fe le) + F(a) “Feld 


(88) 


Considering the weight w; © [0, 1] of each 
element xi © X, we get the weighting similarity 
measure between NS as: 


For all x; in X 


oe Erm.) Tele) +412) “Bz + Ff) Fez) 


(89) 


If each element x;j€ X has the same importance, 
then (89) is reduced to (88). The larger the value 
of K(F.G) the more the similarity between F and G. 
Here K(F,G) has all the properties described as listed 
in the definition 4.1. 

By applying the (88) in numerical example we 
obtain: 

K(A,B) = 0.75, 


K(B.C) =0.92 
Then (87) satisfies property P4: K(A, C) = K(A, 


K(A.C) = 0.66, and 


B) and K(A, C) = K(B, C) 


2 Comparision of various similarity measures 

In this section, we make a comparison 
among similarity measures proposed in the 
paper. Table 1 show the comparison of 
various similarity measures between two 
neutrosophic sets respectively. 


A,B A,C B,C 
(50) (0.75, 0.35, 0.3) (0.53, 0.7, 0.3) (0.73, 0.63, 
0) 
(69) (0.8, 0.2,0.17) (0.67, 0.5,0.17) | (0.85, 0.33, 
62 0) 
(76) (0.95, 0.075, (0.9, 0.15, 0.075) | (0.9, 0.075, 
0.075) 0) 
(86) (0.83, 0.17,0.17) | (0.76, 0.29, 0.17) | (0.9, 0.17, 0) 
(87) 0.8 0.7 0.85 
(88) 0.75 0.66 0.92 


Table 1: Example results obtained from the similarity measures 
between neutrosophic sets A , B and C. 


Each similarity measure expression has its own 
measuring. They all evaluate the similarities in 
neutrosophic sets, and they can meet all or most of the 
properties of similarity measure. 


mae (D2 Ta + at + FP el + + 


max(P rw, (TAs + a + ee +t + Fee) 
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(87) 0.8 07 0.85 


(88) 0.75 0.66 0.92 


Table 1: Example results obtained from the similarity measures 
between neutrosophic sets A , B and C. 


Each similarity measure expression has its own 
measuring. They all evaluate the similarities in 
neutrosophic sets, and they can meet all or most of the 
properties of similarity measure. 

In definition 4.1, that is P1-P4. It seems from the 
table above that from the results of similarity measures 
between neutrosophic sets can be classified in two 
type of similarity measures: the first type which we 
called “crisp similarity measure” is illustrated by 
similarity measures (N and K) and the second type 
called “neutrosophic similarity measures” illustrated 
by similarity measures (S, L, M and H). The 
computation of measure H , N and S are much simpler 
than that of L, M and K. 


Conclusions 

In this paper we have presented a new distance called 
"extended Hausdorff distance for neutrosophic sets" or 
"neutrosophic Hausdorff distance". Then, we defined a new 
series of similarity measures to calculate the similarity 
between neutrosophic sets. It’s hoped that our findings will 
help enhancing this study on neutrosophic set for 
researchers. 
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Abstract: In this paper, we firstly review the neutrosophic set, 
and then construct two new concepts called neutrosophic 
implication of type | and of type 2 for neutrosophic sets. 


Furthermore, some of their basic properties and some 
results associated with the two neutrosophic 


implications are proven. 


Keywords: Neutrosophic Implication, Neutrosophic Set, N-norm, N-conorm. 


1 Introduction 

Neutrosophic set (NS) was introduced by Florentin 
Smarandache in 1995 [1], as a generalization of the fuzzy 
set proposed by Zadeh [2], interval-valued fuzzy set [3], 
intuitionistic fuzzy set [4], interval-valued intuitionistic 
fuzzy set [5], and so on. This concept represents 
uncertain, imprecise, incomplete and _ inconsistent 
information existing in the real world. A NS is a set 
where each element of the universe has a degree of truth, 
indeterminacy and falsity respectively and with lies in] 0°, 
1” [, the non-standard unit interval. 

NS has been studied and applied in different fields 
including decision making problems [6, 7, 8], Databases 
[10], Medical diagnosis problem [11], topology [12], 
control theory [13], image processing [14, 15, 16] and so 
on. 

In this paper, motivated by fuzzy implication [17] and 
intutionistic fuzzy implication [18], we will introduce the 
definitions of two new concepts called neutrosophic 
implication for neutrosophic set. 

This paper is organized as follow: In section 2 some basic 
definitions of neutrosophic sets are presented. In section 3, 
we propose some sets operations on neutrosophic sets. 
Then, two kind of neutrosophic implication are proposed. 
Finally, we conclude the paper. 


2 Preliminaries 

This section gives a brief overview of concepts of 
neutrosophic sets, single valued neutrosophic sets, 
neutrosophic norm and neutrosophic conorm which will 
be utilized in the rest of the paper. 


Definition 1 (Neutrosophic set) [1] 

Let X be a universe of discourse then, the neutrosophic set 
A is an object having the form: 

A = {< x: Ty x, In x, Fy x >x € X}, where the 
functions T, I, F : X— ]0, 1°[ define respectively the 
degree of membership (or Truth), the degree of 
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indeterminacy, and the degree of non-membership 
(or Falsehood) of the element x € X to the set A 
with the condition. 


“O0<Ty X +I, x+F, x <3". (1) 


From philosophical point of view, the 
neutrosophic set takes the value from real 
standard or non-standard subsets of ] 0, 1°[. So 
instead of ] 0, 1”[, we need to take the interval [0, 
1] for technical applications, because ] 0, 1 “[will 
be difficult to apply in the real applications such 
as in scientific and engineering problems. 


Definition 2 (Single-valued Neutrosophic sets) [20] 
Let X be an universe of discourse with generic 
elements in X denoted by x. An SVNS A in X is 
characterized by a truth-membership function 
Ta, X , an indeterminacy-membership function 
I, x , and a falsity-membership function F, x , 
for each point x in X, Ta x , In x , Fa x , €[0, 
1]. 

When X is continuous, an SVNS A can be written 
as 


A= <Ta Reta MAR x eX. (2) 
When X is discrete, an SVNS A can be written as 
A= pa Xi Ta Xi Fa Xi Ze EX (3) 


Xj 
Definition 3 (Neutrosophic norm, n-norm) [19] 
Mapping N,,: (]-0,1+[ x ]-0,1+[ x ]-0,14+[)"> ]- 
0,14. x J-0,14+[ x ]-0,14[ 
Ny (x(T;, I, F,), y(Tp, Ip, F,) ) = (Nn T(%y), 
N, I(x, y), Nn F(x. y), where 
NyTC,-)sNnlC,-)NnFC,.) 
are the truth/membership, indeterminacy, and 
respectively falsehood/ nonmembership 
components. 
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N, have to satisfy, for any x, y, z in the neutrosophic 
logic/set M of the universe of discourse X, the following 
axioms 

a) Boundary Conditions: N, (x, 0) = 0, N, (x, 1) =x. 

b) Commutativity: N,, (x, y) = Ny (y, x). 

c) Monotonicity: If x <y, then N, (x, z) < Ny (y, z). 

d) Associativity: N,, (N, (x, y), Z) =N, (*, Ny (y, Z)). 

N,, represents the intersection operator in neutrosophic set 
theory. 

Let J € {T, I, F} be a component. 

Most known N-norms, as in fuzzy logic and set the T- 
norms, are: 

* The Algebraic Product N-norm: Ny-aigebraicI(X, y) =X *Y 

¢ The Bounded N-Norm: Ny_pboundead(X% Y) = max{0, x + 
yl) 

¢ The Default (min) N-norm: Ny-min (x, y) = min{x, y}. 

A general example of N-norm would be this. 

Let x(T,, 1, F,) and y (Ty, Ip, F2) be in the neutrosophic 
set M. Then: 

Nn & y) = (TA Tp, Gy V Ip, Fi V Fa) (4) 
where the “A” operator is a N-norm (verifying the above 
N-norms axioms); while the “Vv” operator, is a N-conorm. 
For example, A can be the Algebraic Product T-norm/N- 
norm, so T, AT,;= 1T,-T, and V can be the Algebraic 
Product T-conorm/N-conorm, so T, V T,= T,+T;-T; ‘T; 

Or A can be any T-norm/N-norm, and Vv any T-conorm/N- 
conorm from the above. 


Definition 4 (Neutrosophic conorm, N-conorm) [19] 
Mapping N;: ( ]-0,14[ x ]-0,14[ x ]-0,1+[ )2—]-0,14+[ = ]- 
0,14[ x ]-0,1+[ 
N, (x(T;, Ih, F,), y(To, I), F2)) = (N.T(x,y), N,I(x,y), 
NeF(xy)), 
where N,T(.,.),N,I(.,.),N-F(.,.) are the truth/membership, 
indeterminacy, and respectively falsehood/non mem- 
bership components. 
N, have to satisfy, for any x, y, z in the neutrosophic 
logic/set M of universe of discourse X, the following 
axioms: 
a) Boundary Conditions: N, (x, 1) =1, N, (x, 0) =x. 
b) Commutativity: N, (x, y) = Nz (y, x). 
c) Monotonicity: if x <y, then N, (x, z) < Ng (y, 2). 
d) Associativity: N, (Ne (x, y), Z) = Ne (x, Ne (y, Z)) 
N,. represents respectively the union operator in 
neutrosophic set theory. 
Let J € {T, I, F} be a component. Most known N- 
conorms, as in fuzzy logic and set the T-conorms, are: 
* The Algebraic Product N-conorm: Ne_aigebraic J(X, Y) = 
Xty-x'y 
¢ The Bounded N-conorm: N._poundea J(X, y) = min{1, x 
7¥y 
¢ The Default (max) N-conorm: Ne_max J(x, y) = max{x, 
y}- 
A general example of N-conorm would be this. 
Let x(T,, Ij, F,) and y(Ty, In, Fz) be in the neutrosophic 
set/logic M. Then: 

N. (x, y) = (TIVT2, I1AI2, FIAF2) (5) 
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where the “A” operator is a N-norm (verifying the 
above N-conorms axioms); while the “Vv” 
operator, is a N-norm. 

For example, A can be the Algebraic Product T- 
norm/N-norm, so T1AT2= T1:T2 and V can be the 
Algebraic Product T-conorm/N-conorm, so 
TIVT2= T1+T2-T1-T2. 

Or A can be any T-norm/N-norm, and V any T- 
conorm/N-conorm from the above. 

In 2013, A. Salama [21] introduced beside the 
intersection and union operations between two 
neutrosophic set A and B, another operations 
defined as follows: 


Definition 5 

Let A, B two neutrosophic sets 

ANn,B=min(T, , Tg ),max (ly, Ig ), max(Fy , Fg) 
A U, B = (max (T, , Tg) , max (J, , Ip) ,min(Fy , Fg)) 
A Nz B={ min (T, , Tg ), min (I, , Ip ), max (Fy , Fp)} 
A Uz B= (max (T, , Tg), min (Jy , Ig) ,min( Fy , Fg)) 
APS (Fag las Ly): 


Remark 

For the sake of simplicity we have denoted: 

Nz = min min max, U, = max min min 

NM, = min max max, U, = max max min. 

Where N, , Uz represent the intersection set and 
the union set proposed by Florentin Smarandache 
and Nz , U, represent the intersection set and the 
union set proposed by A.Salama. 


3 Neutrosophic Implications 
In this subsection, we introduce the set operations 
on neutrosophic set, which we will work with. 


Then, two  neutrosophic implication are 
constructed on the basis of single valued 
neutrosophic set .The two __ neutrosophic 


implications are denoted by and __. Also, 
NS1 NS2 


important properties of and are 


NS1 NS2 
demonstrated and proved. 


Definition 6 (Set Operations on Neutrosophic sets) 
Let A and B two neutrosophic sets , we propose 
the following operations on NSs as follows: 

A @ B =( nate, sat te. 2a" Te. 
<T,, I4, Fy >€ A5<Tp, Ip, Fg > € B 
A$B=( T,Tp, I, Ip, Fa Fp) ;where 
<Ty, I4, Fy >€ A 5<Tp, Ip, Fp > € B 


) where 


A#HB = oe es eka 
TatTp latip FatFpg 
2758, Se A<Tolaks SER 
A® B=( T, +T3-T4 Tp , I, Ig, Fa, Fp) ,where 
2d. Fi SEA Tac lp Fo EB 
AQ B= (Tp Ty, Latlp-la Ip, Fa +Fp-F, Fp), where 
€ Ty, Ia, Fe DEAK Toi lg, Fp > ER 


), where 
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Obviously, for every two A and B, (A @ B), (A$B), 

(A# B) , A® B and A® B are also NSs. 

Based on definition of standard implication denoted by “A 
— B”, which is equivalent to “non A or B”. We extended 
it for neutrosophic set as follows: 


Definition 7 

Let A(x) ={<x, Ty (x) , I4(x) , Fa(x)>|x € X} and 
B(x) ={<x, Tp(x) ,Ip(x) , Fp(x)> |x € X}, AWB E 
NS(X). So, depending on how we handle the 
indeterminacy, we can defined two types of neutrosophic 
implication, then ied is the neutrosophic typel defined as 


A ee B={<x, Fa(x) VT3(X) , Ia(®) Ala (X) , TX) 
AFp(x) >|x € X} (6) 
And 

fe is the neutrosophic type 2 defined as 

Gs B=={<x, Fy(x) VTp(x)_ , Ia(*) VIg(X) , Tax) 

AFp(x) >|x €X} (7) 
by Vv and A we denote a neutrosophic norm (N-norm) and 
neutrosophic conorm (N-conorm). 


Note: The neutrosophic implications are not unique, as 
this depends on the type of functions used in N-norm and 
N-conorm. 

Throughout this paper, we used the function (dual) min/ 
max. 


Theorem 1 
For A, B and C € NS(X), 
1. AU,B C =A C )n, (B C ) 
NS1 NS1 NS1 


ii. A Bn,C=(A._ B)N, (A.C) 

NS1 SI NS1 

ili. AMB  C=(A CUB) 

iv. A BU,C=(A_ _B)U, (A. C) 
NS1 NS1 NS1 


Proof 
(i) From definition in (5) ,we have 


AU,B ee C ={<x ,Max(min(F, , Fp), Tc) , Min(max 
(Ia; Tp), Ic ) 2 Min(max (T, ) Tz), Fo) >| x€ X} (8) 
and 


(A, OM Bo, OF tx, Min( max(Fy , Tc), 

max(Fp, T¢)) , Max (min (I, , Ic), min (Ig , Ic), Max(min 
(Ty , Fc), min (Tg , Fc)) >| x € X} (9) 

Comparing the result of (8) and (9), we get 

Max(min(F, , Fz), Tc )= Min( max(Fy , T;), max(Fp , Tc)) 
Min(max (I, , Ig), I¢ = Max (min (I, , Ic), min (Ip , Ic)) 
Min(max (7, , Tg), F¢)= Max(min (Ty , Fc), min (Tp , Fc) 


Hence, A U, B 


NS1 


C =A, OM (2 C) 


(ii) From definition in (5), we have 
A hy Bn, C={Max(Fy, min(Tz , T;)) , Min(/, ,max 


(Ip, Ic) ) ? Min(T,, max (Fp, 2 Fo) >| x& X} 
and CA st B)N, OR as C )= {<x, Min (max (Fy, 


, Tp), max(F4 , Tc)) , Max (min (Iq , Ip), min (Iq , Ic), 


(10) 
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Max(min (Ty , Fp), min (T, , Fc) >| x € X} 

(11) 

Comparing the result of (10) and (11), we get 
Max(F,, min(Tg , Tc))= Min( max(F4 , Tg), 
max(F4 , T¢)) 

Min(I, ,max (Ip , I¢) )= Max (min (J, , Ig), min 
(4 5 Ic)) 

Min(T,, max (Fg , Fo)= Max(min (T, , Fp), min 
(T4 » Fc)) 


Hence, AN, B ree C=(A aed C) U, (B ae C) 


(iii) From definition in (5), we have 
An, B any C={<x, Max(max(F, , Fg), Tc) , 


Min(min(/, , Ip), Ic ) , Min(min (T, , Tg), Fe) >| x 
€ X} (12) 

and 

(A ig OU1 BO = 15% Max( max(Fa , Tc), 


max(Fp ) Tc) > Max (min (Ia 5) Ic), min (Up ) Ic)), 

Min(min (T, , Fc), min (Tg , Fe)) >| x € X} 

(13) 

Comparing the result of (12) and (13), we get 

Max(max(F', , Fg), Tc)= Max( max(F, , Tc), 

max(Fg , T¢)) 

Min(min(, , Ig), [¢ )= Max (min (J, , J¢), min 

(Ip, Ic)) 

Min(min (7, , Tg), Fo)= Min(min (7, , Fc), min 

(Tz ? Fe)), 

Hence, AN, B C=(A 
NS1 NS1 


(iv) From definition in (5), we have 
A BU, C ={<x, Max ( Fy ,Max (Tg , Tc )), 


NS1 
Min CF ’ Max (Ip ’ Ic )), Min(T,, Min(F ’ Fe)) 
>|x € X} (14) 

and 

(A ae B )U, (A a C) = {<x, Max(max 


(F,, Tp), max(F, , Tc)) , Max (min (J, , g), min 
(4, 1¢)), Min(min (T, , Fz), min (T, , Fe)) >| x € 
x} (15) 

Comparing the result of (14) and (15), we get 
Max ( F, , Max (Tg , Tc )) = Max( max(Fy, , Tg), 
max(F, , Tc)) 

Min (1, , Max Up , Ic )) = Max (min (J, , Iz), min 
(a 5 Ic)) 

Min (T,, Min(Fz , Fc )) = Min(min (T, , Fg), min 
(T, . Fc) 


hence, A Bu,C=(A B yU, (A oO) 


C)U(B CO) 


S1 


In the following theorem, we use the 
operators: Nz = min min max —_, Uy = max min 
min. 


Theorem 2 For A, BandC € NS(X), 


a. a i 
C 
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ii, =O A Bn,C=A__ B)N, (AC) 
- NS1 st NS1 

My ANZB  C=(A, Cc )U(B LOC) 
iv. A ys, BU2O HA, B U2 (A 0) 


Proof 
The proof is straightforward. 
In view of A B={<x,FyVTz ,[I,VIg ,T,AFp >| x 


€ X} , we have the following theorem: 


Theorem 3 

For A, B and C € NS(X), 
+ AUB oC HA, OM CB og) 
ii. A ys. BM C=A BM (Ao) 
ii ANB  CH=(A_  C)U,(B C) 
NS2 NS2 NS2 
IV. A gp BUIC HA BU (A oo) 


Proof 
(i) From definition in (5), we have 
AU,B es C ={<x, Max(min(F, , Fg), Tc), Max(max 


(a Ip), Ic ) ? Min(max (T, ? Ts), Fe) >| x€ X} (16) 
and 


CA oo © M1 (BL © JF tsx, Min( max(F4 , Te), 


max(F', , Tc)) , Max (max (J, , Ic), max (Ig , Ic)), 
Max(min (T, , Fc), min (Tz , Fc)) >| x € X} (17) 
Comparing the result of (16) and (17), we get 
Max(min(F, , Fg), Tc)= Min( max(F, , Tc), max(F', , Tc)) 
Max(max (I, , Ip), [¢ = Max (max(, , J-), max (Ip , Ic)) 
Min(max (T, , Tz), F¢)= Max(min (T, , Fc), min (Tz , Fc)) 
hence, A U, B C=(A C )n,(B C ) 

NS2 NS2 NS2 
(ii) From definition in (5) ,we have 
A Bn, C={<x ,Max(F,, min(Tp , Tc)) , Max(, , max 


NS2 
Up tc) ), Min(T,, max (Fz , Fc) >| x € X} (18) 
and 
(A ee B)N(A a C )= {<x,Min( max(F, , Tg), 
max(F, , T¢)) , Max (max (I, , Ig),max (I, , I¢)), Max(min 
(T , Fg), min (T, , Fc)) >| x € X} (19) 
Comparing the result of (18) and (19), we get 
Max(F,, min(T, , T-))= Min( max(F, , Tg), max(F, , Tc)) 
Max(/, ,max (Ig , Ic) = Max (max(J, , Ip), max (I, , Ic)) 
Min(T,, max (Fg , Fo)= Max(min (T, , Fg), min (Ty , F¢)) 
Hence , A Bn,C=(A B)N, (A.C) 

NS2 NS2 NS2 
(iii) From definition in (5), we have 
An, B ae C={<x, Max(max(Fy , Fg), Tc) , Max(max 
(Ig, Iz), Ic), Min(min (T, , Tg), Fc) >| x € X} (20) 
and 
(A Kes C )U,(B ae C )= {Max( max(Fy, , Tc), 
max(Fp, T)) , Max (max (I, , Ic), max (Ip , I-)), Min(min 
(T, , Fc), min (Tg , Fe)) } (21) 
Comparing the result of (20) and (21), we get 
Max(max(F', , Fg), Tc)= Max( max(Fy , Tc), max(Fg , Tc)) 
Max(max(I, , Ig), [¢ = Max (max (I, , Ic), max (Ip , Ic)) 
Min(min (Ty , Tg), Fo)= Min(min (7, , Fe), min (Tg , Fo)), 
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hence, AN, B C=(A C )U,(B C) 
NS2 NS2 NS2 

(iv) From definition in (5) ,we have 

A ae BU, C ={<x, Max ( F, , Max (Tp , Tc )), 

Max (I, , Max (Ip , Ic )), Min (Ty, Min(F x , Fe 

> |x € X} (22) 

and 

(A ae B )U, (A a C )= Max( max(F, , T,), 

max(F, , T¢)) , Max (max (I, , Ig), max (I, , Ic)), 

Min(min (7, , Fg), min(T, , Fc)) (23). 

Comparing the result of (22) and (23), we get 

Max ( F, , Max (Tg , Tc )) = Max( max(F, , Tz), 

max(F', , Tc)) 

Max (I, , Max (Ip , Ic )) = Max (max (I, , [p), 

max (I, , Ic)) 

Min (T,, Min(Fg , Fe )) = Min(min (T, , Fg), min 

(T4 » Fc)) 

hence, A BU, CA B )U, CA C) 


Using the two operators N, =min min max 
Uz = max min min, we have 


Theorem 4 
For A, B and C € NS(X), 


b> AUER C00 nn ( Be. 


Cc ) 
i. Pes Bn, C=(A .B mays (Paks 
C ) 
iii. ANB CHCA OC )UB Oo 
IV. A 


,BUZC=(A, BB U2 (A.C) 


NS: S2 


Proof 
The proof is straightforward. 


Theorem 5 
For A,B € NS(X), 


1 A 59 BS =A° U, BS 
Cyc = Ac Cyc 
il. (Aas B°)® =(A® U, BS HAN, 
B 
Cy\c — 
ill (A — B°)°=AN,B 


iv. AS  B=A UB 
NS1 


: C= c 
V. A oe BS=(A n, B) 
Proof 
(i) From definition in (5) ,we have 
A B° ={<x, max (F, , Fz) ,min (I, , Ip), min 
(T, Tg )|x€ X} (24) 
and 
AS Uy Be ={ max (Fy > Fp) ymin (Ua ) Iz ) > min (T,, 
Tg )} (25) 
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From (24) and (25), we get A ae 


(ii) From definition in (5), we have 

AC Uy, BS ={<x, max (Fy, Fg) min (J, , Ip ) , min 
(T,, Tp) > |x € X} (26 

and 

(AS Uy, Bo )= {<x, min (T, , Tz ),min (I, , Ip ) ,max 
(F4 Fp) >|x € X} 

(27) 

From (26) and (27), we get (A es B°)¢ 

=(A° U, BS )=AN,B 

(iii) From definition in (5) ,we have 

(A BC)¢ ={ <x, min (T, , Tg ), min (J, , Ip ), max 


Be = AC uU, BS 


NS1 

(Fa, Fg) >| x € X} (28) 

and 

AN, B={ min (T, , Tg ), min (I, , Ip ), max (Fy , Fp)} 
(29) 

From (28) and (29), we get (A B°)°=An,B 


NS1 
(iv) 

Ac ses B=A U,B ={ <x, max (T, , 73), min (I, , Ip ), 
min (F, , Fz )>|x € X} 


(v) 

A NS1 Be ={a% max (Fy ? Fp ),min (I, ° Ip ) , max (T, ? Tp) 
>|x € X} (30) 
and 

(A N2 B )° ={<x, max (Fa ? Fz ),min (Ia ) Ip ) , max 


(T4, Tp) > | x € X} 
From (30) and (31), we get A oa 


(31) 
Bo=(A ny B YS 


Theorem 6 
For A,B € NS(X), 
i. (A B)* _ A @B) = (A@B)* 
é (A B) =(A@B) 
ii. (A@B)° eee (A@ B) = (A@B)* 
(A® B) =(A@B) 
iii. (A@B)° as (A# B) = (A#B)° 
; (A® B) =(A# B) 
iv. (A®B)* (A$ B) = (A$B)* 
’ (A® B) =(A @B) 
V. (A@B)* (A$ B) = (A$B)° 
‘ (A@®B) =(A$B) 
vi. (A@B) rat (A® B) = (A®B)* 


‘ (A®@B) =(A@B) 


Proof 
Let us recall following simple fact for any two real 
numbers a and b. 
Max(a, b) +Min(a, b) = a +b. 
Max(a, b) x Min(a, b) = a x b. 
(i) From definition in (6), we have 
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(A®B)° | (A@B) = {<xMax( Ty +Tp-T 
T;, Take MinIy fp !** 1B.) Min(F, Fz,~4—®) 
> /x EX} = (Ty +T 
T, Tp, [4 Ip, Fa Fe) 

= A®B (32) 

and 

(A@B)° (A @B) = es Iqa+ IB pasts) 


Bie <2 
(Ts oe T, Tp 5 14 Ip, Fa Fe) 
NS1 
= {<x, Max(#"*2, 1, +Tg-Ty Tp) Min( “2.1, 
Ip) Min(“4**2., F, Fz) >|xEX} (33) 
=(T, +Tp-T, Tp, Ia Ip, Fa Fp) 
=A®B 
From (32) and (33 ), we get the result ( 1) 
(1i) From definition in (6), we have 


(A@B)* = (Tz Ta ,1, + Ip —I, Tp, Fa + Fp - 
Fg Fg)°= (Fa + Fy — Fa Fp, Ia + Ip - 

I, Ip, Tz T4) 

(A@B)° | (A@ B)= 


= (Fa Fa: — Fa Fg, 14 + Ip - 
TatTp Tlatip FatFpB ) 
2) Pon BD 


Ia Ia, Te Ta) 04 ( 


={<x, Max (Tg Ty, 25"2) JMin(Ip + Ip — 
Iq Ip, 2) Min(Fy + Fp — Fa Fp, ~8="®) > | x 
A*B> A B A‘*B> 
E X} 

Se) ee) MCD) 
and 

(A@B)° , (A@ B) = 

F F I I E T 
Sree Smeg ee) al a ee 
Iz, Fg +Fp-F, Fp) 
={<x, Max(40*2, Ty Tp), Min (AS , Ig Hp-la 


Ip), Min “AS® , Fy +Fp-Fa Fp) |x € X} 
=(4tte Iat+ Ip ATSB) = (A@ B) 


Dn 2 

From (34) and (35 ), we get the result (11) 

(iii) From definition in (6) ,we have 
(A@B)*° bad (A# B) =(F, + Fp - 

Fg Fp, I, + Ip — Ig Ip, Tp Ta) see 

(tate 2I,4lp 2 FAFB : 

TatTB Tat Ip’ Fat+Fp 


= {<x , Max (Tg Ty » 42) ,Min(I, + Ip — Ig Ip, 


Tat+TpB 
2tatB) Min(F, + Fz — Fa Fp, )>|x € X} 


Iat+ Ip 
(otal 21qalp eas) 
Ta+Tp IatlIp Fat+Fep 


=(A# B) (36) 


and 
c _,2FaFp 21,alp 
(A# B) NS1 (A® B) Gaia Tat lp 


yoy ( TB Ta latle-la Ia, Fa +Pa-Fa Fe ) 
STATE Tp Ts) Min(—*, Iytly-Iy 
IatIlp 


={<x, Max ( 
TatT 
7a? Fa tFe-Fa Fz) >|x € X} 
B 


(35) 


2FaFp 
Fat+Fp 


2TaTB 
> TatTpB 


) 


2FaFp 


Ip), Min(=*4 
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=( 2TaTe 2lalp 2FaFB = (A# B) (37) From (42) and (43), we get the result (vi). 


TatTp’ Iatip ’ Fat+Fp The following th i t valid. 
Fiori (36)-and'(37), we eet the reault Gi. Sean Oren 


(iv) From definition in (6), we have 


Theorem 7 
(A®B) © ct (A$ B)=( Fa Fp, . 14 Ip, Ta +Tp-Ts Te) For A,B € NS(X), 
c 
ea T,Tg, Ia Ip, Fa Fp) i. (A B) ee (A@B)© = (A@B) 
= {<x, Max (Ty +Tp-Ta Tp, Ta Ta)» Min(Iy Ip, (A Bye’ 
I, Ip,), Min(F, Fe, Fa Fp) >| x € X} “(A@B) 
=( TaTg, In Ip, Fa Fe) a e232. 
eer (38) ii,  (A@B) | (A@ BY = (A@B) 
and c 
po? et Von ae! (A® B) 
c = NS1 
(A$ B) NS1 (A® B) ( Fy Fp, I, Ip, Ta TB) oq =(A® B) 
T +Tg-Tg Tp . Ia Ip, Fa Fp) 83 Gene 
—= i A®B A# B = (A#B 
={<x, Max( TaTs ,Ta+Te-Ta T=) Min( Ty Too Ia Ip oF (AGB) 55 S ) oe 
), Min( Fy Fg.F, Fz) >| x € X} vs, (A ® BS 
=( T,Tg, I, Ip, Fa Fe) = (Af B) é 
=(A$ B) (39) iv. (AQ@B) (A# B)& = (A#B) 
From (38) and (39), we get the result (iv). NON og 
(v) From definition in (6), we have sr O®@ B)S =(A@B) 
Cc — — as 
(A@B) ihe (A$ B)=(F, + Fp — F4 Fp, ly +p = (A@B) (A$ B)° co (A$ B) 
NS1 


late, Te Ta), ( Tats» Tale» FaFo) 


c 
ne (A® B)& =(A$B) 
={<x, Max (Tp T, > T, Tz) Min, + Ip = I, Ip, NS1 


c 
I, Ig), Min(F, + Fz —F4 Fe, Fag) >|x € X} vi. (A@B) ., (A$ B)S = (ASB) 
c 
=( T%Tp, I, lp, FaFs) (A® B)& =(A@B) 
=(A$B) (40) oe 
and Proof 
(AS B)° | A@B) Fake, Ia Ip The proof is straightforward. 


» T4Tp) en Tp Tg, Igtlp-ly Tp, Fa +Fp-F4 Fe ) 
={<x, Max( 7, Ts,T:T, ).Min( Ig Iglatlp—Iglp  Theorem8 


), Min( FaFg,F4 + Fy — Fy Fp) >| x € X} Fors BS NOOO, . 
=( TTp, [4 Ip,  FaFp) i. (A B) wes (A@B)° = (A@B) 
=(A $B) (41) BES 
From (40) and (41), we get the result (v). NS2 i. 2 ae) 
(vi) From definition in (6), we have ii. (A@B) a (A@ B)© = (A@B) 
A@B) © A® B) = (A®B)* A@B c 
(ee) NS1 (20-8) (48) NS1 Ce (A® B)® =(A@B) 
=(A@B) NS2 : 
(A@B)°  (A® B)=(Fa + Fe — Fa Fos da + Ip — i,  (A@B) | (A# BY = (A#B) 
Ia Tp, Tp Ta) (Ta +T5-Ta Te » Ta I, Fa Fe) yo A® B)¢ - (A# B) 
={<x, Max (Tg Ty, Tg +Tp-T, Tz) Min([4 + Ip — Ia Ip da : 7 
Ip), Min(F + Fy — Fa FpsFa Fp) >| x € X} Me, TCR) 6 Cre) ea 
=(T4 +Tg-T4 Tp 5 Ia Ip, Fa Fe) A® BY) a AQ B 
=(4 @B) (42) late ale 
and V. (A®B) Ks (A$ B)° = (A$B) 


(A® B)* fet (A @ B) =(Fa Fp, [4 Ip, Ta +T3-T 
Ts) yoy (Ta Ta statle-la tas Fa +Fe-Fa Fe ) ; 
={<x, Max (T, +Tg-T, Tg, Tz Ts)» Min (Ipl, Lat p-l, vi. (A@B) ., (A$ BY = (ASB) 


Tz), Min(F4 Fp, F4 +Fg-F4 Fg) > | x € X} ce 
= (Ty +Tg-T, Te 5 Ig Ip, Fg Fe) ee! se 
=(A @ B) (43) 


sp (A® BS =(A$B) 


Proof 
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(i) From definition in (6), we have = 
2FaFp 2Ilalp ( 
c Max Fi Feey, »Max I, 1p, »Min T, + 
oP NS2 (A@B)©  =(T,+Tp-Ta Tg Ia Ip , Fa oo Eada m 
Fat+tFg Ilatlp TatTp c 
Fey ae aa eee a Se rotate, He 
F lat c 
ie Max F, Fp, at Bo Max In lg, AO ; . _ 2FaFp 2lalp 2TaTe © 
Fis FatFp’ Iatlg’ TatT 
Min T, ies Ta Tp SE _ataTp. 2ialp 2FaFp. 
x € X} TatTB’ Tat Ip’ Fat+ Fp 
—_ FatFp IatlIp TatTp £ = (A# B) (48) 
ee ae and 
TatTp Iatip FatF c 
Hoe oe (A# B) ie (A® B)¢ =< ere ae 
=(A@B) (44) 2Fa Fe ee 
ea wea ee (Fa Pos ola dp, Ts +To-Ta To) 
c — 
A = 
ia ay es . Max 2£4%8 op, Max 2/448 Py, | 
= TD sg Fa Forde ta Ta + To ae eee , 
T,Ts) * Min ae | Pe os ees 
A‘s 


2FaFg  2I4lgp 2TaTp * 


Fat+Fp’ Iat+ Ip’ TatTpB 

FatFp Iat Ip - -TAtTB 
Max “—=,F,F, ,Max 4—+,I,I, ,Min(#—,T, & 274TB 21alp 2FAFB 
7 7 2 TatTB’ Iatlp’ FatFp 


Cc 
_ FatFe latig TatTp © From (48) and (49), we get the result (iii). 
an ae (iv) From definition in (6), we have 
_/TatTgp Tatip Fat Fp Cc 
con aaa ee ae (4@B) | (A# B)S = 
=(A@B) (45) - 
From ( 44) and (45), we get the result (1). c 
oa GS) weg () Max aaa ea es crores : 
(ii) From definition in (6) ie have Max I, +I, —I, Ip ne ® Min Tp Ta, 4 a 
(A@B) |, A@ B)© = Max Fy +Fp- = F, + Fg —F, Fp, ee Belpe Take 
fate =Tp,T, I, + Ip — 1, Ip, F, + Fp, — Fy Fp 
F, Fp, »Max I, + Ip — =(A® B) (50) 
Iq Ip, i /Min Ty T,,“4*7# ; and 
, , Cc 
Gris 
= Fy itp F, Fp, 1, + Ip — Ty losTo Ts g (A# B) NS2 (A® B) * 
=(Tz T, .14 + Ip — Ia ly Fa + Fp — Fa Fp) 7 2F4Fp 
= (A@ B) (46) = MON aig A TER 
and 214lp 
(A@B) , (A@ B)o = (<x Tatts tate Fat Pay ee ea ee 
Be V2 £ 
(ee "Fo, ts + lp Lely. To To) >|2€X} IyIg, ,Min 70 141, 
Fa+ Fg © = Fy +Fga—Fa Fp, Igt+Ip—Ialp, Te Ta © 
Max »Fa +Fp—Fa Fp , =TpT, I, + Ip — 1, Ip, F, + Fp, — Fy Fp 
In + Ip _ Tat Tp =(A®@ B) (51) 
Max —>— sla t+lp—lala ,Min —7>— Te Ta From (50) and (51), we get the result (iv). 
= F, + Fp — Fy Fe, 1, + Ip — I, Ip,Tp T, ‘ (v) From definition in (6), we have 
“(Ts Ta, 14 + Ip — Ig lp. Fa + Fe — Fa Fp) (A@B) (A$ Bye a 
=(A® B) (47) See eee ae Se 
From (46) and (47), we get the result (ii). = Max Fy Fp, FaFp ,Max Iglp, I, Ip , 
(iii)From definition in (6), we have Min T, +73 — Ta ee Po 
(A®B) NS2 (A# B)° = = F, Fy Fp, I, Tp. Ip, T, Tp oe 
=( M%Te, Ia lp, Fa Fe) 
=(A $B) (52) 
and 
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c 
Cc = 
(A$B) |, (A® 8) 
Max F, Fp, Fy Fp ,Max I, Ip, Iglp , 
Min T, Tp »T4 +Tp —T, Tp 
= F, Fp, I, Ip, T, Tp fe 
=( T4Tp, Ig Ip, Fa Fp) 
=(A$B) (53) 


From (52) and (53), we get the result (v). 
(vi) From definition in (2), we have 


(4@B) (A$ BY 


Max Fy +Fp—F,Fp, FFs, 
Max I,n+1g—I,lg, I, Ip ,Min TgTs, TT 
= Fy 4 Fo Fy Falc? Ip — 1a To; Te Ta © 
= TT Lite da des Fy. Fo — By Fs 
=(A @ B) (54) 
and 
c 
(A$B) |, (A@ B® = 
Max F,Fe, Fy + Fp —FaFe 
Max I, Ip, I4t+Ig—Iylp ,Min TaTp, Tp T, 
= Fy, + Fy — Fy Fp,1, +p — 1, 1p, Tp Ts © 
= Tp Ty, 1, + Ip — 14 [p,F, + Fp — Fa Fp 
=(A @ B) (55) 
From (54) and (55), we get the result (v). 
The following are not valid. 


<T, <Tz A B AB V(A> 

; F,> ; F,> NS1 NS1 B) 
<0,1> | <0,1> | <1,0> | <1,0> | <1,0> 
<0,1> | <1,0> | <1,0> |<1,0> | <1,0> 
<1,0> | <0,1> | <0,1> | <0,1> | <0,1> 
<1,0> | <1,0> |<1,0> |<1,0> | <1,0> 
Theorem 9 


I- (A B)®, (A@B) = (A@BY | (AB) 
=(A@B) 
2- (A@B)E (A@ B) = 

(A@B)° _, (A® B) =(4@B) 

3. (A@B) | (AH B)S = 

(4#B) | (A® B)° = (A# B) 


4- (A@B)® | (A# B) = 


(A#B)® | (A@ B) =(A# B) 
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S- (A®B)° (A$ B) = (A$B)° 

yop (A® B) =(A@B) 

6- (A@B)° (A$ B) = (A$B)° 

yop (A@B) =(A$B) 

8 (A@B)°, (A$ B) = (A$B)° 

so (A@B) =(A$B) 

9- (A@B)°,, (A® B) = (AWB) 
(A@B) =(A@B) 


NS2 


Example 
We prove only the (i) 
= c = 
1- (A B) ne (A@ B) a 
Fa Feylal,Ts +13 -TaTs , (5s 
Iat+Ip Bat ea) 
2° 2 Sade 
={<x, max (Ty +7, —T, 7: ,“S*) 
Tat+lp : Fat Fp 
smax(I4/p, 2 ) ,min (Fa Fp ’ 2 )>| x € X} 
={sx Ty tp = 14 Tes ‘stip “at Te > |x 
€ X} + (A@B) 


The same thing, for (A@B)° Eon (A B) 
Then, 

(A BYS  A@B) = (A@B)S 
ss (A B) #(A@B). 


Remark 

We remark that if the indeterminacy values are 
restricted to 0, and the membership /non- 
membership are restricted to 0 and 1. The results 
of the two neutrosophic implications a and 


a collapse to the fuzzy /intuitionistic fuzzy 


implications defined (V(A— B) ) in [17] 


Table 

Comparison of three kind of implications 

From the table, we conclude that fuzzy 
/intuitionistic fuzzy implications are special case 
of neutrosophic implication. 


Conclusion 

In this paper, the neutrosophic implication is 
studied. The basic knowledge of the neutrosophic 
set is firstly reviewed, a two kind of neutrosophic 
implications are constructed, and its properties. 
These implications may be the subject of further 
research, both in terms of their properties or 
comparison with other neutrosophic implication, 
and possible applications. 
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Neutrosophic Crisp Sets & 


Neutrosophic Crisp Topological Spaces 


A. A. Salama, Florentin Smarandache, Valeri Kroumov 


A.A. Salama, Florentin Smarandache, Valeri Kroumov (2014). Neutrosophic Crisp Sets 
& Neutrosophic Crisp Topological Spaces. Neutrosophic Sets and Systems 2, 25-30 


Abstract. In this paper, we generalize the crisp topological 
spaces to the notion of neutrosophic crisp topological space, and 
we construct the basic concepts of the neutrosophic crisp 
topology. In addition to these, we introduce the definitions of 
neutrosophic crisp continuous function and neutrosophic crisp 


compact spaces. Finally, some characterizations 
concerning neutrosophic crisp compact spaces are 
presented and one obtains several properties. Possible 


application to GIS topology rules are touched upon. 


Keywords: Neutrosophic Crisp Set; Neutrosophic Topology; Neutrosophic Crisp Topology. 


1 Introduction 


Neutrosophy has laid the foundation for a whole 
family of new mathematical theories generalizing both 
their crisp and fuzzy counterparts, the most used one 
being the neutrosophic set theory [6, 7, 8]. After the 
introduction of the neutrosophic set concepts in [1, 2, 3, 4, 
5, 9, 10, 11, 12] and after haven given the fundamental 
definitions of neutrosophic set operations, we generalize 
the crisp topological space to the notion of neutrosophic 
crisp set. Finally, we introduce the definitions of 
neutrosophic crisp continuous function and neutrosophic 
crisp compact space, and we obtain several properties and 
some characterizations concerning the neutrosophic crisp 
compact space. 


2 Terminology 


We recollect some relevant basic preliminaries, and 
in particular, the work of Smarandache in [6, 7, 8, 12], 
and Salama et al. [l, 2, 3, 4, 5, 9, 10, 11, 12]. 
Smarandache introduced the neutrosophic components T, 
I, F which represent the membership, indeterminacy, and 


non-membership values respectively, where 0 l* fs 
non-standard unit interval. 


Hanafy and Salama et al. [10, 12] considered some 
possible definitions for basic concepts of the neutrosophic 
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crisp set and its operations. We now improve 
some results by the following. 


3 Neutrosophic Crisp Sets 


3.1 Definition 


Let x be a non-empty fixed set. A 
neutrosophic crisp set (NCS for short) A is an 
object having the form A= (A), 4), 43) where 
A}, Ay and A3are subsets of X _ satisfying 
A, N42 =¢@, A, 0 A3 = Gand A, N43 = ¢. 


3.1 Remark 
A neutrosophic crisp set A=(A), A, 43) 
can be identified as an ordered triple (4,, 43, 43) , 


where A;, Az, A3 are subsets on x, and one can 
define several relations and operations between 
NCSs. 

Since our purpose is to construct the tools for 
developing neutrosophic crisp sets, we must 
introduce the types of NCSs ¢y,Xy in X as 
follows: 

1) @y may be defined in many ways as a 


NCS, as follows: 
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i) On =(9,9,X), or 

ii) py =(¢,X,X), or 

lll) by = (4, X, 9), or 

iv) on =(¢.9,9) 
2) Xy may also be defined in many ways as a 
NCS: 


i) Xy =(X,4,9), 
ii) Xy =(X,X,¢), 
iii) Xy =(X,X,¢), 


Every crisp set A formed by three disjoint subsets Of a 
non-empty set is obviously a NCS having the form 


A=(Aj, Ap, 43). 


3.2 Definition 
Let A=(4),4),43) a NCS on, then the 
complement of the set A, (A°for short may be 


defined in three different ways: 
Gp AES Ay Ay As) 
C, A® =(A3, Ay, 4) 
c, A =(4,4,°,4) 


One can define several relations and operations 
between NCSs as follows: 


3.3 Definition 
Let x be a non-empty set, and the NCSs A and B 

in the form A=(A, dy, 43)> B=(Bi, Bo, Bs) > then we may 
consider two possible definitions for subsets 4 cB 

AcB_ may be defined in two ways: 

1) ACBOA, CBA, CB, and A, >B, 

or 
2) ACBSOA, CB, A, DB, and A, > B, 


3.1 Proposition 
For any neutrosophic crisp set A_ the following hold: 


i) on CA, On CON- 


3.4 Definition 
Let x is a non-empty set, and the NCSs A and B 
in the form 4=(A,, A>, 43)> B = (B,,By,B3) « Then: 
1) Af\B may be defined in two ways: 
i) ANB=(A, OB), 4 ABp, 43 UB3) or 
ii) ANB =(A) 0B), Ay UBy, Ax UB) 


2) AUB may also be defined in two ways: 
)A UB =(4, UB,,A, AB,,A,; OB) OF 
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ii) AUB=(A, UB,, A, UB,, A, OB;) 
3) [ ]4=(4,4,,4°). 
4) <>A=(4,°,4,,4, P 


3.2 Proposition 
For all two neutrosophic crisp sets A and B 
on X, then the followings are true: 
1) ANBS=ASUBS. 
2) AUBS=ASNB’. 

We can easily generalize the operations of 
intersection and union in definition 3.2 to 
arbitrary family of neutrosophic crisp subsets as 
follows: 


3.3 Proposition 

Let Aj:j €J be arbitrary family of 
neutrosophic crisp subsets in X, then 

1) MA;may be defined as the following 


types : 


i) OA; =(N AAA jp» 


UA 3) 0 
ii) N04; = (0 Aj UA jy VA, )- 
2) UA jmay be defined as the following 


types : 


i) UA; =(VAIL MA jy» 


OA a ) or 
i) UA; = (VAI VA jy AQ) 
3.5 Definition 
The product of two neutrosophic crisp sets 
A and B is a neutrosophic crisp set Ax B 
given by 
Ax B=(A, xB, Ay x By, A3 x B3). 


4 Neutrosophic Crisp Topological Spaces 
Here we extend the concepts of topological 
space and intuitionistic topological space to the 
case of neutrosophic crisp sets. 


4.1 Definition 


A neutrosophic crisp topology (NCT for 
short) on a non-empty set is a family 
of neutrosophic crisp subsets in satisfying 
the following axioms 


li) 4) V4, €T forany A,and4,¢«/. 


iii) UA; eI V ajjes CT. 
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In this case the pair (x 5 -) is called a neutrosophic 
crisp topological space(NCTS for short) inX . The 
elements in/’ are called neutrosophic crisp open sets 
(NCOSs for short) in X . A neutrosophic crisp set F is 
closed if and only if its complement F © is an open 
neutrosophic crisp set. 


4.1 Remark 

Neutrosophic crisp topological spaces are very 
natural generalizations of topological spaces and 
intuitionistic topological spaces, and they allow more 


general functions to be members of topology. 
TS — ITS —> NCTS 


4.1 Example 

Let X = {a,b,c,d}, on,Xynbe any types of the 
universal and empty subsets, and A, B two neutrosophic 
crisp subsets on X defined by A= ({a}, {b, d}, fel), 
B= (ah, {ol tcl), then the family 7 ={dy,Xy,A4,B} is 
a neutrosophic crisp topology on X. 


4.2 Example 
Let (X,r, ) be a topological space such that r, 
is not indiscrete. Suppose {G;:ieJ}be a family and 
tT, ={X,@}U{G; :ie J}. Then we can construct the 
following topologies as follows 
i) Two intuitionistic topologies 


a) t= {6),X)}U(G;,9),ie J}. 

b) =). Xj{HGF) ie} 
ii) Four neutrosophic crisp topologies 

a) T= Wy. Xwir{idGF ie J} 


b) Tr = {by Xv UG.) iJ} 
c) T; NO i Koay 1 
d) Fy = (by. Xn JOG? died} 


4.2 Definition 


Let (XT ), bax )be two neutrosophic crisp 
topological spaces on X . Then J, is said be contained in 
I, (in symbols, cl) if Ger, foreachhG e7;.In 
this case, we also say that 7; is coarser than J, . 


4.1 Proposition 
Let{r,: jeu} be a family of NCTs on X . Then 


Ll; is 


; a neutrosophic crisp 


topology onX . 
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Furthermore, MJ’; is the coarsest NCT on X 
containing all topologies. 

Proof 

Obvious. Now, we define the neutrosophic crisp 


closure and neutrosophic crisp interior operations 
on neutrosophic crisp topological spaces: 


4.3 Definition 
Let (X¥, 7) be NCTS and 4 = (4,,4),.43) bea 


NCS in X . Then the neutrosophic crisp closure 
of A (NCCI(A) for short) and neutrosophic 
interior crisp (NCInt (A ) for short) of A are 
defined by 


NCCI(A) = OK: K is an NCS inXand A cK} 
NCInt (A) =UAG:G is an NCOS in XandGcA}, 


where NCS is a neutrosophic crisp set, and NCOS 
is a neutrosophic crisp open set. 


It can be also shown that NCCI (A) is a NCCS 
(neutrosophic crisp closed set) and NCint(A) is a 
CNOS in X 


a) A isin X ifandonlyif NCCKA)DA. 
b) A is a NCCS in X if and only if 
NCInt( A) = A. 
4.2 Proposition 
For any neutrosophic crisp set A in (x,r) 
we have 


(a) NCCI A’) = (NCInt(A))*, 


(b) NCInt(A°) =(NCCIA))°. 

Proof 

a) Let 4=(A,,4,4;) and suppose that the 
family of neutrosophic crisp subsets 
contained in A are indexed by the family if 
NCSs contajned in A are indexed by, the 


we see that we have two types of 
NCInt( A) = K VA; UA 5 SA A >| or 


JI? 
NCInt(A) = k UA ;, 4;, PA >} hence 
(NCInt(A))° = ke Aj 4; 0A jy >| or 
(NCInt(A))© = fc AA, VA; VA jy >| 


Hence NCCI( AS‘ ) = (NCInt(A))° , which 
is analogous to (a). 
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4.3 Proposition 


Let (X¥,r) be a NCTS and 4,B be two 
neutrosophic crisp sets in X . Then the following 
properties hold: 

(a) NCInt(A) < A, 

(b) AG NCCIC(A), 

(c) AGB=> NCIMt(A) < NCInt(B), 
(d) 4c B= NCCI(A) < NCCKB), 
(e) NCInt(AM B) = NCInt(A)  NCInt(B), 


(f) NCCKAU B)=NCCKA)U NCCKB), 
(g) NCInt(Xy)=Xy, 


(h) NCCK¢y )= $n 


Proof. (a), (b) and (e) are obvious; (c) follows from (a) 
and from definitions. 


5 Neutrosophic Crisp Continuity 
Here come the basic definitions first 


5.1 Definition 
(a) If B=(B,, Bp, B3) is a NCS in Y, then the 
preimage of B under f, denoted by f~!(B), isa 
NCS in X defined by 


('(B)= (SB), FB), FBs)}. 
(b) If 4=(4, 4,4) isa NCS in X, then the image 
of A under f, raat by f(A), is the a yy in 


Y defined by (4) =( f(A), f(42), £(43)) 
Here we introduce the properties of images and preimages 


some of which we shall frequently use in the following 
sections . 


5.1 Corollary 
Let A, {4; :i J} , be NCSs in X, and 

B, \B; jek} NCS in Y, and f:X¥ >Ya 
function. Then 
(a) 4. c 4) & f(A) S f(A), 

BC By & f-'(B) c f\(By), 
(b) Ac f (f(A) and if / is injective, then 
A=f'(f(A) )- 
(c) f-\¢ f(8) cB andif f is surjective, then 
f'(f(B) )=B,- 
(d) f"(UB) )=Uf"(B), FOB) = OF "Bp. 
(e) UA)=Uf(A)s MOA) EOS(4);and iff 
injective, then {(4,)=/f(A); 
() fy) = Xu. Fy) = dn: 
(2) f(by) =dy, (Xv) =Yy, If Ff 1s subjective. 


e 


Ss 
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Proof 
Obvious. 


5.2 Definition 
Let (¥,/;) and (Y, 7; ) be two NCTSs, and 


let f: X + Y bea function. Then / is said to 


be continuous iff the preimage of each NCS in 
I, isaNCSin/,. 


5.3 Definition 
Let (X, 77) and (Y, >) be two NCTSs and 


let f :X + Ybea function. Then / is said to 
be open iff the image of each NCS in J} isa 
NCS inT>. 


5.1 Example 
Let (X,/,) and (Y,y,,) be two NCTSs 


(a) If f: X — Y is continuous in the usual 
sense, then in this case, f is continuous in the 
sense of Definition 5.1 too. Here we consider 
the NCTs on X and Y, respectively, as follows : 


eens 

In this case we have, for each (H, , H°) er, 
HeY,, 

p\(H.6,H°)=(f DIOS) 
= (11H SO. SEY) EL. 


(b) If f:X — Y is open in the usual sense, 
then in this case, f is open in the sense 
of Definition 3.2. Now we obtain some 
characterizations of continuity: 


5.1 Proposition 
het $2 FO). 
f is continuous if the preimage of each 
CNCS (crisp neutrosophic closed set) in [7 is a 


CNCS in/>. 


5.2 Proposition 
The following are equivalent to each other: 


(a) f:(X,14)>(, >) is continuous. 

(b) ff '(CNint(B) < CNint(f“'(B)) 
for each CNS B in Y. 

(c) CNCI(f'(B)) < f'(CNCI(B)) 
for each CNC B in Y. 
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5.2 Example 
Let (Y, %) bea NCTS and f : X —Y bea function. 


In this case 7} = {pa He Ty fis a NCT on X. 
Indeed, it is the coarsest NCT on X which makes the 
function f : X — Y continuous. One may call it the initial 


neutrosophic crisp topology with respect to f. 


6 Neutrosophic Crisp Compact Space (NCCS) 
First we present the basic concepts: 


6.1 Definition 
Let (xr ) be an NCTS. 


(a) Ifa family (G, 3G5 5G; ;)ite J} of NCOSs in 
X satisfies the condition 
U{X.G GiGi ) 1 JJ= Xyy, then it is called 
an neutrosophic open cover of X. 

(b) A finite subfamily of an open cover 
a, Gis Giz VE i} on X, which is also a 
neutrosophic pea cover of X,, is called a 

eutrosophic finite subcover 

Tey.Gy.G ,)iie ji 

(c) A family K, »Kj,,Ki, ii € J} of NCCSs in X 
satisfies the finite intergection property (FIP for 
short) iff every finite subfamily 
rae. aia. groti family 
satisfies the Condition 


AUK, .K,.K,):i cJ}z dy: 
6.2 Definition 
ANCTS (x — Jis called neutrosophic crisp compact 


iff each crisp neutrosophic open cover of X has a finite 
subcover. 


6.1 Example 
a) Let X =N and let’s consider the NCSs 
(neutrosophic crisp sets) given below: 


Ay = ({2,3,4,..} $.9), Ay = (8,4,..,4,{0), 
Az = ({4,5,6,..},4, {1,2}), «+ 


A, =({n+1nt2,n+3,..$,6,{L23,..n-1). 


2 = 3:4,5,..} is a NCT on X and 


is a neutrosophic crisp compact. 


Then P= {6ny,Xy}U{A 
wr) 


b) Let X =(0,l)and let’s take the NCSs 


An = (x, , nl} (4) sn = 3,4,5,...1n X. 


n 
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In this case F ={¢y, Xv }U{Ay. =3,4,5,.-4 
is an NCT on X, which is not a neutrosophic 
crisp compact. 


6.1 Corollary 


ANCTS (x rT ) is a neutrosophic crisp 


compact iff every family 


(x, Gi, GiGi): € a} of NCCSs in X having 


the FIP has nonempty intersection. 


6.2 Corollary 
Let (X,; ), (Y, 74) be NCTSs and 


f :X —Y be a continuous surjection. If (¥, 7 ) 


is a neutrosophic crisp compact, then so is(Y, [> ) 


6.3 Definition 
(a) Ifa family (Gy.G, G; 3): ie a} of 
NCCSs in X satisfies the condition 
ACA Gi Gin Gis ) ica}, then it is 
called a neutrosophic crisp open cover 
of A. 
(b) Let’s consider a finite subfamily of a 
neutrosophic crisp open subcover of 
Gi, Gin sGry Ne ie Fa 
A neutrosophic crisp set 4 = (A, , Ap, As) ina 
NCTS (X,7/)) is called neutrosophic crisp 


compact iff every neutrosophic crisp open cover 
of A has a finite neutrosophic crisp open 
subcover. 


6.3 Corollary 
Let (X, 77), (Y, 7 )be NCTSs and 
f :X — Y be acontinuous surjection. If A is a 


neutrosophic crisp compact in (XY, /; ), then so is 
f(A) in (Y,1). 


7 Conclusion 

In this paper we introduce both the neutrosophic 
crisp topology and the neutrosophic crisp compact 
space, and we present properties related to them. 
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Neutrosophic Lattices 


Vasantha Kandasamy, Florentin Smarandache 


Vasantha Kandasamy, Florentin Smarandache (2013). Neutrosophic Lattices. Neutrosophic 


Sets and Systems 2, 42-47 


Abstract. In this paper authors for the first time define a 
new notion called neutrosophic lattices. We define few 
properties related with them. Three types of neutrosophic 
lattices are defined and the special properties about these 
new class of lattices are discussed and developed. This 
paper is organised into three sections. First section 


introduces the concept of partially ordered neutrosophic 
set and neutrosophic lattices. Section two introduces 
different types of neutrosophic lattices and the final sec- 
tion studies neutrosophic Boolean algebras. Conclusions 
and results are provided in section three. 


Keywords: Neutrosophic set, neutrosophic lattices and neutrosophic partially ordered set. 


1 Introduction to partially ordered neutrosophic 
set 


Here we define the notion of a partial order on a 
neutrosophic set and the greatest element and the least 
element of it. Let N(P) denote a neutrosophic set which 
must contain I, 0, 1 and 1 +I; that is 0, 1,I and 1l+Ie 
N(P). We call 0 to be the least element so 0 < 1 and0O <I 
is assumed for the working. Further by this N(P) becomes 
a partially ordered set. We define 0 of N(P) to be the least 
element and I U 1 = | + I to be the greatest element of 
N(P). 

Suppose N(P) = {0, 1, I, 1 + I, aj, a9, a3, aj, aol, ast} 
then N(P) with 0 < a;, 0 < aj, 1 <i <3. Further 1 >a,;; I> 
al; 1<i<3 a, ¢ ajifi#j for 1 <i,j <3 and Ia; ¢ lait 
j for 1 <i,j <3. 

We will define the notion of Neutrosophic lattice. 


DEFINITION 1.1: Let NM(P) be a partially ordered set with 
0, 1,1, 14+1l=1 Ule NP). 

Define min and max on N(P) that is max {x, y} and min 
{x, y} © N(P). 0 is the least element and 1 UI =1 + Tis 
the greatest element of N(P). {N(P), min, max} is defined 
as the neutrosophic lattice. 


We will illustrate this by some examples. 


Example 1.1: Let N(P) = {0, 1,1, 1U1=1+1,a, al} bea 
partially ordered set; N(P) is a neutrosophic lattice. 

We know in case of usual lattices [1-4]. Hasse defined 
the notion of representing finite lattices by diagrams 
known as Hasse diagrams [1-4]. We in case of 
Neutrosophic lattices represent them by the diagram which 
will be known as the neutrosophic Hasse diagram. 

The neutrosophic lattice given in example 1.1 will have the 
following Hasse neutrosophic diagram. 
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Iul 
1 I 
a al 
0 
Figure 1.1 


Example 1.2: Let N(P) = {0, 1, L 1 UI, ay, ao, aj, al} be 
a neutrosophic lattice associated with the following Hasse 
neutrosophic diagram. 


ay al 


0 
Figure 1.2 


Example 1.3: Let N(P) = {0 1, I, 1 UI} be a neutrosophic 
lattice given by the following neutrosophic Hasse diagram. 


1UI 


0 
Figure 1.3 
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It is pertinent to observe that if N(P) is a neutrosophic 
lattice then 0, 1, I, 1 UI € N(P) and so that N(P) given in 
example 1.3 is the smallest neutrosophic lattice. 


Example 1.4: Let N(P) = {0, 1,1, 1 vI=1+4+1, a, a, ail, 
aI, a; < aj} be the neutrosophic lattice. The Hasse 
diagram of the neutrosophic lattice N(P) is as follows: 


Iul 
1 I 
ao al 
ay al 
0 
Figure 1.4 


We can have neutrosophic lattices which are different. 


Example 1.5: Let N(P) = {0, 1, I, aj, ao, a3, a4, a,], aol, asl, 


agIl, 1 +1 =I 1} be the neutrosophic lattice of finite order. 


(a; is not comparable with aj ifi#j, 1 <i,j <4). 


Figure 1.5 


We see N(P) is a neutrosophic lattice with the above 
neutrosophic Hasse diagram. 

In the following section we proceed onto discuss 
various types of neutrosophic lattices. 


2. Types of Neutrosophic Lattices 


The concept of modular lattice, distributive lattice, 
super modular lattice and chain lattices can be had from [1- 
4]. We just give examples of them and derive a few 
properties associated with them. In the first place we say a 
neutrosophic lattice to be a pure neutrosophic lattice if it 
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has only neutrosophic coordinates or equivalently all the 
co ordinates (vertices) are neutrosophic barring 0. 

In the example 1.5 we see the pure neutrosophic part of 
the neutrosophic lattice figure 2.1; 


I 


a il agl 


0 


Figure 2.1 


whose Hasse diagram is given is the pure neutrosophic 
sublattice lattice from figure 1.5. Likewise we can have 
the Hasse diagram of the usual lattice from example 1.5. 


1 


ay a4 


0 
Figure 2.2 


We see the diagrams are identical as diagrams one is pure 
neutrosophic where as the other is a usual lattice. As we 
have no method to compare a neutrosophic number and a 
non neutrosophic number, we get two sublattices identical 
in diagram of a neutrosophic lattice. For the modular 
identity, distributive identity and the super modular 
identity and their related properties refer [1-4]. 

The neutrosophic lattice given in example 1.5 has a 
sublattice which is a modular pure neutrosophic lattice and 
sublattice which is a usual modular lattice. 

The neutrosophic lattice given in example 1.3 is a 
distributive lattice with four elements. However the 
neutrosophic lattice given in example 1.5 is not distributive 
as it contains sublattices whose homomorphic image is 
isomorphic to the neutrosophic modular lattice N(M4,); 
where N(M,) is a lattice of the form 
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I 
interesting and in general does not yield modular 
neutrosophic lattices. 
We define the strong neutrosophic set of a set S as 
Aa Sa follows 
Let A = {a), a, ..., a,}, the strong neutropshic set of A; 
SN(A) = {a ajl, aj U al = aj + al; 0, 1,1, 1+1,1$i,j 
<n}. 
S(L) the strong neutrosophic lattice is defined as 
0 


follows: 
S(L) = {0, 1,1, 1 +I, a, aj, 


Figure 2.3 TUa=It+a, alUl=al+l,ajtal=aUal 0< 
# 


Likewise by N(M,) we have a pure neutrosophic lattice of a; < 1;0<al<I,1<i,j<n}. 
x 


the form given below in figure 2.4. . ae . 
S(L) with max, min is defined as the strong 


neutrosophic lattice. 


' We will illustrate this situation by some examples. 
Example 2.1: Let S(L) = {0, 1, I, 1 +I, a, al, a+ al, 1 + al, 
I+a} 
al al 1+I 
1+al Ita 
0 


1 I 
Figure 2.4 a Al 
I 
0 
cl i 
al Figure 2.6 
be a strong neutrosophic lattice. 
bl We have several sublattices both strong neutrosophic 
sublattice as well as usual lattice. 
For 
0 I 
Figure 2.5 
a 


The neutrosophic pentagon lattice is given in figure 2.5 
which is neither distributive nor modular. 


The lattice N(Mg) is not neutrosophic super modular we . 0 
see the neutrosophic lattice in example 1.5 is not modular . Figure 2.7 
for it has sublattices whose homomorphic image is is the usual lattice. 
isomorphic to the pentagon lattice. I 

So we define a neutrosophic lattice N(L) to be a quasi 
modular lattice if it has atleast one sublattice (usual) which al 
is modular and one sublattice which is a pure neutrosophic 
modular lattice. 0 

Thus we need to modify the set S and the neutrosophic 
set N(S) of S. For if S = {aj, ..., an} we define N(S) = {aj], ; 

Figure 2.8 


aol, ..., a,l} and take with S U N(S) and the elements 0, 1, 


I, and 1 UI =1+1. Thus to work in this way is not iethecbure meutiosbphio lattice: 
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141 This is a edge neutrosophic lattice as the edge connecting 0 
to a, is an indeterminate. 


1 I Example 2.4: Let us consider the following Hasse diagram 
of a lattice L. 


0 
Figure 2.9 


is the strong neutrosophic lattice. 


These lattices have the edges to be real. Only vertices are 
indeterminates or neutrosophic numbers. However we can 
have lattices where all its vertices are real but some of the 
lines (or edges) are indeterminates. 


Figure 2.12 
Example 2.2: For consider 
Lis a edge neutrosophic modular lattice. 
The edges connecting 0 to a3 and | to ay are neutrosophic 
edges and the rest of the edges are reals. However all the 
vertices are real and it is a partially ordered set. We take 
some of the edges to be an indeterminate. 


Example 2.5: Let L be the edge neutrosophic lattice 
whose Hassee diagram is as follows: 


1 


0 


Figure 2.10 


Such type of lattices will be known as edge neutrosophic 
lattices. 


In case of edge neutrosophic lattices, we can have edge 
neutrosophic distributive lattices, edge neutrosophic 
modular lattices and edge neutrosophic super modular 
lattices and so on. 


We will only illustrate these by some examples. 


Figure 2.13 


Example 2.3: Consider the following Hasse diagram. 
1 Clearly L is not a distributive edge neutrosophic lattice. 
However L has modular edge neutrosophic sublattices as 
well as modular lattices which are not neutrosophic. 
Inview of this we have the following theorem. 


THEOREM 2.1: Let L be a edge neutrosophic lattice. Then 
L in general have sublattices which are not edge 
neutrosophic. 


Proof follows from the simple fact that every vertex is a 
Figure 2.11 sublattice and all vertices of the edge neutrosophic lattice 
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which are not neutrosophic; but real is an instance of anot the containment relation of subsets as the partial order 
an edge neutropshic lattice. relation on P(S). 

We can have pure neutrosophic lattice which have the 
edges as well the vertices to be neutrosophic. 


The following lattices with the Hasse diagram are pure 
neutrosophic lattices. 


1 
Bake 
a 19” ‘eal 
‘Ne 
0 Figure 3.1 
Figure 2.14 Example 3.2: Let S = {0, 1, I, 1+I, a, al, a+I, al+1, al+a} 
be the neutrosophic set; 0 < a< 1. P(S) be the power set of 

‘ 1+I S. IP(S)I = 5a P(S) is a neutrosophic Boolean algebra of 
order 2”. 
e a,l 
Example 3.3: Let S = {0, 1, I, 141, aj, a2, aj], apt, a,+l, 
r an atl, 1+aj,I, l+aoI, 1t+aI+a., ajtaz, 1 + a,1 + ayl, ...} be the 
i neutrosophic set with a; < a) or ay € aj,,0<a,<1,0<a 
i a < 1. P(S) is a neutrosophic Boolean algebra. 
Y 83 
; Now these neutrosophic Boolean algebras cannot be 
> aul edge neutrosophic lattices. We make it possible to define 
edge neutrosophic lattice. Let L be a lattice given by the 
eo following Hasse-diagram. 

Figure 2.15 

1 
These two pure neutrosophic lattices cannot have edge 
neutrosophic sublattice or vertex neutrosophic sublattice. 
aj a2 


3. Neutrosophic Boolean Algebras 

Let us consider the power set of a neutrosophic set S = 
{a + bI | a = 0 or b = 0 can occur with 0 as the least a3 
element and | + I as the largest element}. P(S) = 
{Collection of all subsets of the set S} {P(S), U, A, 0, S} 
is a lattice defined as the neutrosophic Boolean algebra of 
order 2°" , 

We will give examples of them. Figure 3.2 

a; and a; are not comparable but we can have a 

Example 3.1: Let S = {0, 1,1 +L I}. P(S) = {0, {0}, {1}, neutrosophic edge given by the above diagram. 


{1+I}, {I}, {0,1}, (0, I}, (0, 141}, (1, I}, (1, 141}, {L So we see the lattice has become a edge neutrosophic 
141}, (0, 1, I}, {0, 1, 1+1}, (0, L 141}, (1, 1, 141}, S} be — lattice. 
the collection of all subsets of S including the empty set 6 Let L be a lattice given by the following diagram. 


and the set S. IP(S)I = 16. P(S) is a neutrosophic Boolean 
algebra under “U’ and ‘7-7’ as the operations on P(S) and 
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ay a4 


as 


0 
Figure 3.3 


Clearly a; and a, are not comparable, a, and as are not 
comparable ay and a7 are not comparable. 

We can have the following Hasse diagram which has 
neutrosophic edges. 


ay a4 


as 


Figure 3.4 
Clearly L is a edge neutrosophic lattice where we have 
some neutrosophic edges which are not comparable in the 
original lattice. 

So we can on usual lattices L remake it into a edge 
neutrosophic lattice this is done if one doubts that a pair of 
elements {a;, a2} of L with a; # a, min {a), ao} # a; or a) 
or max {aj, a2} # aj or a. 

If some experts needs to connect a, with a, by edge 
then the resultant lattice becomes a edge neutrosophic 
lattice. 


Conclusion: Here for the first time we introduce the 
concept of neutrosophic lattices. Certainly these lattices 
will find applications in all places where lattices find their 
applications together with some indeterminancy. When 
one doubts a connection between two vertices one can 
have a neutrosophic edge. 
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Abstract. Soft neutrosophic group and soft neutrosophic 
subgroup are generalized to soft neutrosophic bigroup 
and soft neutrosophic N-group respectively in this paper. 
Different kinds of soft neutrosophic bigroup and soft 


neutrosophic N-group are given. The structural properties 
and theorems have been discussed with a lot of examples 
to disclose many aspects of this beautiful man made 
structure. 


Keywords: Neutrosophic bigroup, Neutrosophic N-group, soft set, soft group, soft subgroup, soft neutrosophic bigroup, soft neu- 
trosophic subbigroup, soft neutrosophic N-group, soft neutrosophic sub N-group. 


1 Introduction 

Neutrosophy is a new branch of philosophy which is in 
fact the birth stage of neutrosophic logic first found by 
Florentin Smarandache in 1995. Each proposition in neu- 
trosophic logic is approximated to have the percentage of 
truth in a subset T, the percentage of indeterminacy in a 
subset I, and the percentage of falsity in a subset F so that 
this neutrosophic logic is called an extension of fuzzy log- 
ic. In fact neutrosophic set is the generalization of classical 


sets, conventional fuzzy set [1] , intuitionistic fuzzy set 


[2] and interval valued fuzzy set [3] . This mathematical 


tool is handling problems like imprecise, indeterminacy 
and inconsistent data etc. By utilizing neutrosophic theory, 
Vasantha Kandasamy and Florentin Smarandache dig out 


neutrosophic algebraic structures in [1 1] . Some of them 


are neutrosophic fields, neutrosophic vector spaces, neu- 
trosophic groups, neutrosophic bigroups, neutrosophic N- 
groups, neutrosophic semigroups, neutrosophic bisem1- 
groups, neutrosophic N-semigroup, neutrosophic loops, 
neutrosophic biloops, neutrosophic N-loop, neutrosophic 
groupoids, and neutrosophic bigroupoids and so on. 


Molodtsov in [1 1] laid down the stone foundation of a 


richer structure called soft set theory which is free from the 
parameterization inadequacy, syndrome of fuzzy se theory, 
rough set theory, probability theory and so on. In many ar- 
eas it has been successfully applied such as smoothness of 
functions, game theory, operations research, Riemann inte- 
gration, Perron integration, and probability. Recently soft 
set theory has attained much attention since its appearance 
and the work based on several operations of soft sets intro- 
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duced in [2 9,10] . Some more exciting properties and 
algebra may be found in [1] . Feng et al. introduced the soft 


semirings [5] . By means of level soft sets an adjustable 
approach to fuzzy soft sets based decision making can be 
seen in [6] . Some other new concept combined with fuzzy 


sets and rough sets was presented in Le 8] . AygAunoglu 


et al. introduced the Fuzzy soft groups [4] . This paper is a 


mixture of neutrosophic bigroup,neutrosophic N -group 
and soft set theory which is infact a generalization of soft 
neutrosophic group. This combination gave birth to a new 
and fantastic approach called "Soft Neutrosophic Bigroup 
and Soft Neutrosophic N -group". 


2.1 Neutrosophic Bigroup and N-Group 
Definition 1 Let By (G) ={B(G,) UB(G,) 


be a non empty subset with two binary operations 


>*15*, 


on B, (G) satisfying the following conditions: 

1) By(G)={B(G,)UB(G,)} where B(G,) 
and B(G,) are proper subsets of By (G). 

2) (B(G) 

3) (B(G,) 

Then we define (By (G) 


* 


; " is a neutrosophic group. 


* 


5 5) is a group - 


Ok 


o*15 5) to be a neutrosophic 
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bigroup. If both B (G,) and B (G,) are neutrosophic 


groups. We say By ( G) is a strong neutrosophic 
bigroup. If both the groups are not neutrosophic group, we 
say By (G) is just a bigroup. 


Example 1 Let B, (G)= {B(G,) UB(G,)} 
where B(G,) = {g /g= 1} be a cyclic group of order 
9 and B(G,) = {1,2, 1,21} neutrosophic group un- 


der multiplication modulo 3 .Wecall By (G) a neu- 
trosophic bigroup. 


Example 2 Let B,, (G) = {B (G,)UB(G,)} 
Where B(G) = {1,2,3,4,7,2/,31,41} a neutrosoph 
ic group under multiplication modulo 5. 
B(G,) = {0,1,2,1,27,14+ 1,2+1,1+21,2+21} 
is a neutrosophic group under multiplication modulo 


3 .Clearly By (G) is a strong neutrosophic bi 


group. 
Definition 2 Let By (G) = {B(G, JUB(G,),*, *,} 
be a neutrosophic bigroup. A proper subset 

P={P UF,4;* 


49819 » is a neutrosophic subbi 


group of By ( G) if the following conditions are 
satisfied P = Le Es Fs *,} is a neutroso 
phic bigroup under the operations *,,*, Le. 


( 


and ( 


Px 


1? 1 


P..*x 


29 2 


B..* 


a | 


) 


) is a neutrosophic subgroup of ( 


s 


B=POB, and P,=POB, are subgroups of 
B, and B, respectively. If both of P and P, 


B..* 


) is a subgroup of ( 222 


are not neutrosophic then we call P= PUP, to 
be just a bigroup. 


Definition 3 Let 
By (G) =\B(G,)UB(G,),*,* 
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be a neutrosophic bigroup. If both B (G,) and 
B (G,) are commutative groups, then we call 
Be ( G) to be a commutative bigroup. 


Definition 4 Let 

By(G)= {B(G, )UB(G,),*, *,| be a neutrosophic 
bigroup. If both B(G,) and B (G,) are cyclic, we 
call By, ( G) a cyclic bigroup. 

Definition 5 Let 

By (G) = {B(G, )UB(G,),*, «,\ be a neutrosophic 
bigroup. P(G) = {P(G, )UP(G,).*, *,} be a neu- 
trosophic bigroup. P(G) = {P(G,) U P(G, ) } 


is said to be a neutrosophic normal subbigroup of 
By ( G) if P (G) is a neutrosophic subbigroup and 


»*15*5 


both P(G,) and P (G,) are normal subgroups of 
B(G,) and B(G;,) respectively. 

Definition 6 Let 

By(G)= (B(G,)UB(G,) 
bigroup of finite order. Let 
P(G)= {P(G, )UP(G,),*, *,\ be a neutrosophic 
subbigroup of By (G) If o(P(G))/o(By (G)) 


then we call P (G) a Lagrange neutrosophic sub- 


Ok 


o* 1, et be a neutrosophic 


bigroup, if every neutrosophic subbigroup P is such that 
o(P)/o(By (G)) then we call By (G) to be a La- 
grange neutrosophic bigroup. 

Definition 7 If B, (G) has atleast one Lagrange neu- 


trosophic subbigroup then we call By, ( G) to be a weak 
Lagrange neutrosophic bigroup. 
Definition 8 If B,, (G) has no Lagrange neutrosophic 


subbigroup then B,, (G) is called Lagrange free neutro- 
sophic bigroup. 

Definition 9 Let By (G) ={B(G,)UB(G,) 
be a neutrosophic bigroup. Suppose 
P={P(G,)UP(G,),*,*)} and 


Stig 5 
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K= {K(G) UK(G,),*5*)} be any two neutro- 
sophic subbigroups. we say P and K_ are conjugate if 
each P(G) is conjugate with K(G),i =1,2 , then 
we say P and K are neutrosophic conjugate sub- 
bigroups of By (G) 

Definition 10 A set ((G U I) ,+,0) with two binary 


operations * + 'and* o 'is called a strong neutrosophic 
bigroup if 


l) (GUL=(GUIUG, VI), 

2) ((G, Ul ) : +) is a neutrosophic group and 

3) ((G, U I) ,°) is a neutrosophic group. 

Example 3 Let {(G U l), #5 *,\ be a strong neutro- 
sophic bigroup where 

(GUL) =(ZUT)U{0,1,2,3,4, 1,27, 30,47} . 

(Z UL ) under * + ‘is aneutrosophic group and 

{0, 1,2,3,4,/,2/,3/, 41} under multiplication modulo 


5 is a neutrosophic group. 
Definition 11 A subset H #@ ofa strong neutrosoph- 


ic bigroup ((G Ul ) oi, o) is called a strong neutrosoph- 


ic subbigroup if H itself is a strong neutrosophic 
bigroup under* * 'and* o ' operations defined on 


(GUI). 

Definition 12 Let ((G U I) , *,0) be a strong neutro- 
sophic bigroup of finite order. Let H #@ bea strong 
neutrosophic subbigroup of ((G Ul ) 5*, o) If 
o(H) /o ((G U 1)) then we call H, a Lagrange strong 
neutrosophic subbigroup of ( Gul ) . If every strong 
neutrosophic subbigroup of (G Ul ) is a Lagrange 
strong neutrosophic subbigroup then we call (G Ul ) a 


Lagrange strong neutrosophic bigroup. 


Definition 13 Ifthe strong neutrosophic bigroup has at 
least one Lagrange strong neutrosophic subbigroup then 


we call ( GUI ) a weakly Lagrange strong neutrosophic 
bigroup. 
Definition 14 If (G U I) has no Lagrange strong neu- 


trosophic subbigroup then we call (G Ul ) a Lagrange 
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free strong neutrosophic bigroup. 

Definition 15 Let ((G U l), +,0) be a strong neutro- 
sophic bigroup with (G iS I) = (G, U I) U (G, es) I) 
Let (H 5 +,0) be a neutrosophic subbigroup where 
H =H,UH,.Wesay H_ isaneutrosophic normal 
subbigroup of G ifboth H, and H, are neutrosoph- 
ic normal subgroups of (G, re) I) and (G, U 1) re- 
spectively. 

Definition 16 Let G = (G, UG,,*,®), be a neutro- 
sophic bigroup. We say two neutrosophic strong sub- 
bigroups H = H, UH, and K = K, UK, are conju- 
gate neutrosophic subbigroups of 
(GUI) = (G, ULUG, UI) if H, is conjugate to 
K, and H, is conjugate to K, as neutrosophic sub- 
groups of (G, U 1) and (G, U 1) respectively. 
Definition 17 Let ((G U ee Rides *y) be a nonempty 
set with N -binary operations defined on it. We say 
(G Ul ) is a strong neutrosophic N -group if the follow- 


ing conditions are true. 

1) (GUl)=(G,UI)U(G,UDV...0(G, UL) where 
(G, UT) are proper subsets of (GU J) . 

2) ((G,UZ),*,) is a neutrosophic group, 
i=1,2,...,N. 


3) Ifin the above definition we have 


a (GUl)=G6,U(G,U)v..U(G, UN U(G,,, UD)... 


( 


4) ((G, U L); *,) is a neutrosophic group for some 


U Gy 


G..*. 


i? i 


b. ) is a group for some i or 


j . Then we call (G UL ) to be aneutrosophic N - 


group. 
Example 4 Let 


(Gul)=((G,UJ}U(G, Ul) U(G,UI)U(G,U) 

be aneutrosophic 4 -group where 

(G, UI) ={1,2,3,4,1,21,31,47} 
neutrosophic group under multiplication modulo 5. 

(G, UI) ={0,1,2,1,21,14+1,2+1,14 21,2427} 


a neutrosophic group under multiplication modulo 3, 


Ok 


”p vty] 
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(G, Ul ) = (Z Ul ), a neutrosophic group under addi- 
tion and (G, Ul) = {(a,b) :a,be {1,1,4,47}}, 
component-wise multiplication modulo 5} . 


Hence (G Ul ) is a strong neutrosophic 4 -group. 
Example 5 Let 
((Gur)=(G,U1)U(G,U1)UGu Gritty] 
be a neutrosophic 4 -group, where 

(G, U1) ={1,2,3,4,1,21,31,47} a neutrosophic 
group under multiplication modulo 5. 

(G, U l) = {0, 1J,1+ I} ,a neutrosophic group under 
multiplication modulo 2. G,=S, and G, = A,, the 


alternating group. (G Ul ) is a neutrosophic 4 -group. 

Definition 18 Let 

((GUL)=(G, UI)U(G, UDV...0(Gy UD), #.5#y) 
be a neutrosophic N -group. A proper subset 

CP gees +.) is said to be a neutrosophic sub N -group 


of (GUI) ie = (2 et Pe) and each (P,*,) 
is a neutrosophic subgroup (subgroup) of 


(G,,*,),1SiSN . 
It is important to note (2: * ) for no 7 is a neutrosophic 


group. 

Thus we see a strong neutrosophic N -group can have 3 
types of subgroups viz. 

1) Strong neutrosophic sub N -groups. 

2) Neutrosophic sub N -groups. 

3) Sub AN -groups. 

Also a neutrosophic N -group can have two types of sub 
N -groups. 

1) Neutrosophic sub N -groups. 

2) Sub JN -groups. 

Definition 19 If (G U I) is aneutrosophic N -group 
and if (G Ul ) has a proper subset 7 such that 7 isa 
neutrosophic sub WN -group and not a strong neutrosophic 
sub N -group and o(T)/o0((G U 1)) then we call 7 
aLagrange sub WN -group. If every sub N -group of 
(G Ul ) isa Lagrange sub WN -group then we call 


(G U I) aLagrange N -group. 
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Definition 20 If (G U I) has atleast one Lagrange sub 


N -group then we call (G Ul ) a weakly Lagrange neu- 
trosophic N-group. 
Definition 21 If (G U I) has no Lagrange sub WN - 


group then we call (G Ul ) to be a Lagrange free WN - 
group. 

Definition 22 Let 

((GU1)=(G,UIU(G, UDV...0(G, UT), #49) 
be aneutrosophic N -group. Suppose 

H ={H,VA,V...U Hy, * 5.5% y} and 


Mah stes 
K ={K, UK, V...U Ky. ¥,.05* 


ates Pa are two sub WN - 


groups of (G U I) , we say K is a conjugate 
to H or H is conjugate to K ifeach H, is conjugate to 
K, (i = 1:2 )agV) as subgroups of G, . 


2.2 Soft Sets 
Throughout this subsection U refers to an initial uni- 
verse, E is a set of parameters, P(U) is the power set of 


U ,and A C E . Molodtsov defined the soft set in the 
following manner: 


Definition 23 A pair (F’, A) is called a soft set over U 
where F isa mapping givenby F': A — P(U). 

In other words, a soft set over U is a parameterized fami- 
ly of subsets of the universe U.For x € A, F(x) 
may be considered as the set of x -elements of the soft set 
(F’, A) , or as the set of e-approximate elements of the 


soft set. 
Example 6 Suppose that U is the set of shops. F is the 


set of parameters and each parameter is a word or sentence. 


| : 


Let us consider a soft set (F', A) which describes the at- 


tractiveness of shops that Mr. Z is taking on rent. Suppose 
that there are five houses in the universe 


high rent,normal rent, 


in good condition,in bad condition 


U = {5,, 8,83, 84,5, } under consideration, and that 
A= {3 Ly, 5} be the set of parameters where 
Z, stands for the parameter ‘high rent, 


Zo stands for the parameter ‘normal rent, 
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Xz stands for the parameter 'in good condition. 


F(x) = {81,84}. 
F(&q) = {89,85}, 
PGs) 18S Sey 


The soft set (F’, A) is an approximated family 


{F(e,),4 = 1,2, 3} of subsets of the set U which gives 
us a collection of approximate description of an object. 


Suppose that 


Then (F 5 A) is a soft set as a collection of approxima- 


tions over U , where 


F(a,) = high rent= {8,, 5}, 
F(z.) = normal rent= {8,85}, 


F(2,) = in good condition= {83, 8), 8; }. 


Definition 24 For two soft sets (F’, A) and (H, B) over 
U , (F, A) is called a soft subset of (H, B) if 

1 ACB and 

2. F(x) C H(a2), forall cE A. 
This relationship is denoted by (F", A) C (H, B). Simi- 
larly (F’, A) is called a soft superset of (H, B) if 
(H, B) isa soft subset of (F', A) which is denoted by 
(FA) > (A,B). 
Definition 25 Two soft sets (F', A) and (H, B) over 
U are called soft equal if (F’, A) is a soft subset of 
(H, B) and (H, B) isa soft subset of (F’, A). 
Definition 26 Let (F’, A) and (K, B) be two soft sets 
over acommon universe U suchthtt ANBxwd. 
Then their restricted intersection is denoted by 
(F, A) Op (K, B) = (A,C) where (H,C) is de- 
finedas H(c) = F(c)M K(c) forall 
cE€C=ANB. 


Definition 27 The extended intersection of two soft sets 
(F’, A) and (K,B) over a common universe U is the 


soft set (H,C) , where C = AU B , and for all 
c €C, H(c) is defined as 


F(c) ifc € A-B, 
He) = G(c) ifc € B-A, 
F(c)N G(c) ifc EE ANB. 
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We write (FA), (K,B) = (4,C) . 
Definition 28 The restricted union of two soft sets 

(F’, A) and (K, B) over a common universe U is the 
soft set (H,C), where C = A U B , and for all 

c EC, H(c) isdefinedas H(c) = F(c) UG(c) 
for all c € C. We write it as 

(F, A) Up (K, B) = (4,C). 

Definition 29 The extended union of two soft sets 

(F’, A) and (K, B) over a common universe U is the 
soft set (H,C’), where C = A UB , and for all 
c€C, H(c) is defined as 


F(c) ifc e A-B, 
He) = G(c) ifc €e B-A, 
F(c) U Gc) ifc EC ANB. 


We write (F', A) U, (K,B) = (4,C) . 
2.3 Soft Groups 


Definition 30 Let (F', A) be a soft set over G. Then 
(F’, A) is said to be a soft group over G if and only if 
F(x) <G forall cE A. 


Example 7 Suppose that 
G=A=S8, = {e,(12),(13), (23), (123), (132)}. 
Then (F’, A) isa soft group over S., where 

Fle) = {e}, 

F(12) = {e,(12)}, 

F(13) = {e,(13)}, 

F(23) = {e,(23)}, 

F123) =] F132) = 46,123); (132) 1. 


Definition 31 Let (F', A) be a soft group overG . Then 


1. (F’ ; A) is said to be an identity soft group 
over G if F(x) = {e} forall x € A, 
where e is the identity element of G and 

2. (FA) is said to be an absolute soft group if 


F(a) =G forall z EA. 


3 Soft Neutrosophic Bigroup 
Definition 32 Let 
{B(G,)UB(G,) 


2 ¥5*> 
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be a neutrosophic bigroup and let (F',A) be a soft set 
over By (G) .Then (FA) is said to be soft neutro- 
sophic bigroup over By (G) ifand only if F(x) isa 
subbigroup of By(G) forall xe A. 
Example 8 Let 
By (G) ={B(G)UB(G,) \ 
be a neutrosophic bigroup, where 
B(G,) = {0,1,2,3,4, 1,27, 31,41} 
is a neutrosophic group under multiplication modulo 5 . 
B(G,)= {g 1g? = i is acyclic group of order 12. 
Let P(G)={P(G,)UP(G,),*,,*,} bea neutro- 
sophic subbigroup where P(G,) = {1,4,/,4/} and 
P(G,)={Le.8),85.8,2"} 
Also O(G) ={0(G,)UO(G,),*,.*)} be another 
neutrosophic subbigroup where QO(G,)={1,Z} and 
0(G,)={Le’.g°,g°} . 
Then (F',A) isa soft neutrosophic bigroup over 
By (G) , where 


F(e)={L4,L4,L27,84,.8°.2°.8"} 
F(e)={Li Lege} 


> 15, 


Theorem 1 Let (F, A) and (H, A) be two soft 
neutrosophic bigroup over By, (G) . Then their intersec- 
tion (F, A) a) (H, A) is again a soft neutrosophic 
bigroup over B,, (G) 

Proof Straight forward. 

Theorem 2 Let (F, A) and (H,B) be two soft 


neutrosophic bigroups over By, (G) such that 


AOB=@ , then their union is soft neutrosophic bigroup 
over By, (G) 
Proof Straight forward. 


Proposition 1 The extended union of two soft neutro- 
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sophic bigroups (F, A) and (K,D) over By, (G) 


is not a soft neutrosophic bigroup over By (G). 
To prove it, see the following example. 


Example 9 Let By, (G) = {B(G,)UB(G,) 
where B(G,) = {1,2,3,4/,2/,3/,47} and 
B(G,)=S,. 
Let P(G) ={P(G,)UP(G,),*,,*,} bea neutro- 
sophic subbigroup where P(G,)={1,4,/,4/} and 
P(G,)={e,(12)} 
Also O(G)={O(G,) UO(G,),*,,*,} be another 
neutrosophic subbigroup where Q(G,)={1,Z} and 
O(G,) = {e,(123),(132)} . 
Then (F', A) isa soft neutrosophic bigroup over 
By(G) , where 

F(x,)={L4,1,4,e,(12)} 

F (x,) = {1J,e,(123), (132)}. 

Again let R(G)={R(G,)UR(G,),*,,*, } be anoth- 
er neutrosophic subbigroup where R(G,) = {1,4,7,4/} 
and R(G,) = {e,(13)}. 

Also T(G)={T(G,)UT(G,),*,,*)} be aneutro- 
sophic subbigroup where 7'(G,) = {1,7} and 
T(G,) ={e,(23)}. 

Then (K,D) isa soft neutrosophic bigroup over 
B,(G) , where 
K(x,)={1,4,/,4/,e,(13)}, 

K(x,)={LLe,(23)}. 
The extended union (F',A)U,(K,D)=(H,C) such 
that C= AUD and for x, €C , we have 


»* 155 
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H(x,)=F(x,)UK(x,)={L4,,41,e,(13) (123), (132)} 


is not a subbigroup of By, (G) ; 
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Proposition 2 The extended intersection of two soft neu- 
trosophic bigroups (F, A) and (K, D) over 

Be (G) is again a soft neutrosophic bigroup over 
B,(G). 

Proposition 3 The restricted union of two soft neutro- 
sophic bigroups (F, A) and (K,D) over By (G) is 


not a soft neutrosophic bigroup over B,, (G) ‘ 


Proposition 4 The restricted intersection of two soft 
neutrosophic bigroups (F ; A) and (K ,D) over 


By (G) is a soft neutrosophic bigroup over By (G) 


Proposition 5 The AND operation of two soft neu- 


trosophic bigroups over By, (G) is again soft neutro- 


sophic bigroup over By, ( G) 


Proposition 6 The OR operation of two soft neutro- 
sophic bigroups over By, ( G) may not be a soft nuetro- 
sophic bigroup. 

Definition 33 Let (ea A) be a soft neutrosophic 
bigroup over B,, ( G) . Then 

1) (F ; A) is called identity soft neutrosophic bigroup 
if F (x) — {e,,e,} for all x € A, where e, and 


e, are the identities of B (G,) and B (G,) re- 
spectively. 
(F ; A) is called Full-soft neutrosophic bigroup if 


F (x) = B, (G) forall xe A. 
Theorem 3 Let By, (G) be a neutrosophic bigroup of 


2) 


prime order P,, then (F, A) over By (G) is either 


identity soft neutrosophic bigroup or Full-soft neutrosoph- 
ic bigroup. 


Definition 34 Let (F', A) and (H,K) be two soft 
neutrosophic bigroups over By ( G) . Then (H ,K ) is 
soft neutrosophi subbigroup of (F F A) written as 
(H,K)~<(F, A), if 

1) KCA, 

2) K(x)<F (x) forall xe A. 

Example 10 Let 
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B(G) ={B(G,)UB(G,),*,*,} where 
0,1,2,3,4,/,2/,3/,47,14+/,24+/,34+/,44/, 

B(G,)= 14+27,24+2/7,34+2/,44+27,14+3/,2 +31, 
34+3/,44+37,14+4/,2+4/,3+47,4+4/ 

be a neutrosophic group under multiplication modulo 5 

and B(G,) = {g : a = 1 a cyclic group of order 

16. Let P(G)={P(G,)UP(G,),*,*,} be a neu- 

trosophic subbigroup where 

P(G,) = {0,1,2,3,4,,21, 31,41} 


and 
be another neutrosophic subbigroup where 


PCG Vale ie 808 ee esl 
Also O(G)={O0(G,) VO(G,),*,,*,} 
O(G,)={0,1,4, 7,47} 
and 
O(G,)={g*.g°.g° 1}. 
Again let R(G) = {R(G,)UR(G,),*,*)} be a neu- 
trosophic subbigroup where 
R(G,)={0,1,7} and R(G,)={1,g°}. 


Let (F, A) be a soft neutrsophic bigroup over By, (G) 


where 


F(x,)={01234,1,213/41.2°.81.8.858 58 18, 
F(x,)={0L414.g%.g°.g"}, 
F(x,)={01/,°}. 


Let (H,K) be another soft neutrosophic bigroup over 
By (G), where 
H (x,) ={0,1,2,3,4,2*,2°,2" 1}, 
H(x,)={0,1,1,8°,1}. 
Clearly (H,K)~<(F, A). 
Definition 35 Let B, (G) be a neutrosophic bigroup. 
Then (F',A) over By (G) is called commutative soft 
neutrosophic bigroup if and only if F' (x) is a commuta- 


tive subbigroup of B,, (G) for all x € A. 
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9 F155 


Example 11 Let B(G) ={B(G)UB(G, ) } 
10 1 


be a neutrosophic bigroup where B ( G ‘= {g {2g 
be a cyclic group of order 10 and 

B(G,) = {1,2, 3,4,/,21, 31,41} be a neutrosophic 
group under mltiplication modulo 5. 

Let P(G) 7 {P(G, )UP(G, ),* ig «,\ be a commuta- 
tive neutrosophic subbigroup where P ( G,) = {1 gi} 
and P(G,)={1,4,1,4/} . Also 

O(G)= {O(G JU O(G »)>* ID «,\ be another commu- 


tative neutrosophic subbigroup where 
O(G,)={Lg’.g*.g°.g°} and O(G,)= {1,7}. 
Then (F . A) is commutative soft neutrosophic bigroup 
over By, (G) , where 


F(x,)= (Le'.L4L4/}, 


F(x,)=(Le7.2758°.8 sl}. 
Theorem 4 Every commutative soft neutrosophic 
bigroup (F, A) over By (G) is a soft neutrosophic 


bigroup but the converse is not true. 


Theorem 5 If By, ( G) is commutative neutrosophic 


bigroup. Then (F : A) over By, ( G) is commutative 


soft neutrosophic bigroup but the converse is not true. 


Theorem 6 If B,, ( G) is cyclic neutrosophic bigroup. 
Then (F, A) over By (G) is commutative soft neu- 
trosophic bigroup. 

Proposition 7 Let (F, A) and (K,D) be two commu- 
tative soft neutrosophic bigroups over By (G) . Then 
1) Their extended union Ce, A) oe (K,D) over 

By ( G) is not commutative soft neutrosophic 
bigroup over B,, (G) 
2) Their extended intersection (F : A) ‘er (K ,D) over 


By (G) is commutative soft neutrosophic bigroup 
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over B,(G). 

3) Their restricted union (F',A)U,(K,D) over 
By (G) isnot commutative soft neutrosophic 
bigroup over By (G). 

4) Their restricted intersection (F’, A) Ap (K,D) 


over By, (G) is commutative soft neutrosophic 
bigroup over B,, (G). 
Proposition 8 Let (F; A) and (K,D) be two com- 
mutative soft neutrosophic bigroups over By, (G) . Then 
1) Their AND operation (F, A) A (K,D) is com- 
mutative soft neutrosophic bigroup over By, (G) : 
2) Their OR operation (F, A) Vv (K,D) is not com- 
mutative soft neutrosophic bigroup over By, ( G) : 
Definition 36 Let B,, (G) be a neutrosophic bigroup. 
Then (F , A) over By, (G) is called cyclic soft neutro- 
sophic bigroup if and only if F (x) is a cyclic sub- 
bigroup of By, (G) for all x € A. 
Example 12 Let B(G) = {B (G, )UB(G 


)-*%} 
=} 


be a neutrosophic bigroup where B (G,)= te g: e° 

be a cyclic group of order 10 and 

B(G,) = {0,1,2,1,21,14+1,2+1,1+21,2+2]} 
be a neutrosophic group under multiplication modulo 3. 
Le P(G) = {P(G, )UP(G,),* ‘: *,\ be a cyclic neu- 
trosophic subbigroup where P ( G,) = {L gi} and 
{11+}. 

Also O(G)= {O(G i)VOQ(G a) o* 3 *,\ be another 


cyclic neutrosophic subbigroup where 
QO(G,)= {Le’.g*.g°.e'} and 

Q(G,) = 152 + 21's 

Then (F’, A) is cyclic soft neutrosophic bigroup over 
B,(G), where 
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F(x) ={1,g°,11+J}, 


fale = {Lhe°.8 8.8 1,2 +21}. 
Theorem 7 If B,, (G) is a cyclic neutrosophic soft 
bigroup, then (F, A) over By, (G) is also cyclic soft 


neutrosophic bigroup. 


Theorem 8 Every cyclic soft neutrosophic bigroup 
(F, A) over By, (G) is a soft neutrosophic bigroup but 


the converse is not true. 


Proposition 9 Let (F, A) and (K,D) be two cyclic 

soft neutrosophic bigroups over By (G). Then 

1) Their extended union (F, A) ey (K,D) over 

By ( G) is not cyclic soft neutrosophic bigroup over 

By (G). 

2) Their extended intersection (F ; A) N. (K ,D) over 

By ( G) is cyclic soft neutrosophic bigroup over 

By (G). 

3) Their restricted union (F, A) oF (K,D) over 

By ( G) is not cyclic soft neutrosophic bigroup over 

By (G). 

4) Their restricted intersection (F ; A) Ap (K ,D) 

over By, ( G) is cyclic soft neutrosophic bigroup 

over B,(G). 

Proposition 10 Let (F, A) and (K,D) be two cyclic 

soft neutrosophic bigroups over By, (G). Then 

1) Their AND operation (F, A) A (K,D) is cyclic 
soft neutrosophic bigroup over B,, (G). 

2) Their OR operation (F, A) Vv (K,D) is not cyclic 
soft neutrosophic bigroup over By, (G). 

Definition 37 Let B,, (G) be a neutrosophic bigroup. 

Then (F, A) over B,, (G) is called normal soft neutro- 

sophic bigroup if and only if F ; ) is normal subbigroup 


of By(G) forall xe A. 
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Example 13 Let B(G) = {B(G,) UB(G,) 
be a neutrosophic bigroup, where 
2 2 

€,V,X,X° XV, XV, L, 
B (G, ) 7 2 2 
Ly, Ix, Ix”, Ixy, Ixy 

is a neutrosophic group under multiplaction and 

B (G,) — {g : g* = 1} is a cyclic group of order 6. 
Let P(G) = {P(G,)UP(G,),*,*} be a normal 
neutrosophic subbigroup where P (G,) = {e, y} and 
P(G,)= {Lg?.g*} 

Also QO(G) = {O (G, ) UO (G,), *, *,\ be another 


normal neutrosophic subbigroup where 
O(G,)= {e,x,x°} and O(G,)= {Lg°}. 
Then (F ; A) is a normal soft neutrosophic bigroup over 
By (G) where 


F(x,)={ey,Lg’.8"}, 
F(x,) = {e,x,x°,Lg°}. 


Theorem 9 Every normal soft neutrosophic bigroup 
(F, A) over By, (G) isa soft neutrosophic bigroup but 


the converse is not true. 


Theorem 10 If B,, (G) is a normal neutrosophic 


bigroup. Then (F, A) over B,, (G) is also normal soft 


neutrosophic bigroup. 


Theorem 11 If B,, ( G) is a commutative neutrosophic 
bigroup. Then (F ; A) over By, ( G) is normal soft neu- 
trosophic bigroup. 

Theorem 12 If By, (G) is a cyclic neutrosophic 


bigroup. Then (F, A) over By, (G) is normal soft neu- 
trosophic bigroup. 
Proposition 11 Let (F, A) and (K,D) be two nor- 


mal soft neutrosophic bigroups over By (G). Then 
1) Their extended union (F, A) ay (K,D) over 


By (G) is not normal soft neutrosophic bigroup over 
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By (G). 

2) Their extended intersection (F, A), (K,D) over 
B,,(G) is normal soft neutrosophic bigroup over 
B,(G). 

3) Their restricted union (F’,A)U, (K,D) over 
B,,(G) is not normal soft neutrosophic bigroup over 
By (G). 

4) Their restricted intersection (F’, A) Ap (K,D) 
over B, (G) is normal soft neutrosophic bigroup 
over B, (G). 

Proposition 12 Let (FA) and (K,D) be two nor- 

mal soft neutrosophic bigroups over _B,, (G). Then 

1) Their AND operation (F, A) A(K,D) is normal 
soft neutrosophic bigroup over By (G). 

2) Their OR operation (F, A) v (K, D) is not nor- 
mal soft neutrosophic bigroup over By (G). 

Definition 38 Let (F’, A) be a soft neutrosophic bigroup 

over By (G). If forall x eA each F(x) isaLa- 

grange subbigroup of By (G) , then (F’, A) is called 

Lagrange soft neutosophic bigroup over By (G). 

Example 14 Let B(G) = {B (G,) UB(G,),*,*)} 
be a neutrosophic bigroup, where 

B(G,) _ a et 

Ty, Ix, Ix’, Ixy, Ixy 

is a neutrosophic symmetric group of and 

B(G,) ={0,1,/,1+1} be a neutrosophic group under ad- 

dition modulo 2 . Let 

P(G) ={P(G,)UP(G,),*,,*,} be a neutrosophic 

subbigroup where P(G,)={e, y} and 

P(G,) ={0,1. 

Also O(G)={O(G,)UO(G,),*,,*,} be another 

neutrosophic subbigroup where Q(G,) = {e, Jy} and 
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O(G,) ={0,1+ 7}. 

Then (F,, A) is Lagrange soft neutrosophic bigroup over 
By(G), where 

F(x.) = {e, y,0,1}, 

F (x,) = {e, yI,0,1 +1}. 

Theorem 13 If B,, (G) is a Lagrange neutrosophic 
bigroup, then (F', A) over By (G) is Lagrange soft neu- 
trosophic bigroup. 


Theorem 14 Every Lagrange soft neutrosophic bigroup 
(F; A) over By, (G) is a soft neutrosophic bigroup but 


the converse is not true. 


Proposition 13 Let (F, A) and (K,D) be two La- 
grange soft neutrosophic bigroups over By, ( G) . Then 
1) Their extended union (F, A) Se (K,D) over 

By (G) is not Lagrange soft neutrosophic bigroup 
over B,(G). 

2) Their extended intersection (F ; A) O, (K ,D) over 
By (G) is not Lagrange soft neutrosophic bigroup 
over By (G). 

3) Their restricted union (F, A) Up (K,D) over 
By (G) is not Lagrange soft neutrosophic bigroup 
over B, (G). 

4) Their restricted intersection (F : A) ar (K ‘ D) 
over By, ( G) is not Lagrange soft neutrosophic 
bigroup over By, (G). 

Proposition 14 Let (F, A) and (K,D) be two La- 
grange soft neutrosophic bigroups over B,, (G). Then 
1) Their AND operation (F, A) A (K,D) is not La- 

grange soft neutrosophic bigroup over By, (G). 

2) Their OR operation ea A) Vv (K,D) is not La- 


grange soft neutrosophic bigroup over By, (G). 
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Definition 39 Let (F, A) be a soft neutrosophic 
bigroup over By (G). Then (F A A) is called weakly 
Lagrange soft neutosophic bigroup over By, (G) if at- 
least one F (x) is a Lagrange subbigroup of By, (G) ‘ 


forsome x € A, 
Example 15 Let B(G) = {B(G,) UB(G,) 


be a neutrosophic bigroup, where 


> 15 *, 


0,1,2,3,4,/,21,31,4h,14+12+13+04+6 
1297 D4OT SED P AGO TEST OST, ly Lagrange soft neutrosophic bigroups over By (G). 
3437,443/,14+41,2+41,3+41,4441 


B(G,) 


is a neutrosophic group under multiplication modulo 5 


and B(G,) ={g: g'? =1} is a cyclic group of order 
10.Let P(G)={P(G,)U P(G,),*,,*)} bea neu- 
trosophic subbigroup where P(G,) = {0,1,4,/,4/} 
and P(G,) = {87.8188 lh. Also 
O(G)={0(G,) VO(G,),*,,*,} be another neutro- 
sophic subbigroup where O(G,) = {0,1,4,/,4/} and 
O(G,)={g*,1}.Then (F, A) isa weakly Lagrange 
soft neutrosophic bigroup over By (G), where 
F(x,)={0,14,0,41,¢7,¢7,2°.2° 1h, 


F(x,)={0,14,L.40,g° 1}. 
Theorem 15 Every weakly Lagrange soft neutrosophic 
bigroup (F, A) over By (G) is a soft neutrosophic 


bigroup but the converse is not true. 


Proposition 15 Let (F, A) and (K,D) be two weak- 


ly Lagrange soft neutrosophic bigroups over By, (G). 
Then 


1) Their extended union (F, A) U, (K, D) over 
By (G) is not weakly Lagrange soft neutrosophic 
bigroup over B,, (G). 

2) Their extended intersection (F ; A) O, (K ,D) over 


By (G) is not weakly Lagrange soft neutrosophic 
bigroup over B,, (G) ; 
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3) Their restricted union (F, A) or (K,D) over 
By (G) is not weakly Lagrange soft neutrosophic 
bigroup over B,, (G). 

4) Their restricted intersection (F ; A) ie (K ; D) 


over By, (G) is not weakly Lagrange soft neutrosoph- 
ic bigroup over By, (G). 
position 16 Let (F, A) and (K,D) be two weak- 


Their AND operation (F, A) A (K,D) is not 
weakly Lagrange soft neutrosophic bigroup over 
By (G). 
2) Their OR operation (F, A) Vv (K, D) is not weakly 
Lagrange soft neutrosophic bigroup over By (G). 
Definition 40 Let (F, A) be a soft neutrosophic 
bigroup over By (G) . Then (F, A) is called Lagrange 
free soft neutrosophic bigroup if each F’ (x) is not La- 
grange subbigroup of B,, (G), for all x € A. 
Example 16 Let B(G) = {B(G,) UB(G,) 
be a neutrosophic bigroup, where 
B (G,) = {0, 1,J,1+ T} is a neutrosophic group under 


> 15> 


addition modulo 2 of order4 and 


B(G,)={g: g" =1} isacyclic group of order 12. 
Let P(G) = {P(G,)UP(G,),*,,*, } be a neutro- 
sophic subbigroup where P(G,) ={0,/} and 

P(G,) a {s*.g° 1} . Also 

O(G) ={0(G,) VO(G,),*,,*,} be another neutro- 
sophic subbigroup where O(G,)={0,1+/} and 
O(G,)={Lg*.g°,g’|. Then (F, A) is Lagrange 


free soft neutrosophic bigroup over By, (G) , where 


F (x,) =10icle 8" 
F(x,)={0,1+L12°,2°.g }. 
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Theorem 16 If B,, (G) is Lagrange free neutrosophic 
bigroup, and then (F; A) over By, (G) is Lagrange free 


soft neutrosophic bigroup. 


Theorem 17 Every Lagrange free soft neutrosophic 
bigroup (F, A) over By, (G) is a soft neutrosophic 
bigroup but the converse is not true. 

Proposition 17 Let (F, A) and (K,D) be two La- 


grange free soft neutrosophic bigroups over By, (G). 
Then 
1) Their extended union (F, A) VU, (K,D) over 


By (G) is not Lagrange free soft neutrosophic 
bigroup over B,, (G). 

2) Their extended intersection (F , A) NY, (K ,D) 
over By, (G) is not Lagrange free soft neutro- 
sophic bigroup over By, ( G) 

3) Their restricted union (F ; A) oF (K : D) over 
By (G) is not Lagrange free soft neutrosophic 
bigroup over B,, (G). 

4) Their restricted intersection (F : A) ‘ar (K ,D) 
over By, (G) is not Lagrange free soft neutro- 


sophic bigroup over By, (G). 


Proposition 18 Let (F, A) and (K,D) be two La- 


grange free soft neutrosophic bigroups over B,, (G). 
Then 
1) Their AND operation (F, A) A (K,D) is not La- 


grange free soft neutrosophic bigroup over By (G). 
2) Their OR operation (ee A) Vv (K,D) is not La- 
grange free soft neutrosophic bigroup over By, (G). 
Definition 41 Let B,, (G) be a neutrosophic bigroup. 
Then (F 5 A) is called conjugate soft neutrosophic 
bigroup over By, (G) if and only if F’ (x) is neutrosophic 
conjugate subbigroup of By, ( G) for all x € A. 
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Example 17 Let B(G) = {B(G,) UB(G,),*,,*)} be 
a soft neutrosophic bigroup, where 
B(G,) = {es¥sXx"sxy,x'y} 
is Klien 4 -group and 
0,1,2,3,4,5,7,2/7,37,4/,5/, 
EG) ee 
be a neutrosophic group under addition modulo 6. 
Let P(G) = {P(G,) U P(G,),*,,*)} be a neutrosoph- 
ic subbigroup of By(G), where P(G,) = {e, y} and 
P(G,) ={0,3,31,3+3/}. Again 
let O(G) = {O(G,) VO(G,),*,,*, } be another neu- 
trosophic subbigroup of By(G), where 
Q(G,) = {e,x,x°} and 
O(G,) ={0,2,4,2+21,4+4/,21,41}. Then 
(F, A) is conjugate soft neutrosophic bigroup over 
By (G), where 

F (x,)={e, y,0,3,3/,3+ 37}, 

F (x,) ={e,x,x7,0,2,4,2+21,4+4/,21,4/}. 
Theorem 18 If B,, ( G) is conjugate neutrosophic 
bigroup, then (F', A) over By (G) is conjugate soft neu- 
trosophic bigroup. 


Theorem 19 Every conjugate soft neutrosophic bigroup 
(F, A) over By, (G) is a soft neutrosophic bigroup but 
the converse is not true. 

Proposition 19 Let ey A) and (K, D) be two conju- 


gate soft neutrosophic bigroups over By, ( G). Then 

1) Their extended union (F, A) Ly, (K,D) over 
By (G) is not conjugate soft neutrosophic bigroup 
over B, (G). 

2) Their extended intersection (F ‘ A) iar (K ,D) over 


By (G) is conjugate soft neutrosophic bigroup over 
By(G). 
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3) Their restricted union (F, A) Sr (K,D) over 


By (G) is not conjugate soft neutrosophic bigroup 
over By, ( G) : 


4) Their restricted intersection 


(F, A) (ips (K,D) over By, (G) is conjgate soft 
neutrosophic bigroup over By, (G). 

Proposition 20 Let (F, A) and (K,D)be two conju- 

gate soft neutrosophic bigroups over B,, (G). Then 

1) Their AND operation (F, A) A (K,D) is conju- 
gate soft neutrosophic bigroup over By (G). 

2) Their OR operation (F, A) Vv (K,D) is not conju- 
gate soft neutrosophic bigroup over By (G). 


3.3 Soft Strong Neutrosophic Bigroup 
Definition 42 Let ((G U I) ,* rues ) be a strong neutro- 


sophic bigroup. Then (F, A) over ((G U I) ,* 2 *,) is 
called soft strong neutrosophic bigroup if and only if 
F (x) is a strong neutrosophic subbigroup of 


((GUZ),*,,*,) forall xe A. 
Example 18 Let ((G U I) ,* 5*15*, ) be a strong neutro- 
sophic bigroup, where (GUI) =(G, UI) U(G, UL) 
with (G,UT)=(Z UT) , the neutrosophic group un- 
der addition and (G, UL) = {0,1,2,3,4,/,27,31,4/} 


a neutrosophic group under multiplication modulo 5. Let 
H = H, UH, be astrong neutrosophic subbigroup of 


((GUI),* i *,), where H, ={(2ZUT),+} isa 
= {0,1,4,7,4/} isa neu- 
trosophic subgroup. Again let K = K, U K, be another 


neutrosophic subgroup and 7, 


strong neutrosophic subbigroup of ((G Ul ).* »*5 *,), 
where K, = {(3Z Ul ) : +} is a neutrosophic subgroup 
and K, = {0, 1, T,21,3L,41} is a neutrosophic subgroup. 
Then clearly (F 5 A) is a soft strong neutrosophic bigroup 


over ((GUI),* - *,), where 
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F (x,) ={0,+2, +4...., 
F (x,) = {0,+3, +6...., 


1,4, /, 4T}, 
1,1,21,31,41}. 
Theorem 20 Every soft strong neutrosophic bigroup 
(F 3 A) is a soft neutrosophic bigroup but the converse is 


not true. 


Theorem 21 If ((G U I) ,* Fist) ) is a strong neutro- 


sophic bigroup, then GF, A) over ((G U I) ,* s*15 *,) is 
soft strong neutrosophic bigroup. 
Proposition 21 Let (F, A) and (K,D) be two soft 


strong neutrosophic bigroups over ((GU J), *,,*). 

Then 

1) Their extended union (F’, A) U, (K,D) over 
((GUZ),*,,%*) is not soft strong neutrosophic 
bigroup over ((GUT),*,,* ). 

2) Their extended intersection (F', A), (K,D) over 
((GUZ),*,,*, ) is soft strong neutrosophic bigroup 
over ((GUT),*,,*,). 

3) Their restricted union (F',A)U,(K,D) over 
((GUZ),*,,*,) is not soft strong neutrosophic 
bigroup over ((GUT),*,,%)). 

4) Their restricted intersection (F', A) Ap (K,D) 
over ((GU I), *,,*, ) is soft strong neutrosophic 
bigroup over ((GUT),*,,%)). 

Proposition 22 Let (/', A) and (K,D)be two soft 


strong neutrosophic bigroups over ((G Ul )s* »*15 *,). 
Then 
1) Their AND operation (F, A) A (K,D) is soft 


strong neutrosophic bigroup over ((GUT),*,,*,). 
2) Their OR operation (F', A) v (K,D) is not soft 

strong neutrosophic bigroup over ((GUT),*,,*,). 
Definition 43 Let ((GU/),*,,*,) bea strong neutro- 


sophic bigroup. Then (F, A) over ((GUI),* 3 *,) is 
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called Lagrange soft strong neutrosophic bigroup if and 
only if F (x) is Lagrange subbigroup of 


((GUT),* . *,) forall x € A. 


Example 19 Let ((G U I),* - *,) be a strong neutro- 
sophic bigroup of order 15, where 
(GUL) =(G, UI)U(G, UL) with 
(G, U1) ={0,1,2,14 1,1,21,2+1,24+27,14+27}, 
the neutrosophic group under mltiplication modulo 3 and 
(G, UL) = (A, UT) a (ke Lele} - Let 
H = H, VH, bea strong neutrosophic subbigroup of 
((G U I) ,* i *,), where H, = {1,2 +21} is a neutro- 
sophic subgroup and H, = {e, Xx, na is a neutrosophic 
subgroup. Again let K = K, U K, be another strong neu- 
trosophic subbigroup of ((G U I) ,* Db *,), where 
K,= {1, 1+] \ is a neutrosophic subgroup and 
K,= iL xi, x7} is a neutrosophic subgroup. Then 
clearly (F : A) is Lagrange soft strong neutrosophic 
bigroup over ((G U I) ,* ts *,), where 
F (x,) = 12 + Dern). 
F(x,)={L1+L1,x1,x71}. 
Theorem 22 Every Lagrange soft strong neutrosophic 


bigroup (F 5 A) is a soft neutrosophic bigroup but the 


converse is not true. 


Theorem 23 Every Lagrange soft strong neutrosophic 
bigroup (F : A) is a soft strong neutrosophic bigroup but 


the converse is not true. 
Theorem 24 If ((G U T),* 19 *,) is a Lagrange strong 


neutrosophic bigroup, then (F , A) over 


((G U I) ,* s*1> *,) is a Lagrange soft strong neutrosophic 


soft bigroup. 
Proposition 23 Let (F, A) and (K,D) be two La- 


grange soft strong neutrosophic bigroups over 
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((GU),*,,*,). Then 

1) Their extended union (F’, A)U, (K,D) over 
((GUZ),*,,*,) isnot Lagrange soft strong neu- 
trosophic bigroup over ((GUJ),*,,*) ). 

2) Their extended intersection (F', A), (K,D) over 
((GUZ),*,,%, ) is not Lagrange soft strong neutro- 
sophic bigroup over ((GUJ),*,,* ). 

3) Their restricted union (F',A)U, (K,D) over 
((GUZ),*,,*,) is not Lagrange soft strong neutro- 
sophic bigroup over ((GUT),*,,*, ). 

4) Their restricted intersection (F', A) Ap (K,D) 

over ((GUJ),*,,*, ) is not Lagrange soft strong 

neutrosophic bigroup over ((GUT),*,,*) ). 


Proposition 24 Let (F, A) and (K,D) be two La- 
grange soft strong neutrosophic bigroups over 


((GUT),*,%)). Then 
1) Their AND operation (F,A)A(K,D) is not La- 


grange soft strong neutrosophic bigroup over 


((GUT),*,%)). 
2) Their OR operation (F, A) v(K,D) is not La- 


grange soft strong neutrosophic bigroup over 
((GU1).4.4). 

Definition 44 Let ((G.U/),*,,*, ) be a strong neutro- 

sophic bigroup. Then (F', A) over ((GUJ),*,,*,) is 


called weakly Lagrange soft strong neutrosophic bigroup if 
atleast one F’ (x) is a Lagrange subbigroup of 


((GUI),* 3 *,) for some x € A. 


Example 20 Let ((G U T),* s*15 *,) be a strong neutro- 
sophic bigroup of order 15, where 

(GUI)=(G, UI)U(G, UL) with 

(G, U1) ={0,1,2,141,1,21,2+1,2+21,14+2/}, 


the neutrosophic under mltiplication modulo 3 and 
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(G, UT) = jeter El eT} - Let 

H = H, UH, bea strong neutrosophic subbigroup of 
((G U I) ,* i *,), where H, = {1,2,/,27} is a neu- 
trosophic subgroup and H, = {e,x, a is a neutrosoph- 
ic subgroup. Again let K = K, UK, be another strong 
neutrosophic subbigroup of ((G Ul )s* Rae *,), where 
K,= {1, 1+] \ is a neutrosophic subgroup and 

K,= {e, I, x1,x°I} is a neutrosophic subgroup. 

Then clearly (F , A) is weakly Lagrange soft strong neu- 


trosophic bigroup over (GUI ).* Ry *,), where 
Fi )a1L 2b hex}, 
F(x,)={Ll+LeJ,x1,x71}. 


Theorem 25 Every weakly Lagrange soft strong neutro- 
sophic bigroup (F 5 A) is a soft neutrosophic bigroup but 


the converse is not true. 


Theorem 26 Every weakly Lagrange soft strong neutro- 
sophic bigroup (F ; A) is a soft strong neutrosophic 


bigroup but the converse is not true. 


Proposition 25 Let (F, A) and (K,D) be two weak- 
ly Lagrange soft strong neutrosophic bigroups over 


((GUT),* is *,). Then 
1) Their extended union (F, A) we (K,D) over 
((G U I) ,* o* 15 *,) isnot weakly Lagrange soft 


strong neutrosophic bigroup over ((G Ul )s* os *,). 


2) rich esentel teraction (F,A)A, (K,D) over 
((GUZ),*,,*, ) is not weakly Lagrange soft strong 
neutrosophic bigroup over ((GU J), *,,*,). 

3) Their restricted union (F',A)U,(K,D) over 

((GUZ),*,,*,) is not weakly Lagrange soft strong 


neutrosophic bigroup over ((G Ul )>* »*1, *)). 
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4) Their restricted intersection (F ; A) Np (K ,D) 
over ((G U T),* »*5*, ) is not weakly Lagrange soft 
strong neutrosophic bigroup over ((G Ul )s* Hae *,). 


Proposition 26 Let (F, A) and (K,D) be two weak- 
ly Lagrange soft strong neutrosophic bigroups over 


((GUI),* - *,). Then 
1) Their AND operation (F, A) A(K,D) is not 


weakly Lagrange soft strong neutrosophic bigroup 


over ((GUI),* é *,). 
2) Their OR operation (F, A) Vv (K,D)is not weakly 


Lagrange soft strong neutrosophic bigroup over 


((G Ul), *,). 
Definition 45 Let ((G U T),* iB *,) be a strong neutro- 
sophic bigroup. Then (F, A) over ((G U I) ,* *,) is 


called Lagrange free soft strong neutrosophic bigroup if 
and only if F (x) is not Lagrange subbigroup of 


((GUI),* - *,) forall xe A. 


Example 21 Let ((G U I) ,* is *,) be a strong neutro- 
sophic bigroup of order 15, where 

(GUL) =(G, UI)U(G, UL) with 

(G, U 1) = {0, 1,2,3,4,/,21,31,4/}, the neutrosoph- 
ic under mltiplication modulo 5 and 

(G, U I) = jee Tae. a neutrosophic sym- 
metric group: Let H =H, UH, bea strong neutro- 
sophic subbigroup of ((G U I) ,* s*1> *,), where 

H,= {1, 4,/,41 \ is a neutrosophic subgroup and 
H,= {e, Xx, -) is a neutrosophic subgroup. Again let 
K =K,UK, be another strong neutrosophic sub- 
bigroup of ((G U T),* i *,), where 

K,= (ei2h 31,41} is a neutrosophic subgroup and 
K,= {e, Xx, a is a neutrosophic subgroup. 

Then clearly (F ; A) is Lagrange free soft strong neutro- 


sophic bigroup over ((G Ul )s% *1 *)), where 
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F(x,)={L4,04l,e,x,2°}, 
F(x,)={1,/,21,31,41,¢,x,%'}. 


Theorem 27 Every Lagrange free soft strong neutro- 
sophic bigroup (F ; A) is a soft neutrosophic bigroup but 


the converse is not true. 


Theorem 28 Every Lagrange free soft strong neutrosoph- 
ic bigroup (F . A) is a soft strong neutrosophic bigroup 


but the converse is not true. 
Theorem 29 If ((G U I) ,* »*15 *,) is a Lagrange free 


strong neutrosophic bigroup, then (F ‘ A) over 


((G U T),* * 15 *,) is also Lagrange free soft strong neu- 

trosophic bigroup. 

Proposition 27 Let (F, A) and (K,D) be weakly 

Lagrange free soft strong neutrosophic bigroups over 

((GUI),* ‘3 *,)). Then 

1) Their extended union (F, A) U, (K,D) over 
((G U I) ,* os *,) is not Lagrange free soft strong 
neutrosophic bigroup over ((G Ul ),* ty *,). 

2) Their extended intersection (F ; A) ‘or (K ,D) 
over ((G U I) ,* > 125 ) is not Lagrange free soft 
strong neutrosophic bigroup over ((G Ul )>* *, *,). 

3) Their restricted union (F, A) Up (K,D) over 
((G U T),* »* 5 *,) is not Lagrange free soft strong 
neutrosophic bigroup over ((G Ul ).* ae *,)). 

4) Their restricted intersection (F ; A) an (K ,D) 


over ((G U I) ,* »* 1s *,) is not Lagrange free soft 
strong neutrosophic bigroup over 
((GUT),*,.%). 

Proposition 28 Let (F, A) and (K,D) be two La- 


grange free soft strong neutrosophic bigroups over 


((GUI),* is *,). Then 
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1) Their AND operation (F, A) A (K,D) is not La- 
grange free soft strong neutrosophic bigroup over 
((GUZ).*154). 

2) Their OR operation (F, A) Vv (K,D) is not La- 
grange free soft strong neutrosophic bigroup over 
((GUZ).*104). 

Definition 46 Let ((G U I) ,* Fits ) be a strong neutro- 

sophic bigroup. Then (F, A) over ((G U I) ,* 5 #15 %, ) is 


called soft normal strong neutrosophic bigroup if and only 


if F (x) is normal strong neutrosophic subbigroup of 
((GUI),* 5 *, ) for all xed. 


Theorem 30 Every soft normal strong neutrosophic 
bigroup (CB; A) over ((G U T),* is *,) is a soft neutro- 


sophic bigroup but the converse is not true. 
Theorem 31 Every soft normal strong neutrosophic 


bigroup (FA) over ((GU),*,,*, ) isa soft strong 
neutrosophic bigroup but the converse is not true. 

Proposition 29 Let (F, A) and (K,D) be two soft 
normal strong neutrosophic bigroups over 

((GUZ),*,,*,). Then 

1) Their extended union (F', A)U, (K,D) over 
((GUZ),*,,*,) is not soft normal strong neutro- 
sophic bigroup over ((GUT),*,,* ). 

2) Their extended intersection (F, A), (K,D) 
over ((GU I), *,,*, ) is soft normal strong neutro- 
sophic bigroup over ((GUT),*,,*) ). 

3) Their restricted union (F',A)U, (K,D) over 
((GUZ),*,,*,) is not soft normal strong neutro- 
sophic bigroup over ((GUJ),*,,*) ). 

4) Their restricted intersection (F', A) Ap (K,D) 

over ((GUT),*,,*, ) is soft normal strong neutro- 

sophic bigroup over ((GUJ),*,,* ). 


Proposition 30 Let (/’, A) and (K,D) be two soft 
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normal strong neutrosophic bigroups over 

((GUI),* is *,). Then 

1) Their AND operation (F, A) A(K,D) is soft 
normal strong neutrosophic bigroup over 
((GUT),*,%). 

2) Their OR operation (F, A) Vv (K,D) is not soft 
normal strong neutrosophic bigroup over 
((G UL), *,). 

Definition 47 Let ((G U T),* is *,) be a strong neutro- 

sophic bigroup. Then (F, A) over ((G U I) ,* i *,) is 

called soft conjugate strong neutrosophic bigroup if and 


onlyif F (x) is conjugate neutrosophic subbigroup of 
((GUI),* - *,) forall xe A. 


Theorem 32 Every soft conjugate strong neutrosophic 
bigroup (F, A) over ((G U T),* Fs *,) is a soft neutro- 


sophic bigroup but the converse is not true. 
Theorem 33 Every soft conjugate strong neutrosophic 


bigroup (F, A) over ((G U T),* is *,) is a soft strong 
neutrosophic bigroup but the converse is not true. 

Proposition 31 Let (F, A) and (K,D) be two soft 
conjugate strong neutrosophic bigroups over 

((GUI),* ib *,). Then 

1) Their extended union (CF; A) We (K,D) over 
((G U I) ,* s*15 *,) is not soft conjugate strong neu- 
trosophic bigroup over ((G U T),* re *,). 

2) Their extended intersection (F ; A) x, (K ,D) over 
((G U I) ,# »* 1 *,) is soft conjugate strong neutro- 
sophic bigroup over ((G U I) ,* 5 *)). 

3) Their restricted union (F, A) wy, (K,D) over 
((G U I) ,* s*15 *,) is not soft conjugate strong neu- 
trosophic bigroup over ((G U I),* is *,). 

4) Their restricted intersection (F ‘ A) Np (K ,D) 

over ((G U T),* io *,) is soft conjugate strong neu- 


trosophic bigroup over ((G U I) ,* as *,). 
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Proposition 32 Let (F, A) and (K,D) be two soft 
conjugate strong neutrosophic bigroups over 


((GUI),* ry *)). Then 
1) Their AND operation (F, A) A(K,D) is soft 


conjugate strong neutrosophic bigroup over 


((GUT),*,%). 
2) Their OR operation (F,A)v(K,D) is not soft 


conjgate strong neutrosophic bigroup over 


((GUT),* Pp *,). 


4.1 Soft Neutrosophic N-Group 
Definition 48 Let ((GUJ),%,,...,#y ) be a neutro- 


sophic N -group. Then (F’, A) over 
((GUL),*,,...., ) is called soft neutrosophic N - 
group if and only if F(x) is a sub N -group of 
(GUL) % ye 
Example 22 Let 
((GUL)=(G,UL)U(G, UI)U(G, U1), #545) 


be a neutrosophic 3 -group, where (G, ey, l) = (O U I) 
a neutrosophic group under multiplication. 

(G; U I) = {0,1,2,3,4,1,2J, 3, 41} neutrosophic 
group under multiplication modulo 5 and 


(G, UT) ={0,1,2,14+1,2+41,1,21,14+21,2 +27} 


a neutrosophic group under multiplication modulo 3. Let 


1 0 
P=455(—,2", ~ (21) 1,1) -(L4,,47),(1,2,0,20) >, 
(3 ae IK ) (422.21) 
T 


= {O\ {0}, {1,2,3,4}, {1,2}} and 
X ={O\{O},{1,2,/,27}, {14,147} are sub 3- 
groups. 
Then (F ; A) is clearly soft neutrosophic 3 -group over 
(GUL) =(G, LI)U(G, UI) UG, U1),*,,*)5%5)s 


where 


*,) forall x € A. 
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F(x,)= H(3 an, a (21) 13) 0asandasen} 


F (x,) ={O\ {0}, (1,2,3,4}, {1,2}, 
F(x,)={O\{0},{L2,/,27},{L4,L47}}. 


Theorem 34 Let (F, A) and (A, A) be two soft neu- 
trosophic N -groups over ((GU I), *,,...5%y )- Then 
their intersection (F’, A) (4H, A) is again a soft neu- 
trosophic N -group over ((GUT),%,5...5*y ) 


Proof The proof is straight forward. 
Theorem 35 Let (F, A) and (H, B) be two soft neu- 


trosophic N -groups over ((GUT),* ish sty) such 
that AN B-= 
N -group over ((GUI),* ee she): 


Proof The proof can be established easily. 
Proposition 33 Let (F, A) and (K,D) be two soft 


@, then their union is soft neutrosophic 


neutrosophic N -groups over ((G U dL); shes *y). 

Then 

1) Their extended union (ee A) ey (K,D) is not soft 
neutrosophic N -group over ((G U 1 ee *y). 

2) Their extended intersection (F ; A) ae (K ,D) is 

soft neutrosophic N -group over 


((GUI),* ae say). 


3) Their restricted union Lz A) [oe (K, D) is not soft 


neutrosophic N -group over ((G U I) ,* pales sity) 
4) Their restricted intersection (F ; A) Np (K D) is 
soft neutrosophic N -group over 
((GUT),%5--5%*y)- 
Proposition 34 Let (F’, A) and (K,D) be two soft 
neutrosophic N -groups over 


((GUI),* rales ae): Then 
1) Their AND operation (F, A) A(K,D) is soft 


Collected Papers, XII 


neutrosophic N -group over ((GU),*,,...5*y ). 
Their OR operation (F', A) v (K,D) is not soft 
neutrosophic N -group over ((GUT),*,,...5*y ). 
Definition 49 Let (F', A) bea soft neutrosophic N - 
group over((GUZ),%,,....%y). Then 
1) (F, A) is called identity soft neutrosophic N -group 
if F (x)= Lecce} for all x € A, where 
€),...5€y are the identities of 
(G, UT),....(Gy UL) respectively. 
2) (F, A) is called Full soft neutrosophic N -group if 
F(x)=((GUJ),*,....%y) forall xe A. 
Definition 50 Let (F', A) and (K,D) be two soft nev- 
trosophic N -groups over ((G U1), *,,...,#y ). Then 
(K, D)is soft neutrosophic sub N -group of (F’, A) 
written as (K,D)~<(F, A), if 
1) DCA, 
2) K(x) < F (x) for all xe A. 
Example 23 Let (CF, A)be as in example 22. Let 
(K,D) be another soft neutrosophic soft N -group over 
((GUL)=(G,UI)U(G, VI)U(G, UT), 5%), 


where 


RGAE {{(.2")| fu. n4n}.f.2.120)} 
K (x,) ={Q\{0},{L.4}. {1,2}. 


Clearly (K,D) < (F, A). 
Thus a soft neutrosophic N -group can have two types of 
soft neutrosophic sub N -groups, which are following 


Definition 51 A soft neutrosophic sub N -group 

(K,D) of a soft neutrosophic N -group (F, A) is 
called soft strong neutrosophic sub N -group if 

1) DCA, 

2) K(x) is neutrosophic sub N -group of F (x) for 
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all xe A. 
Definition 52 A soft neutrosophic sub N -group 


(K,D) of a soft neutrosophic N -group (Fs A) is 
called soft sub N -group if 


1) DCA, 
2) K(x) is only sub NV -group of F (x) for all 
xEA, 


Definition 53 Let ((GU/),¥,...,*, ) be a neutro- 
sophic N -group. Then (F', A) over 
((GUZ),*,,....%y) is called soft Lagrange neutrosoph- 
ic N -group if and only if F(x) is Lagrange sub N - 
group of ((GUT),*,,....%y) forall xe A. 

Example 24 Let 

((GUL) =(G, UL) UG, UG,,*,,*),%;) be neutro- 
sophic N -group, where (G, UI) ={(Z, UT) his a 
group under addition modulo 6 , G, = A, and 
G,=(g:g" =1), acyclic group of order 12, 
o((GU)) =60. 

Take P=((R UI)UP,UP,,%,,*),*;), a neutro- 


sophic sub 
3 -group where 


(7, UI) ={0,3,37,3+ 37}, 


oe (ios) be ie) teal 

: 1234 }’\ 2143 }’| 4321 )’\ 3412 J’ 
P, ={1,g°}. Since P isa Lagrange neutrosophic sub 3 - 
group where order of P=10. 
Letus Take T =((7, UI)UT, UT,,*,,*)5%), 
where (7, UI) = {0,3,3/,3+ 3/1, 7, =P, and 
T,= {g°, e* gl is another Lagrange sub 3 -group 
where o(T) =12: 
Let (F’, A) is soft Lagrange neutrosophic N -group over 


((GUL)=(G, UL)UG, U G,*,5*),%;) , where 
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, (1234) (1234) (1234) (1234 
F(x,)=10,33,3435L85 |) bce f 
1934)"| 2143 )'( 4321)'(3412 
+ -y { 1234) (1234) (1234) (1234 
F(x,)= 0,3,31,3+3LL¢,2 § 5 ’ ’ ’ : 
1234)"( 2143 J (4321) (3412 


Theorem 36 Every soft Lagrange neutrosophic N -group 
(F, A) over ((G U ve sF ised *y) is a soft neutrosoph- 
ic N -group but the converse is not true. 

Theorem 37 If ((G U 1) ,*,5.05*y) is a Lagrange 

neutrosophic N -group, then (F ; A) over 

((G U I) 5h beee5 *y) is also soft Lagrange neutrosoph- 

ic N -group. 

Proposition 35 Let (F', A) and (K,D) be two soft 

Lagrange neutrosophic N -groups over 

((G U 1) ,*,y.005y ). Then 

1) Their extended union te: A) wy (K, D) is not soft 
Lagrange neutrosophic N -group over 
(GUT), *5--5%y)- 

2) Their extended intersection (F : A) ae (K ,D) is 
not soft Lagrange neutrosophic N -group over 
((GUL),#5-5%y)- 

3) Their restricted union (F, A) ‘or (K,D) is not soft 
Lagrange neutrosophic N -group over 
(GUT), #,y-05%y > 

4) Their restricted intersection (F , A) ‘ar (K ,D) is 
not soft Lagrange neutrosophic N -group over 
((GUT),%5--5*y)- 

Proposition 36 Let (F, A) and (K,D) be two soft 

Lagrange neutrosophic N -groups over 

((G U L) Messy): Then 

1) Their AND operation CF, A) A (K,D) is not soft 
Lagrange neutrosophic N -group over 
((GUL),*5--5%y)- 

2) Their OR operation (F, A) Vv (K,D) is not soft 
Lagrange neutrosophic N -group over 


(GUL), #5--5%y)- 
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Definition 54 Let ((GU/),*,,...,#y ) be a neutro- 
sophic N -group. Then (F ; A) over 
((GUL),*,,.. 


»*y 


) is called soft weakly Lagrange neu- 
trosophic N -group if atleast one F’ (x) is Lagrange sub 
N -group of ((G U Pie) for some x € A. 


Examp 25 Let 
(GUL) =(G, UI) UG, UG,,*,,*),% 


sophic N -group, where (G, U I) = {(Z, U I) his a 


) be neutro- 


group under addition modulo 6 , G, = A, and 
G,=(g:g" =1), acyclic group of order 12, 
o((GUT)) =60. 

Take P=((RUI)UBRU 


sophic sub 


P,,* 5 *25*5 


3 -group where 


), a neutro- 
(7, UI) ={0,3,37,34 31}, 


a 1234) (1234) (1234) (1234 
2141234 }’| 2143 J? 4321)’| 3412 J [’ 


P= {L, gt. Since P is a Lagrange neutrosophic sub 3 - 


1; 


where (7, UI) = {0,3,3/,3+ 31}, 7, =P, and 


group where order of P=10. 


Let us Take Pa TUDE OK ok 


32° 19°29 3 
T; = {g*, g* 1} is another Lagrange sub 3 -group. 


Then (F ; A) is soft weakly Lagrange neutrosophic N - 


group over 


((GUL)=(G, UIL)UG, U G;,*,,*),*;), where 


F(x,)=40,3,31,3+3/,1,° 1234) (1234) (1234) (1234 
= ed) jot 9 ’ 5 ; / 
: 5 Hosa P| onas P| agai Pl 3a 


1234 
Fa)=(Caaraonue'e 


Theorem 38 Every soft weakly Lagrange neutrosoph- 
ic N -group (F, A) over ((G UT), 5 %y ) is a soft 


neutrosophic WN -group but the converse is not tue. 


1234 1234 \ (1234 
1234 J’\ 2143 }'{ 4321 ]’| 3412} 
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Theorem 39 If ((G U l), ee ) is a weakly La- 


grange neutrosophi N -group, then (F , A) over 
((GUI),*,,.. 
trosophic N -group. 

Proposition 37 Let (F, A) and (K,D) be two soft 


weakly Lagrange neutrosophic N -groups over 


(GUL), #,5-005#y )- Then 
1. Their extended union (F, A) U, (K,D) is not 


** 


fs a) is also soft weakly Lagrange neu- 


soft weakly Lagrange neutrosophic N -group over 
(GUT), #5 ..5*y): 

Their extended intersection 

(F; A) ey (K,D) is not soft weakly Lagrange 
neutrosophic N -group over 

(GUL), %5..5y): 

Their restricted union (F ; A) oe (K ; D) is not 
soft weakly Lagrange neutrosophic N -group over 
(GUL), #5 ..5%y): 


Their restricted intersection 
(Ee A) ‘ar (K,D) is not soft weakly Lagrange 


+ *y 


neutrosophic N -group over 


((GUL),%,..5*y): 


Proposition 38 Let (F, A) and (K,D)be two soft 
weakly Lagrange neutrosophic N -groups over 

((G OT) Meche) . Then 

1) Their AND operation (F, A) A (K,D) is not soft 
weakly Lagrange neutrosophic N -group over 
(GUL), #5 ..5y): 

2) Their OR operation (F, A) Vv (K,D) is not soft 
weakly Lagrange neutrosophic N -group over 
(GUL), %5..5y 

Definition 55 Let ((G U ys # seit *,) be a neutro- 


1 *y 


Fy 


sophic N -group. Then (F , A) over 
((GUI),*,,.. 


2 


“5 i) is called soft Lagrange free neutro- 
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sophic N -group if F (x) is not Lagrange sub N -group 


of ((GUL),*,,...5*y) forall xe A. 

Example 26 Let 

((GUL) =(G, UI) UG, UG,,*,,*),*) be neutro- 
sophic 3 -group, where (G, U I) = {(Z, U I) his a 
group under addition modulo 6 , G, = A, and 

G, =(g:g" =1), acyclic group of order 12, 
o((GU)) =60. 

Take P=((P UI)UP, UP,,%,,*),*; ), a neutro- 
sophic sub 3 -group where 


P= (0,2,4}, 


ic eee ees ee Eel 
z 1234 }’\ 2143 )’\ 4321 }’| 3412 J |’ 
P, ={1,g°}. Since P isa Lagrange neutrosophic sub 3 - 
group where order of P =10. 
Letus Take T =((7, UI)UT, UT,,*,,*),%), 
where (7, UI) = {0,3,31,3+3/}, TZ, =P, and 
C= \g*, g* 1 is another Lagrange sub 3 -group. 
Then (F ; A) is soft Lagrange free neutrosophic 3 -group 


over ((GUL)=(G, UL)UG, UG3.*15%).%); 


where 
« | 1234) (1234) (1234) / 1234 
F(x,)= 02412, y] y] y] y] 
1234} | 2143} | 4321) | 3412 
yg | 1234) (1234) (1234) (1234 
F(x))= 033034352 ,¢, 
1234} \ 2143) | 4321) | 3412 


Theorem 40 Every soft Lagrange free neutrosophic N - 
group (F, A) over ((G U 1), *,s.045*y ) is a soft neu- 
trosophic N -group but the converse is not true. 

Theorem 41 If ((G U 1) ,*,5.05*y) is a Lagrange 
free neutrosophic N -group, then (F : A) over 
((G U Tl), His iaves *y) is also soft Lagrange free neutro- 


sophic N -group. 
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Proposition 39 Let (F', A) and (K,D) be two soft 
Lagrange free neutrosophic N -groups over 
((G U 1) ,*,y.045y ). Then 
1) Their extended union (F, A) en (K,D) is not 
soft Lagrange free neutrosophic N -group over 


(GUL), %5--5%y)- 

2) Their extended intersection 
CF; A) ly (K,D) is not soft Lagrange free 
neutrosophic N -group over 
(GUL), #5--5%y)- 

3) Their restricted union (F, A) We (K, D) is not 
soft Lagrange free neutrosophic N -group over 
(GUL), #5--5%y)- 

4) Their restricted intersection 
(F, A) Cg (K,D) is not soft Lagrange free 


neutrosophic N -group over 


(GUL), #5--5%y)- 


Proposition 40 Let (F, A) and (K,D) be two soft 
Lagrange free neutrosophic N -groups over 
((G U Day): Then 

1) Their AND operation (F,A)A(K,D) is not 
soft Lagrange free neutrosophic N -group over 
((GUT),%5-.5*y)- 

2) Their OR operation (F, A) Vv (K,D) is not 
soft Lagrange free neutrosophic N -group over 
((GUT),#5--5%y)- 

Definition 56 Let ((GU/),*,,...,#y ) be a neutro- 
sophic N -group. Then (F , A) over 

((G U I) a Rigi *,) is called soft normal neutrosoph- 
ic N -group if F(x) is normal sub N -group of 
((GUL),*,...5%y) forallx € A. 
Example 27 Let 

((G, U1) =(G,UI)UG, U(G, UI) 


a soft neutrosophic N -group, where 


* ok *,) be 


2-19: 22-3 


(G,Ul)= {6YiXX°,xY,X° YL, WE xL,x7L, xyl,x° yl} 
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is a neutrosophic group under multiplaction, 

G, = 18 ie i}, acyclic group of order 6 and 
(GUD) =(O,0T)={41,4i,4j, 4k 41,477, 71,44} 
is a group under multiplication. Let 


P=((PUD GRUPO) 


ta a normal 


sub 3-group where P = {e,y,I, yl}, B= {Lg7.g'} 
and P= {1,-1}. Also 

(ee WT), See UT) 1,55) be another 
normal sub 3 -group where 

(7, Ul) ={e,Lx1,xI},T, ={1,g°} and 

(7, U 1) = (ela Then (F, A) is a soft normal neu- 
trosophic N -group over 

((G, U1) =(G, UI) UG, U(G, U1), 5%), 


where 
F (x) ={2.9.7,97,1, 27, 27,+1}, 
F (x2) = {e,7, x7, 77,1, 2°, +1, +7}. 


Theorem 42 Every soft normal neutrosophic N -group 
CE; A) over ((G U ioe aus *y) is a soft neutrosoph- 
ic N -group but the converse is not true. 

Proposition 41 Let (F, A) and (K,D) be two soft 

normal neutrosophic N -groups over 

((G WT) Hi sigh ei Then 

1) Their extended union (F, A) U,(K, D) is not soft 
normal neutrosophic soft N -group over 
(GUL), #5-5%y)- 

2) Their extended intersection (F ; A) ‘er (K ,D) is 
soft normal neutrosophic N -group over 
((GUL),*5--5%y)- 

3) Their restricted union (F, A) Up (K,D) is not soft 
normal neutrosophic N -group over 
((GUT),%5--5%*y)- 

4) Their restricted intersection (F : A) er (K ,D) is 
soft normal neutrosophic N -group over 
(GUT), #,-05%y > 

Proposition 42 Let (F, A) and (K,D) be two soft 
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normal neutrosophic N -groups over 
((G U 1), %,5.045y ). Then 
1) Their AND operation (F, A) A (K, D) is soft nor- 
mal neutrosophic N -group over 
(GUL), % ye5y 
2) Their OR operation (F, A) Vv (K,D) is not soft 
normal neutrosophic N -group over 
(GUL), %5..5y 
Definition 56 Let ((G U Ey i225 *y) be a neutro- 
sophic N -group. Then (F ; A) over 
((G wy I) rere *y) is called soft conjugate neutrosoph- 
ic N -group if F (x) is conjugate sub N -group of 
((G UT) si -5%y) for all x € A. 
Theorem 43 Every soft conjugate neutrosophic N - 


group (F, A) over ((GUI),*,.. * 


5 Re) is a soft neu- 


trosophic N -group but the converse is not true. 
Proposition 43 Let (F, A) and (K,D) be two soft 
conjugate neutrosophic N -groups over 
((G UT) si -5%y) . Then 
1) Their extended union (F, A) U, (K,D) is not soft 
conjugate neutrosophic N -group over 
(GUT) saat): 
2) Their extended intersection (F ; A) ‘an (K ,D) is 
soft conjugate neutrosophic N -group over 
(GUL), #5 ..5*y): 
3) Their restricted union ea A) er (K, D) is not soft 
conjugate neutrosophic N -group over 
(GUL), #5 ..5*y): 
4) Their restricted intersection (F : A) ar (K ,D) is 
soft conjugate neutrosophic N -group over 
(KGWT) iigcisty \i 
Proposition 44 Let (/’, A) and (K, D) be two soft 


conjugate neutrosophic N -groups over 
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((GUL),%5-5%y)- Then 

1) Their AND operation CE: A) A (K,D) is soft 
conjugate neutrosophic N -group over 

(GUL), %5--5*y)- 

Their OR operation eae A) Vv (K,D) is not soft 
conjugate neutrosophic N -group over 

(GT) Fate): 

4.2 Soft Strong Neutrosophic N-Group 
Definition 57 Let ((G U 1) ,*,y.05*y) be a neutro- 


2) 


sophic N -group. Then (F : A) over 
((G U I) phi ysiss *y) is called soft strong neutrosophic 


N -group if and only if F’ (x) is a strong neutrosophic 
sub N -group forall x € A. 


Example 28 Let 
(GUD =(G,VI)U(G, VI) UG, UT), #55 
be a neutrosophic 3 -group, where 
(G, Ul) = (Z, Ul) = {0,1,/,1 +1} a neutrosophic 
group under multiplication modulo 2. 
(G, U I) = {O, 1,2,3,4,/,2/,31,4/} , neutrosophic 
group under multiplication modulo 5 and 
(G, U T) = {0, 1,2,1,21} ,a neutrosophic group under 
multiplication modulo 3. Let 
a mae 
2" (21)" 
and X = {O \ {0}, We2ta2l | {1, T}} are neutrosophic 


sub 3 -groups. 


(21)',01)P{L4,L47}, {12,020} 


Then (ea ; A) is clearly soft strong neutrosophic 3 -group 


((Gul)=(G, UG UIU(G, Ul), Ayh), 
where 
F(x,)= reg pll {4140} Ut 


F(x,)={O\{0},{,2,2,20},{10}) 


Collected Papers, XII 


Theorem 44 Every soft strong neutrosophic soft N - 
group (F ; A) is a soft neutrosophic N -group but the 
converse is not true. 
Theorem 89 (F, A) over ((G U TH eia ty.) is soft 
strong neutrosophic N -group if ((G U 1) i Fists *,) is 
a strong neutrosophic N -group. 
Proposition 45 Let (F, A) and (K,D) be two soft 
strong neutrosophic N -groups over 
((G U 1) ,*,5.05*y) . Then 
1) Their extended union (F, A) U, (K, D) is not soft 
strong neutrosophic N -group over 
(GOD) Fant) 
2) Their extended intersection (F , A) ‘ay (K ,D) is 
not soft strong neutrosophic N -group over 
(GUD), #5 -5%y) - 
3) Their restricted union (F, A) ‘oP (K,D) is not soft 
strong neutrosophic N -group over 
(GUD), #s-5%y) - 
4) Their restricted intersection (F : A) ‘ar (K ,D) is 
not soft strong neutrosophic N -group over 
(GUL), #5 *y)- 
Proposition 46 Let (F, A) and (K,D) be two soft 
strong neutrosophic N -groups over 
((G U BY ig) . Then 
1) Their AND operation (F, A) A (K,D) is not soft 
strong neutrosophic N -group over 
(GUL), %s-5y). 
2) Their OR operation (F, A) Vv (K,D) is not soft 
strong neutrosophic N -group over 
(GUT) Msashy): 
Definition 58 
Let (F ; A) and (H ,K ) be two soft strong neutrosophic 
N -groups over ((G U Ly eshots) Then (H, K ) is 
called soft strong neutrosophic sub x € A -group 
of (F, A) written as (H,K) < (F, A) , if 
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1) KcCA, 
2) K (x) is soft neutrosophic soft sub N -group of 
F (x) forall x € A. 


Theorem 45 If ((G U I) pF seas *y) is a strong neutro- 


sophic N -group. Then every soft neutrosophic sub N - 
group of (F ; A) is soft strong neutosophic sub N -group. 


Definition 59 Let ((G U 1) sss y) be a strong 
neutrosophic N -group. Then (F ; A) over 

((G U I) gti guests *y) is called soft Lagrange strong neu- 
trosophic N -group if F’ (x) is a Lagrange neutrosophic 
sub N -group of ((G OT) i jecdy) for all xe A. 
Theorem 46 Every soft Lagrange strong neutrosophic 
N -group (F, A) over ((G U Dy teate) is a soft 


neutrosophic soft N -group but the converse is not true. 
Theorem 47 Every soft Lagrange strong neutrosoph- 


ic N -group (F, A) over ((G U 1),*,y.05*y) is a soft 
srtong neutrosophic N -group but the converse is not tue. 
Theorem 48 If ((G U l), eer *,) is a Lagrange 
strong neutrosophic N -group, then (F ; A) 


over ((G U I) Sahar *,) is also soft Lagrange strong 

neutrosophic NV -group. 

Proposition 47 Let (F, A) and (K,D) be two soft 

Lagrange strong neutrosophic N -groups over 

((G UT), #,5.005%y )- Then 

1) Their extended union (F, A) Ly, (K,D) is not 

soft Lagrange strong neutrosophic N -group over 
((GUT),%5--5*y)- 


Their extended intersection 
LE, A) OY, (K, D) is not soft Lagrange strong 


2) 


neutrosophic N -group over 
((GUT),%5-.5%*y)- 

3) Their restricted union (F, A) ers (K, D) is not 
soft Lagrange strong neutrosophic N -group over 


CKGUT Fay) 
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4) Their restricted intersection 
(EB, A) ar (K,D) is not soft Lagrange strong 
neutrosophic N -group over 
(GUL), %5..5y ): 
Proposition 48 Let (F, A) and (K,D) be two soft 
Lagrange strong neutrosophic N -groups over 
((G U Dy ciety). Then 
1) Their AND operation (F, A) A(K,D) is not 
soft Lagrange strong neutrosophic N -group 
over ((G U 1) igs ste), 
Their OR operation (F, A) Vv (K,D) is not 
soft Lagrange strong neutrosophic N -group over 


(GUL), #5 ..5y): 
Definition 60 Let ((GU/),%,,...,#y ) be a strong 


2) 


neutrosophic N -group. Then (F , A) over 


GUT),*,,...5*y ) is called soft weakly Lagrange 
(GUT) sy ) 


strong neutrosophic soft N -group if atleast 
one F Ce ) is a Lagrange neutrosophic sub N -group 


of ((GUL),%5...5y) for some x € A. 
Theorem 49 Every soft weakly Lagrange strong neutro- 
sophic N -group (F, A) over ((G UT) s#i-5%y) isa 


soft neutrosophic soft N -group but the converse is not 
true. 
Theorem 50 Every soft weakly Lagrange strong neutro- 


sophic N -group (F, A) over ((GUT),%,...5*y ) isa 


soft strong neutrosophic N -group but the converse is not 
true. 


Proposition 49 Let (F, A) and (K,D) be two soft 
weakly Lagrange strong neutrosophic N -groups over 
((G U 1), %,5.0.5y ). Then 
1) Their extended union (F, A) eh (K, D) is not 
soft weakly Lagrange strong neutrosophic N - 
group over ((G U L) Hi sscghy): 
Their extended intersection 


(F, A) (As (K,D) is not soft weakly Lagrange 


2) 


strong neutrosophic N -group over 
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((GUL),%5--5%y)- 

3) Their restricted union (F, A) oe (K, D) is not 
soft weakly Lagrange strong neutrosophic NV - 
group over ((G OL) Fy. * hi 

4) Their restricted intersection 
(F, A) ‘ar (K, D) is not soft weakly Lagrange 
strong neutrosophic N -group over 


((GUT),%,-.5%y)- 


Proposition 50 Let (F, A) and (K,D) be two soft 
weakly Lagrange strong neutrosophic N -groups over 
((G U 1) Meaty): Then 
1) Their AND operation (F, A) A (K,D) is not 
soft weakly Lagrange strong neutrosophic N - 
group over ((G OL) ¥ yes* I 
2) Their OR operation (F, A) Vv (K,D) is not 
soft weakly Lagrange strong neutrosophic N - 
group over ((G U Dei) 
Definition 61 Let ((G U T), # secs ) be a strong neu- 
trosophic N -group. Then (F ; A) over 
((G U I) pts ess *y) is called soft Lagrange free strong 
neutrosophic N -group if F’ (x) is not Lagrange neutro- 
sophic sub N -group of ((G U Desist) for all N . 
Theorem 51 Every soft Lagrange free strong neutro- 
sophic N -group (F, A) over ((GUL),%5...5*y) isa 


soft neutrosophic NV -group but the converse is not true. 
Theorem 52 Every soft Lagrange free strong neutro- 


sophic N -group (F, A) over ((GUT),%,...5y) isa 


soft strong neutrosophic N -group but the converse is not 
true. 


Theorem 53 If ((G U 1) ,*,y.5*y) is a Lagrange 
free strong neutrosophic N -group, then (F ; A) over 
((G U I), aH igisees *,) is also soft Lagrange free strong 


neutrosophic NV -group. 
Proposition 51 Let (F, A) and (K,D)be two soft 
Lagrange free strong neutrosophic N -groups over 
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((GUT),*,5..-5%y )- Then 
1) Their extended union CE A) oF (K,D) is not 


soft Lagrange free strong neutrosophic N -group 
over ((G U 1) tiseg* \ 

2) Their extended intersection 
(F, A) O, (K,D) is not soft Lagrange free 
strong neutrosophic N -group over 
((GUT),*,-.5%y)- 

3) Their restricted union (F, A) Os (K, D) is not 
soft Lagrange free strong neutrosophic N -group 
over ((G U T) 5.005% ). 

A) Their restricted intersection 
(F, A) er (K,D) is not soft Lagrange free 
strong neutrosophic N -group over 
((GUT),*5--5%y)- 

Proposition 52 Let (fe A) and (K,D) be two soft 
Lagrange free strong neutrosophic N -groups over 
((G U Le use). Then 

1) Their AND operation (F,A)A(K,D) is not 
soft Lagrange free strong neutrosophic N -group 
over ((G U LT), y005% de 

2) Their OR operation (F, A) Vv (K,D) is not 
soft Lagrange free strong neutrosophic N -group 
over ((G OL) ¥ y.5* ys 

Definition 62 Let N bea strong neutrosophic N -group. 
Then (F, A) over ((G w 1) ,*,y.05*y) is called sofyt 


normal strong neutrosophic N -group if F’ (x) is normal 
neutrosophic sub N -group of ((G U 1; cae *y) for 


all xe A. 

Theorem 54 Every soft normal strong neutrosophic N - 
group (F’, A) over ((G U 1) ,*,y.05*y) is a soft neutro- 
sophic N -group but the converse is not true. 

Theorem 55 Every soft normal strong neutrosophic N - 
group (F’, A) over ((G U Laake) is a soft strong 
neutrosophic N -group but the converse is not true. 
Proposition 53 Let (F, A) and (K,D) be two soft 
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normal strong neutrosophic N -groups over 
((G UT), #1 5.005%y )- Then 
1) Their extended union (F, A) U, (K,D) is not 
soft normal strong neutrosophic N -group over 


(GUT), #,y-05%y )- 


2) Their extended intersection 
(F, A) O, (K,D) is soft normal strong neutro- 


sophic N -group over (GUL), #5 -5* ). 

3) Their restricted union (F, A) ee (K, D) is not 
soft normal strong neutrosophic N -group over 
((GUT),*5--5*y)- 


4) Their restricted intersection 
(F, A) is (K,D) is soft normal strong neu- 


trosophic N -group over ((G U 1), ps5 %y > 
Proposition 54 Let (F, A) and (K,D) be two soft 


normal strong neutrosophic N -groups over 


((G UT), # y5%y)- Then 

1) Their AND operation (F, A) A(K,D) is soft 
normal strong neutrosophic N -group over 
(GT) #icashy ): 

2) Their OR operation (F, A) Vv (K,D) is not 
soft normal strong neutrosophic N -group over 
((GUT),%5--5*y)- 

Definition 63 Let ((G U I) ies iy ) be a strong neu- 
trosophic N -group. Then (F ; A) over 

((G U I) aE geees *,) is called soft conjugate strong neu- 
trosophic N -group if F’ (x) is conjugate neutrosophic 
sub N -group of ((G U 1) ,*,5.5*y) for all x € A. 
Theorem 56 Every soft conjugate strong neutrosophic 
N -group (F, A) over ((G WwW 1); s15y ) is a soft 


neutrosophic N -group but the converse is not true. 
Theorem 57 Every soft conjugate strong neutrosophic 


N -group (F, A) over ((GUT),%,..-5y) is a soft 


strong neutrosophic N -group but the converse is not true. 
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Proposition 55 Let (F, A) and (K,D) be two soft 
conjugate strong neutrosophic N -groups over 


((G UT), 15.05%y )- Then 
1) Their extended union (F ; A) ey (K : D) is not 


soft conjugate strong neutrosophic N -group over 
(GUL), % sy): 

2) Their extended intersection 
(F, A) OY, (K,D) is soft conjugate strong neu- 
trosophic N -group over ((G U Ly Acai) 


3) Their restricted union (F : A) WW, (K ,D) is not 
soft conjugate strong neutrosophic NV -group over 


(GUL), %,..5*y): 


4) Their restricted intersection 
(F, A) fan (K,D) is soft conjugate strong neu- 


trosophic N -group over (GUL), %,..5*y): 


Proposition 56 Let (F, A) and (K,D) be two soft 
conjugate strong neutrosophic N -groups over 


((G UT) sy .s%y )- Then 
1) Their AND operation (F, A) A(K,D) is soft 
conjugate strong neutrosophic N -group over 
(GUL), %5..5y): 
2) Their OR operation (F, A) Vv (K,D) is not 
soft conjugate strong neutrosophic N -group over 
(GUT), %5..5y): 


Conclusion 

This paper is about the generalization of soft neutrosophic 
groups. We have extended the concept of soft neutrosophic 
group and soft neutrosophic subgroup to soft neutrosophic 
bigroup and soft neutrosophic N-group. The notions of soft 
normal neutrosophic bigroup, soft normal neutrosophic N- 
group, soft conjugate neutrosophic bigroup and soft conju- 
gate neutrosophic N-group are defined. We have given var- 
ious examples and important theorems to illustrate the as- 
pect of soft neutrosophic bigroup and soft neutrosophic N- 


group. 
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The Characteristic Function of a Neutrosophic Set 


A. A. Salama, Florentin Smarandache, S. A. Alblowi 


A.A. Salama, Florentin Smarandache, S.A. Alblowi (2014). The Characteristic 
Function of a Neutrosophic Set. Neutrosophic Sets and Systems 3, 14-17 


Abstract. The purpose of this paper is to introduce and 
study the characteristic function of a neutrosophic set. 
After given the fundamental definitions of neutrosophic 
set operations generated by the characteristic function of 
a neutrosophic set ( V: Z for short), we obtain several 
properties, and discussed the relationship between 


neutrosophic sets generated by Ng and others. Finally, 
we introduce the neutrosophic topological spaces 
generated by NV, g . Possible application to GIS topology 
rules are touched upon. 


Keywords: Neutrosophic Set; Neutrosophic Topology; Characteristic Function. 


1 Introduction 


Neutrosophy has laid the foundation for a whole family 
of new mathematical theories generalizing both their 
classical and fuzzy counterparts, such as a neutrosophic set 
theory. After the introduction of the neutrosophic set 
concepts in [2-13]. In this paper we introduce definitions 
of neutrosophic sets by characteristic function. After given 
the fundamental definitions of neutrosophic set operations 
by Ng, we obtain several properties, and discussed the 
relationship between neutrosophic sets and others. Added 
to, we introduce the neutrosophic topological spaces 
generated by Ng. 


2 Terminologies 

We recollect some relevant basic preliminaries, and in 
particular, the work of Smarandache in [7- 9], Hanafy, 
Salama et al. [2- 13] and Demirci in [1]. 
3 Neutrosophic Sets generated by Ng 
We shall now consider some possible definitions for basic 
concepts of the neutrosophic sets generated by Ng and its 
operations. 
3.1 Definition 


Let X is a non-empty fixed set. 4 neutrosophic set 


(NS for short) A is an object having the form 
A=(x,uU4(x),0.4(x),V4(x)) Where “4 (x),o 4(x) and y, (x ) 
which represent the degree of member ship function 
(namely uu 4 (x)), the degree of indeterminacy (namely 


Oy (x) ), and the degree of non-member ship (namely 
y, (x )) respectively of each element x € X to the set 
A .and let g ,: X x[0,1] > [0,1] = J be reality function, 
then Neg 4(A) = Neg 4((x, 4), 22,43))is said to be the 
characteristic function of a neutrosophic set on X if 

Neg 4(A) = if 4(X) =A, Og =42.V4(x) = 43 


0 otherwise 
Where 4 = ((x,a,;,42,43))- Then the object 


G(A) = es MGA) ), TGC A) OO) VGC AY (x)) Isa 
neutrosophic set generated by yg where 
Maca) = SUP Ay (Ng 4(A) A A} 


OG(A) = SUP ay (NB 4 (A) A A} 


VG(Ay = SUP a3 (Ng 4(A) AA} 


3.1 Proposition 


1) AcM BSG(A) CGB). 
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2) A=‘ BoSG(A)=G(B) 


3.2 Definition 


Let A be neutrosophic set of X. Then the neutrosophic 
complement of A generated by Ng denoted by 4% 
iff [Gc4)f may be defined as the following: 


(Ne) (x, 4° 4(x),0° 4(e),v°a(3)) 

(Ng) (xv 40).0 40), 44(0)) 

Na’) (x,¥.40).0° 4), 4) 
3.1 Example. Let x ={x}, 4=(x,0.5,0.7,0.6), 
Ngy=1, Ng4=0. ThenG(A)=((x,0.5,0.7,0.6)) 
Since our main purpose is to construct the tools for 


developing neutrosophic set and neutrosophic topology, we 
must introduce the Go,,) and Ga,,) as follows Go.) may 


be defined as: 
i) G(Oy) =(x,0,0,1) 
ii) G(Oy) = (x,0,11) 
iii) G(Oy)=(x,0,1,0) 
iv) G(0y) = (x,0,0,0) 


G(1,) may be defined as: 


1) G(ly)=(x,1,0,0) 
ii) Gy) =(x,1,0,1) 
iii) Gy) =(x1,1,0) 


IV) Gly) =(x,111) 
We will define the following operations intersection and 
union for neutrosophic sets generated by Ng denoted by 


ANS and US respectively. 


3.3 Definition. Let two neutrosophic sets 
A=(x,H4(X),0 4 (x),V 4 (x)) and 


B = (x, p(x), (X),Vg(X)) on X, and 
G(A)= (x, MGA) (%)s FG. A) VGA) (x)) ; 


G(B) = (x, HG(B) (x), OG(B) (x), VG(B) (x)) .Then 
AS B may be defined as three types: 


i) type I: G(ANB)= 


(How (X) A Hea) Fay) A Caray) Vaca) V Vaca) (x)) 
ii) Type II: 
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G(AN B)= 
(Hea) (x) A LGB)» FG(4) V FEB) VG(4y@) V Vaca) (x) . 
ii) Type III: 
G(ANB)= 


(Hea) (x) x HG(B)> GA) (*) X OG(By(*),VG( ay (*) x Ve(By(2)) 
AU B may be defined as two types: 


Type Ll: 
G(AUB)= 
(uci (x) V UG(B)» FGA) (1) A FG(B) ), VG(a) (1) AV GiB) (x)) il) 


ype II: 


G(AUB)= 
(Hey) V HG(B)> FGA) V FG(By(%), Ve(ay) A va(By()) 


. 3.4 Definition 
Let a neutrosophic set 4 =(x, 4 4(x),o 4(x),v 4(x)) and 


G(A) = (x, HG(A) (x),0G(4) (x), VG(A) (x) . Then 


(1)[ y84= (x > UGA) (*), ©G(4)(%)1-VGc4) (x)) 


(2) > A= 
(x 1 gia (%), 7G) () VGA) (x)) 


3.2 Proposition 
For all two neutrosophic sets A and B on X generated 
by Ng, then the following are true 


1) (AnB)% = At OBS, 
2) (AUB) = A AB, 


We can easily generalize the operations of intersection and 
union in definition 3.2 to arbitrary family of neutrosophic 


subsets by generated by Ng as follows: 


3.3 Proposition. 
Let 4 yefes \ be arbitrary family of neutrosophic 
subsets in X generated by Vg, then 
a) a8 A; may be defined as : 
1) Typel: 
G(N4;) = (s Ha caproacajyOWacapy9)> 
2) Type II: 


G(NA;)= (n HecayOVEGcayOacaj\) > 
b) UNE A; may be defined as : 


1) G(VA;) = (v Hacay Ga 4) AVG4;\()) or 
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2) G(U4;)= (v MG(A;) CVO E(4;) CDV G(4;) () 


3.4 Definition 
Let f. X > Y be a mapping . 
(1) The image of a neutrosophic set A generated 
by Ng on X under f is a neutrosophic set B on Y 
generated by Ng , denoted by f (A) whose reality 


function gg: Yx I> (0, 1] satisfies the property 
Hoc) = SUP Ay {Ng 4A) A AB 


OG(B) = SUP zy (Ng 4 (A) AA} 


VG(B) = SUP a3 (Ng 4(A)AA} 
(ii) The preimage of a neutrosophic set B on Y 
generated by Ng under f is a neutrosophic set A on X 


generated by Ng, denoted by f' (B) , whose reality 
function ga: X x [0, 1] >[0, 1] 
property G(A) =G(B)of 


3.4 Proposition 


satisfies the 


Let {4; pe J} and {B je J}be families of neutrosophic 


sets on X and Y generated by Ng, respectively. Then for a 
function f: X > Y, the following properties hold: 


(i) If A, CM Agsi,jed, then f(A;) <8 fray 
(ii) If B; CN® By, forj,K © J, then 
eB) S™ £1 (By 
(iii) f'( UNE B; ) =e U Ns £7 (B) 
jEJ iJ 


3.5 Proposition 


Let A and B be neutrosophic sets on X and Y generated 
by Ng , respectively. Then, for a mappings f : X > Y , we 
have : 


(i) A cM £1 (£(A)) (iff. is injective the 
equality holds ) . 

(ii) f( f'(B)) <2 B (if f is surjective the 
equality holds ) . 

Gi [EB eae): 
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3.5 Definition . Let X be a nonempty set, ‘¥ a family of 
neutrosophic sets generated by Ng and let us use the 
notation 


G(¥)={G(A):AEP}. 


If (X,G(¥)=NT) isaneutrosophic topological space 
on X is Salama’s sense [3] , then we say that 'V is a 
neutrosophic topology on X generated by Ng and the pair 
(X, ¥ ) is said to be aneutrosophic topological space 
generated by Ng (ngts , for short ). The elements in ¥ are 
called genuine neutrosophic open sets. also , we define the 


family 

G(W)={1-G(A):Ae #}. 
3.6 Definition 
Let (X , ¥ ) be angts . A neutrosophic set C in X 
generated by Ng is said to be a neutrosophic closed set 
generated by Ng, if 1-G(C) €G(¥)=NrT. 
3.7 Definition 
Let (X , ¥ ) be a ngts and A a neutrosophic set on X 
generated by Ng . Then the neutrosophic interior of A 
generated by Ng , denoted by, ngintA, is a set 


characterized by G(intA)= int G(A), where int 
Gv’) G(’) 


denotes the interior operation in neutrosophic topological 
spaces generated by Ng .Similarly, the neutrosophic 
closure of A generated by Ng, denoted by ngclA, isa 
neutrosophic set characterized by G(ngclA)= cf G(A) 
cy) 


,where C/ denotes the closure operation in 
Gy) 


neutrosophic topological spaces generated by Ng . 


The neutrosophic interior gnint(A) and the genuine 
neutrosophic closure gnclA generated by Ng can be 
characterized by : 


gnintA =" UX {U:U © WandU co A} 


Ne A 


gnclA = Ng { C: Cis neutrosophic closed 


generated by Ng andA c™ C} 
Since: G( gnintA )= U{G(U):G(U) € G(¥), G( 
U) CG(A)} 


G(gnclA)=N {G(C):G(C) € G (®), G(A) € 
G(C) }. 
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3.6 Proposition . For any neutrosophic set A generated 
by Ng onaNTS(X,'), we have 


(i) ct AN =N8 (int AN 


(it) Int AN’ =N8 (1A NE 
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Neutrosophic Fuzzy Matrices. Neutrosophic Sets and Systems 3, 37-41 


Abstract. In this article, we shall define the addition and 
multiplication of two neutrosophic fuzzy matrices. Thereafter, 


Keywords: Neutrosophic fuzzy matrice, Neutrosophic Set. 


1 Introduction 


Neutrosophic sets theory was proposed by Florentin 
Smarandache [1] in 1999, where each element had three 
associated defining functions, namely the membership 
function (T), the non-membership (F) function and the 
indeterminacy function (I) defined on the universe of 
discourse X, the three functions are completely 
independent. The theory has been found extensive 
application in various field [2,3,4,5,6,7,8,9,10,11] for 
dealing with indeterminate and inconsistent information in 
real world.Neutrosophic set is a part of neutrosophy which 
studied the origin, nature and scope of neutralities, as well 
as their interactions with ideational spectra. The 
neutrosophic set generalized the concept of classical fuzzy 
set [12, 13], interval-valued fuzzy set, intuitionistic fuzzy 
set [14, 15], and so on. 


Also as we know, matrices play an important role in 
science and technology. However, the classical matrix 
theory sometimes fails to solve the problems involving 
uncertainties, occurring in an imprecise environment. In 
[17] Thomason, introduced the fuzzy matrices to represent 
fuzzy relation in a system based on fuzzy set theory and 
discussed about the convergence of powers of fuzzy 
matrix. In 2004, W. B. V. Kandasamy and F. 
Smarandache introduced fuzzy relational maps and 
neutrosophic relational maps. 


some properties of addition and multiplication of these matrices 
are also put forward. 


Our aim ,In this paper is to propose another type of fuzzy 
neutrosophic matrices ,called “square neutrosophic fuzzy 
matrices”, whose entries is of the form a+Ib (neutrosophic 
number) , where a,b are the elements of [0,1] and I is an 
indeterminate such that I™=I, n being a positive integer. In 
this study we will focus on square neutrosophic fuzzy 
matrices. The paper unfolds as follows. The next section 
briefly introduces some definitions related to neutrosophic 
set, neutrosophic matrices, Fuzzy integral neutrosophic 
matrices and fuzzy matrix. Section 3 presents a new type of 
fuzzy neutrosophic matrices and investigated some 
properties such as addition and multiplication. Conclusions 
appear in the last section. 


2 Preliminaries 

In this section we recall some concept such as , 
neutrosophic set, neutrosophic matrices and fuzzy 
neutrosophic matrices proposed by W. B. V. Kandasamy 
and F. Smarandache in their books [16 ], and also the 
concept of fuzzy matrix . 


Definition 2.1 (Neutrosophic Sets).[1] 

Let U be an universe of discourse then the neutrosophic set 
A is an object having the form 

A = {< x: Tax), IgGs), Fa(x)>.x © U}, where the 
functions T, I, F : U> ] 0, 1°[ define respectively the 
degree of membership (or Truth) , the degree of 


indeterminacy, and the degree of non-membership (or 
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Falsehood) of the element x € U to the set A with the 


condition. 


“0 < Ty(X) + Ig (kt Fa(x)< 3°. 
From philosophical point of view, the neutrosophic set 
takes the value from real standard or non-standard subsets 
of ] 0, 1°[. So instead of ] 0, 1°[ we need to take the 
interval [0, 1] for technical applications, because ] 0, 
1 "[will be difficult to apply in the real applications such as 
in scientific and engineering problems. 
Definition 2.2 (Neutrosophic matrix) [16]. 
Let My, yn= {(@iz ) / @ig E KC}, where K (D), is a 
neutrosophic field. We call M 


matrix. 


m xn tO be the neutrosophic 


Example 1: Let Q(I) = (Q UI )be the neutrosophic field 


0 1 O 
M3,3-|-2 41 2 
a1 — 


M3 ,,3 denotes the neutrosophic matrix, with entries from 


rationals and the indeterminacy. 
Definition 2.3. (Fuzzy integral neutrosophic matrices) 


Let N =[0, 1] UI where I is the indeterminacy. The m xn 
matrices Myyxn= {(@iyz ) / @y €[0, 1] UD} is called the 
fuzzy integral neutrosophic matrices. Clearly the class of m 


xn matrices is contained in the class of fuzzy integral 
neutrosophic matrices. 


An integral fuzzy neutrosophic row vector is a1 x n 
integral fuzzy neutrosophic matrix, Similarly an integral 
fuzzy neutrosophic column vector is am x1 integral fuzzy 
neutrosophic matrix. 


0 1 03 
Example 2: Let A3,3=|0.9 I 0.2 

| i 
A is a3 x3 integral fuzzy neutrosophic matrix. 
Definition 2.5 (Fuzzy neutrosophic matrix) [16] 


Let N,= [0, 1] UnI/n €(0, 1]}; we call the set N, to be 
the fuzzy neutrosophic set. Let N, be the fuzzy 
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neutrosophic set. Miyen= {(@iyz ) / @ig © Ng} we call the 
matrices with entries from N, to be the fuzzy neutrosophic 


matrices. 


Example 3: Let N,= [0,1] U {nl/ n € (0,1]} be the set 


0 0.21 I 
P= I 0.011 0 
0.311 


0.531 0.1 
is a3 x3 fuzzy neutrosophic matrix 
Definition 2.6 (Fuzzy matrix) [17] 


A fuzzy matrix is a matrix which has its elements from the 
interval [0, 1], called the unit fuzzy interval. Am xn 
fuzzy matrix for which m = n (i.e the number of rows is 
equal to the number of columns) and whose elements 
belong to the unit interval [0, 1] is called a fuzzy square 
matrix of order n. A fuzzy square matrix of order two is 
expressed in the following way 


A= ¢ | where the entries a,b,c,d all belongs to the 


interval [0,1]. 


3 Some Properties of Square Neutrosophic Fuzzy 
Matrices 


In this section ,we define a new type of fuzzy neutrosophic 
set and define some operations on this neutrosophic fuzzy 


matrice. 
3.1 .Definition (Neutrosophic Fuzzy Matrices) 


Let A be a neutrosophic fuzzy matrices, whose entries is 
of the form a+Ib (neutrosophic number) , where a,b are the 
elements of [0,1] and I is an indeterminate such that I™=I, n 


being a positive integer. 


a, +1 b; 


_ a, +1 =) 
a-(3: +Ib, 


ay +1 by 


3.2.Arithmetic with Square Neutrosophic Fuzzy 
Matrices 


In this section we shall define the addition and 
multiplication of neutrosophic fuzzy matrices along with 
some properties associated with such matrices. 
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3.2.1. Addition Operation of two Neutrosophic Fuzzy 
Matrices 


Let us consider two neutrosophic fuzzy matrices as 


_ (ay +b, ae) S ears saa 
(ii 41k le sid, &41d 


Then we would like to define the addition of these two 
matrices as 


A+B=IC,] 
Where 

Cy, = max(a, ¢, )+ Imax(b;,d;) 
Cy2 = max(a, c,) + Imax(b,,d,) 
C2, = max(a,,c,) + Imax(b3,d3) 
C2, = max(a,c,) + Imax(b,, d,) 


It is noted that the matrices defined by our way is reduced 
to fuzzy neutrosophic matrix when a = 


Properties 1 


The following properties can be found to hold in cases of 
neutrosophic fuzzy matrix multiplication 


(i) A+B =B+A 
(ii) (A+B)+C = A+(B+C) 


3.2.2 Multiplication Operation of Neutrosophic Fuzzy 
Matrices 


Let us consider two neutrosophic fuzzy matrices as 
A=[a, +1b,] and B =[c, + Id,,]. Then we shall 
define the multiplication of these two neutrosophic fuzzy 
matrices as 


AB =[max min(a,,,c,) +7 max min(G,,d,)]. It can 


ij ’ 
be defined in the following way: 


If the above mentioned neutrosophic fuzzy matrices are 
considered then we can define the product of the above 
matrices as 


A B = [Dj;], where 
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D,; = [maxmin{(a, c;), (a2,cz)} + Imaxmin{(b,,d, ), (bz, d3)}] 
D,2 = [max min{(a,c,), (a;,cz)}+ Imaxmin{(b;,d,), (bz, d)}] 
D., = [max min{(az.¢, ), (a4,c3)} + Imaxmin{(b3,d, ), (by, dg )}] 


D>2 = [maxmin{(a,.c,), (as.c,)}+ Imaxmin{(b3,d,), (by, dy)}] 


It is important to mention here that if the multiplication of 
two neutrosophic fuzzy matrices is defined in the above 
way then the following properties can be observed to hold: 


Properties 
(i) AB#BA 
(ii) A(B+C)=AB+AC 
2.4.1 Numerical Example 
Let us consider three neutrosophic fuzzy matrices as 


0.1+103 044101 


“(924104 0.14107 


oe bape +10.3 0.54104 
0.3+10.8 0.94101 


c= heats +103 0.4+410.3 
0.2+10.7 0.2+10.4 


0.44106 05+104 


+ = 
ae lar iias 0.9+10.2 


ABtO= (014103 04 +10.) (Ast ias 0.5+104 


02+104 01+410.7/\06+108 094102 


Let us take 


A(B +0)= (4 Ay 


, where 
Agi ray 


Aya =max {min(0.1, 0.4), min(0.4,0.6)}+I max {min(0.3, 
0.6), min(0.1, 0.8)} 

= max(0.1, 0.4) + I max (0.3, 0.1) 

=0.4+10.3 


Ayz = max {min(0.1, 0.5), min(0.4,0.9)} +I max {min(0.3, 
0.4), min(0.1, 0.2)} 


= max(0.1, 0.4) + I max (0.3, 0.1) 
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=0.4+10.3 


Ajoy = max {min(0.2, 0.4), min(0.1,0.6)}+I max {min(0.4, 
0.6), min(0.7, 0.8)} 


= max(0.2, 0.1) + I max (0.4, 0.7) 
=0.2+10.7 


Asz = max {min(0.2, 0.5), min(0.1,0.9)}+I max {min(0.4, 
0.4), min(0.7, 0.2)} 


= max(0.2, 0.1) +I max (0.4, 0.2) 
=0.2+10.4 


Therefore we have 


_f044+103 044103 
ABtCK\o24107 0.24104 
Now we shall see what happens to AB+BC 


Then let us calculate AB 


0.1+103 04+I =e ‘bee +103 O5+I1 a 


AB=(5;104 0.1+10.7/\93+108 094101 


Let is now consider 


C3, C€ 


aoe (cs c 


sa where 
22 
C3, = max{min(0.1, 0.2), min(0.4,0.3)}+I max {min(0.3, 
0.3), min(0.1, 0.8)} 
= max(0.1, 0.3) + I max (0.3, 0.1) 
=0.3+10.3 


C42 = max{min(0.1, 0.5), min(0.4,0.9)}+I max {min(0.3, 
0.4), min(0.1, 0.1)} 


= max(0.1, 0.4) + I max (0.3, 0.1) 
=0.4+10.3 


C34 = max {min(0.2, 0.2), min(0.1,0.3)}+I max {min(0.4, 
0.3), min(0.7, 0.8)} 


= max(0.2, 0.1) + I max (0.3, 0.7) 


=0.2+10.7 
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Cz = max {min(0.2, 0.5), min(0.1,0.9)}+I max {min(0.4, 
0.4), min(0.7, 0.1)} 


= max(0.2, 0.1) + I max (0.4, 0.1) 
=0.2+10.4 


Ey1 


E 
Let us consider A C= ( a where 
E>; E22 


Ey, = max{min(0.1, 0.4), min(0.4,0.6)}+I max {min(0.3, 
0.6), min(0.1, 0.2)} 

= max(0.1, 0.4) + I max (0.3, 0.1) 

=0.4+10.3 


Ey2 = max{min(0.1, 0.5), min(0.4,0.3)}+I max {min(0.3, 
0.3), min(0.1, 0.2)} 


= max(0.1, 0.3) + I max (0.3, 0.1) 
=0.3+10.3 


E34 = max {min(0.2, 0.4), min(0.1,0.6)}+I max {min(0.4, 
0.6), min(0.7, 0.2)} 


= max(0.2, 0.1) + I max (0.4, 0.2) 
=0.2+10.2 


E32 = max{min(0.2, 0.5), min(0.1,0.3)}+I max {min(0.4, 
0.3), min(0.7, 0.2)} 


= max(0.2, 0.1) + I max (0.3, 0.2) 
=0.2+10.3 


Thus we have 


Cy + Ey3= (0.3 +10.3) + (0.4 +10.3) 


=0.4+10.3 


Cyo + Ex== (0.44 10.3) + (0.3 +1 0.3) 


=0.4+10.3 


Coq + Eo3= (0.2+ 10.7) + (0.2 +10.2) 


= 0.2+10.7 


Cy + Eg= (0.2+ 10.4) + (0.2 +10.3) 
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=0.2+ 1 0.4 


044103 034103 
Thus, we get, A B + A C= (cs 410.7 0.24104 


From the above results, it can be established that 
A (B+C) = AB+ AC 
4. Conclusions 


According the newly defined addition and multiplication 
operation of neutrosophic fuzzy matrices, it can be seen that some 
of the properties of arithmetic operation of these matrices are 
analogous to the classical matrices. Further some future works are 
necessary to deal with some more properties and operations of 
such kind of matrices. 
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Introduction to Develop Some Software Programs for 


Dealing with Neutrosophic Sets 


A. A. Salama, Haitham A. El-Ghareeb, Ayman M. Manie, Florentin Smarandache 


A.A. Salama, Haitham A. El-Ghareeb, Ayman M. Manie, Florentin Smarandache (2014). 
Introduction to Develop Some Software Programs for Dealing with Neutrosophic Sets. 


Neutrosophic Sets and Systems 3, 51-52 


Abstract. In this paper, we have developed an Excel 
package to be utilized for calculating neutrosophic data 
and analyze them. The use of object oriented 
programming techniques and concepts as they may 
apply to the design and development a new framework to 
implement neutrosophic data operations, the c# 
programming language, NET Framework and Microsoft 
Visual Studio are used to implement the neutrosophic 
classes. We have used Excel as it is a powerful tool that 
is widely accepted and used for statistical analysis. 
Figure 1 shows Class Diagram of the implemented 


Keywords: Neutrosophic Data; Software Programs. 


1 Introduction 


The fundamental concepts of neutrosophic set, 
introduced by Smarandache in [8, 9] and Salama at 
el. in [1, 2, 3, 4,5, 6, 7], provides a natural 
foundation for treating mathematically the 
neutrosophic phenomena which exist pervasively 
in our real world and for building new branches of 
neutrosophic mathematics. In this paper, we have 
developed an Excel package to be utilized for 
calculating neutrosophic data and analyze them. 
We have used Excel as it is a powerful tool that is 


widely accepted and used for statistical analysis. In 
this paper, we have developed an Excel package to be utilized 


for calculating neutrosophic data and analyze them. The use of 


object oriented programming techniques and concepts as 
they may apply to the design and development a new 


framework to implement neutrosophic data operations, the c# 


programming language, NET Framework and Microsoft Visual 
Studio are used to implement the neutrosophic classes. 


package. Figure 2 presents a working example of the 
package interface calculating the complement. Our 
implemented Neutrosophic package can calculate 
Intersection, Union, and Complement of the nuetrosophic 
set. Figure 3 presents our neutrosphic package capability 
to draw figures of presented neutrosphic set. Figure 4 
presents charting of Union operation calculation, and 
figure 5 Intersection Operation. nuetrosophic set are 
characterized by its efficiency as it takes into 
consideration the three data items: True, Intermediate, 
and False. 


2 Related Works 


We recollect some relevant basic preliminaries, and in 
particular, the work of Smarandache in [8, 9], and Salama 
at el. [1, 2, 3, 4, 5, 6, 7]. The c# programming language, NET 
Framework and Microsoft Visual Studio are used to implement 
the neutrosophic classes. 


3 Proposed frameworks 


eee 


Figure 1: Neutrosophic Package Class 
Diagram. 


125 


Florentin Smarandache (author and editor) 


We introduce the neutrosophic package class 
diagram 
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uoage 


Figure 5: Neutrosophic Packege Intersection Chart 


4 Conclusions and Future Work 
In future studies we will develop some software programs 


to deal with the statistical analysis of the neutrosophic 


data. 
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Soft Neutrosophic Ring and Soft Neutrosophic Field 
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Mumtaz Ali, Florentin Smarandache, Muhammad Shabir, Munazza Naz (2014). Soft 
Neutrosophic Ring and Soft Neutrosophic Field. Neutrosophic Sets and Systems 3, 53-59 


Abstract. In this paper we extend the theory of 
neutrosophic rings and neutrosophic fields to soft 
sets and construct soft neutrosophic rings and soft 
neutrosophic fields. We also extend neutrosophic 
ideal theory to form soft neutrosophic ideal over a 
neutrosophic ring and soft neutrosophic ideal of a 


soft neutrosophic ring . We have given many 
examples to illustrate the theory of soft 
neutrosophic rings and soft neutrosophic fields and 
display many properties of of these. At the end of 
this paper we gave soft neutrosophic ring 
homomorphism. 


Keywords: Neutrosophic ring, neutrosophic field,neutrosophic ring homomorphism, soft neutrosophic 


1 Introduction 


Neutrosophy is a new branch of philosophy which 
studies the origin and features of neutralities in the 
nature. Florentin Smarandache in 1980 firstly 
introduced the concept of neutrosophic logic where 
each proposition in neutrosophic logic is approximated 
to have the percentage of truth in a subset T, the 
percentage of indeterminacy in a subset I, and the 
percentage of falsity in a subset F so that this 
neutrosophic logic is called an extension of fuzzy 
logic. In fact neutrosophic set is the generalization of 
classical sets, conventional fuzzy set, intuitionistic 
fuzzy set and interval valued fuzzy set. This 
mathematical tool is used to handle problems like 
imprecise, indeterminacy and inconsistent data etc. By 
utilizing neutrosophic theory, Vasantha Kandasamy 
and Florentin Smarandache dig out neutrosophic 
algebraic structures. Some of them are neutrosophic 
fields, neutrosophic vector spaces, neutrosophic 
groups, neutrosophic bigroups, neutrosophic N-groups, 
neutrosophic semigroups, neutrosophic bisemigroups, 
neutrosophic N-semigroup, neutrosophic loops, 
neutrosophic biloops, neutrosophic N-loop, 
neutrosophic groupoids, and neutrosophic bigroupoids 
and so on. 


Molodtsov in [8] laid down the stone foundation of 
a richer structure called soft set theory which is free 
from the parameterization inadequacy, syndrome of 
fuzzy se theory, rough set theory, probability theory 
and so on. In many areas it has been successfully 
applied such as smoothness of functions, game theory, 
operations research, Riemann integration, Perron 
integration, and probability. Recently soft set theory 
has attained much attention since its appearance and 
the work based on several operations of soft sets 


introduced in [2, 9,10] . Some more exciting 
properties and algebra may be found in [1] . Feng et al. 


introduced the soft semirings [5] . By means of level 
soft sets an adjustable approach to fuzzy soft sets 
based decision making can be seen in[ 6] . Some other 
new concept combined with fuzzy sets and rough sets 


was presented in [7, 8] . AygAunoglu et al. introduced 


the Fuzzy soft groups [4] : 


Firstly, fundamental and basic concepts are given for 
neutrosophic rings neutrosohic fields and soft rings. In 
the next section we presents the newly defined notions 
and results in soft neutrosophic rings and neutrosophic 
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fields. Various types of soft neutrosophic ideals of 
rings are defined and elaborated with the help of 
examples. Furthermore, the homomorphisms of soft 
neutrosophic rings are discussed at the end. 


2 Fundamental Concepts 


Neutrosophic Rings and Neutrosophic Fields 
Definition 1. Let R be any ring. The neutrosophic ring 
(R Ul ) is also aring generated by R and / under 
the operations of R. 1 is called the neutrosophic 
element with the property I 2 =] . Foran integer n 


,n+T] and ni are neutrosophic elements and 


OF SOF , the inverse of J is not defined and 
hence does not exist. 


Definition 2. Let (R Ul ) be a neutrosophic ring. A 


proper subset P of (R U I) is said to be a 
neutrosophic subring if P itself is a neutrosophic ring 
under the operations of (R Ul ) : 

Definition 2. Let (R Ul ) be any neutrosophic ring, 
anon empty subset P of (R U 1) is defined to be a 


neutrosophic ideal of (R Ul ) if the following 
conditions are satisfied; 

1. P is aneutrosophic subring of (R ens ) 

2. Forevery p€P and re(RUI), rp and 


preP. 
Definition 4. Let K bea field . We call the field 
generated by K UJ to be the neutrosophic field for it 
involves the indeterminacy factor in it. We define 


PstI ,1T+1=2! ix, 1 +7432.,4+F =n ,and 
if kK eK then k.J =kI,01=0. We denote the 
neutrosophic field by K(/) which is generated by 
KUI thatis KU) =(K UT). (KUT) denotes 
the field generated by K and /. 


Definition 5. Let K(/) be a neutrosophic field, 
P< K(J) isaneutrosophic subfield of P if P 


itself is a neutrosophic field. 
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Soft Sets 
Throughout this subsection U_ refers to an initial 


universe, FE isaset of parameters, P(U) is the 
power setof U ,and AC E . Molodtsov [8] 
defined the soft set in the following manner: 
Definition 6. 4 pair (F°',.A) is called a soft set over 


U where F is a mapping given by 

F : A — P(U) In other words, a soft set over U 
is a parameterized family of subsets of the universe 
U .For a€ A, F(a) may be considered as the 


set of a -elements of the soft set (F’, A) , or as the 
set of @ -approximate elements of the soft set. 
Definition 7. For two soft sets (F',A) and (H, B) 
over U , (FA) iscalleda soft subset of (H, B) 
if 

1) ACB and 

2) F(a) C H(a), forall aE A. 

This relationship is denoted by (F', A) C (H, B). 
Similarly (F', A) is called a soft superset of 
(H,B) if (H,B) isa soft subset of (F’, A) 
which is denoted by (Ff, A) > (H,B). 


Definition 8. Two soft sets (F', A) and (H,B) 
over U are called soft equal if (F', A) isa soft 
subset of (H, B) and (H,B) isa soft subset of 
(FA). 


Definition 9. Let (F', A) and (K,B) be two soft 


sets over a common universe U such that 
A‘ B = @. Then their restricted intersection is 


denoted by (F’, A) Np (K, B) = (H,C) where 
(H,C) isdefinedas H(c) = F(c)M K(c) for 
al cEC=ANB. 


Definition 10. The extended intersection of two soft 
sets (F', A) and (K,B) over a common universe 


U isthe softset (H,C’) , where C= AUB, 
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and forall c@ C', H c _ is defined as 


F(c) ifce A-B 
He) = K(c) ifce B-A 
F(c)N K(c) ifc € ANB. 


We write (FA), (K,B) = (4,C) . 
Definition 11.The restricted union of two soft sets 
(F’, A) and (K,B) overacommon universe U 
is the soft set (H,C) , where C = AUB , and 


forall cE C, H c 
(H,C) =(F,A) Up (K,B) where 
C=ANB and H(c) =F (ew Ke) for all 
CEC 


Definition 12. The extended union of two soft sets 
(F', A) and (K,B) overacommon universe U 
is the soft set (H,C’) , where C = AU B , and 


forall c€ C, H(c) is defined as 


is defined as the soft set 


F(c) ifce¢A-B 
Hite) = K(c) ifce B-A 
F(c) U K(c) ifc EC ANB. 


We write (FA) U. (K, B) = (HC) . 

Soft Rings 

Definition 13. Let R bearing and let (F’, A) bea 
non-null soft set over R. Then (F’, A) is called a 
soft ring over R if F(a) isasubring of R , for all 
aca. 

Definition 14. Let (F’, A) and (K, B) be soft rings 


over R. Then (A, B) is called a soft sub ring of 
(F, A), If it satisfies the following; 


1 BCA 
2. K(qa) isasub ring of F(a), for all 
aeA. 


Definition 15. Let (F', A) and (K, B) be soft rings 
over R. Then (K,, B) is called a soft ideal of 
FA , Ifit satisfies the following; 


1 BCA 
2. K(a) isanidela of F(a), forall a € A. 
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3 Soft Neutrosophic Ring 


Definition. Let (R Ul ) be a neutrosophic ring and 
(F, A) be a soft set over (R U I) . Then (F, A) is 
called soft neutrosophic ring if and only if F(a) isa 


neutrosophic subring of (R Ul ) for all ae A. 


Example. Let (Z Ul ) be a neutrosophic ring of 
integers and let (F’, A) be a soft set over (Z U I) 


Let A= $0505, G30 g} be a set of parameters. Then 
clearly (F’, A) is a soft neutrosophic ring over 


(ZT), where 
F(a,)=(2Z Ul), F(a,)=3ZU1) 
F(a,)=(5Z UI), F(a,)=(6Z UJ). 


Theorem. Let (/’,A) and (4,A) be two soft 
neutrosophic rings over (R Ul ) . Then their 
intersection (F’, A)  (H, A) is again a soft 
neutrosophic ring over (R iad, ) ; 

Proof. The proof is straightforward. 

Theorem. Let (f’,A) and (H,B) be two soft 
neutrosophic rings over (R Ww ) If 

AN B= @,then (F,A)U(H,B) isasoft 
neutrosophic ring over (R UL ). 

Proof. This is straightforward. 


Remark. The extended union of two soft 
neutrosophic rings (F',A) and (K,B) over 


(R UL ) is not a soft neutrosophic ring over 
CR ULE) 
We check this by the help of following Example. 


Example. Let (Z Ul ) be a neutrosophic ring of 
integers. Let (F’, A) and (K, B) be two soft 


neutrosophic rings over (Z Ul \; where 


F(a,) = (2% UI), F(a.) = (32 UL), F(a) = (42 UL), 
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And Proof. Easy. 


K(a,) = (5Z U T), K(as) = (7Z U I). Definition. Let (F, A) be a soft set over a 


Piiesehiion neutrosophic ring (R Ul ) . Then (F’, A) is called 


( F A) U ( K B) = ( H C) sepia an absolute soft neutrosophic ring if 
al F(a) = (RUT) for alla € A. 
Ma) = QZ 07 (eZ UT), 
Definition. Let (F : A) be a soft set over a 


H(a,) = (3Z U bs neutrosophic ring (R U T) . Then (F’, A) is called 


H(a3) = (52 U T) U (7Z U T) soft neutrosophic ideal over (R U iz if and only if 


F(a) i trosophic ideal RUT), 
Thus clearly H(a,) — (22 U T) U(5Z UL), ( ) 1s a neutrosophic idea over ( ) 


H(ag) = (5Z U T) U (7Z U T) ene Example. Let (2ie U T) be a neutrosophic ring. Let 


neutrosophic rings. A = {a,,d,} be a set of parameters and (F', A) be 


Remark. The restricted union of two soft neutrosophic a soft set over ( Lis Ul ) . Then clearly (F’, A) isa 


I) is not 
mings RA) and I, Boyes (R . ) Se oF neutrosophic ideal over (R Ul ) , where 


a soft neutrosophic ring over (R Le he 
F(a,) = {0,6,2/, 41,62, 8/, 10/,6 + 21,...,6 + 10J}, 
Theorem. The OR operation of two soft 


neutrosophic rings over (R U I) may not be a soft F(a) = {0,6,6/,6 + 6I}. 
neutrosophic ring over (R Wt ) . Theorem. Every soft neutrosophic ideal (F , A) over 
One can easily check these remarks with the help of a neutrosophic ring (R Ul ) is trivially a soft 
Examples. neutrosophic ring. 

Theorem. The extended intersection of two soft Proof. Let (F', A) be a soft neutrosophic ideal over a 


neUlosep ale AES ONeE (R ’ r) Isr neutrosophic ring (R Ul ) . Then by definition 


HEUPOSOPHICNTNE Cyr (R I) F(a) is a neutrosophic ideal for all a € A. Since 


Proof. The proof is straightforward. we know that every neutrosophic ideal is a 


} : : neutrosophic subring. It follows that F’ (a) isa 
Theorem. The restricted intersection of two soft 


neutrosophic rings over (R Ul ) is soft neutrosophic subring of (R UL ) - Thus by 


definition of soft neutrosophic ring, this implies that 


trosophic ri RUT). 
a a ( ) (F ; A) is a soft neutrosophic ring. 


Proof. It is obvious. Remark. The converse of the above theorem is not 


Theorem. The AND operation of two soft true. 


neutrosophic rings over (R Ul ) is soft To check the converse, we take the following 


Example. 
neutrosophic ring over (R Ul ) : , 
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Example. Let (216 UL ) be a neutrosophic ring. Let 
A = {a,, a5} be aset of parameters and (F’, A) be 


a soft neutrosophic ring over (Zi Ul ) , where 
F(a,) = {0, 2,4, 6,8, 2/,4/, 67,8}, 


F(a,) = {0,20,41,61,8]}. 


Then obviously (F', A) is not a soft neutrosophic 
ideal over (Zig U T). 


Proposition. Let (F’, A) and (K, B) be two soft 
neutosophic ideals over a neutrosophic ring 


(RUT). Then 


1. Their extended union (F’, A) Up, (K, B) is 
again a soft neutrosophic ideal over 
(RUT). 

2. Their extended intersection 
(i A) Np (K, B) is again a soft 
neutrosophic ideal over (R Ul ) 

3. Their restricted union (F’, A) Ur (K, B) is 
again a soft neutrosophic ideal over 
(RUE). 

4. Their restricted intersection 
(F, A) Np (K, B) is again a soft 
neutrosophic ideal over (R Ul ) ; 

5. Their OR operation (F’, A) V (K, B) is 
again a soft neutrosophic ideal over 
(Rid), 

6. Their AND operation (F’, A) V (K, B) 
is again a soft neutrosophic ideal over 
(RUT). 

Proof. Supoose (F’, A) and (K, B) be two soft 
neutrosophic ideals over (R We ) . Let 
C = AUB. Then forall c € C’,, The extended 


union is (F', A) U, (K, B) = (HC), where 


F(c), fc € A—B, 
K(c),Ifc € B-A, 
F(c)U K(c), Ife € ANB. 


Heh 
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As union of two neutrosophic ideals is again a 


neutrosophic ideal of (R Ul ) . Hence the extended 
H.C 


is a soft neutrosophic ideal over 


(RUT). 


union 


Similarly (2),(3),(4),(5), and (6) can be proved 


respectively. 

Definition. Let (F', A) and (K’, B) be two soft 
neutrosophic rings over (R eT ) . Then (K, B) is 
called soft neutrosophic subring of (F’, A), if 


1. BC A,and 
2. K(a) isaneutrosophic subring of F(a) for 
alae A. 


Example. Let (C Ul ) be the neutrosophic ring of 


complex numbers. Let A = {a,, Qy, as} be a set of 
parameters. Then (F , A) be a soft neutrosophic ring 
over (C U T) , where 


F(a) =(ZUI), F(a) =(QUI), 
F(a,) = (RUT). 


Where (ZUI),(QUI) and (RU I) are 


neutrosophic rings of integers, rational numbers, and 
real numbers respectively. 


Let B= {d5, as } be a set of parmeters . Let 
(K, B) be the neutrosophic subring of (F’, A) over 
(Cc U Z) , where 


K(a,) = (ZUT),K(a,) =(QUT). 


Theorem. Every soft ring (H, B) over aring R isa 
soft neutrosophic subring of a soft neutrosophic ring 


(F ; A) over the corresponding neutrosophic ring 
CRAG AC Be A, 

Proof. Straightforward. 

Definition. Let (F', A) and (K’, B) be two soft 
neutrosophic rings over (R Ul ) . Then (K, B) is 
called soft neutrosophic ideal of (F’, A), if 


1. BC A,and 
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2. K(a) is aneutrosophic ideal of F(a) for 
alae A. 
Example. Let (Zi. Ul ) be a neutrosophic ring. Let 


A= {a,, Ay } be a set of parameters and (F’, A) be 
a soft set over (Zi, Ors ). Then clearly (F’, A) isa 


soft neutrosophic ring over 


(Z,. UI) where 

F(a,) = {0,6,21,41, 61,81, 101,6 +21,...,6 +101}, 
F(a.) = {0,2,4,6,8,21, 41,61, 81}. 

Let B = {a,,@,} bea set of parameters. Then 


clearly (H, B) is a soft neutrosophic ideal of (F’, A) 
over (Bis U T) , where 


H(a,) a {0, 6,6 5 6I}, 


H(a,) = {0,2,4,6, 8}. 


Proposition. All soft neutrosophic ideals are trivially 
soft neutrosophic subrings. 


Proof. Straightforward. 


4 Soft Neutrosophic Field 
Defintion. Let K(I) = (K U T) bea 


neutrosophic field and let (F’, A) be a soft set over 
K(I). Then (F’,, A) is said to be soft neutrosophic 
field if and only if F'(a) is a neutrosophic subfield of 
K(I) forall a € A. 


Example. Let (C Ul ) be a neutrosophic field of 
complex numbers. Let A = {a,, Ay } be a set of 
parameters and let (F’, A) be a soft set of (C U T) 


Then (F, A) is called soft neutrosophic field over 
(C Ul ) , where 


F(a,) = (RUT), Fay) = (QUT): 
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Where (R Ul ) and (Q Ul ) are the neutosophic 
fields of real numbers and rational numbers. 


Proposition. Every soft neutrosophic field is trivially a 
soft neutrosophic ring. 


Proof. The proof is trivial. 


Remark. The converse of above proposition is not 
true. 


To see the converse, lets take a look to the following 
example. 


Example. Let Z Ul ) be a neutrosophic ring of 
integers. Let A = {d,,a,,4,,a,} bea set of 
parameters and let (F’, A) be a soft set over 
(Z Ul ) . Then (F’, A) is a soft neutrosophic ring 


over (Z UT), where 

F(a.) =(2Z UD), F(a,)=G3ZVUI) 
F(a,)=(5Z U1), F (a,)=(6Z UI). 
Clearly (F’, A) is not a soft neutrosophic field. 


Definition. Let (F’, A) be a soft neutrosophic field 
over a neutrosophic field (K Ul ) . Then (F, A) is 


called an absolute soft neutrosophic field if 


F(a)=(KU1), forall ae A. 


5 Soft Neutrosophic Ring Homomorphism 
Definition. Let (F', A) and (K,, B) be the soft 
neutrosophic rings over (R Li ) and (R Ul ) 


respectively. Let f : (R U I) = (R U r) and 
g : A — B be mappings. Let 

(f,g) : (F, A) — (K, B) be another mapping. 
Then (f, g) is called a soft neutrosophic ring 


homomorphism if the following conditions are hold. 
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1. | is aneutrosophic ring homomorphism 
from (RUT) to (R UT). 
2. g is onto mapping from A to B, and 
3. f(F(a)) = K(9(a)) forall a € A. 
If { is an isomorphicm and 4g is a bijective mapping. 
Then (f, g) is called soft neutrosophic ring 


isomorphism. 


Conclusions 


In this paper we extend the neutrosophic ring, 
neutrosophic field and neutrosophic subring to _ soft 
neutrosophic ring, soft neutrosophic field and soft 
neutrosophic subring respectively. The neutrosophic 
ideal of a ring is extended to soft neutrosophic ideal. 
We showed all these by giving various examples in 
order to illustrate the soft part of the neutrosophic 
notions used. 
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Abstract 


In this paper, we introduce the concept of ""neutrosophic crisp neighborhoods system for the neutrosophic crisp point ". Added to, 
we introduce and study the concept of neutrosophic crisp local function, and construct a new type of neutrosophic crisp topological 


space via neutrosophic crisp ideals. 


Possible application to GIS topology rules are touched upon. 


Keywords: Neutrosophic Crisp Point, Neutrosophic Crisp Ideal; Neutrosophic Crisp Topology; Neutrosophic Crisp Neighborhoods 


1 INTRODUCTION 


The idea of "neutrosophic set" was first given by 
Smarandache [14, 15]. In 2012 neutrosophic operations 
have been investigated by Salama et al. [4-13]. The fuzzy 
set was introduced by Zadeh [17]. The intuitionstic fuzzy 
set was introduced by Atanassov [1, 2, 3]. Salama et al. 
[11]defined intuitionistic fuzzy ideal for a set and 
generalized the concept of fuzzy ideal concepts, first 
initiated by Sarker [16]. Neutrosophy has laid the 
foundation for a whole family of new mathematical 
theories, generalizing both their crisp and _ fuzzy 
counterparts. Here we shall present the neutrosophic crisp 
version of these concepts. In this paper, we introduce the 
concept of "neutrosophic crisp points "and "neutrosophic 
crisp neigbourhoods systems". Added to we define the 
new concept of neutrosophic crisp local function, and 
construct new type of neutrosophic crisp topological space 


via neutrosophic crisp ideals. 
2 TERMINOLOGIES 


We recollect some relevant basic preliminaries, and in 
particular the work of Smarandache in [14, 15], and 
Salama et al. [4 -13]. 


2.1 Definition [13] 
Let x be a non-empty fixed set. A neutrosophic crisp 


set (NCS for short) A is an object having the form 
A=(A,,4),43) Where 4), Ay and A3 are subsets of X 
satisfying 4) 0A, =¢, A) 0 43 = and A, O43 = ¢. 
2.2 Definition [13]. 

Let X be anonempty set and pe X Then the 


neutros 2 Tie oint py defined by 
x= (le Php d,{ 2) Is called a neutrosophic crisp point 


(NCP r short) in X, where NCP is a triple ({only one 
element in X}, the empty set, {the complement of the same 
element in X}). 


2.3 Definition [13] 
Let X be a nonempty set, and p< X a fixed element 


in X. Then the neutrosophic crisp set py, = (¢. {p\, {p}°) 


is called “vanishing neutrosophic crisp point (VNCP for 
short) in X, where VNCP is a triple (the empty set, {only 
one element in X}, {the complement of the same element in 
X}). 


2.4 Definition [13] 
Let py = ({o} @, {p}°) be a NCP in X and 
A= (4, ,A 55 A, ) a neutrosophic crisp set in X. 


(a) py is said to be contained in A (py € A for short) 
iff pe A. 
(b) Let py y be a VNCP in X, and 4=(4,,4,,4;) a 


neutrosophic crisp set in X. Then pyy is said to be 
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(b) Let py y be a VNCP in X, and A=(A,,4,,43) a 
neutrosophic crisp set in X. Then pyy is said to be 


contained in A (py, €A for short) iff p ¢ A3. 


2.5 Definition [13]. 
Let X be non-empty set, and L a non-empty family of 
NCSs. We call L a neutrosophic crisp ideal (NCL for 


short) on X if 
i. AcELandBCA>BeL [heredity], 
iw AELandBeL>Av BeL [Finite additivity]. 
A neutrosophic crisp ideal L is called a 
o - neutrosophic crisp ideal if {M 4 ‘a vel; implies 


U MjeL (countable additivity). 
jet 
The smallest and largest neutrosophic crisp ideals on a 


non-empty set X are {on and the NSs on X. Also, 


NCL,, NCL, are denoting the neutrosophic crisp 
ideals (NCL for short) of neutrosophic subsets having 
finite and countable support of X respectively. Moreover, 
if A is a nonempty NS in X, then {B ENCS: Bc A} is an 
NCL on X. This is called the principal NCL of all NCSs, 
denoted by NCL (A) . 


2.1 Proposition [13] 


Let ie je J} be any non - empty family of 
neutrosophic crisp ideals on a set X. Then (] L; and 
jeJ 
U L; are neutrosophic crisp ideals on X, where 
jet 


OAL, =(0AA,,0A,,U A; )or 
jeJ J (9, A? jez J2? jeg a] 
OAL,=(AA,,0A,,U0 A,, ) and 
jer? (9, IN? jez J2? jez a] 
UL;,=(UA UA... 0 A, jor 
jeJ (u, ep 92? peg a] 
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UL, =(UA,,04A,, 
jet - (u, A je J 
2,2 Remark [13] 


The neutrosophic crisp ideal defined by the single 


OA, ). 
jet a] 


neutrosophic set g, is the smallest element of the ordered 


set of all neutrosophic crisp ideals on X. 
2.1 Proposition [13] 
A neutrosophic crisp set A= (4, ,A,,A, ) in the 


neutrosophic crisp ideal L on X is a base of L iff every 
member of L is contained in A. 


3. Neutrosophic Crisp Neigborhoods System 


3.1 Definition. 
Let A= (4, ; A, ; A, ) , be aneutrosophic crisp set on a 


set X, then p= ({pi}-tP2}s {P3})s Pi # Po # P3 €X is called 
a neutrosophic crisp point 

An NCP p= ((P1 \ {p>} {ps }, is said to be belong to a 
neutrosophic crisp set 4 = (4, : A, F A, ) , of X, denoted 
by p € A, if may be defined by two types 

i) = Type t: {p)}  4,{p2} C Anand {p3} c A, 

ii) Type 2: {p)} c A, {p2} D Ay and {p3} C A; 


3.1 Theorem 
Let 4=((4),4),43)),and B =((B,,B,B3)), be neu- 
trosophic crisp subsets of X. Then 4c B iff 
p € Aimplies p € B for any neutrosophic crisp point 
pin X. 
Proof 
Let Ac B and peA. Then two types 
Type 1: {p)} < 4),{p2} C 4p and {p3} c A; or 
Type 2: {p1} < A,,{p2} > 4p and {p3} c 43. Thus peB. 
Conversely, take any x in X. Let p, € A; and 
P2 € Anand p3 € A3. Then p is aneutrosophic crisp 
point in X. and pe A. By the hypothesis p< B. Thus 
p, © By, or Type 1: {p)} < By,{p2} c By and {p3} c B; or 
Type 2: {p1} < By, {p2} 2 By and {p3} c B3. Hence. 
ACB. 
3.2 Theorem 
Let A=(A, yA, 5A, ), be a neutrosophic crisp 
subset of X. Then 4 =Utp: pe A}. 


Proof 
Since U {p: p « 4}. may be two types 
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Type 1: 
1) {Pl i PLE A}. {po 1pr€ A Lat; 1DPZ€ A3}) or 
Type 2: 
(U{p1: py € Ay}.tp2 : po € 42}, tp3 : p3 € 43})-. Hence 
A=(4,,4,,45) 
3.1 Proposition 


Let (4; ye J is a family of NCSs in X. Then 
(a,) p = ({p1},{P2}.(P3}) 6 fica; 
Jet 


jeJ. 


iff p ¢ A, for each 


(ao) Pp oa iff Tj eJ such that p €4;. 


3.2 Proposition 


Let A=(A,,A,,4,) and B=(B,,B,,B,) be two 
neutrosophic crisp sets in X. Then 


a) ACB iff foreach p we have 


p €A =p €B and foreach p we have 


p €A >p EB. 


b) A=B8 iff foreach p we have 
p €A =>péB and foreach p we 


havep €A &p eB. 


3.3 Proposition 


Let A= (4, pA Ae ) be a neutrosophic crisp set in X. 


Then 
A=U<{p,: Pp) € Ay}. {P2 : P2 € Az}, {p3 P33 € AG}. 


3.2 Definition 

Let f :X — Y bea function and p be a nutrosophic 
crisp point in X. Then the image of p under f , denoted 
by f(p), is defined by 
f(p )=(tar} tga} (a3 }) where q1 = f(P1),92 = f(p2).and 
q3 =f (p3). 
It is easy to see that f(p ) is indeed a NCP in Y, namely 


f(p)=q, where g= f(p), and it is exactly the same 
meaning of the image of a NCP under the function f . 


4 4. Neutrosophic Crisp Local functions 
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4.1 Definition 

Let p be a neutrosophic crisp point of a neutrosophic 
crisp topological space (x ; t) . A neutrosophic crisp neigh- 
bourhood ( NCNBD for short) of a neutrosophic crisp 
point p if there is a neutrosophic crisp open set( NCOS for 
short) B in X such that pe Bc A. 


4.1 Theorem 
Let (x ; t) be a neutrosophic crisp topological space 


(NCTS for short) of X. Then the neutrosophic crisp set A 
of X is NCOS iff A isa NCNBD of p for every neutro- 
sophic crisp set p € A. 


Proof 

Let A be NCOS of X . Clearly A is a NCBD of any 
p <A. Conversely, let p< 4. Since A isa NCBD of p, 
there is a NCOS B in X such that p € Bc A.So we have 
A=Ulp: pe A} CUB: pe Abc Aand 
hence A = U{B: p € A} . Since each B is NCOS. 


4.2 Definition 

Let (x Tt) be a neutrosophic crisp topological spaces 
(NCTS for short) and L be neutrsophic crisp ideal (NCL, 
for short) on X. Let A be any NCS of X. Then the neutro- 
sophic crisp local function NC4‘(L,z) of A is the union of 
short) 

and 


all neutrosophic 

P = {1} {P2} {P3})s 
NA (L,t)=U{p © X:AAU €L for every U nbd of N(P)} 
NCA*(L,r) is called a neutrosophic crisp local function 
of A with respect to T and L which it will be denoted by 


NCA*(L,r), or simply NCA*(L) . 


crisp points’ NCP, for 
such that if Uuewn((p)) 


4.1 Example 
One may easily verify that. 


If L={@y}, then NCA*(L,r) = NCcI(A), for any neutro- 
sophic crisp set 4 e NCSs on X. 

If L={all NCSson X} then NC4*(L,r)=4¢y , for 
any Ae NCSs onX. 


4.2 Theorem 
Let (X,7) be a NCTS and Lj,L> be two topological 
neutrosophic crisp ideals on X. Then for any neutrosophic 
crisp sets A, B of X. then the following statements are 
verified 
i) ACB= NCA‘ (L,t) < NCB" (L,r), 


ii) L) CL, > NCA (Ly,t) C NCA*(Ly, 17). 
iii) NCA“ = NCcKA*) < NCcl(A). 
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iv) NCA” ¢ NCA*. 
v) NC(AUB)* = NCA* UNCB"., 
vi) NC(AAB)* (L) c NCA (L) 0 NCB" (L). 


vii) lCeL>NC(AU LS =NCH. 
viii) NCA*(L,r) is neutrosophic crisp closed set . 
Proof 


i) Since ACB, let p=({p},{p2},{p3}) € NCA" (L;) then 
AQU¢€L for every Ue N(p) . By hypothesis we get 


BOU€L, then p= ({pi}.P2} (P3}) € NB’ (L,). 

ii) Clearly. L; < Ly implies NCA*(Ly,7) c NCA"(L,,7) as 
there may be other IFSs which belong to L, so that for 
GIFP p=({p1}{p2}{p3}) € NCA (Z,) but P may not 


be contained in NC4*(L,). 
iii) Since {¢ N \ cL for any NCL on X, therefore by (11) 
and Example 3.1, NCA*(L)c NCA4* ({Oy })= NCcl(A) 
for any NCS A on X. Suppose 
P= ({PijtPo}tPs}) EN Cel(A (L,)). So for every 
U € NC(P,), NC(4*) AU # dy, there exists 
Py = ({q1}, {a2}, {a3}) ¢ NCA (L,)AU such that for every V 
NCNpp Of P2 € N(P;), ANU €L. Since UAV € N(p2) 
then AN(UAV)¢L which leads to AAU ¢ L, for every 
Ue N(P,) therefore P NCA (L ) and so 


Cela") < NCA While, the other inclusion follows di- 
rectly. Hence NC4* = NCci(NC4’) .But the inequali- 

ty NCA" < Nel(NC4’). 

iv) The inclusion NC4* U NCB* < NC(AUB)" fol- 
lows directly by (i). To show the other implication, let 

p <€NC(AUB) then for every U € NC(p), 

(AUB)OU €L,ie, (AQU)U(BOU)¢ L. then, we have 


two cases ANU ¢L and BOU EL or the converse, this 
means that exist U;,U> € N(P) such that 4NU, ¢L, 
BOU,€L, AQU,¢L and BOU, ¢L. Then 
AQ(U,AUz)eEL and BO(U,; AU2)e€L this gives 
(AUB)A(U, AUz)eEL, Uy AU> € N(C(P)) Which contra- 
dicts the hypothesis. Hence the equality holds in various 
cases. 
v1) By (iii), we have 
NCA* = NCcl(NCA")* € NCcl(NCA*) = NCA* 

Let (X,r) be a NCTS and L be NCL on X . Let us de- 
fine the neutrosophic crisp closure operator 
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NCcI*(A) = AUNC(4") for any NCS A of X. Clearly, let 


NCcI* (A) is aneutrosophic crisp operator. Let 
NCr*(L) be NCT generated by NCc/* 

ie NCr*(L)= {4 : NCcI*(A°) = ac} now 
L={¢y} => NCcI*(A)= AUNCA’ = AU NCcI(A) for eve- 
ry neutrosophic crisp set A. So, Nz* {4 ) =7 - Again 


L ={all NCSs on X} => NCcI*(A)= A, be- 


cause NCA” = oy , for every neutrosophic crisp set A so 
NCr (L) is the neutrosophic crisp discrete topology on X. 
So we can conclude by Theorem 4. 1.(i1). 
NCr*({py }) =NCr(L) ie. NCr<NCr”*, for any neutro- 
sophic ideal L, on X. In particular, we have for two topo- 
logical neutrosophic ideals L;, and L, on X, 
Ly CLy => NCr(L,)< NCr'(L) - 

4.3 Theorem 

Letz,,z7 be two neutrosophic crisp topologies on X. 


Then for any topological neutrosophic crisp ideal L on X, 
TT <T2 implies NA*(L,t)) € NA*(L,7) 5 for every AeL then 
NCt*, <NCt*, 

Proof 

Clear. 

A basis NCB(L,7r) for NCr*(L) can be described 
as follows: 

NCA(L,r) = {4-B: Ae1,BeL}. Then we have the fol- 
lowing theorem 

4.4 Theorem 

NCB(L,t)= {4-B:Aert,BeL} Forms a basis for 

the generated NT of the NCT(X,z) with topological neu- 
trosophic crisp ideal L on X. 

Proof 

Straight forward. 


The relationship between NCr and yc t*(L) estab- 
lished throughout the following result which have an im- 
mediately proof. 


4.5 Theorem 
Let 7;,72 be two neutrosophic crisp topologies on X. 


Then for any topological neutrosophic ideal L on X, 
T, © T7 implies NCt* | <NCt*,- 

4.6 Theorem 

Let (Be tT) be a NCTS and L),L, be two neutrosophic 


crisp ideals on X . Then for any neutrosophic crisp set A in 
X, we have 
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1) NCA (L, U Iy,t)= NCA'(L,,NCo*(Ly) \n C4 (Ly,NCr*(L)) ii) 


NCr* (Ly ULy) = (nec* (L, J a) A (ver* (1) (Ly) 
Proof 
Let p ¢(Z,ULy,z), this means that there exists 


U € NC(P) such that 44U, e(L; ULy)i-€. There exists 
¢,eL, and 0, €L, such that ANU e(¢,v 2) because of 


the heredity of Lj, and assuming /; A) = Oy .Thus we 
have(anu )-¢,=¢, and (4nu,)-t)=4, there- 
fore (U -¢;)AA=0,€L, 

and (U-¢,)\ A=, €L,. Hence p¢ NCA'(ty,NCr*(L,)} or 
P¢NCA& (1,,.NCr"(L )h because p must belong to either (, 
or £, but not to both. This gives 
NCA*(L, ULy, 1) = nea'(t,,NCe*(Ly) Ja NCA" (,.NCr*(L5)) : 
To show the second inclusion, let us as- 
sume P ¢ NCA" (1,,.nCe*(L, )h. This implies that there exist 
U eN(P) and £, €L, such that VU, =03)0A e L,- By the 
heredity of L,, if we assume that ¢5 C A and define 
€,=(U-£,)04 . Then we 
have ANU e€(¢,U5)eL, UL, . Thus, 
NCA‘ (Ly ULy,t)¢ NCH” (1,,.NCe*(L)) Ja NC4&" (:,,.NCr*(L)) 
and similarly, we can get NCA*(Ly ULy, 1) NCA‘ (t5,2°(L)) ). 


This gives the other inclusion, which complete the proof. 


4.1 Corollary 
.Let (Xx ,T) be a NCTS with topological neutrosophic 
crisp ideal L on X. Then 


i) NCA*‘(L,t) = NCA’(L,t*) and NCr*(L) = NC(NCr*(L))*(L) 


ii) NCr*(L, ULy) = (vec*(Zy)U(wer*tp)) 
Proof 
Follows by applying the previous statement. 
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Soft Neutrosophic Loops and Their Generalization 


Mumtaz Ali, Christopher Dyer, Muhammad Shabir, Florentin Smarandache 


Mumtaz Ali, Christopher Dyer, Muhammad Shabir, Florentin Smarandache (2014). Soft 
Neutrosophic Loops and Their Generalization. Neutrosophic Sets and Systems 4, 55-75 


Abstract. Soft set theory is a general mathematical tool 
for dealing with uncertain, fuzzy, not clearly defined ob- 
jects. In this paper we introduced soft neutrosophic 
loop,soft neutosophic biloop, soft neutrosophic NV -loop 
with the discuission of some of their characteristics. We 
also introduced a new type of soft neutrophic loop, the so 


called soft strong neutrosophic loop which is of pure neu- 
trosophic character. This notion also found in all the oth- 
er corresponding notions of soft neutrosophic thoery. We 
also given some of their properties of this newly born 
soft structure related to the strong part of neutrosophic 
theory. 


Keywords: Neutrosophic loop, neutrosophic biloop, neutrosophic N-loop, soft set, soft neutrosophic loop,soft neutrosophic biloop, 


soft neutrosophic N-loop. 
1 Introduction 


Florentin Smarandache for the first time intorduced the 
concept of neutrosophy in 1995, which is basically a new 
branch of philosophy which actually studies the origion, 
nature, and scope of neutralities. The neutrosophic logic 
came into being by neutrosophy. In neutrosophic logic 
each proposition is approximated to have the percentage of 
truth in a subset 7 , the percentage of indeterminacy in a 
subset J , and the percentage of falsity ina subset F’ . 
Neutrosophic logic is an extension of fuzzy logic. In fact 
the neutrosophic set is the generalization of classical set, 
fuzzy conventional set, intuitionistic fuzzy set, and interal 
valued fuzzy set. Neutrosophic logic is used to overcome 
the problems of imperciseness, indeterminate, and incon- 
sistentness of date etc. The theoy of neutrosophy is so ap- 
plicable to every field of agebra. W.B Vasantha Kan- 
dasamy and Florentin Smarandache introduced neutro- 
sophic fields, neutrosophic rings, neutrosophic vectorspac- 
es, neutrosophic groups, neutrosophic bigroups and neutro- 
sophic N -groups, neutrosophic semigroups, neutrosophic 
bisemigroups, and neutrsosophic N -semigroups, neutro- 
sophic loops, nuetrosophic biloops, and neutrosophic N - 
loops, and so on. Mumtaz ali et.al. introduced nuetosophic 
LA -semigoups. 


Molodtsov intorduced the theory of soft set. This mathe- 
matical tool is free from parameterization inadequacy, 
syndrome of fuzzy set theory, rough set theory, probability 
theory and so on. This theory has been applied successfully 
in many fields such as smoothness of functions, game the- 


ory, operation reaserch, Riemann integration, Perron inte- 
gration, and probability. Recently soft set theory attained 
much attention of the researchers since its appearance and 
the work based on several operations of soft set introduced 


in [2, 9,10] . Some properties and algebra may be found 
in [1] . Feng et.al. introduced soft semirings in [5] . By 


means of level soft sets an adjustable approach to fuzy soft 
set can be seen in [6] . Some other concepts together with 


fuzzy set and rough set were shown in [7, 8] : 


This paper is about to introduced soft nuetrosophic loop, 
soft neutrosphic biloop, and soft neutrosophic N -loop and 
the related strong or pure part of neutrosophy with the no- 
tions of soft set theory. In the proceeding section, we de- 
fine soft neutrosophic loop, soft neutrosophic strong loop, 
and some of their properties are discuissed. In the next sec- 
tion, soft neutrosophic biloop are presented with their 
strong neutrosophic part. Also in this section some of their 
characterization have been made. In the last section soft 
neutrosophic N -loop and their coresponding strong theo- 
ry have been constructed with some of their properties. 


2 Fundamental Concepts 

Neutrosophic Loop 

Definition 1. A neutrosophic loop is generated by a loop 
L and I denoted by (L Ul ) . A neutrosophic loop in 


general need not be a loop for J* = and J may not 
have an inverse but every element in a loop has an inverse. 
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Definition 2. Let Uh Ul ) be a neutrosophic loop. A 
proper subset (P U T) of os U 1} is called the neutro- 
sophic subloop, if LP Ul ) is itself a neutrosophic loop 


under the operations of (L Ul ) . 


Definition 3. Let (L Ul ) ,©) be aneutrosophic loop of 
finite order. A proper subset P of (L Ul ) is said to be 


Lagrange neutrosophic subloop, if P is a neutrosophic 
subloop under the operation ° and o(P)/o0 (L Ul ) 


Definition 4. If every neutrosophic subloop of (L Ul ) is 
Lagrange then we call G Ul ) to be a Lagrange neutro- 
sophic loop. 

Definition 5. If (L Ul ) has no Lagrange neutrosophic 


subloop then we call (L Ul ) to be a Lagrange free neu- 


trosophic loop. 


Definition 6. If (L Ul ) has atleast one Lagrange neutro- 
sophic subloop then we call es Ul ) to be a weakly La- 


grange neutrosophic loop. 


Neutrosophic Biloops 


Definition 6. Let ((B U I) ,*,,*,) be a non-empty neu- 


trosophic set with two binary operations *,,*,, (B Ul ) 


is a neutrosophic biloop if the following conditions are sat- 
isfied. 


1. (B U I) = P UP, where P and P, are proper 
subsets of (B U I) : 
2. (F,*,) is a neutrosophic loop. 


3. (P,,*,) isa group or a loop. 


Definition 7. Let ((B U I) ,*,,*,) be a neutrosophic bi- 
loop. A proper subset P of (B U I) is said to be a neu- 
trosophic subbiloop of (B Ul ) if (F,*,,*,) is itselfa 


neutrosophic biloop under the operations of (B UL ) : 
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Definition 8. Let B =(B, UB,, 
trosophic biloop. Let P = (P,UP,,*,,*,) be a neutro- 


sophic biloop. If o(P) / o(B) then we call P , a Lagrange 


neutrosophic subbiloop of B. 

Definition 9. If every neutrosophic subbiloop of B is La- 
grange then we call B to be a Lagrange neutrosophic bi- 
loop. 


1»*,) bea finite neu- 


Definition 10. If B has atleast one Lagrange neutrosophic 
subbiloop then we call B to be a weakly Lagrange neutro- 
sophic biloop. 


Definition 11. If B has no Lagrange neutrosophic subbi- 
loops then we call B to be a Lagrange free neutrosophic 
biloop. 


Neutrosophic N-loop 

Definition 12. Let 

S(B) = {S(B) YU S(B,) VU... S(B, soot 
be a non-empty neutrosophic set with N -binary opera- 
tions. S(B) isa neutrosophic N -loop if 

S(B) = S(B,)US(B,) VU... S(B,), S(B;) are 
proper subsets of S(B) for 1<i< N and some of 
S(B,) are neutrosophic loops and some of the S(B,) are 


2412 aye 


groups. 


Definition 13. Let 

S(B) = {S(B,)US(B,) V...U S(B, ),* 
be aneutrosophic WN -loop. A proper subset 
(P,*,,*55---5*y) of S(B) is said to be a neutrosophic 
sub N -loop of S(B) if P itself isa neutrosophic N - 
loop under the operations of S(B). 


Hass tys 


Definition 14. Let 
(L=L UL, v...ULy,*,* 


wo 5 55005) be a neutrosoph- 
ic N -loop of finite order. Suppose 'P is a proper subset 
of L,, which is a neutrosophic sub N -loop. If 
o(P)/o(L) then we call P a Lagrange neutrosophic 


sub WN -loop. 


Definition 15.If every neutrosophic sub N -loop is La- 
grange then we call L to be a Lagrange neutrosophic N - 
loop. 
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Definition 16. If L has atleast one Lagrange neutrosophic 
sub WN -loop then we call L to be a weakly Lagrange 
neutrosophic N -loop. 


Definition 17. If L has no Lagrange neutrosophic sub 
N -loop then we call L to be a Lagrange free neutrosoph- 
ic N -loop. 


Soft Sets 


Throughout this subsection U refers to an initial universe, 
E isaset of parameters, P(U) is the power set of U , 


and A,B C E.. Molodtsov defined the soft set in the 
following manner: 


Definition 7. A pair (F', A) is called a soft set over U 
where F isa mapping givenby F': A — P(U). 

In other words, a soft set over U is a parameterized fami- 
ly of subsets of the universe U .For a € A, F(a) 
may be considered as the set of a -elements of the soft set 
(F’, A) , oras the set of @ -approximate elements of the 
soft set. 


Example 1. Suppose that U is the set of shops. F is the 
set of parameters and each parameter is a word or sentence. 
Let 


hee rent,normal rent, | 


in good condition,in bad condition 


Let us consider a soft set (F’, A) which describes the at- 


tractiveness of shops that Mr. Z is taking on rent. Suppose 
that there are five houses in the universe 


Cf 41848, 83,84, Sey under consideration, and that 
A= 1G Ay, a. } be the set of parameters where 

@, stands for the parameter ‘high rent, 

GQ, stands for the parameter 'normal rent, 


Qs stands for the parameter 'in good condition. 


F(a,) —= {51,84} 
Fay) = {82,85}, 
ET Gs) 82} 


The soft set (F’, A) is an approximated family 
{F(a;),4 = 1,2, 3} of subsets of the set U which gives 


Suppose that 
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us a collection of approximate description of an object. 
Then (F : A) is a soft set as a collection of approxima- 


tions over U , where 


F(a,) = high rent= {s,,8,}, 
F(a) = normal rent= {s,,8;}, 


F(a,) = in good condition= {s,}. 


Definition 8. For two soft sets (F’, A) and (H,C) over 
U , (F, A) is called a soft subset of (H,C) if 

1 ACC and 

2. F(a) C H(a), forall x € A. 
This relationship is denoted by (F’, A) C (H,C). Simi- 
larly (F’, A) is called a soft superset of (H,C) if 
(H,C) isa soft subset of (F', A) which is denoted by 
(F, A) D (4,C). 


Definition 9. Two soft sets (F', A) and (H,C) over 
U are called soft equal if (F’, A) is a soft subset of 
(H,C) and (H,C) isa soft subset of (F’, A). 


Definition 10. Let (F', A) and (,C) be two soft sets 
over a common universe U such that ANC # ¢@. 
Then their restricted intersection is denoted by 

(FA) Np (K,C) = (A, D) where (H,D) is de- 
fined as H(c) = F(c)M K(c) forall 
c€D=ANC. 


Definition 11. The extended intersection of two soft sets 
(F’, A) and (K,C) over a common universe U is the 


soft set (H,D) , where D = AUC ,and forall 
c €C,, H(c) is defined as 


F(c) ifc Ee A-C, 
H(c) = K(c) ifceC SA; 
F(c) N K(c) ifc Ee ANC. 


We write (F’, A), (K,C) = (A,D). 


Definition 12. The restricted union of two soft sets 
(F’, A) and (K,C) over a common universe U is the 


soft set (H,D), where D = AUC ,and forall 
c €D, H(c) isdefinedas H(c) = F(c) U K(c) 
for all c € D . We write it as 
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(PA); (BC) = CHD): 


Definition 13. The extended union of two soft sets 
(F’, A) and (K,C) over a common universe U is the 


soft set (H,D), where D = AUC , and for all 
c€D, H(c) is defined as 


F(c) ifc Ee A-C, 
He) = K(c) if 66 GSA, 
F(c)U K(c) ifc CE ANC. 


We write (F’, A) U, (K,C) = (H,D). 
3 Soft Neutrosophic Loop 


Definition 14. Let (CE Ul ) be a neutrosophic loop and 
(F, A) be a soft set over (L Ly 1) . Then (F, A) is 
called soft neutrosophic loop if and only if F(a) is neu- 
trosophic subloop of (L Ul ) forall ae A. 


Example 2. Let (L U I) = (L,(4) U I) be a neutro- 
sophic loop where L,(4) is a loop. Then (F, A) is a soft 
neutrosophic loop over (ZU I), where 
F(a,) = {(e,el,2,21)}, F(a,) = {(e,3)t, 
F(a,) = {(e, el)}. 
Theorem 1. Every soft neutrosophic loop over (LU J) 
contains a soft loop over L. 


Proof. The proof is straightforward. 


Theorem 2. Let (F’, A) and (1, A) be two soft neutro- 
sophic loops over (L Ul ) . Then their intersection 

(F, A) A(Z, A) is again soft neutrosophic loop over 
(LUI). 


Proof. The proof is staightforward. 


Theorem 3. Let (F’, A) and (H/C) be two soft neutro- 
sophic loops over (L U I) If ANC=@, then 
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(F’, A) U(A,C) is a soft neutrosophic loop over 
(LUT), 

Remark 1. The extended union of two soft neutrosophic 
loops (F’, A) and (K,C) over (L U 1) is not a soft 
neutrosophic loop over (L Ul ) ; 


With the help of example we can easily check the above 
remark. 


Proposition 1. The extended intersection of two soft neu- 


trosophic loopps over (L Ul ) is a soft neutrosophic loop 
over (L Ul ) ; 


Remark 2. The restricted union of two soft neutrosophic 


loops (F’, A) and (K,C) over es U 1) is not a soft 


neutrosophic loop over (L Ul ) : 


One can easily check it by the help of example. 
Proposition 2. The restricted intersection of two soft neu- 
trosophic loops over eh Ul ) is a soft neutrosophic loop 
over (L Ul ) : 


Proposition 3. The AND operation of two soft neutro- 
sophic loops over Ch Ul ) is a soft neutrosophic loop 


over (LUI). 


Remark 3. The OR operation of two soft neutosophic 
loops over (ZL Ul ) may not be a soft nuetrosophic loop 


over (LUT). 


Definition 15. Let 

(L,(m) UT) = {e,1,2,...,.n, el, 11,21,...,nT} bea 
new class of neutrosophic loop and (F’, A) be a soft neu- 
trosophic loop over C8 (m)Ul ). Then (F’, A) is called 
soft new class neutrosophic loop if F(a) is a neutrosoph- 


ic subloop of (E, (m)U l) forallae A. 


Example 3. Let 
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(L,(3) UT) = {e,1,2,3,4,5, ef, UI, 27, 31,4, 51} be 
a new class of neutrosophic loop. Let 
A= {a,,d,,a;,4,,a;} be a set of parameters. Then 


(F, A) is soft new class neutrosophic loop over 
(L;(3) U 1) , where 
F(a,) = {e, el, 1,17}, F(a,) = {e,ef,2,2/}, 
F(a,;) = {e, el, 3,31}, F(a;) = {e,el,4,4/}, 
F(a,) = {e,el,5,5/}. 


Theorem 4. Every soft new class neutrosophic loop over 
(L, (m)Ul ) is a soft neutrosophic loop over 


CL, (m)Ul ) but the converse is not true. 


Proposition 4. Let (/’, A) and (K,C) be two soft new 
class neutrosophic loops over 8 (m)UT ). Then 


1) Their extended intersection (F’', A), (K,C) isa 
soft new class neutrosophic loop over ee (m)UT y 
2) Their restricted intersection (F’, A) Ap (K,C) isa 


soft new classes neutrosophic loop over 
(L,(m) UT). 
3) Their AND operation (F', A) A(K,C) isa soft 


new class neutrosophic loop over (Li (m)Ul ,, 


Remark 4. Let (/’, A) and (K,C) be two soft new class 
neutrosophic loops over (L, (m)Ul ys Then 


1) Their extended union (F’, A) U, (K,C) is not a soft 
new class neutrosophic loop over (L, (m)UTl )- 

2) Their restricted union (F’, A) Up (K,C) is nota 
soft new class neutrosophic loop over (Z (m)Ul ie 

3) Their OR operation (F’, A) Vv (K,C) is nota soft 
new class neutrosophic loop over (: (m)UT y 


One can easily verify (1),(2), and (3) by the help of ex- 
amples. 


Definition 16. Let (F’, A) be a soft neutrosophic loop 
over (LU 1). Then (F,, A) is called the identity soft 
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neutrosophic loop over 9 Ul ) if F(a) = {e} for all 


aeéA, where @ is the identity element of (L U I) 


Definition 17. Let (F’, A) be a soft neutrosophic loop 
over (L UL ) . Then (F’, A) is called an absolute soft 
neutrosophic loop over (L U 1) if F(a) = (Zi U I) for 
all ae A. 


Definition 18. Let (F’, A) and (H,C) be two soft neu- 
trosophic loops over (L ors ) .Then (H,C) is callsed 
soft neutrosophic subloop of (F’, A), if 


1 CCA. 
2. H(a) is aneutrosophic subloop of F(a) for all 
aeAd. 


Example 4. Consider the neutrosophic loop 


(L(2)OT) = {e,1;2,3,4;..415,e1,11,21,.:., 140,151} 


of order 32. Let A= {a,,a,,a,} bea set of parameters. 
Then (F, A) is a soft neutrosophic loop over 
(Lig(2) tL 1) , where 


F(a,) = {e,2,5,8,11,14, ef, 2/,5/,87,117,14/}, 
F(a,) = {e,2,5,8, 11,14}, 
F(a,) = {e,3, ef, 31}. 


Thus (/7,C) is a soft neutrosophic subloop of (F’, A) 
over (L,;(2) U 1) , where 


H(a,) = {e,el,21,5.,8L, 11114), 
H(a,) = {e,3}. 


Theorem 5. Every soft loop over L is a soft neutrosophic 
subloop over (L UL ) P 


Definition 19. Let Cb Ul ) be a neutrosophic loop and 
(F, A) be a soft set over (L U 1) .Then (F, A) is 
called soft normal neutrosophic loop if and only if F(a) 
is normal neutrosophic subloop of (L Ul ) for all 
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aed. 
Example 5. Let 
(L,(3) U1) = {e,1,2,3,4,5, ef, 1,21, 31,41,51} be 
a neutrosophic loop. Let A = {a,,a,,a,} be a set of pa- 
rameters. Then clearly (’, A) is soft normal neutrosoph- 
ic loop over (L,(3) Ul ) , where 
F(a,) = fe, el, 1,17}, F(a,) = fe, el, 2,2]}, 
F(a,) = {e, el, 3,30}. 


Theorem 6. Every soft normal neutrosophic loop over 
(L Ul ) is a soft neutrosophic loop over (L Ul ) but 


the converse is not true. 


Proposition 5. Let (F’, A) and (K,C) be two soft nor- 
mal neutrosophic loops over (L Ul ) . Then 


1. Their extended intersection (F’, A) 4, (K,C) 
is a soft normal neutrosophic loop over (L Ul ) . 
2. Their restricted intersection (F’, A) Np (K,C) 
is a soft normal neutrosophic loop over (L Ul ) ; 
3. Their AND operation (F', A) A(K,C) isa 


soft normal neutrosophic loop over (L Ul ) : 


Remark 5. Let (/’, A) and (K,C) be two soft normal 
neutrosophic loops over (L Ul ) . Then 


1. Their extended union (F', A) U, (K,C) is nota 
soft normal neutrosophic loop over (L Ul ) : 

2. Their restricted union (F’, A) U, (K,C) is not 
a soft normal neutrosophic loop over (L Ul ) 

3. Their OR operation (F’, A) V(K,C) is nota 


soft normal neutrosophic loop over (L Ul ) 


One can easily verify (1),(2), and (3) by the help of ex- 


amples. 


Definition 20. Let 5 Ul ) be a neutrosophic loop and 
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(F’, A) be a soft neutrosophic loop over L CEE ) . Then 
(F, A) is called soft Lagrange neutrosophic loop if 
F(a) isa Lagrange neutrosophic subloop of (L Ul ) 


forall ac A. 


Example 6. In Example (1), (/’, A) is a soft Lagrange 
neutrosophic loop over (L Ul ) : 


Theorem 7. Every soft Lagrange neutrosophic loop over 
(L Ul ) is a soft neutrosophic loop over (L Ul ) but 


the converse is not true. 


Theorem 8. If cE Ul ) is a Lagrange neutrosophic loop, 


then (F’, A) over (E U I) is a soft Lagrange neutro- 


sophic loop but the converse is not true. 


Remark 6. Let (/’, A) and (K,C) be two soft La- 
grange neutrosophic loops over 2 Ul ) . Then 


1. Their extended intersection (F’, A) ON, (K,C) 
is not a soft Lagrange neutrosophic loop over 
(LUI). 
Their restricted intersection (F', A) A, (K,C) 
is not a soft Lagrange neutrosophic loop over 
(Lud). 
3. Their AND operation (F', A) A(K,C) is not 
a soft Lagrange neutrosophic loop over (L Ul ) 
4. Their extended union (F’, A) U, (K,C) is nota 
soft Lagrnage neutrosophic loop over (L Ul ) 
5. Their restricted union (F', A) U, (K,C) is not 
a soft Lagrange neutrosophic loop over (L Ul ) ; 
6. Their OR operation (F’, A) V(K,C) is nota 
soft Lagrange neutrosophic loop over (L Ul ) 


One can easily verify (1),(2),(3), (4), (5) and (6) by 
the help of examples. 


Definition 21. Let (L Ul ) be a neutrosophic loop and 
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(F, A) be a soft neutrosophic loop over CE Ul ) . Then 
(F, A) is called soft weak Lagrange neutrosophic loop if 


atleast one F'(a@) is not a Lagrange neutrosophic subloop 


of (LUT) for some aE A. 


Example 7. Consider the neutrosophic loop 
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a soft weak Lagrange neutrosophic loop over 
LT). 

6. Their OR operation (F’,A)V(K,C) is nota 
soft weak Lagrange neutrosophic loop over 


(EOD) 


One can easily verify (1), (2), (3), (4), (5) and (6) by 


(hgl2) G1) = 121,2,3)4,4515 ef 10, 27.142 15 1)te help of examples, 


of order 32 . Let A= {a,,a,,a,} be a set of parameters. 
Then (F, A) is a soft weakly Lagrange neutrosophic 
loop over (E(2) U 1) , where 


F(a,) = {e,2,5,8,11,14, ef, 2/7, 5/7, 87,117,147}, 
F(a,)= {e,2,5,8,11,14}, 
F(a,) = {e,3,el,3/}. 


Theorem 9. Every soft weak Lagrange neutrosophic loop 
over (L Ul ) is a soft neutrosophic loop over (L Ul ) 


but the converse is not true. 


Theorem 10. If (L Ul ) is weak Lagrange neutrosophic 
loop, then (F’, A) over (L U I) is also soft weak La- 


grange neutrosophic loop but the converse is not true. 


Remark 7. Let (/’, A) and (K,C) be two soft weak 
Lagrange neutrosophic loops over (L Ul ) . Then 


1. Their extended intersection (F’, A) ON, (K,C) 
is not a soft weak Lagrange neutrosophic loop 


over (L Ul ) 
2. Their restricted intersection (F’, A) ON, (K,C) 


is not a soft weak Lagrange neutrosophic loop 


over (L Ul ) 

3. Their AND operation (F', A) A(K,C) is not 
a soft weak Lagrange neutrosophic loop over 
(LOT). 

4. Their extended union (F’, A) U, (K,C) is nota 
soft weak Lagrnage neutrosophic loop over 
(LUI). 

5. Their restricted union (F’, A) Up (K,C) is not 


Definition 22. Let (L Ul ) be a neutrosophic loop and 
(F’, A) bea soft neutrosophic loop over (L Ul ) . Then 
(F’,A) is called soft Lagrange free neutrosophic loop if 


F°(Q) is not a lagrange neutrosophic subloop of (L Ul ) 
forall ae A. 


Theorem 11. Every soft Lagrange free neutrosophic loop 
over (L Ul ) is a soft neutrosophic loop over (L Ul ) 


but the converse is not true. 


Theorem 12. If (L U I) is a Lagrange free neutrosophic 
loop, then (F’, A) over CE U 1) is also a soft Lagrange 


free neutrosophic loop but the converse is not true. 


Remark 8. Let (F’, A) and (K,C) be two soft Lagrange 
free neutrosophic loops over (L Ul ) . Then 


1. Their extended intersection (F’, A) 4, (K,C) 
is not a soft Lagrange soft neutrosophic loop over 
(LUI). 

2. Their restricted intersection (F’, A) Np, (K,C) 
is not a soft Lagrange soft neutrosophic loop over 
(Lod), 

3. Their AND operation (F', A) A(K,C) is not 
a soft Lagrange free neutrosophic loop over 
(Lut). 

4. Their extended union (F', A) U, (K,C) is nota 
soft Lagrnage soft neutrosophic loop over 
(LUI). 

5. Their restricted union (F', A) Up (K,C) is not 


a soft Lagrange free neutrosophic loop over 


EIT 
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6. Their OR operation (F’, A) V(K,C) is nota 
soft Lagrange free neutrosophic loop over 


(LUI). 


One can easily verify (1),(2),(3), (4), (5) and (6) by 
the help of examples. 


4 Soft Neutrosophic Strong Loop 


Definition 23. Let (L Ul ) be a neutrosophic loop and 
(F, A) be a soft set over (L U l) . Then (F, A) is 
called soft neutrosophic strong loop if and only if F(a) is 
a strong neutrosophic subloop of (L Ul ) forall ae A. 


Proposition 6. Let (F', A) and (K,C) be two soft neu- 
trosophic strong loops over (L Ul ) . Then 


1. Their extended intersection (F’, A) O, (K,C) 
is a soft neutrosophic strong loop over (L Ul ) ; 

2. Their restricted intersection (/’, A) Np (K,C) 
is a soft neutrosophic strong loop over (L Ul ) 

3. Their AND operation (F’, A) A(K,C) isa 
soft neutrosophic strong loop over (L Ul ) : 


Remark 9. Let (F’, A) and (K,C) be two soft neutro- 
sophic strong loops over (L Ul ) . Then 


1. Their extended union (F’, A) U, (K,C) is nota 
soft neutrosophic strong loop over (L Ul ) : 

2. Their restricted union (/’, A) Up (K,C) is not 
a soft neutrosophic strong loop over (L Ul ) ; 

3. Their OR operation (F’, A) Vv (K,C) is nota 
soft neutrosophic strong loop over (L Ul ) . 


One can easily verify (1),(2), and (3) by the help of ex- 
amples. 


Definition 24. Let (F’, A) and (H,C) be two soft neu- 
trosophic strong loops over (L ee ) .Then (H,C) is 
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called soft neutrosophic strong subloop of (F’, A), if 
i Ce A. 
2. H(a) is aneutrosophic strong subloop of F(a) 
forallae A. 


Definition 25. Let (L Ul ) be a neutrosophic strong loop 
and (F,, A) be a soft neutrosophic loop over (L Ul ) 
Then (F’, A) is called soft Lagrange neutrosophic strong 
loop if F(a) is a Lagrange neutrosophic strong subloop 
of (LUT) forall ae A. 


Theorem 13. Every soft Lagrange neutrosophic strong 


loop over (L Ul ) is a soft neutrosophic loop over 


i Ul ) but the converse is not true. 


Theorem 14. If es U 1) is a Lagrange neutrosophic 
strong loop, then (F’, A) over (L U 1) is a soft La- 


grange neutrosophic loop but the converse is not true. 


Remark 10. Let (F', A) and (K,C) be two soft La- 
grange neutrosophic strong loops over (L Ul ) . Then 


1. Their extended intersection (F’, A) ON, (K,C) 
is not a soft Lagrange neutrosophic strong loop 


over (L Ul ) 
2. Their restricted intersection (’, A) A, (K,C) 


is not a soft Lagrange strong neutrosophic loop 


over (L Ul ) 

3. Their AND operation (F', A) A(K,C) is not 
a soft Lagrange neutrosophic strong loop over 
(od), 

4. Their extended union (F’, A) U, (K,C) is nota 
soft Lagrnage neutrosophic strong loop over 
(LUI). 

5. Their restricted union (F', A) U, (K,C) is not 
a soft Lagrange neutrosophic strong loop over 
(Lul). 

6. Their OR operation (F’, A) V(K,C) is nota 


soft Lagrange neutrosophic strong loop over 
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(LAST): 


One can easily verify (1),(2),(3), (4), (5) and (6) by 
the help of examples. 


Definition 26. Let (L Ul ) be a neutrosophic strong 
loop and (F’, A) be a soft neutrosophic loop over 

(L Ul ) . Then (F,, A) is called soft weak Lagrange neu- 
trosophic strong loop if atleast one F'(@) is not a La- 
grange neutrosophic strong subloop of (L Ul ) for some 


acAd. 


Theorem 15. Every soft weak Lagrange neutrosophic 


strong loop over (L Ul ) is a soft neutrosophic loop over 


(L Ul ) but the converse is not true. 


Theorem 16. If (L Ul ) is weak Lagrange neutrosophic 
strong loop, then (F’, A) over (L Ul ) is also soft weak 


Lagrange neutrosophic strong loop but the converse is not 
true. 

Remark 11. Let (F', A) and (K,C) be two soft weak 
Lagrange neutrosophic strong loops over (L Ul ) . Then 


1. Their extended intersection (F’, A) O, (K,C) 
is not a soft weak Lagrange neutrosophic strong 


loop over (L U 1) ; 
2. Their restricted intersection (F’, A) ON, (K,C) 


is not a soft weak Lagrange neutrosophic strong 
loop over CL Ul ) : 


3. Their AND operation (F, A) A(K,C) is not 
a soft weak Lagrange neutrosophic strong loop 


over (L U I) 
4. Their extended union (F’, A) U, (K,C) is nota 


soft weak Lagrnage neutrosophic strong loop over 
(LUI). 
5. Their restricted union (F’, A) Up (K,C) is not 


a soft weak Lagrange neutrosophic strong loop 


over (L Ul ) 
6. Their OR operation (/’, A) Vv (K,C) is nota 


soft weak Lagrange neutrosophic strong loop over 
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(LUI). 


One can easily verify (1), (2), (3), (4), (5) and (6) by 
the help of examples. 


Definition 27. Let (L Ul ) be a neutrosophic strong 
loop and (F’, A) be a soft neutrosophic loop over 

(L Ul ) . Then (F’, A) is called soft Lagrange free neu- 
trosophic strong loop if F(a) is not a lagrange neutro- 


sophic strong subloop of (E Ul ) forallae A. 


Theorem 17. Every soft Lagrange free neutrosophic strong 


loop over (L UL ) is a soft neutrosophic loop over 


(L Ul ) but the converse is not true. 


Theorem 18. If (L Ul ) is a Lagrange free neutrosophic 
strong loop, then (F’, A) over (L U T) is also a soft La- 


grange free neutrosophic strong loop but the converse is 
not true. 


Remark 12. Let (F’, A) and (K,C) be two soft La- 


grange free neutrosophic strong loops over (L Ul ) ; 
Then 


1. Their extended intersection (F’, A) 4, (K,C) 
is not a soft Lagrange free neutrosophic strong 
loop over (L U I) : 


2. Their restricted intersection (F’, A) Np (K,C) 
is not a soft Lagrange free neutrosophic strong 
loop over (L U E) . 


3. Their AND operation (F', A) A(K,C) is not 
a soft Lagrange free neutrosophic strong loop 


over (L Ul ) 
4. Their extended union (F', A) U, (K,C) is nota 


soft Lagrnage free strong neutrosophic strong 
loop over (L U I) : 

5. Their restricted union (F', A) U, (K,C) is not 
a soft Lagrange free neutrosophic loop over 
(LUI). 

6. Their OR operation (F’, A) V(K,C) is nota 


soft Lagrange free neutrosophic strong loop over 
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(LUI). 


One can easily verify (1),(2),(3), (4), (5) and (6) by 
the help of examples. 


Soft Neutrosophic Biloop 


Definition 27. Let (B U I) ,*,,*,) be a neutrosophic 
biloop and (F’, A) be a soft set over ((B 1) I), * #5). 


Then (F’, A) is called soft neutrosophic biloop if and only 
if F(a) is a neutrosophic subbiloop of 


(BUI), *,,*5) forallae A. 


Example 8. Let 
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is a soft neutrosophic biloop over 
((BUT),*,,*)): 

2. Their restricted intersection (F’, A) ON, (K,C) 
is a soft neutrosophic biloop over 
((BUT),*,,*)). 

3. Their AND operation (F’, A) A(K,C) isa 
soft neutrosophic biloop over ((B Ul ) »*,*,)- 


Remark 13. Let (F’, A) and (K,C) be two soft neutro- 
sophic biloops over ((B U I) ,*,,*,). Then 


1. Their extended union (F’, A) U, (K,C) is nota 


soft neutrosophic biloop over ((B Ul ) »*,,%>)- 


gl = 
((B Y t) 5%) = (Ce, L2,3,4,5, ef, 1,21, 31,41, 515 1S: & thePrestricted union (F’, A) U, (K,C) is not 


be a neutrosophic biloop. Let A = {a,,a,} bea set of 
parameters. Then (F’, A) is clearly soft neutrosophic bi- 
loop over ((B U if) ,*,,*,), where 


F(a,)= {e,2, e121} U{g’, 2", e}, 

F(a,) = {e,3,e1,31} U {g’, e}. 
Theorem 19. Let (F’, A) and (H, A) be two soft neu- 
trosophic biloops over ((B Ul ) ,*,,*,). Then their in- 
tersection (F’, A) O(H, A) is again a soft neutrosophic 
biloop over ((B U Ly *,*,). 


Proof. Straightforward. 


Theorem 20. Let (F’, A) and (H,C) be two soft neu- 
trosophic biloops over ((B out ) ,*,,*,) such that 


AMC = @. Then their union is soft neutrosophic biloop 
over (B U T),*,, *,). 


Proof. Straightforward. 


Proposition 7. Let (F’, A) and (K,C) be two soft neu- 
trosophic biloops over ((B U 1) ,*,,*)). Then 


1. Their extended intersection (F’, A) O, (K,C) 


a soft neutrosophic biloop over 
((BU1),*,,%). 

3. Their OR operation (F, A) V(K,C) is nota 
soft neutrosophic biloop over ((B Ul ) »*,5*,). 


One can easily verify (1),(2), and (3) by the help of ex- 
amples. 


Definition 28. Let B = ((L,(m) UI) U B,,*,,*,) bea 
new class neutrosophic biloop and (F’, A) be a soft set 
over B= ((L,,(m) UT) U B,,*,,*,). Then 

B= (ee, (m)U I) U B,,*,,*,) is called soft new class 
neutrosophic subbiloop if and only if F(a) is a neutro- 
sophic subbiloop of B= coas (m)U I) U B,,*,,*,) 
forall ae A. 


Example 9. Let B = (B, UB,,*,,*,) be a new class 
neutrosophic biloop, where 

B, =(L,(3) VU) = {e,1,2,3,4,5, e1,27,31,41,51 
be a new class of neutrosophic loop and 

B, ={g: 2" =e} isa group. 

{e, el, 1,17} U {1, 2°, 

(201, 2,210 41,8." 2°58". 8- hs 

Neel 3531) (ULL 2Ue 2} 
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{e,el,4, 47; U {1,97,2°} are neutrosophic subloops 
of B Let A= {d,,4,A;,a,} be a set of parameters. 
Then (F’, A) is soft new class neutrosophic biloop over 
B , where 

F(a,) = fe, el, 1,1} v fe, 2°, 

F(a,)= {e,e1,2,2} U {e,2',8°,8°.8 8 3, 

F(a;) = {e,el,3,31} Ufe, 2°, 2°,2°%, 

F(a,) = {e, el, 4,41} V fe, g7, 2°}. 


Theorem 21. Every soft new class neutrosophic biloop 
over B= «z. (m)U I) U B,,*,,*,) is trivially a soft 


neutrosophic biloop over but the converse is not true. 


Proposition 8. Let (F’, A) and (K,C) be two soft new 
class neutrosophic biloops over 


B=((L,(m) UI) UB,,*,,*)). Then 


1. Their extended intersection (F’, A) O, (K,C) 
is a soft new class neutrosophic biloop over 
B=((L,(m) UI) UB,,*,,*)): 

2. Their restricted intersection (F’, A) O, (K,C) 
is a soft new class neutrosophic biloop over 
B=((L,(m) UL) UB,,*,,*))- 

3. Their AND operation (F', A) A(K,C) isa 
soft new class neutrosophic biloop over 


B=((L,(m) UI) UB,,*,,*)): 


Remark 14. Let (F’, A) and (K,C) be two soft new 
class neutrosophic biloops over 


B=((L,(m) UI) UB,,*,,*)). Then 


1. Their extended union (F', A) U, (K,C) is nota 
soft new class neutrosophic biloop over 
B=((L,(m) UI) UB,,*,,*)): 

2. Their restricted union (F', A) U, (K,C) is not 
a soft new class neutrosophic biloop over 
B=((L,(m) UL) UB,,*,,*))- 

3. Their OR operation (F', A) v(K,C) is not a 
soft new class neutrosophic biloop over 


B=((L,(m) UI) UB,,*,,%). 
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One can easily verify (1),(2), and (3) by the help of ex- 
amples. 


Definition 29. Let (F’, A) bea soft neutrosophic biloop 
over B= ((B, U TO B,,*,,*)) .Then (F, A) is 
called the identity soft neutrosophic biloop over 

B=((B, VUI)UB,,*,,*) if F(a) = {@,,6} forall 
a € A, where €,,@, are the identities of 


B= ((B, U ra UB,,*,,*,) respectively. 


Definition 30. Let (F’, A) be a soft neutrosophic biloop 
over B= ((B, UT) UB,,*,,*,). Then (F, A) is 
called an absolute-soft neutrosophic biloop over 


B=((B, UI)UB,,*,,*)) if 
F(a) =((B, UI) UB,,*,,*,) forall a eA. 
Definition 31. Let (F', A) and (HC) be two soft neu- 


trosophic biloops over B = ((B, U T) UB, ,*1,*,)- 
Then (H,C) is called soft neutrosophic subbiloop of 


(F, A), if 
1 CCA, 
2. H(a) is aneutrosophic subbiloop of F(a) for 
alae A. 


Example 10. Let B =(B, UB,,*,,*,) be a neutrosoph- 
ic biloop, where 

BH GB)Vl) =461,2,3,4,5,e1, 21,31, AT Si 
be a new class of neutrosophic loop and 

B, ={g:g' =e} isa group. Let A= {a,,d,,a;,a,} 
be a set of parameters. Then (F’, A) is soft neutrosophic 
biloop over B , where 


F(a,) = {e,el,1, U3 U fe, 2°, 

F(a,) = {e,el,2,2 Ufe,g.8°.2.8 58 4, 
F(a,) = fe, el, 3,31} U {e,2°,2°,2°}, 

F(a,) = {e,el,4,41} VU fe, g7,2°}. 


Then (HC) is soft neutrosophic subbiloop of (F’, A), 
where 
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H(a,) = {e,2) VU {e,g°}, 
H(a,) = {e,el,3,32} VU fe, 2°}. 


Definition 32. Let ((B U I) ,*,,*,) be a neutrosophic 
biloop and (F’, A) be a soft set over ((B U Ly, *,*,). 
Then (F’, A) is called soft Lagrange neutrosophic biloop 
if and only if F(a) is Lagrange neutrosophic subbiloop 
of ((B UT), 5%) forallae A. 


Example 11. Let B = (B,U B,,*,,*,) be a neutrosophic 
biloop of order 20, where B, = (L;(3) So) I) and 

B, = {g: ie =e}. Then clearly (F, A) is a soft La- 
grange soft neutrosophic biloop over ((B Ul ) »¥i5*)s 


where 


F(a,) = {e, el, 2,21} vu {e}, 
F(a,) = {e, el, 3,32} VU {e}. 


Theorem 22. Every soft Lagrange neutrosophic biloop 
over B= ((B, U I) U B,,*,,*,) is a soft neutrosophic 


biloop but the converse is not true. 


Remark 15. Let (/’, A) and (K,C) be two soft La- 
grange neutrosophic biloops over 


B=((B, UI)UB,,*,,*)). Then 


1. Their extended intersection (F’, A) O, (K,C) 
is not a soft Lagrange neutrosophic biloop over 
B=((B, UI)UB,,*,%). 

2. Their restricted intersection (/’, A) Np (K,C) 
is not a soft Lagrange neutrosophic biloop over 
B=((B, UI)UB,,*,,%). 

3. Their AND operation (F', A) A(K,C) is not 
a soft Lagrange neutrosophic biloop over 
B=((B, UI)UB,,*,,%). 

4. Their extended union (F’, A) U, (K,C) is nota 
soft Lagrnage neutrosophic biloop over 
B= ((B, UI) By, *,%): 

5. Their restricted union (F', A) Up (K,C) is not 


a soft Lagrange neutrosophic biloop over 
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B=((B, UI)UB,,*,*)). 
6. Their OR operation (F', A) vV(K,C) is nota 
soft Lagrange neutrosophic biloop over 


B=((B, UI) UB,,*,,%). 


One can easily verify (1),(2),(3),(4),(5) and (6) by 
the help of examples. 


Definition 33. Let ((B U 1) ,*,,*,) be a neutrosophic 
biloop and (F’, A) be a soft set over ((B e Ly *,*,). 


Then (F’, A) is called soft weakly Lagrange neutrosophic 
biloop if atleast one F'(@) is not a Lagrange neutrosophic 


subbiloop of ((B U T),*,,*,) forsome ae A. 


Example 12. Let B = (B,U B,,*,,*,) be a neutrosophic 
biloop of order 20, where B, = (L;(3) U I) and 

B, ={g: 9° =e}. Thenclearly (F, A) is a soft weak- 
ly Lagrange neutrosophic biloop over ((B Ul ) 5*15%)5 


where 


F(a,) = {e, el, 2,21} v {e}, 
F(a,) = fe, el, 3,31} U fe, 2°}. 


Theorem 23. Every soft weakly Lagrange neutrosophic bi- 
loop over B= ((B, U iS) U B,,*,,*,) is a soft neutro- 


sophic biloop but the converse is not true. 


Theorem 24. If B= ((B, U it) UB,,*,,*,) isa weakly 


Lagrange neutrosophic biloop, then (F’, A) over B is al- 


so soft weakly Lagrange neutrosophic biloop but the con- 
verse is not holds. 


Remark 16. Let (F’, A) and (K,C) be two soft weakly 
Lagrange neutrosophic biloops over 


B=((B,UI)UB,,*,,*,). Then 


1. Their extended intersection (F’, A) O, (K,C) 
is not a soft weakly Lagrange neutrosophic biloop 


over B= ((B, U I) UB, ,*:,*,)- 
2. Their restricted intersection (F’, A) ON, (K,C) 
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is not a soft weakly Lagrange neutrosophic biloop 
over B= ((B, UT) U B,.*5*,)- 

3. Their AND operation (F’, A) A(K,C) is not 
a soft weakly Lagrange neutrosophic biloop over 
B=((B,UI)UB,,*,*)). 

4. Their extended union (F’, A) U, (K,C) is nota 
soft weakly Lagrnage neutrosophic biloop over 
B=((B,UI)UB,,*,*,). 

5. Their restricted union (F’, A) U, (K,C) is not 
a soft weakly Lagrange neutrosophic biloop over 
B=((B,UI)UB,,*,%). 

6. Their OR operation (F', A) v(K,C) is not a 
soft weakly Lagrange neutrosophic biloop over 


B=((B,UI)UB,,*,*,). 


One can easily verify (1),(2),(3), (4), (5) and (6) by 
the help of examples. 


Definition 34. Let ((B U I) ,*,,*,) be a neutrosophic 


biloop and (F’, A) be a soft set over (B U 1) 5 #1, *>). 
Then (F’, A) is called soft Lagrange free neutrosophic bi- 
loop if and only if F(a) is not a Lagrange neutrosophic 
subbiloop of ((B U T),*,, *,) forallae A. 


Example 13. Let B = (B,U B,,*,,*,) be a neutrosophic 
biloop of order 20, where B, = (L;(3) U I) and 
B, ={g: 2 =e}. Then clearly (F’, A) is a soft La- 
grange free neutrosophic biloop over (B UL ) »¥5*). 
where 

F(a,) = {¢,eL,2,29 V{e,g",8°,8°}, 

F(a,) = {e, el, 3,31} U {e,g"}. 


Theorem 25. Every soft Lagrange free neutrosophic bi- 
loop over B= ((B, tw is) U B,,*,,*,) is a soft neutro- 
sophic biloop but the converse is not true. 

Theorem 26. If B =((B, UI) UB,,*,,*,) isa La- 
grange free neutrosophic biloop, then (F’, A) over B is 


also soft Lagrange free neutrosophic biloop but the con- 
verse is not holds. 
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Remark 17. Let (/’, A) and (K,C) be two soft La- 
grange free neutrosophic biloops over 


B=((B, UI)UB,,*,,*)). Then 


1. Their extended intersection (F’, A) O, (K,C) 
is not a soft Lagrange free neutrosophic biloop 
over B= ((B, U I) U Ba. *5)- 

2. Their restricted intersection (F’, A) AN, (K,C) 
is not a soft Lagrange free neutrosophic biloop 
over B= ((B, U I) UB. *15*5)- 

3. Their AND operation (F’, A) A(K,C) is not 
a soft Lagrange free neutrosophic biloop over 
B=((B,UI)UB,,*,,*)). 

4. Their extended union (F', A) U, (K,C) is nota 
soft Lagrnage free neutrosophic biloop over 
B=((B, UI)UB,,*,%). 

5. Their restricted union (F', A) Up (K,C) is not 
a soft Lagrange free neutrosophic biloop over 
B=((B,VI)UB,,*,,%). 

6. Their OR operation (F', A) Vv (K,C) is nota 
soft Lagrange free neutrosophic biloop over 


B=((B, UI)UB,,*,,%). 


One can easily verify (1), (2), (3),(4),(5) and (6) by 
the help of examples. 


Soft Neutrosophic Strong Biloop 


Definition 35. Let B = (B, U B,,*,,*,) be a neutro- 
sophic biloop where B, is a neutrosopphic biloop and B, 


is a neutrosophic group and (F,A) be soft set over B. 
Then (F’, A) over B is called soft neutrosophic strong 


biloop if and only if F(a) is a neutrosopchic strong sub- 
biloop of B forall ae A. 


Example 14. Let B = (B, UB,,*,,*,) where 

B,= (L, (2)U I) is a neutrosophic loop and 

B, = {0,1,2,3,4,,11,21,31L,41} under multiplication 
modulo 5 isa neutrosophic group. Let A = {a,,a,}bea 


set of parameters. Then (F’, A) is soft neutrosophic strong 
biloop over B , where 
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F(a) = {e,2,e1,2 4, 1,40}, 
F(a,) = {e,3,e1, 33 UfL,L41}. 


Theorem 27. Every soft neutrosophic strong biloop over 
B=(B, VB,,*,,*,) is a soft neutrosophic biloop but 


the converse is not true. 


Theorem 28. If B = (B, UB,,*,,*,) is a neutrosophic 


strong biloop, then (F’, A) over B is also soft neutro- 
sophic strong biloop but the converse is not holds. 


Proposition 9. Let (F’, A) and (K,C) be two soft neu- 
trosophic strong biloops over B = (B, U B,,*,,*,). 
Then 


1. Their extended intersection (F’, A) ON, (K,C) 
is a soft neutrosophic strong biloop over 
B=(B, VB,,*,,*,). 

2. Their restricted intersection (F’, A) A, (K,C) 
is a soft neutrosophic strong biloop over 
B=(B, VB,,*,,*,). 

3. Their AND operation (F', A) A(K,C) isa 
soft neutrosophic strong biloop over 


B=(B, VB,,*,,*,). 


Remark 18. Let (/’, A) and (K, B) be two soft neutro- 
sophic strong biloops over B = (B, U B,,*,,*,). Then 


1. Their extended union (F’, A) U, (K,C) is nota 


soft neutrosophic strong biloop over 


B=(B, VB,,*,,*,). 


2. Their restricted union (F’, A) Up (K,C) is not 


a soft neutrosophic strong biloop over 
B= (B U B,,*,,*)). 

3. Their OR operation (F', A) v(K,C) is nota 
soft neutrosophic strong biloop over 


B=(B, VB,,*,,*,). 


One can easily verify (1),(2), and (3) by the help of ex- 
amples. 
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Definition 36. Let (F’, A) and (H/,C) be two soft neu- 
trosophic strong biloops over B = (B, U B,,*,,*,). 
Then (H,C) is called soft neutrosophic strong subbiloop 
of (F, A), if 
3. CCA. 
4. H(a) isaneutrosophic strong subbiloop of 
F(a) forallae A. 


Definition 37. Let B = (B, U B,,*,,*,) be a neutro- 
sophic biloop and (F’, A) be a soft set over 

B=(B, VB,,*,,*,). Then (F, A) is called soft La- 
grange neutrosophic strong biloop if and only if F(a) isa 


Lagrange neutrosophic strong subbiloop of 
B=(B, VB,,*,,*,) forallae A. 


Theorem 29. Every soft Lagrange neutrosophic strong bi- 
loop over B = (B, UB,,*,,*,) is a soft neutrosophic bi- 


loop but the converse is not true. 


Remark 19. Let (F’, A) and (K,C) be two soft La- 
grange neutrosophic strong biloops over 
B=(B, VB,,*,,*,). Then 


1. Their extended intersection (F’, A) O, (K,C) 
is not a soft Lagrange neutrosophic strong biloop 
over B=(B, UB,,*,,*,)- 

2. Their restricted intersection (F’, A) ON, (K,C) 
is not a soft Lagrange neutrosophic strong biloop 
over B=(B, UB,,*,,*,). 

3. Their AND operation (F’, A) A(K,C) is not 
a soft Lagrange neutrosophic strong biloop over 
B=(B, VB,,*,,*,).- 

4. Their extended union (F’, A) U, (K,C) is nota 
soft Lagrnage neutrosophic strong biloop over 
B=(B, VB,,*,,*,). 

5. Their restricted union (F’, A) U, (K,C) is not 
a soft Lagrange neutrosophic strong biloop over 
B=(B, VB,,*,,*,). 

6. Their OR operation (F, A) V(K,C) is nota 
soft Lagrange neutrosophic strong biloop over 


B=(B, VB,,*,,*,).- 
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One can easily verify (1),(2),(3),(4),(5) and (6) by 
the help of examples. 


Definition 38. Let B =(B, UB,,*,,*,) be a neutro- 
sophic biloop and (F’, A) be a soft set over 

B=(B, VB,,*,,*,). Then (F, A) is called soft weak- 
ly Lagrange neutrosophic strong biloop if atleast one 

F(a) is not a Lagrange neutrosophic strong subbiloop of 


B=(B, VB,,*,,*,) forsome ae A. 


Theorem 30. Every soft weakly Lagrange neutrosophic 
strong biloop over B = (B, U B,,*,,*,) is a soft neutro- 


sophic biloop but the converse is not true. 


Theorem 31. If B=(B, UB,,*,,*,) isa weakly La- 


grange neutrosophic strong biloop, then (F', A) over B 


is also soft weakly Lagrange neutrosophic strong biloop 
but the converse does not holds. 


Remark 20. Let (F’, A) and (K,C) be two soft weakly 
Lagrange neutrosophic strong biloops over 
B=(B, VB,,*,,*,). Then 


1. Their extended intersection (F’, A) O, (K,C) 
is not a soft weakly Lagrange neutrosophic strong 
biloop over B =(B, UB,,*,,*,). 

2. Their restricted intersection (F’, A) O, (K,C) 
is not a soft weakly Lagrange neutrosophic strong 
biloop over B =(B, UB,,*,,*,). 

3. Their AND operation (F’, A) A(K,C) is not 
a soft weakly Lagrange neutrosophic strong bi- 
loop over B =(B, UB,,*,,*5). 

4. Their extended union (F’, A) U, (K,C) is nota 
soft weakly Lagrange neutrosophic strong biloop 
ove B=(B, UB,,*,,*,). 

5. Their restricted union (F’, A) U, (K,C) is not 
a soft weakly Lagrange neutrosophic strong bi- 
loop over B= (B, UB,,*,,*5). 

6. Their OR operation (Ff, A) v(K,C) is nota 
soft weakly Lagrange neutrosophic strong biloop 


ove B=(B, UB,,*,,*,). 


One can easily verify (1),(2),(3), (4), (5) and (6) by 
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the help of examples. 


Definition 39. Let B = (B, U B,,*,,*,) be a neutro- 
sophic biloop and (F’, A) be a soft set over 

B=(B, VB,,*,,*,). Then (F, A) is called soft La- 
grange free neutrosophic strong biloop if and only if 
F(a) is not a Lagrange neutrosophic subbiloop of 
B=(B, VB,,*,,*,) forall ae A. 


29 19 2 


Theorem 32. Every soft Lagrange free neutrosophic strong 
biloop over B =(B, U B,,*,,*,) is a soft neutrosophic 


biloop but the converse is not true. 


Theorem 33. If B =(B, UB,,*,,*,) is a Lagrange free 


neutrosophic strong biloop, then (F', A) over B is also 


soft strong lagrange free neutrosophic strong biloop but the 
converse is not true. 


Remark 21. Let (F’, A) and (K,C) be two soft La- 
grange free neutrosophic strong biloops over 
B=(B, VB,,*,,*,). Then 


1. Their extended intersection (F’, A) ON, (K,C) 
is not a soft Lagrange free neutrosophic strong bi- 
loop over B = (B, U B,,*,,*,). 

2. Their restricted intersection (F’, A) A, (K,C) 
is not a soft Lagrange free neutrosophic strong bi- 
loop over B = (B, U B,,*,,*,). 

3. Their AND operation (F', A) A(K,C) is not 
a soft Lagrange free neutrosophic strong biloop 
over B=(B, UB,,*,,*,). 

4. Their extended union (F’, A) U, (K,C) is nota 
soft Lagrnage free neutrosophic strong biloop 
over B=(B, UB,,*,,*,). 

5. Their restricted union (F', A) Up (K,C) is not 
a soft Lagrange free neutrosophic strong biloop 
over B=(B, UB,,*,,*,).- 

6. Their OR operation (F’, A) Vv (K,C) is nota 
soft Lagrange free neutrosophic strong biloop 


over B=(B, UB,,*,,*5). 


One can easily verify (1), (2), (3),(4),(5) and (6) by 
the help of examples. 
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Soft Neutrosophic N-loop 


Definition 40. Let 

S(B) = {S(B,) US(B) VU... S(By),¥ 5% 5005 
be a neutrosophic N -loop and (F’, A) be a soft set over 
S(B). Then (F’, A) is called soft neutrosophic N -loop 


if and only if F(a) is aneutrosopchic sub N -loop of 
S(B) forallae A. 


2-41? *a ae 


Example 15. Let 

S(B) = {S(B,) VU S(B,) US(B,), *, 55%} be aneu- 
trosophic 3-loop, where S(B,) = (£3) U I) : 

S(B,) ={g:g" =e} and S(B,)=S,. Then (F, A) 


is sof neutrosophic N -loop over S(B) , where 


F(a,) = {e,el,2,2T}U fe,o°U fe,(12)}, 
F(a,) = {e, el, 3,32} U feo" 2°} U {e,(13)}. 


Theorem 34. Let (F', A) and (H, A) be two soft neu- 
trosophic N -loops over 

S(B) = {S(B,) VU S(B,) VU... S( By), * 5 ¥5 505 Ey 
. Then their intersection (F', A) \(H, A) is again a soft 
neutrosophic N -loop over S(B). 


Proof. Straightforward. 


Theorem 35. Let (F’, A) and (H,C) be two soft neu- 
trosophic N -loops over 

S(B) = {S(B,) US(B) VU... S(By),* 15% 25005 
such that A(1C = @. Then their union is soft neutro- 
sophic N -loop over S(B). 


Proof. Straightforward. 


Proposition 10. Let (F', A) and (K,C) be two soft neu- 
trosophic N -loops over 

S(B) = {S(B,) US(B,) VU... S(By),* 
. Then 


cane) *, gree ay 
1. Their extended intersection (F’, A) ON, (K,C) 


is a soft neutrosophic N -loop over S(B). 
2. Their restricted intersection (F’, A) NA, (K,C) 
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is a soft neutrosophic N -loop over S(B). 
3. Their AND operation (F’, A) A(K,C) isa 
soft neutrosophic N -loop over S(B). 


Remark 22. Let (F’, A) and (HC) be two soft neutro- 
sophic N -loops over 
S(B) = {S(B,) UV S(B,) Vv... S(B,), * 
Then 
1. Their extended union (F’, A) U, (K,C) is nota 
soft neutrosophic N -loop over S(B). 
2. Their restricted union (F', A) Up (K,C) is not 
a soft neutrosophic N -loop over S(B). 
3. Their OR operation (F', A) v(K,C) is nota 
soft neutrosophic N -loop over S(B). 


219 re Some 


One can easily verify (1),(2), and (3) by the help of ex- 
amples. 


Definition 41. Let (F’, A) be a soft neutrosophic N -loop 
over 

S(B) = {S(B,) UV S(B,) UV... S( By), 5 Ft 
. Then (F’, A) is called the identity soft neutrosophic N - 
loop over S(B) if F(a) = {e,,€,,..., 
aeéA,where &,@),..., 


S(B,), S(B,), +5 


ey} for all 
€, are the identities element of 


S(B,,) respectively. 


Definition 42. Let (F’, A) be a soft neutrosophic N -loop 
over 

S(B) = {S(B,) VU S(B,) UV... S( By), * 585505 Ey 
. Then (F’, A) is called an absolute-soft neutrosophic N - 
loop over S(B) if F(a) =S(B) forallae A. 


Definition 43. Let (F', A) and (H,C) be two soft neu- 
trosophic N -loops over 

S(B) = {S(B,) VU S(B,) UV... OS( By), * 55509 ¥yt 
. Then (HC) is called soft neutrosophic sub N -loop of 


(F, A), if 
1 CCA, 
2. H(a) isaneutrosophic sub N -loop of F(a) 
forall ae A. 
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Definition 45. Let 

S(B) = {S(B,) U S(B,) VU... S(By) 8 p59 yh 
be aneutrosophic N -loop and (F’, A) be a soft set over 
S(B).Then (F,, A) is called soft Lagrange neutrosophic 
N -loop if and only if F(a) is Lagrange neutrosophic 
sub N -loop of S(B) forall ae A. 


212 ere 


Theorem 36. Every soft Lagrange neutrosophic N -loop 
over 


S(B) = {S(B) UV S(B) UU S(By 15 *o5-0 yh 


is a soft neutrosophic N -loop but the converse is not true. 


Remark 23. Let (F’, A) and (K,C) be two soft La- 
grange neutrosophic N -loops over 
S(B) = {S(B,) UV S(B,) VU... S(B,), * 
. Then 


21) aye rr 


1. Their extended intersection (F', A) A, (K,C) 
is not a soft Lagrange neutrosophic N -loop over 
S(B). 

2. Their restricted intersection (F', A) O, (K,C) 
is not a soft Lagrange neutrosophic N -loop over 
S(B). 

3. Their AND operation (F’, A) A(K,C) is not 
a soft Lagrange neutrosophic N -loop over (B). 

4. Their extended union (F’, A) U, (K,C) is nota 
soft Lagrnage neutrosophic N -loop over 
S(B). 

5. Their restricted union (F’, A) U, (K,C) is not 
a soft Lagrange neutrosophic N -loop over 
S(B). 

6. Their OR operation (Ff, A) v(K,C) is nota 


soft Lagrange neutrosophic N -loop over 


S(B). 


One can easily verify (1),(2),(3),(4),(5) and (6) by 
the help of examples. 


Definition 46. Let 

S(B) = {S(B,) UV S(B,) VU... S(By) sa 50005 Fh 
be aneutrosophic N -loop and (F’, A) be a soft set over 

S(B).Then (F’,, A) is called soft weakly Lagrange neu- 
trosophic biloop if atleast one F(a) is not a Lagrange 


21? aye 
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neutrosophic sub N -loop of S(B) for some a € A. 


Theorem 37. Every soft weakly Lagrange neutrosophic 
N -loop over 


S(B) = {S(B) VY S(Bz) VU... S( By) 5% 55-0 yh 


is a soft neutrosophic N -loop but the converse is not true. 


Theorem 38. If 

S(B) = {S(B,)U S(B,) Vv... S( By), * 55505 Ey 
is a weakly Lagrange neutrosophic N -loop, then (F’, A) 
over S(B) is also soft weakly Lagrange neutrosophic 

N -loop but the converse is not holds. 


Remark 24. Let (F’, A) and (K,C) be two soft weakly 
Lagrange neutrosophic N -loops over 
S(B) = {S(B,) UV S(B,) Vv... S(B,), * 
. Then 


s°19 aye eget 


1. Their extended intersection (F’, A) O, (K,C) 
is not a soft weakly Lagrange neutrosophic N - 
loop over S(B). 

2. Their restricted intersection (F’, A) A, (K,C) 
is not a soft weakly Lagrange neutrosophic WN - 
loop over S(B). 

3. Their AND operation (F', A) A(K,C) is not 
a soft weakly Lagrange neutrosophic N -loop 
over S(B). 

4. Their extended union (F’, A) U, (K,C) is nota 
soft weakly Lagrnage neutrosophic N -loop over 
S(B). 

5. Their restricted union (F', A) Up (K,C) is not 


a soft weakly Lagrange neutrosophic N -loop 
over S(B). 
6. Their OR operation (F', A) Vv (K,C) is nota 


soft weakly Lagrange neutrosophic N -loop over 


S(B). 


One can easily verify (1), (2), (3), (4), (5) and (6) by 
the help of examples. 


Definition 47. Let 
S(B) = {S(B,) VU S(B,) VU... S( By), #250 Ent 


be a neutrosophic N -loop and (F’, A) be a soft set over 
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S(B). Then (F’, A) is called soft Lagrange free neutro- 
sophic N -loop if and only if F(a) is not a Lagrange 
neutrosophic sub N -loop of S(B) forall ae A. 


Theorem 39. Every soft Lagrange free neutrosophic N - 
loop over 


S(B) = {S(B) VU S(Bz) VU... S( By) 5% 55-9 * yh 


is a soft neutrosophic biloop but the converse is not true. 


Theorem 40. If 
S(B) = {S(B,) US(B) VU... S(By),¥ 5825005 
is a Lagrange free neutrosophic N -loop, then (F’, A) 


over S(B) is also soft lagrange free neutrosophic N - 
loop but the converse is not hold. 


Remark 25. Let (F’, A) and (K,C) be two soft La- 
grange free neutrosophic N -loops over 
S(B) = {S(B,) VU S(B,) Vv... S(B,), * 
. Then 


2-41? wre Cee 


1. Their extended intersection (F’, A) O, (K,C) 
is not a soft Lagrange free neutrosophic N -loop 
over B= ((B, U I) UB, *:,*,): 

2. Their restricted intersection (F’, A) AN, (K,C) 
is not a soft Lagrange free neutrosophic N -loop 
over S(B). 

3. Their AND operation (F', A) A(K,C) is not 
a soft Lagrange free neutrosophic N -loop over 
S(B). 

4. Their extended union (F’, A) U, (K,C) is nota 
soft Lagrnage free neutrosophic N -loop over 
S(B). 

5. Their restricted union (F', A) Up (K,C) is not 
a soft Lagrange free neutrosophic N -loop over 
S(B). 

6. Their OR operation (F’, A) Vv (K,C) is nota 
soft Lagrange free neutrosophic N -loop over 


S(B). 


One can easily verify (1),(2),(3), (4), (5) and (6) by 
the help of examples. 


Soft Neutrosophic Strong N-loop 
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Definition 48. Let 

(LON ={h, ULU.0L 
trosophic N -loop and (F’, A) be a soft set over 
(LUT) = {L, UL, UV... Ly, ¥)5 #55015 y} + Then 


N? 19 29° 


wots ®yyeey* yt be aneu- 


(F’,, A) is called soft neutrosophic strong N -loop if and 
only if F(a) is a neutrosopchic strong sub N -loop of 
(LUT) ={L UL, VU... Ly, % 905% y} forall 


aca. 


Example 16. Let (L.UJ) = {L, UL, UL,,*,,%),*5} 
where L, = (L,(3)U1),L, =(L,(3) UL) and 

L, = {1,2, 7,27} . Then (/’, A) is a soft neutrosophic 
strong N -loop over (L Ul ) , where 


F(a,)= {e,2,e1,2D} U {e,2,eL 2} VL B, 
F(a,) = {e,3, el, 31} VU {e,3,e1, 31} U (1,2,21}. 


Theorem 41. All soft neutrosophic strong N -loops are 
soft neutrosophic N -loops but the converse is not true. 


One can easily see the converse with the help of example. 


Proposition 11. Let (F', A) and (K,C) be two soft 
neutrosophic strong N -loops over 


(DoT) ALO LIL eahiehe Dien 


N? *, orn 


1. Their extended intersection (F’, A) O, (K,C) 
is a soft neutrosophic strong N -loop over 
(Lut), 

2. Their restricted intersection (’, A) Np (K,C) 
is a soft neutrosophic strong N -loop over 
(LUI). 

3. Their AND operation (F', A) A(K,C) isa 
soft neutrosophic strong N -loop over (L Ul ) 


Remark 26. Let (F’, A) and (K,C) be two soft neutro- 
sophic strong N -loops over 


(LIT )H OL 06 I9L sy}. Then 


N? *, re 
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1. Their extended union (F', A) U, (K,C) is nota 
soft neutrosophic strong N -loop over (L Ul ) : 

2. Their restricted union (F', A) Up (K,C) is not 
a soft neutrosophic strong N -loop over 
(LUI). 

3. Their OR operation (F, A) v(K,C) is not a 
soft neutrosophic strong N -loop over (L Ul ) : 


One can easily verify (1),(2), and (3) by the help of ex- 
amples. 


Definition 49. Let (F', A) and (HC) be two soft neu- 
trosophic strong N -loops over 


(LOT =4L OL0..UL 


(H,C) is called soft neutrosophic strong sub N -loop of 
(F, A), if 
1 CCA, 
2. H(qd) isaneutrosophic strong sub N -loop of 
F(a) forallae A. 


o*y} - Then 


N? * 1, orn 


Definition 50. Let 
DEVE TE a Toy ie 


Wo 81s ®oo-ee) ®y} be a neu- 
trosophic strong N -loop and (F,, A) be a soft set over 
(L Ul ) . Then (F, A) is called soft Lagrange neutro- 
sophic strong N -loop if and only if F(a) is a Lagrange 
neutrosophic strong sub N -loop of (L Ul ) for all 
aeAd. 


Theorem 42. Every soft Lagrange neutrosophic strong 
N -loop over 


(LOD ={LUL, U..UL 


neutrosophic N -loop but the converse is not true. 


hii pero * is a soft 


Remark 27. Let (F’, A) and (K,C) be two soft La- 
grange neutrosophic strong N -loops over 


(LUD) ={£, UL, V...ULy,*5* 


o* ps ysee* yy» Then 


1. Their extended intersection (F', A) A, (K,C) 
is not a soft Lagrange neutrosophic strong N - 
loop over (L U 1) . 


2. Their restricted intersection (F’, A) O, (K,C) 
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is not a soft Lagrange neutrosophic strong N - 
loop over (L U I) P 


3. Their AND operation (F’, A) A(K,C) is not 
a soft Lagrange neutrosophic strong N -loop over 
(LUI). 

4. Their extended union (F', A) U, (K,C) is nota 
soft Lagrnage neutrosophic strong N -loop over 
(LUI). 

5. Their restricted union (F', A) Up (K,C) is not 
a soft Lagrange neutrosophic strong N -loop over 
(LUI). 

6. Their OR operation (F', A) Vv (K,C) is nota 
soft Lagrange neutrosophic strong N -loop over 


(LUI). 


One can easily verify (1), (2), (3),(4),(5) and (6) by 
the help of examples. 


Definition 51. Let 

(L UT) ={L, UL, VU... Lys 5 ¥o9 009% y} be aneu- 
trosophic strong N -loop and (F’, A) bea soft set over 
(L Ul ) . Then (F,, A) is called soft weakly Lagrange 
neutrosophic strong N -loop if atleast one F(a) is nota 
Lagrange neutrosophic strong sub N -loop of (L Ul ) 
for some aeé A. 


Theorem 43. Every soft weakly Lagrange neutrosophic 
strong N -loop over 


LEST ST DEIN OT 


neutrosophic N -loop but the converse is not true. 


nro tis Boe .*} is a soft 


Theorem 44. If 

(LA EOD OE i A ats 8a 
weakly Lagrange neutrosophic strong N -loop, then 
(F,, A) over (L Ul ) is also a soft weakly Lagrange 


neutrosophic strong N -loop but the converse is not true. 


Remark 28. Let (/’, A) and (K,C) be two soft weakly 
Lagrange neutrosophic strong N -loops over 


DIT) SE OL Oe ag ¥y}s Then 


‘N 9 *, * 55. 
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1. Their extended intersection (F’, A) ON, (K,C) 
is not a soft weakly Lagrange neutrosophic strong 


N -loop over (L U I) : 
2. Their restricted intersection (F’, A) A, (K,C) 


is not a soft weakly Lagrange neutrosophic strong 
N -loop over (L U I) : 

3. Their AND operation (F', A) A(K,C) is not 
a soft weakly Lagrange neutrosophic strong N - 
loop over (L U I) : 


4. Their extended union (F’, A) U, (K,C) is nota 
soft weakly Lagrnage neutrosophic strong N - 
loop over (L U I) é 


5. Their restricted union (F', A) Up (K,C) is not 
a soft weakly Lagrange neutrosophic strong N - 
loop over (L U 1) : 


6. Their OR operation (F', A) Vv (K,C) is nota 
soft weakly Lagrange neutrosophic strong NV - 
loop over (L U I) . 


One can easily verify (1),(2),(3), (4), (5) and (6) by 
the help of examples. 


Definition 52. Let 

(L U 1) = {L, UE, VU... Lys 15 F909 y} be aneu- 
trosophic N -loop and (F, A) be a soft set over 

(L UL ) . Then (F, A) is called soft Lagrange free neu- 
trosophic strong N -loop if and only if F(a) is nota 
Lagrange neutrosophic strong sub N -loop of (L Ul ) 
forall ac A. 


Theorem 45. Every soft Lagrange free neutrosophic strong 
N -loop over 


LOT) SOL UO 


neutrosophic N -loop but the converse is not true. 


OK 


aos ®o9+09*y} is a soft 


Theorem 45. If 
(LOM={L VLU..UL 


grange free neutrosophic strong N -loop, then (F’, A) 


* Ok 


No * 1s re, is a La- 


over (L Ul ) is also a soft Lagrange free neutrosophic 


strong N -loop but the converse is not true. 
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Remark 29. Let (F’, A) and (K,C) be two soft La- 
grange free neutrosophic strong N -loops over 


(LOD) = LOT AIL Py yssey 8 yf» Then 


NO 19 299899 

1. Their extended intersection (F’, A) 4, (K,C) 
is not a soft Lagrange free neutrosophic strong 
N -loop over (L U 1) . 

2. Their restricted intersection (F’, A) A, (K,C) 
is not a soft Lagrange free neutrosophic strong 
N -loop over (L U 1) : 

3. Their AND operation (F’, A) A(K,C) is not 
a soft Lagrange free neutrosophic strong N -loop 


over (L Ul ) . 
4. Their extended union (F’, A) U, (K,C) is nota 


soft Lagrnage free neutrosophic strong N -loop 


over (L Ul ) 
5. Their restricted union (F’, A) U, (K,C) is not 


a soft Lagrange free neutrosophic strong N -loop 


over (L U I) 
6. Their OR operation (F, A) V(K,C) is nota 


soft Lagrange free neutrosophic strong N -loop 


over (LOT) 


One can easily verify (1),(2),(3), (4), (5) and (6) by 
the help of examples. 


Conclusion 


This paper is an extension of neutrosphic loop to soft neu- 
trosophic loop. We also extend neutrosophic biloop, neu- 
trosophic WN -loop to soft neutrosophic biloop, and soft 
neutrosophic WN -loop. Their related properties and results 
are explained with many illustrative examples. The notions 
related with strong part of neutrosophy also established 
within soft neutrosophic loop. 
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Generalization of Neutrosophic Rings and Neutrosophic Fields. Neutrosophic Sets and 


Systems 5, 9-14 


Abstract. In this paper we present the generalization of 
neutrosophic rings and neutrosophic fields. We also ex- 
tend the neutrosophic ideal to neutrosophic biideal and 
neutrosophic N-ideal. We also find some new type of no- 
tions which are related to the strong or pure part of neu- 


trosophy. We have given sufficient amount of examples 
to illustrate the theory of neutrosophic birings, neutro- 
sophic N-rings with neutrosophic bifields and neutro- 
sophic N-fields and display many properties of them in 
this paper. 


Keywords: Neutrosophic ring, neutrosophic field, neutrosophic biring, neutrosophic N-ring, neutrosophic bifield neutrosophic N- 


field. 
1 Introduction 


Neutrosophy is a new branch of philosophy which studies 
the origin and features of neutralities in the nature. Floren- 
tin Smarandache in 1980 firstly introduced the concept of 
neutrosophic logic where each proposition in neutrosophic 
logic is approximated to have the percentage of truth in a 
subset T, the percentage of indeterminacy in a subset I, and 
the percentage of falsity in a subset F so that this neutro- 
sophic logic is called an extension of fuzzy logic. In fact 
neutrosophic set is the generalization of classical sets, con- 


ventional fuzzy set [1] , intuitionistic fuzzy set [2] and in- 
terval valued fuzzy set [3] . This mathematical tool is used 


to handle problems like imprecise, indeterminacy and in- 
consistent data etc. By utilizing neutrosophic theory, 
Vasantha Kandasamy and Florentin Smarandache dig out 


neutrosophic algebraic structures in[1 1] . Some of them 


are neutrosophic fields, neutrosophic vector spaces, neu- 
trosophic groups, neutrosophic bigroups, neutrosophic N- 
groups, neutrosophic semigroups, neutrosophic bisemi- 
groups, neutrosophic N-semigroup, neutrosophic loops, 
neutrosophic biloops, neutrosophic N-loop, neutrosophic 
groupoids, and neutrosophic bigroupoids and so on. 


In this paper we have tried to develop the the 
generalization of neutrosophic ring and neutrosophic field 
in a logical manner. Firstly, preliminaries and_ basic 
concepts are given for neutrosophic rings and neutrosophic 
fields. Then we presented the newly defined notions and 
results in neutrosophic birings and neutrosophic N-rings, 


neutrosophic bifields and neutosophic N-fields. Various 
types of neutrosophic biideals and neutrosophic N-ideal are 
defined and elaborated with the help of examples. 


2 Fundamental Concepts 


In this section, we give a brief description of neutrosophic 
rings and neutrosophic fields. 


Definition: Let R_ be a ring. The neutrosophic ring 

(R Ul ) is also aring generated by R and J under the 
operation of R., where J is called the neutrosophic ele- 
ment with property J? = J . For an integer n,n +J and 


nl are neutrosophic elements and 0./ = 0.17", the in- 
verse of J is not defined and hence does not exist. 


Definition: Let (R Ul ) be a neutrosophic ring. A proper 
subset P of (R Ul ) is called a neutosophic subring if 


P itself a neutrosophic ring under the operation of 


(RUI). 


Definition: Let 7 be a non-empty set with two binary op- 
erations * and o. 7 is said to be a pseudo neutrosophic 
ring if 

1. T contains element of the form a+b/ (a,b 


are reals and b # 0 for atleast one value ) . 
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2. (7,*) is an abelian group. 
3. (7°) isa semigroup. 


Definition: Let (R Ul ) be a neutrosophic ring. A non- 
empty set P of (R Ul ) is called a neutrosophic ideal of 


(R Ul ) if the following conditions are satisfied. 


1. P is aneutrosophic subring of (R Ul ) , and 


2. Forevery p€P and re(RUl), pr and 
rpeP. 


Definition: Let K bea field. The neutrosophic field gen- 
erated by (K Ul ) which is denoted by 
K()=(KUI). 


Definition: Let K(/) be a neutrosophic field. A proper 


subset P of K(J) is called a neutrosophic sufield if P 
itself a neutrosophic field. 


3 Neutrosophic Biring 


Definition **. Let (BN(R), 


with two binary operations * and °. 


*,0) be a non-empty set 
(BN(R),*,°) is 
said to be a neutrosophic biring if BN(Rs) = R, UR, 
where atleast one of (R,,*,°) or (R,,%,°) is a neutro- 


sophic ring and other is just a ring. R, and R, are proper 


subsets of BN(R). 


Example 2. Let BN(R) = (R,,*,°) U(R,,*, 
(R,,*,0) =((ZUT),+,%) and (R,,%,0) =(Q+,x). 


Clearly (R,,*,°) is a neutrosophic ring under addition 


°) where 


and multiplication. (R.,,*,°) is just a ring. Thus 


(BN(R),* 


,©) is aneutrosophic biring. 


Theorem: Every neutrosophic biring contains a corre- 
sponding biring. 

Definition: Let BN(R) = (R,,*,°) U(R,,%°) bea 
neutrosophic biring. Then BN(R) is called a commuta- 
tive neutrosophic biring if each (R,,*,°) and (R,,*,°) 
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is a commutative neutrosophic ring. 


Example 2. Let BN(R) = (R,,*,°) U(R,,*,°) where 
(R,,%°) =((ZUT),+,x) and (R,,%,0) =(Q+4,x). 
Clearly (R,,*,°) is a commutative neutrosophic ring and 
(R,,*,°) is also a commutative ring. Thus 


(BN(R),* 


,©) is a commutative neutrosophic biring. 


Definition: Let BN(R) = (R,,*,°) U(R,,%,°) bea 
neutrosophic biring. Then BN(R) is called a pseudo 
neutrosophic biring if each (R,,*,°) and (R,,*,°) isa 


pseudo neutrosophic ring. 


Example 2. Let BN(R) =(R,,+, x) U(R,,+,9°) 
where (R,,+,x) = {0,/,2/,3/} is a pseudo neutro- 
sophic ring under addition and multiplication modulo 4 
and (R,,+,x) = {0, +11, +21, +3].,... 
do neutrosophic ring. Thus (BN(R),+, x) is a pseudo 
neutrosophic biring. 


} is another pseu- 


Theorem: Every pseudo neutrosophic biring is trivially a 
neutrosophic biring but the converse may not be true. 


Definition 8. Let (BN(R) = R, UR,;*,°) be a neutro- 
sophic biring. A proper subset (7',*,°) is said to be a 
neutrosophic subbiring of BN(R) if 
1) T=T,VUT, where T, =R, OT and 

T, = R, OT and 
2) Atleast one of (7; 


ring. 


,°) or (7),*) is a neutrosophic 
Example: Let BN(R) = (R,,*,°) U(R,,*,°) where 
(R,,*,0) =((RUT),+,x) and 

(R,,*,0) =(C,+,x). Let P= P UP, bea proper 
subset of BN(R), where P = (Q,+, x) and 

P, = (IR, +, x). Clearly (P,+, x) is a neutrosophic sub- 
biring of BN(R). 


Definition: If both (R,,*) and (R,,°) in the above def- 


inition ** are neutrosophic rings then we call 
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(BN(R), 


*,0) to be a strong neutrosophic biring. 


Example 2. Let BN(R) =(R,,*,°) U(R,,*,°) where 
(R,,*%°) = (ZU), +,x) and 
(R,,*% 0) = (QUI), +,x). Clearly R, and R, are 


neutrosophic rings under addition and multiplication. Thus 


(BN(R),* 


,©) is a strong neutrosophic biring. 


Theorem. All strong neutrosophic birings are trivially neu- 
trosophic birings but the converse is not true in general. 


To see the converse, we take the following Example. 


Example 2. Let BN(R) =(R,,*,°) U(R>,*,°) where 
(R,,*,0) =((ZUT),+,%) and (R,,*,°) =(Q t,x). 
Clearly (R,,*,°) is a neutrosophic ring under addition 


and multiplication. (R.,,*,°) is just a ring. Thus 
(BN(R),* 


neutrosophic biring. 


,°) is aneutrosophic biring but not a strong 


Remark: A neutrosophic biring can have subbirings, neu- 
trosophic subbirings, strong neutrosophic subbirings and 
pseudo neutrosohic subbirings. 


Definition 8. Let (BN(R) = R, U R,;*,°) be a neutro- 
sophic biring and let (7',*,¢) is a neutrosophic subbiring 
of BN(R). Then (7,* 


alof BN(R) if 


,©) is called a neutrosophic biide- 


1) T=T, VT, where 7, =R, AT and 
T, = R, OT and 


2) Atleast one of (7,,*,°) or (7},*,°) is a neutrosoph- 
ic ideal. 
If both (7,,*,°) and (Z,,*,°) in the above definition are 


neutrosophic ideals, then we call (T,*,°) to be a strong 


neutrosophic biideal of BN(R). 


Example: Let BN(R) = (R,,*,°) U(R,,%,°) where 
(R,,*,°) = (Zi, UI),+,%) and 
(R,,*,°) =(Z,.,4+,x). Let P= FUP, bea neutro- 
sophic subbiring of BN(R), where 


P = {0,6,2/,4/,6/,8/,107,642/,...,6+10/} and 
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= {02/,4/,6/,87,107,127,147} . Clearly 
(P,+, x) is a neutrosophic biideal of BN(R) . 


Theorem: Every neutrosophic biideal is trivially a neutro- 
sophic subbiring but the converse may not be true. 


Theorem: Every strong neutrosophic biideal is trivially a 
neutrosophic biideal but the converse may not be true. 


Theorem: Every strong neutrosophic biideal is trivially a 
neutrosophic subbiring but the converse may not be true. 


Theorem: Every strong neutrosophic biideal is trivially a 
strong neutrosophic subbiring but the converse may not be 
true. 


Definition 8. Let (BN(R) = R, UR,;*,°) be a neutro- 
sophic biring and let (7',*,°) is a neutrosophic subbiring 
of BN(R). Then (T,*,°) is called a pseudo neutrosoph- 


ic biideal of BN(R) if 


1. T=T, UT, where 7, = R, OT and 
T, = R, OT and 


2. (7,,%,°) and (7;,*,°) are pseudo neutrosophic 


ideals. 


Theorem: Every pseudo neutrosophic biideal is trivially a 
neutrosophic subbiring but the converse may not be true. 


Theorem: Every pseudo neutrosophic biideal is trivially a 
strong neutrosophic subbiring but the converse may not be 
true. 


Theorem: Every pseudo neutrosophic biideal is trivially a 
neutrosophic biideal but the converse may not be true. 


Theorem: Every pseudo neutrosophic biideal is trivially a 
strong neutrosophic biideal but the converse may not be 
true. 


4 Neutrosophic N -ring 


Definition*. Let {N(R), *;,..-5%55° 1505-9 Oy} bea 

non-empty set with two N -binary operations defined on 

it. We call N(R) aneutrosophic N -ring (N a positive 

integer) if the following conditions are satisfied. 

1) NR)=R, VR, V...UR, where each R, isa 
proper subset of N(R) ie. R, R, or R, ZR, if 
ix]. 
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2) (R,,*,,°,) is either a neutrosophic ring or a ring for 


B12 Sin 5 


Example 2. Let 
N(R) = (R,, *o)U(R,, *,o)U(R,, *, 0) where 
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Definition 13. Let 
N(R) = {R, UR, VU... R 


be aneutrosophic JN -ring. A proper subset 


P={PUB U.... Py, #15 %55-+*y} of N(R) is said to 


Ne 192 2.9% 


N? * re esas Dis Oy esaarh 


(R,,*,°) = (ZU I),+, x), (R,,*°) =(Q,+,) and be a neutrosophic N -subring if 


(R;,*,°) =(Z 
sophic N -ring. 


+,x) . Thus (V(R),*,°) is a neutro- 


39 9 12? 


Theorem: Every neutrosophic JN -ring contains a corre- 
sponding WN -ring. 


Definition: Let 
N(R) = {R,VR, v....UR 


be a neutrosophic N-ring. Then N (R) i is called a pseudo 


neutrosophic N-ring if each (R,,*,) is a pseudo neutro- 


1? 7 


sophic ring where i = 1,2,...,N. 


Example 2. Let 

N(R) =(R,, +, x) U(R,, +, x) U(R;,+, x) where 
(R,,+,x) = {0,/,27,37} is a pseudo neutrosophic ring 
under addition and multiplication modulo 4, 


(R,,4+,x) = {0,411,42L,43].... 
sophic ring and (R;,+, x) = {0,+21,+41,+61...}. 
Thus (V(R),+,X) is a pseudo neutrosophic 3-ring. 


} is a pseudo neutro- 


Theorem: Every pseudo neutrosophic N-ring is trivially a 
neutrosophic N-ring but the converse may not be true. 


Definition. If all the N -rings (R,,*,) in definition * are 
N ) then we 


call N(R) to be a neutrosophic strong N -ring. 


i? i 


neutrosophic rings (i.e. for i =1,2,3.,..., 


Example 2. Let 
N(R) =(R,,% 2) U(R2,% 2) U(R3,%°) where 


(R,,*,°) =((ZUT),+,%), 
(R,,%,°) =((QUI),+,x) and 
(R;, 4,0) =((Z,, UI), +,x) . Thus (N(R), * 


strong neutrosophic WN -ring. 


5°) isa 


Theorem: All strong neutrosophic N-rings are neutrosoph- 
ic N-rings but the converse may not be true. 


P=POR,,i=1,2...., 


atleast some of the subrings are neutrosophic subrings. 


N are subrings of R, in which 


Example: Let 
N(R) =(R,,% 2) U(Rz,*% 2) U(R3,% 9) where 


(R,, #,0) =((RUT),+,x), 
(R,,*, °) = (C, T+, x) and (R,,*, °) = (Zinets x) Let 


* 01.0 re 
ee ee a P=P UP, UP, bea proper subset of N(R) , where 


P =(Q,4+.x), B =(R,+,x) and 
(R,,*,°) = {0,2,4,6,8, L241, 6181}. Clearly 
(P,+,x) is a neutrosophic sub 3-ring of N(R). 


Definition 14. Let 
N(R) = {R, UR, Vv... R 


be aneutrosophic N -ring. A proper subset 


Pat WE Oya Test isiee® 


N? 19 29° 


N? *,, *, 5. des Psp Oo see pet 
pa Oia Opunees Sep OF 
N(R) is said to be a neutrosophic strong sub N -ring if 
each (7,,*,) is a neutrosophic subring of (R,,*,,° 


for /=1,2,...,N where 7,=R, OT. 


Remark: A strong neutrosophic su N-ring is trivially a 
neutrosophic sub N-ring but the converse is not true. 


Remark: A neutrosophic N-ring can have sub N-rings, 
neutrosophic sub N-rings, strong neutrosophic sub N-rings 
and pseudo neutrosohic sub N-rings. 


Definition 16. Let 

N(R) = {R, UR, V....UR 
be aneutrosophic JN -ring. A proper subset 
PS{P OP Gi OP ® 5 Rys ss ® ys spas Ot 
where P=POR, for t=1,2,...,N is said to bea 
neutrosophic N -ideal of N(R) if the following condi- 
tions are satisfied. 


N? * ye shape ie antes 


1) Each it is a neutrosophic subring of 


R,,t=1,2,...,N. 


163 


Florentin Smarandache (author and editor) 


2) Each it is a two sided ideal of R, for ¢=1,2,...,N. 
If (P.,*,,°,) in the above definition are neutrosophic ide- 


als, then we call (P.,*,,0,) to be a strong neutrosophic N- 


ideal of N(R). 


Theorem: Every neutrosophic N-ideal is trivially a neu- 
trosophic sub N-ring but the converse may not be true. 


Theorem: Every strong neutrosophic N-ideal is trivially a 
neutrosophic N-ideal but the converse may not be true. 


Theorem: Every strong neutrosophic N-ideal is trivially a 
neutrosophic sub N-ring but the converse may not be true. 


Theorem: Every strong neutrosophic biideal is trivially a 
strong neutrosophic subbiring but the converse may not be 


true. 


Definition 16. Let 
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said to be a neutrosophic bifiel if BN(F) = F, UF, 
where atleast one of (F,,*,0) or (F,,*,°) is a neutro- 
sophic field and other is just a field. /; and F, are proper 
subsets of BN(F). 

If in the above definition both (F,,*,°) and (F,,*,°) are 
neutrosophic fields, then we call (BN(F),*,°) to be a 


neutrosophic strong bifield. 

Example 2. Let BN(F) = (F,,*,°) U(E,,*,°) where 
(F,*,0) =((CUT),+,x) and (F,,*,°) =(Q,+,). 
Clearly (F,,*,°) is a neutrosophic field and (F,,*,°) is 
just a field. Thus (BN (F),*,°) is a neutrosophic bifield. 


Theorem: All strong neutrosophic bifields are trivially 
neutrosophic bifields but the converse is not true. 


N(R) = {RYU R, Vw. U Rayo #15 a5 e005 ys 19 Pn9++s wt Definition 8. Let BN(F) =(F,UF,,*,°) be a neutro- 


be aneutrosophic WN -ring. A proper subset 


PSC P OF MiP oes ast oe CaO) co, 


where P=POR, for t=1,2,...,N is said to bea 


pseudo neutrosophic N -ideal of N(R) if the following 
conditions are satisfied. 


1. Each it is a neutrosophic subring of 


R,t=1,2,..,N. 
2. Each (P,,*,,°,) is a pseudo neutrosophic ideal. 


Theorem: Every pseudo neutrosophic N-ideal is trivially a 
neutrosophic sub N-ring but the converse may not be true. 


Theorem: Every pseudo neutrosophic N-ideal is trivially a 
strong neutrosophic sub N-ring but the converse may not 
be true. 


Theorem: Every pseudo neutrosophic N-ideal is trivially a 
neutrosophic N-ideal but the converse may not be true. 


Theorem: Every pseudo neutrosophic N-ideal is trivially a 


strong neutrosophic N-ideal but the converse may not be 
true. 


5 Neutrosophic Bi-Fields and Neutrosophic N-Fields 


Definition **. Let (BN(F),*,°) be a non-empty set 
with two binary operations * and o. (BN(F),*,°) is 


sophic bifield. A proper subset (7',*,°) is said to be a 
neutrosophic subbifield of BN(F) if 
3) T=T, UT, where 7, =F, OT and 
T, =F, OT and 
4) Atleast one of (7,,°) or (7,,*) is a neutrosophic 
field and the other is just a field. 


Example: Let BN(F) = (F,,*,°) U(F,,*,°) where 
(F,,*%°) = (RU T),+,x) and (F,,*,°0) =(C,+,x). 
Let P = P UP, bea proper subset of BN(F) , where 

P =(Q),+,x) and P, = (IR,+, x). Clearly (P,+,x) is 
a neutrosophic subbifield of BN(F) . 


Definition*. Let {N(F), *),...5%55°15°79++-2°yv } bea 
non-empty set with two WN -binary operations defined on 
it. We call N(R) aneutrosophic N -field (N a positive 
integer) if the following conditions are satisfied. 


1 N(P)=FUF,U...UF, where each F isa 
proper subset of N(F) ie. R, ZR, or 
R, ZR, if t#/. 

2. (R,,*,,°,) is either a neutrosophic field or just a 
field for 1 =1,2,3,...,N. 
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If in the above definition each (R,,*,,°,) is a neutro- 


sophic field, then we call N(R) to be a strong neu- 
trosophic N-field. 


Theorem: Every strong neutrosophic N-field is obvi- 
ously a neutrosophic field but the converse is not true. 


Definition 14. Let 

N(B) = {BE UB, Osc. Fy #15 Pos eoy Figs 19 O55 oes One 
be aneutrosophic WN -field. A proper subset 

PLT Te ee Tg his juss es Saves gph OE 
N(EF) is said to be a neutrosophic N -subfield if each 
(7,,*,) is aneutrosophic subfield of (F,*,,°,) for 


i=1,2,...,N where 77=F.QT. 


Conclusion 


In this paper we extend neutrosophic ring and neutrosophic 
field to neutrosophic biring, neutrosophic N-ring and neu- 
trosophic bifield and neutrosophic N-field. The neutro- 
sophic ideal theory is extend to neutrosophic biideal and 
neutrosophic N-ideal. Some new type of neutrosophic ide- 
als are discovered which is strongly neutrosophic or purely 
neutrosophic. Related examples are given to illustrate neu- 
trosophic biring, neutrosophic N-ring, neutrosophic bifield 
and neutrosophic N-field and many theorems and proper- 
ties are discussed. 
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Cosine Similarity Measure of Interval Valued 
Neutrosophic Sets 


Said Broumi, Florentin Smarandache 


Said Broumi, Florentin Smarandache (2014). Cosine Similarity Measure of Interval Valued 
Neutrosophic Sets. Neutrosophic Sets and Systems 5, 15-20 


Abstract. In this paper, we define a new cosine similari- 
ty between two interval valued neutrosophic sets based 
on Bhattacharya’s distance [19]. The notions of interval 
valued neutrosophic sets (IVNS, for short) will be used 
as vector representations in 3D-vector space. Based on 


Keywords: Cosine Similarity Measure; Interval Valued 
Neutrosophic Sets 


1. Introduction 


The neutrsophic sets (NS), pioneered by F. 
Smarandache [1], has been studied and applied in different 
fields, including decision making problems [2, 3, 4 , 5, 
23], databases [6-7], medical diagnosis problems [8] , to- 
pology [9], control theory [10], Image processing 
[11,12,13] and so on. The character of NSs is that the val- 
ues of its membership function, non-membership function 
and indeterminacy function are subsets. The concept of 
neutrosophic sets generalizes the following concepts: the 
classic set, fuzzy set, interval valued fuzzy set, Intuitionistic 
fuzzy set, and interval valued intuitionistic fuzzy set and so 
on, from a philosophical point of view. Therefore, Wang et 
al [14] introduced an instance of neutrosophic sets known 
as single valued neutrosophic sets (SVNS), which were mo- 
tivated from the practical point of view and that can be used 
in real scientific and engineering application, and provide 
the set theoretic operators and various properties of SVNSs. 
However, in many applications, due to lack of knowledge 
or data about the problem domains, the decision infor- 
mation may be provided with intervals, instead of real 
numbers. Thus, interval valued neutrosophic sets (IVNS), 
as a useful generation of NS, was introduced by Wang et al 
[15], which is characterized by a membership function, 
non-membership function and an indeterminacy function, 
whose values are intervals rather than real numbers. Also, 
the interval valued neutrosophic set can represent uncertain, 
imprecise, incomplete and inconsistent information which 
exist in the real world. As an important extension of NS, 
IVNS has many applications in real life [16, 17]. 


Many methods have been proposed for measuring the 
degree of similarity between neutrosophic set, S. Broumi 
and F. Smarandache [22] proposed several definitions of 
similarity measure between NS. P. Majumdar and S.K. 
Samanta [21] suggested some new methods for measuring 
the similarity between neutrosophic set. However, there is a 
little investigation on the similarity measure of IVNS, alt- 
hough some method on measure of similarity between in- 


the comparative analysis of the existing similarity 
measures for IVNS, we find that our proposed similarity 
measure is better and more robust. An illustrative exam- 
ple of the pattern recognition shows that the proposed 
method is simple and effective. 


tervals valued neutrosophic sets have been presented in [5] 
recently. 


Pattern recognition has been one of the fastest growing 
areas during the last two decades because of its usefulness 
and fascination. In pattern recognition, on the basis of the 
knowledge of known pattern, our aim is to classify the un- 
known pattern. Because of the complex and uncertain na- 
ture of the problems. The problem pattern recognition is 
given in the form of interval valued neutrosophic sets. 


In this paper, motivated by the cosine similarity meas- 
ure based on Bhattacharya’s distance [19], we propose a 
new method called “cosine similarity measure for interval 
valued neutrosophic sets. Also the proposed and existing 
similarity measures are compared to show that the proposed 
similarity measure is more reasonable than some similarity 
measures. The proposed similarity measure is applied to 
pattern recognition 


This paper is organized as follow: In section 2 some basic 
definitions of neutrosophic set, single valued neutrosophic 
set, interval valued neutrosophic set and cosine similarity 
measure are presented briefly. In section 3, cosine similari- 
ty measure of interval valued neutrosophic sets and their 
proofs are introduced. In section 4, results of the proposed 
similarity measure and existing similarity measures are 
compared .In section 5, the proposed similarity measure is 
applied to deal with the problem related to medical diagno- 
sis. Finally we conclude the paper. 


2. Preliminaries 


This section gives a brief overview of the concepts of 
neutrosophic set, single valued neutrosophic set, interval 
valued neutrosophic set and cosine similarity measure. 


2.2 Neutrosophic Sets 


Definition 2.1 [1] 
Let U be an universe of discourse then the neutrosophic 
set A is an object having the form 
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A = {< x: T,(x), 14(x), Fy(x) >, x €U}, where the 
functions T, I, F : U- ]-0, 1+[ define respectively the de- 
gree of membership (or Truth) , the degree of indetermina- 
cy, and the degree of non-membership (or Falsehood) of the 
element x __U to the set A with the condition. 


0< TW +L@+ Xs 


From philosophical point of view, the neutrosophic set 
takes the value from real standard or non-standard subsets 
of J 0, 1°[. So instead of] —0, 1°[ we need to take the inter- 
val [0, 1] for technical applications, because ] 0, 1 [will be 
difficult to apply in the real applications such as in scien- 
tific and engineering problems. 

Fortwo NS, Ays = {<x, T(x), Ly(x), Fy(x)>| 
xeX } 

And Byg = {<x, Tp(x),[p(x), Fg(x) >| xe X >the 
two relations are defined as follows: 

(1) Ays C Byg If and only if T,(x) < Tp(x), 14(x) 
Ip(x), F4(x) 2 Fp(x) for any x eX. 


(2) Ays =Byg if and only if T,(x)=Tp(x), [4(x) 
=[p(x), F(x) =F p(x) for any x €X. 


2.3.Single Valued Neutrosophic Sets 


Definition 2.3 [14] 

Let X be a space of points (objects) with generic ele- 
ments in X denoted by x. An SVNS A in X is characterized 
by a truth-membership function 7,(x), an indeterminacy- 
membership function /,(x) , and a falsity-membership 
function F',(x) , 


F,(x) €[0, 1]. 


for each point x in X, 7T,(x),14(x), 


When X is continuous, an SVNS A can be written as 

A= LALO), F4@) ae 
x x 

When X is discrete, an SVNS A can be written as 


x (2) 


<T4@) Li), Fa) > X (3) 


x; 


A= 3? 


For two SVNS,  Asyys = {<x, Ty(x),14(%), F(x) > | x 
eX} 
And Boy ={<x, Ty(x),14(x), Fy(x)> | x €X }the two 
relations are defined as follows: 

(1) Asyyws GC Bsyns if and only if T(x) < Tp(x) 
T4(x) 2 [g(x), F4(x) 2 Fe(x) 
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(2) Asyys =Bsyys if and only if Ty(x) =Tp(x), L4(x) 
=[p(x), Fy(x) =F p(x) for any x €X. 


2.4 Interval Valued Neutrosophic Sets 

Definition 2.4 [15] 
Let X be a space of points (objects) with generic elements 
in X denoted by x. An interval valued neutrosophic set (for 
short IVNS) A in X is characterized by truth-membership 
function 7,(x) , indeteminacy-membership function J ,(x) 
and falsity-membership function F',(x). For each point x 
in X, we have that 7,(x), [4(x), Fy(x) e€ [0,1]. 
For twoIVNS, Ayys ={<x, [77 (x), TY (x) ], 
(14) 1) MPL). Fi OP Ix eX} 
And Byys = {<x, ={<x, [Ty (x) Ts (2) 1, 
[15(x) Lp (x) LL Fg (2), Fp (2) > |x eX }>Ix €X } the 
two relations are defined as follows: 
(1) Aws © Byys if and only if Ti (x) < Ty(x), TY (x) < 
T(x) 1400) 2 Ip), FQ) > Fax) , Fi @) 2 
Fy (x). 
(2) Ais =Biyg if and only if , T(x) =Tz (x), 
Ty (X)=Ty (x), AC) =15), 
1 (x) =13 (x), Fi (0) = Fg (a), Fy (x) = Fy (x) for any 
xX EX. 


2.5 Cosine Similarity 


Definition 2.5 

Cosine similarity is a fundamental angle-based measure 
of similarity between two vectors of n dimensions using the 
cosine of the angle between them Candan and Sapino [20]. 
It measures the similarity between two vectors based only 
on the direction, ignoring the impact of the distance be- 
tween them. Given two vectors of attributes, X= 
(X1,%2,...,X, ) and Y=(y,, ¥2,.--, ¥, ), the cosine similari- 


ty, cos8, is represented using a dot product and magnitude 
as 


UX; 
Cos@= —— +]. (4) 


In vector space, a cosine similarity measure based on 
Bhattacharya’s distance [19] between two fuzzy set 
H4(x;) and “p(x;) defined as follows: 
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DH4 (X;) Hp (x;) 


(5) 


2X Ma) > Max) 
The cosine of the angle between the vectors is within 
the values between 0 and 1. 


In 2-D vector space, J. Ye [18] defines cosine similarity 
measure between IFS as follows: 


Cyps(AB) = LeaGea (sd) +vanva() 


A Maa) +V 4G)” Sup (x)? + vg (%)° 
(6) 


Ill . Cosine Similarity Measure for Interval Valued 
Neutrosophic Sets. 

The existing cosine similarity measure is defined as the 
inner product of these two vectors divided by the product of 
their lengths. The cosine similarity measure is the cosine of 
the angle between the vector representations of the two 
fuzzy sets. The cosine similarity measure is a classic meas- 
ure used in information retrieval and is the most widely re- 
ported measures of vector similarity [19]. However, to the 
best of our Knowledge, the existing cosine similarity 
measures does not deal with interval valued neutrosophic 
sets. Therefore, to overcome this limitation in this section, a 
new cosine similarity measure between interval valued neu- 
trosophic sets is proposed in 3-D vector space. 


Let A be an interval valued neutrosophic sets in a universe 
of discourse X ={x}, the interval valued neutrosophic sets 
is characterized by the interval of membership [T;, TY ] 


the interval degree of non-membership [F/, Fi’ ] and the 


interval degree of indeterminacy [/4, 19 ] which can be 


considered as a vector representation with the three ele- 
ments. Therefore, a cosine similarity measure for interval 
neutrosophic sets is proposed in an analogous manner to the 
cosine similarity measure proposed by J. Ye [18]. 


Definition 3.1 :Assume that there are two interval neutro- 
sophic sets A and B in X ={x,,%,...,x, } Based on the ex- 


tension measure for fuzzy sets, a cosine similarity measure 
between interval valued neutrosophic sets A and B is pro- 
posed as follows: 

Le AT, (%)AT () + AL 4 AT ()) + AF 4 AF gO) : 


Cy (4,B)=—2 2 2 2 2, 2 2 
Mit [ATP HAL PHAR? gf AT (5)? Ala)? HAF 55)? 


(7) 


Where 
AT 4(x;)=T4 (%)) +74 (2) » ATp (4) =Te (%) + Te @) 
Al 4(x;) =15@)+TT &) , Alp (x;) = 15 (x;) +15 (x;) 
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And AF 4(x;)=F 4 (x;) + Fy (x), 
AF, (x;) =F (x;) + Fp (x) 


Proposition 3.2 
Let A and B be interval valued neutrosophic sets then 
i. O<Cy(4,B) <1 
ii. Cy(A,B) =Cy(B, A) 
iii, Cy(4,B) =1 if A=Bire 
Ty (x,) = Ty (x,) , Tr 0%) = Tp (x) 
GjyaT Git Gar, Gand 
Fix) = Fe (x), FY (x) = FY @,) for i=1,2,.....0 
Proof : (i) it is obvious that the proposition is true 
according to the cosine valued 
(ii) it is obvious that the proposition is true. 
(111) when A =B, there are 
re ee U _7U 
"4 (%;) =Tp (x;) 74 (x;) = Te ;) 
14(%))= 1505) ,14 0) =z Ge) and 
Fh (x) =F#(x;), FY («,) = FY (x;) for i=1,2,.....0 
, 90 there is Cy(4,B) =1 
If we consider the weights of each element x;, a weighted 


cosine similarity measure between IVNSs A and B is given 
as follows: 


Cyn (A,B) = 1 ee Ase) Aa) + ALT ge) + BE) 
nia F (AT (x) (AL 4 ())-+(AF (2) V (AT (4)? +(Alg (x) HAF 9) 


(8) 


Where w, € [0.1] ,i =1,2,...,n ,and Sw, = 
i=l 


If we take w, = zZ ,1=1,2,....n, then there is Cy, (A, B) 
n 


= Cy(A4,B). 


The weighted cosine similarity measure between two 
IVNSs A and B also satisfies the following properties: 


i. O< Cy (4,8) <1 

ii. Cyy (A,B) =Cyy (B, A) 

iii, Cyy(4,B) =1 if A=Bie 
14 (%)) = Tg (@)), Ta 4) = Tp) 
14 (x)= 150%), 17 4) = Tp () and 
FL (x,) = Fy (x,), FY (x, = FE (x,) for =1,2,.....0 
Proposition 3.3 
Let the distance measure of the angle as d(A,B)= arcos 


Cy (A, B) ,then it satisfies the following properties. 
i. d(A,B) = 0, if 0< Cy(4,B) < 1 
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ii, d(A, B) = arcos(1) = 0, if Cy (4,B)=1 

iii. d(A, B)=d(B, A) if Cy(4,B) = Cy(B,A) 

iv. d(A,C) < d(A,B)+d(B,C) if Ac Bc C for 

any interval valued neutrosophic sets C. 

Proof : obviously, d(A,B) satisfies the (i) — (iii). In the 
following , d(A,B) will be proved to satisfy the (iv). 

For any C={x,;}, A ¢ B © C since Eq (7) is the sum 
of terms. Let us consider the distance measure of the angle 
between vectors: 

d; (A(x; ), B(x; )) = areos(Cy (A(x; ), BCX; )), 

d; (B(x; ), C(x; )) = areos( Cy (B(x; ), CC; )), and 

d; (A(x; ), C(x; )) = arcos(Cy (A(x; ), C(x; )),, for = 1, 
2, .., N, where 


_i¢ AT 4Q)AT RO) + ALACATB OR) + AF 4Qi)AF ROI) 
Cy (4,B)=— > =. 
"i FAT HP HAL GDP HAF)? f ATO)? HAL DP HAF (4)? 
(9) 
CvBoels ATC) ATCC) + Alp AICCH) + AFBGDAFCUD = 
rk rT (AT (3) HAL a (XY HAF 9)" 1 (ATe Cy) Ale )Y HAF) 
(10) 
Cwiaoenly AT A(i)ATC(i) + ALAG)AIC (3) + AAG) AFC) 


"ia [ATC HAL CDP HAL)? YATE)? HALO)? HAF)? 
(11) 


For three vectors 


Ma, Hee, E17). 1 LT Gp 2 Gy 
[Fa (x;), FY (x;)]> 


Ba) == 1.E@). EOL DGG. Fe) i 
[Gs #; GpI> 


Cla =< 1 Te), TOG) 1 Te) 5 JE) I, 
[Fé (x;), FE (x;)] > ina plane 


If A(x;) B(x, )c C (x;) G =1, 2,..., n), then it is obvi- 
ous that d(A(x;), C(x; )) $ dC A(z; ), BOx; )) + dBC;), 
C(x; )), According to the triangle inequality. Combining 
the inequality with E.q (7), we can obtain d(A, C) < d(A, 
B) + d(B, C). Thus, d(A,B) satisfies the property (iv). So we 
have finished the proof. 


IV. Comparison of New Similarity Measure with the 
Existing Measures. 


Let A and B be two interval neutrosophic set in the 
universe of discourse X={x,,X,...,x, }. For the cosine 


similarity and the existing similarity measures of interval 
valued neutrosophic sets introduced in [5, 21], they are 
listed as follows: 


Pinaki’s similarity I [21] 
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Spr = 


min (x) -Tp(x,)}+min {1 4(x;)-1g(x,)}+ min (Fy (x;)- Fy (x;)}} 


5 {max {7 4(x,) -Tp(x;)}+max {I 4(x;)-Tg(x;)}+max {Fy (x;)-F_(x;)}} 
i=l 
(12) 


Also ,P. Majumdar [21] proposed weighted similarity 
measure for neutrosophic set as follows: 


Ew, (T4(x;)- Tp (%,) + 14%) Lp) + Fu) Fa) 
Spy == 


Max( wy HCO EGP TACY yy af Tod? Hao? ala” > 


(13) 


Where, Sp; ,Sp;; denotes Pinaki’s similarity I and Pinaki’s 
similarity IT 
Ye’s similarity [5] is defined as the following: 
Sy. (A, B) = 1- 
lint 7,(2x;) —inf 75 (x;)| + [sup 74 (x;) —sup Ty (~;)] 
Sw] + fin? L4(,) —ink ig) + [sup Z(x,) —sup Z| 
+|inf F.,(x;)—inf F,(x;))+|sup F.,(x;) — sup Fp (x;)| 


(14) 
Example 1: 
Let A = {<x, (0.2, 0.2 0.3)>} and B= {<x, (0.5, 0.2 0.5)>} 
Pinaki similarity I = 0.58 
Pinaki similarity II (with w,; =1) = 0.29 
Ye similarity (with w; =1) = 0.83 
Cosine similarity C, (A,B) =0.95 
Example 2: 


Let A= {<x, ({0.2, 0.3], [0.5, 0.6] ,[ 0.3, 0.5])>} and B{<x, 
([0.5, 0.6], [0.3, 0.6] ,[0.5, 0.6])>} 


Pinaki similarty I= NA 

Pinaki similarty II (with w, =1) =NA 
Ye similarity (with w,; =1) =0.81 
Cosine similarity Cy (A, B) = 0.92 


On the basis of computational study. J.Ye [5] have shown 
that their measure is more effective and reasonable .A simi- 
lar kind of study with the help of the proposed new measure 
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based on the cosine similarity, has been done and it is found 
that the obtained results are more refined and accurate. It 
may be observed from the example | and 2 that the values 
of similarity measures are more closer to | with Cy (A,B) 
,the proposed similarity measure. This implies that we may 
be more deterministic for correct diagnosis and proper 
treatment. 


V. Application of Cosine Similarity Measure for Inter- 
val Valued Neutrosophic Numbers to Pattern Recogni- 
tion 

In order to demonstrate the application of the proposed 
cosine similarity measure for interval valued neutrosophic 
numbers to pattern recognition, we discuss the medical 
diagnosis problem as follows: 

For example the patient reported temperature claiming that 
the patient has temperature between 0.5 and 0.7 severity 
/certainty, some how it is between 0.2 and 0.4 
indeterminable if temperature is cause or the effect of his 
current disease. And it between 0.1 and 0.2 sure that 
temperature has no relation with his main disease. This 
piece of information about one patient and one symptom 
may be written as: 

(patient , Temperature) = <[0.5, 0.7], [0.2 ,0.4], [0.1, 0.2]> 
(patient , Headache) = <[0.2, 0.3], [0.3 ,0.5], [0.3, 0.6]> 
(patient, Cough) = <[0.4, 0.5], [0.6 ,0.7], [0.3, 0.4]> 
Then, P= {< x,, [0.5, 0.7], [0.2 ,0.4], [0.1, 0.2] >, < 
xy , [0.2, 0.3], [0.3, 0.5], [0.3, 0.6] > .< x3, [0.4, 0.5], 
[0.6 ,0.7], [0.3, 0.4]>} 


And each diagnosis 4, (i=1, 2,3) can also be represented 
by interval valued neutrosophic numbers with respect to all 
the symptoms as follows: 
= {< x,, [0.5, 0.6], [0.2 ,0.3], [0.4, 0.5] >, < x2, [0.2 , 
0.6 J, [0.3 ,0.4 ], [0.6 , 0.7]>,< x3, [0.1, 0.2 ], [0.3 ,0.6 ], 
[0.7, 0.8]>} 
= {< x,, [0.4, 0.5], [0.3, 0.4], [0.5, 0.6] >, < x, , [0.3, 
0.5 J, [0.4 0.6 ], [0.2, 0.4]> , < x3, [0.3, 0.6 ], [0.1, 0.2], 
[0.5, 0.6]>} 


= {< x,, [0.6, 0.8], [0.4 ,0.5], [0.3, 0.4]>, <x, , [0.3, 0.7 
], (0.2, 0.3], [0.4, 0.7]> ,< x3, [0.3, 0.5 ], [0.4, 0.7 ], [0.2, 
0.6]>} 

Our aim is to classify the pattern P in one of the classes 
A, , A, , A, According to the recognition principle of max- 


imum degree of similarity measure between interval valued 
neutrosophic numbers, the process of diagnosis A, to pa- 
tient P is derived according to 


k= arg Max{ Cy(4,,P))} 


from the previous formula (7) , we can compute the co- 
sine similarity between A, (i=1, 2, 3) and P as follows; 
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Cy(A.P) =0.8988, Cy(4;,P) =0.8560, 
=0.9654 


Cy (As, P) 


Then, we can assign the patient to diagnosis A; (Typoid) 
according to recognition of principal. 


VI. Conclusions. 

In this paper a cosine similarity measure between two and 
weighted interval valued neutrosophic sets is proposed. 
The results of the proposed similarity measure and existing 
similarity measure are compared. Finally, the proposed 
cosine similarity measure is applied to pattern recognition. 
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Neutrosophic Crisp Set Theory 


A. A. Salama, Florentin Smarandache 


A.A. Salama, Florentin Smarandache (2014). Neutrosophic Crisp Set Theory. 
Neutrosophic Sets and Systems 5, 27-35 


Abstract. The purpose of this paper is to introduce new 
types of neutrosophic crisp sets with three types 1, 2, 3. 
After given the fundamental definitions and operations, 
we obtain several properties, and discussed the relation- 


ship between neutrosophic crisp sets and others. Also, we 
introduce and study the neutrosophic crisp point and neu- 
trosophic crisp relations. Possible applications to data- 
base are touched upon. 


Keywords: Neutrosophic Set, Neutrosophic Crisp Sets; Neutrosophic Crisp Relations; Generalized Neutrosophic Sets; 


Intuitionistic Neutrosophic Sets. 


1 Introduction 


Since the world is full of indeterminacy, the neutrosophics 
found their place into contemporary research. The funda- 
mental concepts of neutrosophic set, introduced by 
Smarandache in [16, 17, 18] and Salama et al. in [4, 5, 6, 7, 
8, 9, 10, 11, 15, 16, 19,20, 21], provides a natural founda- 
tion for treating mathematically the neutrosophic phenom- 
ena which exist pervasively in our real world and for build- 
ing new branches of neutrosophic mathematics. Neu- 
trosophy has laid the foundation for a whole family of new 
mathematical theories generalizing both their classical and 
fuzzy counterparts [1, 2, 3, 4, 23] such as a neutrosophic 
set theory. In this paper we introduce new types of neutro- 
sophic crisp set. After given the fundamental definitions 
and operations, we obtain several properties, and discussed 
the relationship between neutrosophic crisp sets and others. 
Also, we introduce and study the neutrosophic crisp points 
and relation between two new neutrosophic crisp notions. 
Finally, we introduce and study the notion of neutrosophic 
crisp relations. 


2 Terminologies 


We recollect some relevant basic preliminaries, and in par- 
ticular, the work of Smarandache in [16, 17, 18], and 
Salama et al. [7, 11, 12, 20]. Smarandache introduced the 
neutrosophic components T, I, F which represent the 
membership, indeterminacy, and non-membership values 


respectively, where |‘0 ,l*}is nonstandard unit interval. 


Definition 2.1 [ 7] 


A neutrosophic crisp set (NCS_ for _ short) 
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A = (4), 4, 43) can be identified to an ordered triple 
(A,, 4p, 43) are subsets on x and every crisp set in X is 
obviously a NCS having the form (4,, 4,, 4s) , 

Salama et al. constructed the tools for developed neu- 
trosophic crisp set, and introduced the NCS ¢,,Xy in X 
as follows: 
¢y may be defined as four types: 


i) Typel: dy =(¢,¢,X), or 
ii) Type2: dy = (¢, X,X), or 
iii) Type3: by = (,X.¢), or 
iv) Type4: by = (9,9. 9) 
1) Xy may be defined as four types 
i) Typel: Xy = (X, d, ¢), 
ii) Type2: X y =(X, X,¢), 
iii) Type3: X y =(X,X,4), 
iv) Type4: Xy =(X,X,X), 


Definition 2.2 [6, 7] 

Let A= (A, ,Ao, A;) a NCS onX , then the comple- 
ment of the set 4 ( A‘, for short ) may be defined as 
three kinds 

(C,) Typel: 4° =(4%1,4°2,4°3), 
(C,) Type2: A° =(43, Ay, 41) 
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(C,) Type3: A° =(4;,4°2, A) 


Definition 2.3 [6, 7] 

Let X beanon-empty set, and NCSS 4 and B in 
the form 4 = (4, 4,,4;), B =(B,,B,,B;) , then we may consid- 
er two possible definitions for subsets (A c B) 

(4c B) may be defined as two types: 
1) Typel: AC BSA CB,A CB, and A, D B, or 
2) Type2: ACB OSA CB,A, DB, and A, DB;. 


Definition 2.5 [6, 7] 
Let X be anon-empty set, and NCSs 4 and B in 
the form 4 = (4, 4),4,), B = (B,,By,B;) are NCSS Then 
1) Af\B may be defined as two types: 
i. Typel: ANB=(A, 0B), Ay OB, A, UB3) oF 
ii. Type2: ANB = (A, 0B,, A, UB,, A; UB3) 
2) AUB may be defined as two types: 
i) Typel: AUB =(4, UB, 4) OB), A; UB) OF 
ii) Type2: AUB =(4, UB, 4) 0 By, A; OB) 


3 Some Types of Neutrosophic Crisp Sets 

We shall now consider some possible definitions for some 

types of neutrosophic crisp sets 

Definition 3.1 
The object having the form 4 =(4,, 4), 4;) is called 

1) (Neutrosophic Crisp Set with Type 1) If satisfy- 
ing 4, 0 A, =¢, 4, NA, =¢@ and 4, NA; =¢. 
(NCS-Typel for short). 

2) (Neutrosophic Crisp Set with Type 2 ) If satisfy- 
ing A, 1A, =¢, A, A; =¢ and A, OA; =¢ and 
A, UA, UA; =X. (NCS-Type2 for short). 

3) (Neutrosophic Crisp Set with Type 3 ) If satisfy- 
ing 4; 14, 04;=¢@ and A; UA, UA; =X. 
(NCS-Type3 for short). 

Definition 3.3 

1) (Neutrosophic Set [9, 16, 17]): Let X be a non- 
empty fixed set. A neutrosophic set (NS for short) 4 
is an object having the form 4 = (w4(x),o.4(2), v4(x)) 
where 1 4(x),o4(x) and v(x) which represent the 
degree of membership function (namely w , (x) ), the 
degree of indeterminacy (namely o , (x)), and the de- 
gree of non-member ship (namely v , (x)) respectively 

the set A where 

and 


of each element xe X to 
O° py(x),04(4),V4(~) <1" 


OS wy (x)t+o4(x)t+Vy(x) <3*. 
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2) (Generalized Neutrosophic Set [8] ): Let X be a 
non-empty fixed set. A generalized neutrosophic 
(GNS for short) set 4 is an object having the form 


A=(x,H4(2),04(%),V4()) Where p14(x),o4(x) and 
Vy (x) which represent the degree of member ship 
function (namely wu , (x) ), the degree of indeterminacy 
(namely o , (x)), and the degree of non-member ship 
(namely v , (x)) respectively of each element x € X to 
the set A where 0° < w4(x),o4(x),v4(x) <1" and 
the functions satisfy the 
My (x)A Oy (x)A V4 (x)<0.5 


O° < wy(x)+a4(x)t+V4(x) <3". 


condition 
and 


3) (Intuitionistic Neutrosophic Set [22]). Let X be a 


non-empty fixed set. An intuitionistic neutrosophic set A 
(INS for short) is an object having the form 


A= (u4(x),.04(2)V4(x)) Where “4(x),o4(x) and v4(x) 
which represent the degree of member ship function 
(namely 4“, (x) ), the degree of indeterminacy (namely 


O4 (x) ), and the degree of non-member ship (name- 
lyvy (x)) respectively of each element x eX to the set 
A where 0.5 < 4(x), 0 4(x),V4(x) and the functions sat- 
the Ma (x) O14 (x)< 0.5, 
Ly (x)Avy(x)< 0.5, o 4(X)AV 4(x)< 0.5, 

and ~O<wy(x)+o4(x)+vy(x)<2° . 


crisp with three types the object 4 = (A, 4), A;) can be 


isfy condition 


A neutrosophic 


identified to an ordered triple (A,, 49, 43) are subsets on 
X, and every crisp set in X is obviously a NCS having the 
form (A,, 45,43). 
Every neutrosophic set 4 = (u4(x),04(x),v4(x)) on X is 
obviously on NS having the form (1 4(x),o4(x),V4(x)) - 
Remark 3.1 
1) The neutrosophic set not to be generalized neutro- 
sophic set in general. 
2)The generalized neutrosophic set in general not intui- 
tionistic NS but the intuitionistic NS is generalized 


NS. 
Intuitionistic NS——® Generalized NS ——~ NS 


GNS 
NS 
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Fig. 1. Represents the relation between types of NS Typel: Xy = ( X,¢, ¢) ; 
1 


Corollary 3.1 Definition 3.3 
Let X non-empty fixed set and 4 =(w4(x),04(x),V 4(x)) A NCS-Type2, ¢y,,X v2 in X as follows: 
be INS on X Then: 


1 may be defined as two types: 
1) Typel- 4° of INS be a GNS. ) Oy may a 


2) Type2- 4° of INS be a INS. i) Typel: dy, =(9.9.X), or 

3) Type3- 4° of INS be aGNS. ii) Type2: py, = (0 x. ¢) 

Proof 2) Xy, may be defined as one type 

Since A INS then sz 4(x),0 4(x),V4(x), and Typel: Xy, = (X, d, ) 

Ha) AG 4(X) $0.5,V 4X) A Ma (X) 50.5 Definition 3.4 

V 4(x) Ao 4(x) < 0.5 Implies A NCS-Type 3, ¢y3,X y3 in X as follows: 
uo A(x), 0° 4(x),V°4(x) < 0.5 then is not to be Typel- 4° 1) $y3 may be defined as three types: 
INS. On other hand the Type 2- 4‘, i) Typel: ¢y3 = (9, 9,X), or 
A® = (Vv 4(x), 0 4(x), 4 (x) be INS and Type3- 4°, ii) Type2: ¢y3 = (0X, ¢), or 
AL = (v.4(2),0° 402), H4(2)) and o% 4(x) <0.5 implies to iii) Type3: dy3 = (0,X,X). 
A= \v, iio Wee ()) GNS and not to be INS 2) Xy3 may be defined as three types 


i) Typel: X v3 = (X,¢, 9), 
ii) Type2: Xy3 = (Xx, Xx, 0), 
iii) Type3: Xy3 =(X,9,X), 


Example 3.1 

Let X = {a, b, ch, and A,B, Care neutrosophic sets on 
X, 4=(0.7,0.9,0.8) \ a,(0.6,0.7,0.6) \ b,(0.9,0.7,0.8 \ c), 
B =(0.7,0.9,0.5) \ a, (0.6,0.4,0.5) \ b, (0.9,0.5,0.8 \ c) 


Corollary 3.2 
C = (0.7,0.9,0.5) \ a, (0.6,0.8,0.5) \ b, (0.9,0.5,0.8 \ c) By the Def- In general 
inition 3.3 no.3 wy (x)A O4 (x)A v 4(x) 20.5, A be not 1- Every NCS-Type 1, 2, 3 are NCS. 
GNS and INS 2- Every NCS-Type | not to be NCS-Type?, 3. 


3- Every NCS-Type 2 not to be NCS-Typel, 3. 


ces t IN 
B =(0.7,0.9,0.5) \ a,(0.6,0.4,0.5) \ b, (0.9,0.5,0.8 \ c) not INS, 4- Every NCS-Type 3 not to be NCS-Type2, 1,2. 


where o 4 (b) = 0.4 < 0.5. Since 5- Every crisp set be NCS. 
Lp (x) AGg(X) AVg(x) <0.5 then B isa GNS but not INS. The following Venn diagram represents the relation be- 
tween NCSs 


A® = (0.3,0.1,0.2) \ a, (0.4,0.3,0.4) \ b, (0.1,0.3,0.2 \ c) 
Be a GNS, but not INS. 
B® =(0.3,0.1,0.5) \ a, (0.4,0.6,0.5) \ b, (0.1,0.5,0.2 \ c) 
Be a GNS, but not INS, C be INS and GNS, 
C* = (0.3,0.1,0.5) \ a,(0.4,0.2,0.5) \ b, (0.1,0.5,0.2 \ c) 
Be a GNS but not INS. 


NCS-Type1 


Definition 3.2 
A NCS-Typel Pn, ; Xn; in X as follows: 


1) Py may be defined as three types: Fig 1. Venn diagram represents the relation between NCSs 


i) Typel: dy, = (9,4,X), or 


Example 3.2 
ii) Type2: dy =(¢,X,¢), or Let X = {a,b,c,d,e,f}, A= ({a,b,c,d}, {eh {f}), 
iii) Type3: dy = (9,49). D = ({a,b}, {e,c},{f.d}) be a NCS-Type 2, 


2) Xy, may be defined as one type 
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B = ({a,b,c}, {d},{e}) be a NCT-Typel but not NCS- 
Type 2, 3. C = ({a,b}, {c,d}, {e, f,a}) be a NCS-Type 3.but 
not NCS-Typel, 2. 


Definition 3.5 
Let X be anon-empty set, 4 = (A, , A, A;) 
1)If A beaNCS-Typel onX , then the complement 
of the set A ( A°, for short ) maybe defined as one 
kind of complement Typel: A‘ = (A3,.4y,y) . 
2) If A beaNCS-Type 2 onX , then the comple- 
ment of the set 4 ( A‘, for short ) may be defined 
as one kind of complement A° = (A;, A, A) : 
3) If A be NCS-Type3 on X , then the complement 
of the set A ( A‘, for short ) maybe defined as one 


kind of complement defined as three kinds of com- 
plements 


(C,) Typel: A‘ =(4"1,4°2,4°s), 

(C,) Type2: A° =(A3, Ay, A,) 

(C,) Type3: A° =(4,4°2,4)) 

Example 3.3 

Let X = {a,b,c,d,e,f}, A=({a,b,c,d}, {e}, {f}) bea 
NCS-Type 2, B =({a,b,c}, {6}, {d,e}) be a NCS-Typel., 
C = ({a,b}, {c,d}, {e, f}) NCS-Type 3, then the comple- 
ment A = ({a,b, c,d}, {e}, {f}). 

A° =({f}, fe}, {a,b,c,d}) NCS-Type 2, the complement 
of B = ({a,b,c}, {9}, {d,e}), B° = ({d,e},{9},{a,b,c}) 


NCS-Typel. The complement of 
C =({a,b}, {c,d}, {e, f}) may be defined as three types: 


Type 1: C° = ({c,d,e, f},{a,b,e, f},{a,b,c,d}) . 
Type 2: C° = ({e, f},{a,b,e, f},{a,D}) » 

Type 3: C° = ({e, f},{c,d},{a,b}) , 

Proposition 3.1 

Let \4 fos ee \ be arbitrary family of neutrosophic 


crisp subsets on X, then 
1) A; may be defined two types as : 


i) Typel: AA, =(N AIO), 50A;, ) ot 
ii) Type2: VA, = (0 Aj, VA,, A.) ; 


2) UA; may be defined two types as : 
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1) Typel: UA; = (u ANA, SOA, ) a 
2) Type2: UA; = (u Aj, VA,, 4, ) , 


Definition 3.6 
(a) If B=(B,,B,,B,) is a NCS in Y, then the preimage 


of Bunder f, denoted by f'(B), is a NCS in X 
defined by (-'(B)=(/"B)), f (By), (Bs). 

(b) If 4=(4,, 4,43) is a NCS in X, then the image 
of A under f, denoted by f(A), is the a NCS in 


Y defined by f(A) = (f(A). (4) SCA) } 


Here we introduce the properties of images and preimages 
some of which we shall frequently use in the following. 


Corollary 3.3 
Let 4, {A, es} , be a family of NCS in X, and B, 


B, JE kK} NCS in Y, and f : X > Y a function. Then 
(a) 4c 4, & f(A) f(A), 

BC By = f '(B) cf (By), 

(b) Ac f '(f(A)) andif f is injective, then 

A= f'(f(A) )> 

(c) f '(f(B)) cB andif f is surjective, then 
f"(f(8) )=B, 

(d) 7B) )= 1B), FOB) =f" B), 

(2) ((04,) =Uf(A)s MO4,) CofA; and if f is injec- 
tive, then f(A.) =Of(A,); 

() #1) =X. Py) =n: 

(g) f(¢y) =by. f(Xy) =Yy, If f is subjective. 


Proof 
Obvious 


4 Neutrosophic Crisp Points 

One can easily define a nature neutrosophic crisp set in X, 
called "neutrosophic crisp point" in X, corresponding to an 
element X: 


Definition 4.1 
Let A= (4, A,,A, ) ,be a neutrosophic crisp set on a 


set X, then p= ({Pis {po}, {P3})s D1 # Po #p;€X is called 
a neutrosophic crisp point on A. 
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A NCP p=({p;},{P2} {P3})> is said to be belong to a 
neutrosophic crisp set A=(A Be , of X, denoted 


by p € A, if may be defined by two types 
Type 1: {pj} c 4, {p2} € 4, and {p3} CA; or 
Type 2: {p,} A), {p2} DS A, and {p3} C A; 


Theorem 4.1 

Let A= (4, AA ) and B = (B,, B, B;), be neutro- 
sophic crisp subsets of X. Then 4c B iff p € A implies 
p © B for any neutrosophic crisp point p in X. 


Proof 
Let ACB and pe A, Type |: {p,} < A, {p.} c A, and 
{p3} CA; or Type 2: {py} CA, {po} > A, and {p3} Cc A, 
Thus p <8. Conversely, take any point in X. Let p, € A, 
and p, ¢A, and p,;¢A,. Then p is a neutrosophic 


crisp point in X. and pe A. By the hypothesis pe B. 


Thus p,<B, or Typel: {p,}<B,,{p,} cB, and 
{p3} © B,or Type 2: {p,} c By, {py} > By and {p3} c B;. 
Hence ACB. 

Theorem 4.2 


Let A= (4 ASA, ) , be a neutrosophic crisp subset of 


X. Then A =Ulp: p e A}. 


Proof 
Obvious 


Proposition 4.1 
Let 14, a J} is a family of NCSs in X. Then 
(a,) p =({p,},(P2}tPs}) cos iff p ¢ Aj; for each 
jeJ. 
(a,) p € UA, iff AjeJ suchthat p €4;. 
jet 
Proposition 4.2 
Let 4=(4,,A,,4,) and B=(B ,B,,B,) be two 
1 2 3 1 2 3 
neutrosophic crisp sets in X. Then 4c B iff foreach p 
wehave p €A <p €B and foreach p we have 
p €A =p €B.iff A=B_ foreach p we have 
p €A => péB and foreach p we have 
p €A Sp eB. 


Proposition 4.3 


Collected Papers, XII 


Let A= (4, Ase. ) be a neutrosophic crisp set in X. 


Then A=U< {p; Py € Ai} ps Po < Ay}, {p, : D3 < A}. 


Definition 4.2 
Let f:X > Y bea function and p be a neutrosophic 


crisp point in X. Then the image of p under / , denoted 
by f(p), is defined by f(p ) = ({ai},{a2}-1as}) » where 

G1 =f (P1),92 =f (P2) and gz = f(p3) -It is easy to see 
that f(p ) isindeed a NCP in Y, namely f(p)=4, 


where gq = f(p), and it is exactly the same meaning of the 


image of a NCP under the function / . 


Definition 4.3 
Let X be a nonempty set and p € X . Then the neutro- 
sophic crisp point py defined by py = ({e} d, {p}°) is 


called a neutrosophic crisp point (NCP for short) in X, 
where NCP is a triple ({only element in X}, empty set, {the 
complement of the same element in X }). Neutrosophic 
crisp points in X can sometimes be inconvenient when ex- 
press neutrosophic crisp set in X in terms of neutrosophic 


crisp points. This situation will occur if A = (4 Pe ee ) 


NCS-Typel, p ¢ A,. Therefore we shall define "vanish- 
ing" neutrosophic crisp points as follows: 


Definition 4.4 
Let X be a nonempty set and pe X a fixed element 
in X Then the neutrosophic crisp set py, = (0, {p}, {p}°) 


is called vanishing" neutrosophic crisp point (VNCP for 
short) in X. where VNCP is a triple (empty set, {only ele- 
ment in X}, { the complement of the same element in X}). 


Example 4.1 

Let X = {a,b,c,d} and p=beX .Then 
Py =(10}.¢,1a,c.4}), py, =(9.10} facd)), 
P = ({b}, {a}, {d)}). 


Now we shall present some types of inclusion of a neu- 
trosophic crisp point to a neutrosophic crisp set: 


Definition 4.5 
Let py = ({o} ¢, {p}* )is a NCP in X and 


A= (4, ,4,,4, ) a neutrosophic crisp set in X. 
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(a) py is said to be contained in A (py €A for 
short ) iff p € A,. 

(b) pyy be VNCP in X and A= (4, <A, .A,) a neu- 
trosophic crisp set in X. Then Py ,, is said to be contained 


in A (py, €A for short ) iff p ¢ A; . 


Remark 4.2 
Py and pyy are NCS-Typel 


Proposition 4.4 

Let 14, a J} is a family of NCSs in X. Then 
(a;) Dy a iff py € A; foreach jeJ. 
(42) Pry ae iff py, €A;foreach jeJ. 
(61) Dy ee iff Sj ¢J such that py €4;. 
(67) Pw, Sed iff Sj¢J such that py, €4;. 


Proof 
Straightforward. 


Proposition 4.5 
Let A=(AG A, A.) and B=(B,B,,B,) are two 


iff for each 
Py wehave py €A & py €B and for each py we 


neutrosophic crisp sets in X. Then ACB 


have py €A >py, €B. A=B iff foreach py we 


have py¢€A =>pye€B and for each py, we 


havepy, €A & py, €B. 


Proof 
Obvious 
Proposition 4.6 


Let A= (4, A, As) be a neutrosophic crisp set in X. 
Then 4=(U{py : py € A})U(U {pny : Pw € 4}). 


Proof 
It is sufficient to show the following equalities: 


A =(U{p }: Py EAU: Paw < Al), A,=¢ 
and A; =(r{p 1° Dy ANA kp} > DNN < A}) 
which are fairly obvious. 


Definition 4.6 
Let f:X —Y be a function and p, be a nutrosophic 


crisp point in X. Then the image of py under / , denoted 
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by fp) is defined by f(py)=({a}¢.(a}") 
whereqg= f(p ). 
Let pyy be a VNCP in X. Then the image of Dyy 


under f, denoted by f(pyy), is defined by 


F(pyw) = (dslala}®) where q = fp ). 


It is easy to see that f(py) is indeed a NCP in Y, 
namely f(py)=qy whereqg=(/f(p ), and it is exactly 
the same meaning of the image of a NCP under he func- 
tion f f(pPyy), 18 also a VNCP in Y, namely 
f(Pyw)= 4 nn» Where q = f(p ). 


Proposition 4.7 
States that any NCS A 


form A=AUVAU A , 
N NN NNN 


in X can be written in the 
where A=U{py: py € 4} , 
N 


A=@y and A =U{p ww : PNN eA). It is easy to show 
N NNN 
that, if A=(A,,4,,4,) , then 4=(A,,6, 4; ) and 


A =(@,A,,A;). 
A=(b42,4s) 

Proposition 4.8 

Let f:X —Y bea function and A=(A,,A,,A,) bea 
neutrosophic crisp set in X. Then we have 


f(A)= (MU S(ADUSCA)- 
N 


Proof 


This is obvious from 4= AU AU A. 
NNN NNN 


Proposition 4.9 
Let 4=(A,,4,,4,) and B=(B,,B,,B,) be two 
1 2 2 1 2 3 
neutrosophic crisp sets in X. Then 
a) ACB iff foreach py we have 
Py €A & py €B and foreach py, we have 


Py €A > py, €B. 


b) A=B iff foreach py we have 
Py €A = py €B and foreach py we 
have py, €A & py, €B. 


Proof 
Obvious 
Proposition 4.10 


Let A= (4, 5A, A, ) be a neutrosophic crisp set in X. 


Then 4=(U{py : pw € ASU {Pw : Pw € 4})- 
Proof 
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It is sufficient to show the following equalities: 
A, =(U{p }: Py Ee ANU(U{b: yw e 4}) A; =9 
and A, = (fp 1: py € Aba {py > Dyn € A) : 
which are fairly obvious. 


Definition 4.7 
Let f:X —Y bea function. 


(a) Let py be a neutrosophic crisp point in X. Then 


the image of py under f , denoted by f(p,,), is defined 


by f(py)=({qhd fa)" ). where g = f(p ). 
(b) Let pyy be a VNCP in X. Then the image of 
Pyn under f , denoted by f(pyy), is defined by 


(Paw) =(o.{a}s a} ). where g = f(p ). It is easy to see 
that f(py) is indeed a NCP in Y, namely f(py)= qn, 


where g = f(p _), and it is exactly the same meaning of the 


image of a NCP under the function f . f(Pyjy )is also a 
VNCP in Y, namely f(pyy)= yy, where gq=f(p ). 


Proposition 4.11 
Any NCS A in X can be written in the 


fom A=AU AU A where A=Ulpy : py € A} ; 
N NN NNN N 


A= d A =U ; Ay. Iti to sh 
4 gy an Poe {P nv Pwn € \ is easy to show 
that, if A=(A,A,4.) , then A=(x, 41,9, 4 ) and 


A= (%6.42-43)- 


Proposition 4.12 
Let f:X —Y bea function and 4 =(4,,4,,4,) bea 


neutrosophic crisp set in X. Then we have 


f(A)= FAY S(AUSCA)- 
N 


Proof 


This is obvious from d= 4U AU A. 
NNN NNN 


5 Neutrosophic Crisp Set Relations 
Here we give the definition relation on neutrosophic crisp 
sets and study of its properties. 

Let X, Y and Z be three crisp nonempty sets 


Definition 5.1 

Let X and Y are two non-empty crisp sets and NCSS 
A and B inthe form 4 =(4,,4,,A3) on X, 
B= (B,,B>,B3) on Y. Then 


i) The product of two neutrosophic crisp sets A and 
B is a neutrosophic crisp set A x B given by 
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Ax B =(A,x By, Ay x By, A;xB3)on XxY. 
ii) We will call a neutrosophic crisp relation 
Rc Ax Bon the direct product X¥xY. 


The collection of all neutrosophic crisp relations on 
X xY is denoted as NCR(X x Y) 


Definition 5.2 
Let R be a neutrosophic crisp relation on X xY , then 


the inverse of R is donated by R™ 
RcCAxBonXxY then R! cBxAon YxX. 


where 


Example 5.1 
Let X ={a,b,c,d}, A=({a,b}, {c}, {d}) and 
B = ({a}, {c},{d,b}) then the product of two neutrosophic 
crisp sets given by 
Ax B = ({(a,a),(b,a)},{(c,c)}, {(d,d),(d,b)}) and 
Bx A= ({(a,a),(a,b)},{(c,c)}, (d,d),(b,d)}) , and 
R, = ({(a,a)}, {(c,0)}, (d,d)}), Ri C Ax Bon XxX, 
Ry = ({(a,b)}, {(c,0)}, (d,),(b,d)}) Ry CBxAon XxX, 


R, '=(K(a,a)}, (e,c)},{(d,d)}) C Bx A and 


Ry" = ({(b,a)},4(c,0)},{(d,d),(d,b)}) CBX A. 
Example 5.2 
Let X = {a,b,c,d,e, f}, A= ({a,b,c,d}, {e}, (43), 
D = ({a,b}, {e,c}, {f,d}) be a NCS-Type 2, 
B = {a,b,c}, {}, {d,e}) be a NCS-Typel. 
C = ({a,b}, {c,d}, {e, f}) be a NCS-Type 3.Then 
Ax D=({(a,a),(a,b),(b,4),(b,5),(b,), (c,4), (¢,5),(4,@), (4, )}, (eC AF, O}) 
DxC = ({(a,a), (a,b), (, a), (b,b)}, (2,0), (0), (6,0), (6 2}, (F.2), F, 1), (4,0) @, A)}) 
We can construct many types of relations on products. 


We can define the operations of neutrosophic crisp re- 
lation. 


Definition 5.3 
Let R and be two neutrosophic crisp relations be- 


tween X and Y for every (x,y)<¢XxY and NCSS A and 
Bin the form 4=(4,,4,,4;) on X, B= (B,,B,B;) on Y 
Then we can defined the following operations 
i) RcSmay be defined as two types 
a) Typel:RCOSS 4, CB, 4 C Bo, Asp D Bss 
b)  Type2:RCS <A, CB), Are 2 Bos, 
B35 © Agr 
ii) RUS may be defined as two types 
a) Typel:RUS 
= (Air U Bis, Arp U Bos, Agr B35) , 
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b) = Type2: 
RUS = (Aig U Bis, 42x O B25, 43x OB35)- 
ili) ROS may be defined as two types 
a) Typel: RAS = (Ap O Bis, Ang U Bos, Asp U Bas) 5 
b) = Type2: 
RAS = (Aig OBis, Aan O Bos > 43x UB35) - 
Theorem 5.1 
LetR, Sand Q be three neutrosophic crisp relations 
between X and Y for every (x, y)—¢ ¥ x Y , then 


iy  RESSR es 
i) (RUSY'>RTUST. 
RAS SR As 


(r“)' uk 
Vv) RA(SUQ)=(RAS)U(RAQ). 
RU(SAQ)=(RUS).A(RUQ). 

vii) If ScR,OcR, then SUOCR 

Proof 

Clear 

Definition 5.4 

The neutrosophic crisp relation J ¢ NCR(X x X), the 
neutrosophic crisp relation of identity may be defined as 
two types 

i)  Typel:1={< {Ax 4}, {Ax 4},¢ >} 

ii) Type2: 1={x {Ax 43,69 >} 

Now we define two composite relations of neutrosoph- 
ic crisp sets. 


Definition 5.5 

Let R be aneutrosophic crisp relation in X¥ x Y , and § 
be a neutrosophic crisp relation in Y x Z . Then the compo- 
sition of R andS, RoS bea neutrosophic crisp relation 
in X x Z as a definition may be defined as two types 

i) Type l: 
Ro S <> (Re S)(x, 2) =< (A; x By) pg O42 x Ba) sh 5 


{(Aq x By) pp O(A2 x Bz) 55, (As x B3) gp OA x B3) 5} >- 
ii) Type 2: 

RoS <> (Re S)(x,z) =< (Ay x By) p U(A2 x Ba) 3 5 

{(Aq x By) p U(A2 x Bz) 5 $, (As * B3) pp U (A3 * B3) 5} >. 
Example 5.3 
Let X ={a,b,c,d}, A=({a,b}, {c}, {d}) and 

B =({a}, {c}, {d,b}) then the product of two events given 

by Ax B = ({(a,a),(b,a)}, {(c,0)}, {(d,d),(d,b)}), and 

Bx A= ({(a,a),(a,b)}, {(c,c)}, {(d,d),(b,d)}), and 
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R= ((4,4)}, {(6.0)}, (4. D}) Ri CAxXBon XxX , 
Ry = ({(4,b)}, ((c.0)}, (4,4), (,4)}) Ry CBx Aon XxX. 
Ryo Ry = U({(a,a)} 9 (a,b)}, (c,0)}, (4. d)}) 
= ({9},{(c.0)}, (d,d)}) and 
I) = ({(4,a).(4,b).(.a)}, (a, a).(4,b).(b,a)}, {}), 
L 42 = ({(a,a).(a,b)-(b.a)}, {9}, 9}) 
Theorem 5.2 
Let R be a neutrosophic crisp relation in ¥xY , and § 
be a neutrosophic crisp relation 
inY x Zthen(ReS)!=S'oR™. 
Proof 
Let RC AxBonXxyY thenR! c BxA, 
S cBxDonYxZthenS! < DxB, from Definition 5.4 


and similarly we can T pos)! 2) = L-1(%,2) and Ips (x52) 


then (RoS)!=S'oR! 
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Introduction to Image Processing via Neutrosophic 
Techniques 


A. A. Salama, Florentin Smarandache, Mohamed Eisa 


A.A. Salama, Florentin Smarandache, Mohamed Eisa (2014). Introduction to Image 
Processing via Neutrosophic Techniques. Neutrosophic Sets and Systems 5, 59-64 


Abstract. This paper is an attempt of proposing the 
processing approach of neutrosophic technique in image 
processing. As neutrosophic sets is a suitable tool to 
cope with imperfectly defined images, the properties, 
basic operations distance measure, entropy measures, of 
the neutrosophic sets method are presented here. in this 
paper we, introduce the distances between neutrosophic 
sets: the Hamming distance, the normalized Hamming 


distance, the Euclidean distance and normalized 
Euclidean distance. We will extend the concepts of 
distances to the case of neutrosophic hesitancy degree. 
Entropy plays an important role in image processing. In 
our further considertions on entropy for neutrosophic 
sets the concept of cardinality of a neutrosophic set will 
also be useful. Possible applications to image processing 
are touched upon. 


Keywords: Neutrosophic sets; Hamming distance; Euclidean distance; Normalized Euclidean distance; Image processing. 


1. Introduction 


Since the world is full of indeterminacy, the 
neutrosophics found their place into contemporary 
research. Smarandache [9, 10] and Salama et al [ 4, 5, 6, 
7, 8, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 
26, 45]. Entropy plays an important role in image 
processing. In this paper we, introduce the distances 
between neutrosophic sets: the Hamming distance. In 
this paper we, introduce the distances between 
neutrosophic sets: the Hamming distance, The 
normalized Hamming distance, the Euclidean distance 
and normalized Euclidean distance. We will extend the 
concepts of distances to the case of neutrosophic 
hesitancy degree. In our further considertions on entropy 
for neutrosophic sets the concept of cardinality of a 
neutrosophic set will also be useful. 


2. Terminologies 
Neutrosophy has laid the foundation for a whole family 
of new mathematical theories generalizing both their 
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classical and fuzzy counterparts [1, 2, 3, 11, 27, 28, 29, 
30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 
46] such as a neutrosophic set theory. We recollect some 
relevant basic preliminaries, and in particular, the work 
of Smarandache in [9, 10] and Salama et al. [4, 5, 6, 7, 8, 
12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 
45]. Smarandache introduced the neutrosophic 
components T, I, F which represent the membership, 
indeterminacy, and non-membership values respectively, 


where |0~,1*]is nonstandard unit interval. Salama et al. 
introduced the following: 

Let X be a non-empty fixed set. A neutrosophic set 4 is 
an object having the form = 4 =(u4(x),o.4(x),v4(x)) 
where 4 (x), Oy (x) and vy (x) which represent the 
degree of member ship function (namely “4 , (x) ), the 
degree of indeterminacy (namely o , (x) ), and the degree 
of non-member ship (namely v , (x)) respectively of each 
the set A 


element x €_X to where 


A(I, 0, 0) G 
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0° < 1 4(x),0 4(x),V4(x) <1" and 

0° < wy (x)+o 4(x)+Vv 4 (x) <3* .Smarandache 
introduced the following: Let T, LF be real standard or 
nonstandard subsets of lose , with 
Sup_T=t_sup, inf_T=t_inf 

Sup_I=i_sup, inf_I=i_inf 

Sup_F=f_ sup, inf F=f_inf 
n-sup=t_sup+i_sup+f_sup 
n-inf=t_inf+i_inf+f_inf, 

T, I, F are called neutrosophic components 

3. Distances Betoween Neutrosophic Sets 


We will now extend the concepts of distances presented 
in [11] to the case of neutrosophic sets. 


Definition 3.1 

Let A= ((w4(x),v 4(x),74(x)),x € X} and 
B= ((up(2),V5(0),79(2)).x © X} in 
Xie tegen) then 
i) The Hamming distance is equal to 


n 


dy,(4,B)= dua) Hp (x;)| t v.4(x;) Ve (x;)h t ly.4(%:) ya(x;)) 


i=l 


ii) The Euclidean distance is equal to 


n 


eye(4,B)= i ((1.46,)-me Oi) +e40,)-ve(ep) (744) -re)))] 


i=l 


iii) The normalized Hamming distance is equal to 


NH, (4.8)=5 Su (x;)— Me + Mae) —Va [+ [7400 72) 


iv) The normalized Euclidean distance is equal to 


NEy,(4,B)= [EE beon-nso? + (vale) -Va— li) + (740%) -7e%)))") 


2n ja 
Example 3.1 
Let us consider for simplicity degenrated 
neutrosophic sets 4,B,D,G,F in X = {a}. A full 
description of each neutrosophic set i.e. 
A= (44 (x),V 4(x),74(x)),a € x} , may be exemplified 


by 4 = {(1,0,0),a eX}, B = {(0,1,0),a <x}, 
D=({(0,0,1),aeX}, G=((0.5,0.5,0),ae Xx} 
E = {(0.25,0.25,0.0.5),aeX},. 

Let us calculate four distances between the above 


neutrosophic sets using i), ii), ii) and iv) formulas , 


D(0, 0, 1) 


B(O, 1, 0) 
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(Fig.1) A geometrical interpretation of the neutrosophic 
considered in Example 5.1 . 


We obtain ey, (4, D)= zs 


1 
2 ’ exs(B,D)=— 


1 
Cy (4, B)= 5? Ns (4,G)= ie ens(B.G)=5, 


ew(EG)= 2, en(D,G)=2, NE ng (4, B)=1, 


NE ns (4, D)=1, NE ys (B, D)=1, NE ng (4.6)=5, 


NE ys (B,G)= cor 


: NEyq(B.G)=5, NEy,(E,G)= 
3 
2 °? 
From the above results the triangle ABD (Fig.1) 
has edges equal to V2 and 


1 
ens (A.D) = ens (B.D) = ens (4,8) = 2 and 


a 
2 


nd NEy,(D,G)= 


NE yz (4, B)= NE nz (4, D)= NE nz (B, D)= 
2NE y;(A,G)=2NE jy, (B,G)=1,and NE y,(E,G)is 
equal to half of the height of triangle with all edges equal 


to 2 multiplied ee 1.e. 3 
nD} 4 
Example 3.2 
Let us consider the following neutrosophic sets A 
andBin X= {a,b,c,d,e}., 


A = {(0.5,0.3,0.2), (0.2,0.6,0.2), (0.3,0.2,0.5), (0.2,0.2,0.6), (1,0,0)} 
B = {(0.2,0.6,0.2),(0.3,0.2,0.5), (0.5,0.2,0.3), (0.9,0,0.1), (0,0,0)} 


.Then 
dy,(A,B)=3, NH y,(A, B)= 0.43, ey, (A, B)=1.49 
and NE y,(4,B)=0.55. 
Remark 3.1 
Clearly these distances satisfy the conditions of 
metric space. 
Remark 3.2 
It is easy to notice that for formulas 1), ii), 11) and 
iv) the following is valid: 
a) O<dy,(4,B)<n 
b) 0<NH,,(4,B)<1 


c) O<ey,(4,B)< vn 
d) 0<NE,,(4,B)<1. 
This representation of a neutrosophic set (Fig. 2) will be 


a point of departure for neutrosophic crisp distances, and 
entropy of neutrosophic sets. 
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E’(0,0,1°) 


) 


A’(0,0,0) 


c D’(0,1°, 0) 


Fig. 2. A three-dimension representation of a 
neutrosophic set[9, 10]. 


4. Hesitancy Degree and Cardinality for 
Neutrosophic Sets 

We will now extend the concepts of distances to the case 
of neutrosophic hesitancy degree. By taking into account 
the four parameters characterization of neutrosophic 


sets ie. A= {< sy (x),V 4 (x).74(%), 7 4(4) >, xe X} 


Definition4.1 
Let A= (4 (x), V4(x), 7 4(X)), x € x} and 
B= {(Up(2),V5(x),75(x)),x © X fon 
X= {x, 93 N35 5:25 %,4 
For a neutrosophic 
set A= (1 4(x),V.4(x),7.4(2)),x € X fin X, we 
call z , (x) =3-p4(x)—-V4(x)—74(x), the neutrosophic 
index of x in A. It is a hesitancy degree of x to A it is 
obvtous that 0 < z,4(x)<3. 
Definition 4.2 
Let A= (44 (x),V4(%),7 4(x)),x € X}and 
B= {(Up(),V5(2),75(@)).x © X fin 
x= Leta me Por ty then 
i) The Hamming distance is equal to 


n 


dy.(4,B) = > (es (x;)— Mp | +4) — Va | + [74-70 +|e4(@))-20(%)) 
. Taking into account that 

m 4(x;)=3- Wy(X))-V a(x) — 744) and 

1 g(x; )=3- Mg (X;)-V 3 (X))- 7% (%;) 

we have 

\z4(x;) 75 (%;)| 3 HQ) —V 4%) — 4) 3+ u4(%) + Vg (%)) + 7a) 


S |ug(x;)- H4(x,)|+\¥a i) -Va@ +72) -74@,)| 
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il) The Euclidean distance is equal to 


ey (4,B)= ip (1.6%) a (,))? + (v4) Vp (a) #(r40,)— rola) +(e 4Cs,)-a9(e))] 
| 


iz 


we have 

(x 4(x;)—ag(z;)! = 

(= wy) —V 48) —7 4 (%;)+ Mp) +9) +79 (%;))” 
= (1p (x;)— Mala)? + (V4) -Ve (a) + 
Gee ea ee 

+ (ep (%;:)— Ha (*; (V4 (1) — V2 (%,)) 


(7B (%))- 74%) 
iii) The normalized Hamming distance is equal to 


1 n 
NHy,(4,B) = yb ala) = male +r) vo ap] rar) rao] + Fraley) aol) 


iv) The normalized Euclidean distance is equal to 


1 


1 A A A A 
NE, (4, B) = a Yu, (35) = Hg (a) +0045) —v9%)) + (ral) —ralH)) +(e 4(0s)-a9l0s)P) 


isl 


5.2 Remark 
It is easy to notice that for formulas i), ii), iii) and 
the following is valid: 


a) O<dy,(4,B)<2n 

b) O<NH,,(4,B)<2 
c) O<ey,(4,B)< V2n 
d) O<NE,,(4,B)< V2. 


5. from Images to Neutrosophic Sets, and 
Entropy 

Given the definitions of the previous section several 
possible contributions are discussed. Neutrosophic sets 
may be used to solve some of the problems of data 
causes problems in the classification of pixels. Hesitancy 
in images originates from various factors, which in their 
majority are due to the inherent weaknesses of the 
acquisition and the imaging mechanisms. Limitations of 
the acquisition chain, such as the quantization noise, the 
suppression of the dynamic range, or the nonlinear 
behavior of the mapping system, affect our certainty on 
deciding whether a pixel is “gray” or “edgy” and 
therefore introduce a degree of hesitancy associated with 
the corresponding pixel. Therefore, hesitancy should 
encapsulate the aforementioned sources of indeterminacy 
that characterize digital images. Defining the 
membership component of the A-—NS that describes the 
brightness of pixels in an image, is a more 
straightforward task that can be carried out in a similar 
manner as in traditional fuzzy image processing systems. 
In the presented heuristic framework, we consider the 
membership value of a gray level g to be its normalized 
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intensity level; that 


is _,(g) = ——— where g <{0,..,L—1}.It should be 


mentioned that any other method for 

calculating 4 4,(g) can also be applied. 

In the image is A being (x,y) the coordinates of each 
pixel and the g(x,y) be the gray level of the pixel 

(x, vy) implies 0 < g(x, y) < L—1. Each image pixel is 
associated with four numerical values: 

e A value representing the membership su 4 (x) , 
obtained by means of membership function 
associated with the set that represents the 
expert’s knowledge of the image. 

e Avalue representing the indeterminacy v ,(x), 
obtained by means of the 
indeterminacy function associated with the set 
that represents the ignorance 
of the expert’s decision. 

e A value representing the non- 
membership y , (x) , obtained by means of the 
non -membership function associated with the 
set that represents the ignorance 
of the expert’s decision. 

e A value representing the hesitation 
measure 7 , (x ), obtained by means of 
the m4(x)=3-p4(x)-V4(x)- 740). 

Let an image A of size M~xWN pixels having L gray 
levels ranging between 0 and L-/. The image in the 
neutrosophic domain is considered as an array of 
neutrosophic singletons. Here, each element denoted the 
degree of the membership, indeterminacy and non- 
membership according to a pixel with respect to an 
image considered. An image A in neutrosophic set 
is A={< M4 (Si V 4(Sy 7 a(S) > By € Oe LT} 


where “4(8),V4(8i),Y4(g) denote the degrees of 


membership indeterminacy and non-membership of the 
(i, 7)—th pixel to the set A associated with an image 


§ — §min 


property Ha (g) = where Emin and § max Are 
max 

the minimum and the maximum gray levels of the image. 

Entropy plays an important role in image processing. In 

our further considertions on entropy for neutrosophic 

sets the concept of cardinality of a neutrosophic set will 


also be useful 


Definition 5.1 
Let 4=((44(),¥ 4.7400)" X) a 
neutrosophic set in X, first, we define two cardinalities 
of a neutrosophic set 
e = The least (sure) cadinality of A is equal to so is 
called segma-count, and is called here the 
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min >? cont( A) = Ma (x; )+ ae (x;) 


e The bigesst cadinality of A , which is possible 
due to z, (x) is equal to 


max contd) =F (uales)+ #4) + Lv ale )+ 24) 


and , clearly for A° we have 


min Zcont(A°) =D ya(x)+ Dv ale), 
max Dcont(A) = ¥(valei)+ wala)) + Lvale)+ wa) 


. Then the cadinality of neutrosophic set is defined as 
the interval 
Card(A) =|min ¥ Cont(A),max ¥ Cont(A)| 


Definition 5.2 
An entropy on NS(X) is a real-valued 


functional £ : NS(X) [0,1], satisfying the following 
axiomatic requirements: 

E,, E(A) =0 iff A is a neutrosophic crisp set; that is 
M4(x;) =9 or wy(x;)=1 forall x, eX. 

E,: E(A)=1 iff w4(a;) =v 4%) = 7 4(%;) for 

allx; ¢ X.thatis A= A‘. 

E;, E(A) < E(B) if A refine Bsie. ASB. 

Ey, E(A) = E(A‘) 

Where a neutrosophic entropy measure be define as 

n max Count\A, 0 A; 


1 
E(A)=—) 
fn j=| max Count|4, U AF 


here 
Ww 


n=Cardinal(X) and A, denotes the single-element 


A-NS corresponding to the i” element of the universe X 
and is described as 

Ay = (4). V4) 2aoxi © Xf. 

In other words, A, is the i “component” of A. 
Moreover, max Count(A) denotes the biggest 
cardinality of A and is given by : 


max > cont(A) = 2H (x, +2 4(x,))+ Xv g(x; )+24(x;)) 


i=l 


Conclusion 

Some of the properties of the neutrosophic sets, Distance 
measures, Hesitancy Degree, Cardinality and Entropy 
measures are briefed in this paper. These measures can 
be used effectively in image processing and pattern 
recognition. The future work will cover the application 
of these measures. 
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Interval Valued Neutrosophic Soft Topological 
Spaces 


Anjan Mukherjee, Mithun Datta, Florentin Smarandache 


Anjan Mukherjee, Mithun Datta, Florentin Smarandache (2014). Interval Valued 
Neutrosophic Soft Topological Spaces. Neutrosophic Sets and Systems 6, 18-27 


Abstract. In this paper we introduce the concept of in- 
terval valued neutrosophic soft topological space together 
with interval valued neutrosophic soft finer and interval 
valued neutrosophic soft coarser topology. We also de- 
fine interval valued neutrosophic interior and closer of an 


interval valued neutrosophic soft set. Some theorems and 
examples are cites. Interval valued neutrosophic soft sub- 
space topology are studied. Some examples and theorems 
regarding this concept are presented.. 


Keywords: Soft set, interval valued neutrosophic set, interval valued neutrosophic soft set, interval valued neutrosophic soft topo- 


logical space. 


1 Introduction 


In 1999, Molodtsov [9] introduced the concept of soft 
set theory which is completely new approach for modeling 
uncertainty. In this paper [9] Molodtsov established the 
fundamental results of this new theory and successfully 


applied the soft set theory into several directions. Maji et al. 


[7] defined and studied several basic notions of soft set 
theory in 2003. Pie and Miao [11], Aktas and Cagman [1] 
and Ali et. al. [2] improved the work of Maji et al [7]. The 
intuitionistic fuzzy set is introduced by Atanaasov [4] as a 
generalization of fuzzy set [15] where he added degree of 
non-membership with degree of membership. Neutrosoph- 
ic set introduced by F. Smarandache in 1995 [12]. 
Smarandache [13] introduced the concept of neutrosophic 
set which is a mathematical tool for handling problems in- 
volving imprecise, indeterminacy and inconstant data. Maji 
[8] combined neutrosophic set and soft set and established 
some operations on these sets. Wang et al. [14] introduced 
interval neutrosophic sets. Deli [6] introduced the concept 
of interval-valued neutrosophic soft sets. 

In this paper we form a topological structure on inter- 
val valued neutrosophic soft sets and establish some prop- 
erties of interval valued neutrosophic soft topological 
space with supporting proofs and examples. 


2 Preliminaries 


In this section we recall some basic notions rele- 
vant to soft sets, interval-valued neutrosophic sets and in- 
terval-valued neutrosophic soft sets. 
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Definition 2.1: [9] Let U be an initial universe and E be 
a set of parameters. Let P(U) denotes the power set of U 


and ACE. Then the pair (f,A) is called a soft set 
overU , where f/ isa mapping given by f: A> P(U) : 


Definition 2.2: [13] A neutrosophic set A on the universe 
of discourse U is defined as 


A={(x, 4, ().74(x),6,(x)):x€U} 
H,.%,,0,:U >] 0,17. are functions such that the 
VxeU, Os u,(x)+7,(x)+6,(x)<3° is 


: where 


condition: 
satisfied. 
Here y,(x),7,(x),6,(x) represent the truth- 


membership, indeterminacy-membership and __falsity- 
membership respectively of the element xeU . From 
philosophical point of view, the neutrosophic set takes the 
value from real standard or non-standard subsets of 


]0,1°[. But in real life application in scientific and 


engineering problems it is difficult to use neutrosophic set 
with value from real standard or non-standard subset of 


] 0,1°[. Hence we consider the neutrosophic set which 
takes the value from the subset of [0, 1] . 


Definition 2.3: [14] An interval valued neutrosophic set 
A on the universe of discourse U 


A={(x,u,(x),7,(x),5,(x)):x€eU} 
Mys%4,0,:U — Int] 0,1°[ are functions such that the 


is defined as 


: where 
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condition: 
VxeU, OS supy, (x)+ SUPY , (x)+supé, (x) <3" is 
satisfied. 


In real life applications it is difficult to use 
interval valued neutrosophic set with interval-value from 


real standard or non-standard subset of Int(]-0,1°[) : 


Hence we consider the interval valued neutrosophic set 
which takes the interval-value from the subset 


of Int([0,1]) (where Int ([0,1]) denotes the set of all 
closed sub intervals of [0,1] ). The set of all interval valued 


neutrosophic sets on U is denoted by IVNS(U). 

Definition 2.4: [6] Let U be an universe set, E be a set of 
parameters and Ac F’. Let IVNs(U) denotes the set of all 
interval valued neutrosophic sets of U . Then the pair 


( f , A) is called an interval valued neutrosophic soft set 
(IVNSs in short) over U , where f is a mapping given 
by f: ADT VNs(U ). The collection of all interval valued 
neutrosophic soft sets over U is denoted by JVNSs(U). 
Definition 2.5: [6] Let U be a universe set and E be a 
set of parameters. Let(f,4),(g,B) E IVNSs(U) , where 

f :A— IVNs(U) is defined by 


f(a)= {(x, Ha) (x)57 10) (x). 54.) (x)) ix€ u} 
and g:B-—>IVNs(U) is defined by 


90) ={( x,t, (2-740) (2)-5_)(2)) xu} 

where 

Hay (*)+7 4a) () > 8y(ay (%)> Hato) () Ye ()- Seco) 2) € Zr ([0.1]) 
for x €U . Then 

(1) ( Ff: A) is called interval valued neutrosophic subset of 


(g,B) (denoted by (f,A)<(g,B)) if ACB and 
Hy(e) (x)s Hy.) (x), Y ¢(e) (x)= Lares eae 


Oe) (x) > Oe) (x) Vee A,VxeU. Where 

Hye) (x)< Hy) (x) iff infu (e) <inf Hy.) and 
SUP Hy.) < SUP Hy.) 

VelX)ZV%ee(*) iff inf yy.) 2inf7y— and 
SUPY fe) 2 SUPY (ce) 

Sy) (X)Z5y)(x) iff inf 5.) 2infO,,) and 


supo fe) = SUPO .(.) : 
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(ii) Their union, denoted by (7,4) U(g,B) = (h,C) 
(say), is an interval valued neutrosophic soft set overU , 
where C= AUB and for e€C, h:C >IVNS(U) 
is defined by 

h(e) = {(x; Hie) ea Ran (x), Oi(c) (x)) :xE u} ,where 
forxeU , 


Myo (*) ifee A-B 
Hive) (x)= Hye) (x) ifeeB-A 
Hype (*) V Ayre) (x) ifee ANB 
Vo (*) ifeeA-B 
Ye (*) =) Vato (*) ifeeB—A 
V po) (X) AY g¢e) (*) ifee AB 
50 (*) ifeeA—B 
Sy) ( )= 5 (*) ifeeB-A 
5 (0) (x) A 5.) (x) ifee ANB 


(iii) Their intersection, denoted by (f,4)A(g,B) =(4,C) 
(say), is an interval valued neutrosophic soft set of over U , 
where C=AMB and foreeC , h:C >IVNS(U) is 
defined by 


h(e)= {eau (x), Yue) (*)» x0) (x)) xe u} , where 
forxeU and eeC, 

Hie) (x)= Hive) (x)A Hie) (x), 7x0) (x)= Y Fe) (x)v Y e(e) (x) 
and One) (x) = O16) (x) Vv 6 (e) (x) . 

(iv) The complement of( f,A), denoted by ee A) 
is an interval valued neutrosophic soft set over U and is 
defined as (f,4) = (7°, 14) ; 

f° :|A— IVNS (U)is defined by 
f° (a) ={( 2.550) (2)[1 = 91b7 po ()s1 inf 7 0) (2) sya) (#)) xe} 
for ae A. 


where 


Definition 2.6:[5,6] An /VNSs ( f , A) over the universe U 


is said to be universe JVNSs with respect to A if 


Hyg (x) =[L1] , Y a) (x) =[0,0] , 5 (a) (x) =[0,0] 
Vx €U,Vae A. Itis denoted by / . 
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Definition 2.7: An JVNSs ( f , A) over the universe U is 
said to be null /VNSs with respect to 4 if 41,,,) (x) =[0,0], 


Y ay (*) =[1,1] : 5 ra) (x) =[1,1] VxeU,VaeA. It is 
denoted by ¢. 


3 Interval Valued Neutrosophic Soft Topological 
Spaces 


In this section, we give the definition of interval valued 
neutrosophic soft topological spaces with some examples 
and results. We also define discrete and indiscrete interval 
valued neutrosophic soft topological space along with 
interval valued neutrosophic soft finer and coarser topology. 


Let U be an universe set, E be the set of 


U 
parameters, ? be the set of all subsets of U, IVNs(U) 


be the set of all interval valued neutrosophic sets in U and 
IVSNs(U;E) be the family of all interval valued 
neutrosophic soft sets over U via parameters in E. 


Definition 3.1: Let (¢,,£) be an element of IVNSs(U;E), 
(¢,,£) be the collection of all interval valued 
neutrosophic soft subsets of (Z pe ) . A sub family 7 of 
(4 jee ) is called an interval valued neutrosophic soft 
topology (in short JVNS-topology) on (4 poe ) if the 


following axioms are satisfied: 

(i) (¢,,,£),(¢,,E)er 

(ii) ((f.2):keK}or= U(f,.B)er 

(iii) If (¢,,£),(4,,£) er then (g,,£)(h,,E)er 
The triplet (¢ eat) is called interval valued 

neutrosophic soft topological space (in short JVNS- 

topological space) over (¢,,£). The members of 7 are 


called T —open IVNS sets (or simply open sets). Here 
¢. :A—IVNSUU) is defined 


¢, (e)={(x,[0,0],[1,1],[L1]):xeU} Vee A. 


as 


Example 3.2: Let U ={u,,u,,u;} , E={e,¢,,€,e}, 


A={e,¢,,¢e;} . The tabular representation of (¢,,£) 


given by 
U ey 1) 
Wy ([.5,.8],[.3,.5],[-2,-7]) ([.4,.7],[.2,.3],[-1,.3]) 
uw = ({.4,.7],[.3,-4].[.1,.2]) ([.6,.9],[.1,.2],[.1,.2]) 
us ({.5,1],[0,.1],[.3,.6]) ([.6,.8],[-2,.4],[.1,.3]) 
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C3 
([.3,.9],[0,.1],[0,.2]) 
([.4,.8],[-1,.2],[0,.5]) 
([.4,.9],1.1,.3].[-2,.4)) 


Table1:Tabular representation of (¢,,£ ) 


The tabular representation of (6. ,E ) is given by 


U e; eo 

uy ((0,0],[1,1],[1,1]) ((0,0],[1,1],[1,1]) 
Uy ((0,0],[1,1],[1,1]) ((0,0],[1,1],[1,1]) 
U3 ((0,0],[1,1],[1,1]) ((0,0],[1,1],[1,1]) 


&3 
((0,0],[1,1],[1, 1) 
((0,0],[1,1],[1,1]) 
((0,0],[1,1],[1, 1) 


Table2:Tabular representation of (¢-, ,E ) 


The tabular representation of ( f : Ee ) is given by 


U e| eo 

uy CL TMASL3ID (1.3, 14. G.1.2,.9) 
uy ((.1,.3],[.6,-7).1.2,-8]) ((0,.5).[.5,.8].[41]) 
uy ((.4,.8],[.6,-7.16,.9]) —— ([0,.3),.4,-7]..2,.8) 


&3 
(.2,.5).[8,.9].[.4,.9]) 
((0,.3],[.6,.9].[.1,.7) 
([.1,.3].[.6,.8],[.3,.7]) 


Table3:Tabular representation of ( SpE ) 


The tabular representation of ( i ,E ) is given by 


U e| eo 

u, (4-7, E5.-7].4,-9]) ([.2,.3],[.4,.5],[-7,.9)) 
u = ({.3,.5], [.4,.8],[.1,-4]) ([.4,.6],[.3,-5],[-2,-5]) 
us ([-3,.9],[-1,.2],..6..7]) ([.5,.7],[-6,.7],[.3,.4]) 


&3 
([.3,.7],[.5,-8],[.1,.2]) 
([.1,.3],[.3,.5],[-6,.8]) 
([.2,.6],[.3,.5],[.5,.8]) 


Table4: Tabular representation of ( Si,E ) 
Let (4/.£)=(V,.£) (4.4) 
representation of ( ae ) is given by 


then the tabular 
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U ec} 2 

uy (L.7L05,.8] 04,1) ([.1,.3],[.4,-6],[-7,.9]) 
u — ({-1,.3], [.6,.8],[.2,.8]) ({0,.5],[.5,.8],[-4,1]) 
uz (3,.8],L6,.7],.-6..9]) ([0,.3],[-6,-7],[-3,-8]) 


C3 
([.2,.5],[-8,-9],[.4,.9]) 
({0,.3].[.6,.9],[.6,.8]) 
([.1,.3],[-6,.8],[.5,.8]) 


Table5:Tabular representation of ( SpE ) 
Let (f),£)=(4.£) (4.2) 
representation of ( Fark ) is given by 


then the _ tabular 


U ey e> 

uy C47bE4-7h0 3.9) ((2..3104,.5)1-2,.6) 
w = (3,.5),.4,.7].1,.4) ([.4,-6],[.3,-5],[.2,.5]) 
uz (4,9), [1,.2],.6.7) ([.5,-7],[.4,-7],[-25.4]) 


€3 
([.3,.7],1-5,-8],[-1,.2)) 
([.1,.3],[-3,.5][.1,.7]) 
([.2,.6],[-3,.5],[-3,-7)) 


Table6:Tabular representation of ( fit ) 


Here we observe that the  sub-family 
7 ={(¢,,-£)o($8)(f1-£)-(f0-£).(fe-£)o(£1.£)} 
of (¢,,2) is a [VNS-topology on (¢,,£) , as it satisfies 
the necessary three axioms of topology and (c ole T) isa 
IVNS-topological space. But the sub-family 
cs ={(¢, E)(6.£)(fi,2).( S252) of e(¢,,£) is not an 
(¢,,£) the 
(42,2) = (f1,£) U(fi,£) does not belong to 7, . 


IVNS-topology on » as union 


Definition 3.3: As every /VNS-topology on (¢ pole ) must 
contains the sets (4, JE ) and (¢ ote ) , so the family 
G= \(¢ ; E),(,,E)} forms a JVNS-topology on 
te. ee ) . The topology is called indiscrete [VNS-topology 


and the triplet (¢ ads 2) is called an indiscrete interval 


valued neutrosophic soft topological space (or simply 
indiscrete /VNS-topological space). 
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Definition 3.4: Let € denotes the family of all /VNS- 
subsets of (¢,,£). Then we observe that & satisfies all 


the axioms of topology on (¢,,£) . This topology is called 
discrete interval valued neutrosophic soft topology and the 
triplet ( Casliee ) is called discrete interval valued 


neutrosophic soft topological space (or simply discrete 
IVNS-topological space). 


Theorem 3.5: Let {r, ie ra be any collection of /VNS- 
topology on (4 ott ) . Then their intersection Al T, is also 
a IVNS-topology on (¢,,£). 
Proof: (i) Since (¢., ,E).(G,,E)€ tT, for each iE]. 
Hence (¢., ,E).( 4.2) ef)z,. 

(11) Let {(ff,£):k eK} be an arbitrary family 
of interval where 


valued neutrosophic soft sets 


(fi). E)e (\z, for each k EK. Then for each ie /, 
iel 
( 1. E)er, for k EK and since for each iE J, T, iaa 


IVNS-topology, therefore U( Jose ) eT, for eachiel. 
Hence U(fi.£) E Ne, 

(ii) Let (f,£),(4.£)eNz, . — then 
(FeE) ASE) et, foreach 1 €/. Since foreach i ET, 
T, is an IVNS-topology, therefore (f).£) a) (f7.£) €T, 
for each i EJ . Hence (H,£)A(f2,£) = 7, : 

Thus 7, satisfies all the axioms of topology. 
Hence Nr, forms a IVNS-topology. But union of IVNS- 


topologies need not be a JVNS-topology. Let us show this 
with the following example. 
Example 3.6: In example sub families 


={(¥,2)(C2)(L-2)} 2={(#.,-£), 
(¢,.£).(£2,£)} are IVNS-topologies in (¢,,£) . But 
their union r, Ur, ={(¢,,.£).(¢,.£).(f1£).(£2,£)} 
is not a IVNS-topology in (¢,,£) . 

Definition 3.7: Let (¢,,£,7) be an JVNS-topological 


3.2, the 


and 


space over (¢ poet ) . An interval valued neutrosophic soft 
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subset (f£) of (e454) is called interval valued (L-1..2],[2,.5],.3,-7) 
([.6,.8],[.5,.7],[.-1,.3]) 


neutrosophic soft closed set (in short JVNS-closed set) if its 
([.5,.8],[.5,.7],[.2,.6]) 


complement (fsBy is a member of 7. 


. Table10:Tabular representation of ( SDE ) 
Example 3.8: Let us consider example 3.2. then the IVNS- 


closed sets in (¢,,E, 7) are U e e 
U " & u, (4,1, 0-2,.5]0-1.7) ([.7,.9],[.4,-6],[.1,.3]) 
([2..7}-5..7)1.5..8) (.1.3)1.7.8)14..7) u = ([.2,.8],[.2,.4],[.1,.3]) ([.4,1],[-2,.5],[0,.5]) 
us (CL2METHATY — (L12UL8.9466.9) ee 
U3 ([.3,.6],[-9,1],[-5,1]) ([.1,.3],[-6,.8],[.6,.8]) 
3 
e ((-4,.9],[-1,.2],[-2,.5]) 
(L.6,.8],[.1,.4],[0,.3]) 
0,.2],[.9,1],[.3,.9 
x 7 : 5 a 7 C5-8)12,4)11,3) 
([.2,.4],[-7,.9]L4,.9]) Table11:Tabular representation of (f2,E) 
Table7:Tabular representation of (¢ ‘we y U a S 
U eC} eo uy, ([.3,.9],[.3,-6],[-4,.7]) ([.2,.6],[.5,.6],[.2,.3]) 
on ((1. 1], [0.0].[0,0]) (1.1), [0,0],[0,0]) uw ({.1,.4],[.3,.6].[.3,.5]) ([.2,.5],[.5,-7],[.4,-6]) 
Ww ([1,1], [0,0],[0,0]) ([1,1], [0,0],[0,0]) us ([.6,.7],[.8,.9].[.4,.9]) ([.2,.4],[.3,-6],[.5,.7]) 
uz; ([1,1], [0,0],[0,0]) ({1,1], [0,0],[0,0}) 
&3 
€3 ([-1,.2],[.2,-5],[-3,.7]) 
(1, 1], [0,0],[0,0}) ((-1.7).5,-7],[1,.3]) 
({1,1], [0,0], [0,0]) ((-3,-7][5,-7],[-2,-6]) 
({1,1], [0,0],[0,0]) 


Table12:Tabular representation of ( fi5E y 


Table8:Tabular representation of (¢.,.£) spuitias WRG eiaaeaSeie Ia (¢ Et ) 
. Aro 1y > 


U ce} C2 é 
uy, ([.3,1].[-2,-6].[-1,.7]) ([.2,.6],[-4,-6],[.1,-3]) Theorem 3.9: Let (2232) be an IVNS-topological 
wu ({.2,.8],[.3,.4],[.1,.3]) ([.4,1],[.2,.5],[0,.5]) space over (¢,,.£) . Then 
uz ([.6,.9,[.3,.4],[-4,.8]) ([-2,.8],[.3,-6],[0,.3]) e 3 
1. (¢.,,£) P (6.4) are IVNS-closed sets. 
3 2. Arbitrary intersection of /VNS-closed sets is 
ose ome 3 aie ane losed is IVNS-closed 
((:1,.6},[.1,-41,[0,.3)) ‘< nig union o -closed sets is -close 


([-3,.7].[-2,-41,.0-1,.3) 
Proof: 1. Since (¢.,.E).(6.E)er , therefore 


Table9:Tabular representation of ( {pe y 


(¢., ,E) Ac Ey are [VNS-closed sets. 


U eC) eo 


ns ((.4..9] [.3.-5][.4,.7) (.7,.9] [.5,-6] [.2,.3) 2. Let {(#1,£) tke Kt be an arbitrary family of 


Be Cs TALL28L38D © (2oShLS. 715-6) IVNS-closed sets in. = (¢,,E,r) = and _—_et 
uz ({.6,.7], [.8,.9],[.3,.9]) ([-3,-4],[.3,-4],[-5,-7]) ; Ae? 
(f.E)= (%.2). 


€3 
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Now (f,£) -(n(z:.#)) = U(f'.E) and (ie) ET 


kek kek 


foreach ke K,so0 U (758). et.Hence (f,,£) er. 
keK 


Thus (f,,£) is IVNS-closed set. 
3. Let (Cea be ae) be a family of 


IVNS-closed sets in (CpEz)} and let (¢,,.£)=U(Si,£)- 


(e..8) =(U(.2)} =A.) 


(f,,£) er for 1=1,2,3,...,n, so A(r.z) er. Hence 


Now and 


(o58) et . Thus (g,.E) is IVNS-closed set. 


Definition 3.10: Let (¢,,£,z,) and (2.2%) be two 
IVNS-topological spaces over (¢ ao ) . Tf 
(f,,E)et, implies (f,,£)e7,, then 7, is called 


interval valued neutrosophic soft finer topology than 7, 


each 


and 7, is called interval valued neutrosophic soft coarser 


topology than 7, . 


Example 3.11: In example 3.2 and 3.6, 7, is interval 


valued neutrosophic soft finer topology than 7, and 7, is 
called interval valued neutrosophic soft coarser topology 
than 7, . 


Definition 3.12: Let (one o) be a IVNS-topological 
space over (¢ ote ) and 8 be a subfamily of 7. If every 


element of 7 can be express as the arbitrary interval 
valued neutrosophic soft union of some elements of 8, then 
8 is called an interval valued neutrosophic soft basis for the 
IVNS-topology fT. 


Example 3.13: In for the IJVNS- 


topology 
qT, ={(¢, .£).(6.E)s(f.£)(f2,2).(£,2)(£,2)} the 
subfamily B={(¢, .£),(¢,,E).(f1,£).(f2,£).(f2.£)} 


of AS ot ) is a interval valued neutrosophic soft basis 


example 3.2, 


for the JVNS-topology 7, . 


4 Some Properties of Interval Valued Neutrosoph- 
ic Soft Topological Spaces 
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In this section some properties of interval valued 
neutrosophic soft topological spaces are introduced. Some 
results on IVNSInt and IVNSCI are also intoduced. 


Definition 4.1: Let (¢,,£,7) be a IVNS-topological 
space and let (f,,E) € IVNSS(U;E) . The interval 


valued neutrosophic soft interior and closer of ( Fut ) is 
denoted by IVNSInt(f;,E) and IVNSCI(f,,E) are defined as 
IVNSInt( f,,E)=Uf{(g,,£)¢t:(¢4,£)C(f,.£)} and 
INVNSCI(f,,E) = 


N(g4.Z) eT (fa) c (g,.£)} respectively. 


Example 4.2: Let us consider example 3.2 and take an 
IVNSS (/;.£) as 


U e; 1) 
u,  ((-2,.8], [.3,.6],[.2,.8]) ([.2,.4],[-4,-6],[.2,.4]) 
uw ({.1,.6],[.4,.5],[.2,.7]) 


([.2,.6],[-5,.7],[-1,.7)) 
us ([5,-8],[5,-6],[.5,.8]) ([-1,.4],[4,-6],[.1,.5]) 


C3 
([.2,.6],[.7,-8],[.3,.4]) 
([.1,.4],[-2,.5],[-1,.5]) 
([.2;.5],[.5,.8],[.2,.4]) 


Table13:Tabular representation of (f DE ) 


Now IVNSint( f?,E)=(f!,£) and IVNSCI( f*,E)=(f1,£) - 


Theorem 4.3: Let (2 git) be a JVNS-topological space 


and (f,£) , (g,,£)¢IVNSS(U;E) the 
following properties hold 
1. IVNSInt(f,,E)<(f,.E) 


(f,,£) <(g,,£) => IVNSInt( f,,E) c IVNSInt(g,,£) 
IVNSInt ( f,,E) €t 

(f,,£)€t = IVNSInt(f,,E)=(f,,£) 
IVNSInt(IVNSInt( f,,£)) = IVNSint( f,, E) 

. IVNSInt(¢,,E)=¢,, IVNSInt(U ,,E)=U, 


Proof: 
1. Straight forward. 


2. (f.E) S(g4£) implies all the JVNS-open sets 


then 


Aw ew PN 


contained in GF ,E) also contained in(g, ,E) ‘ 


1.¢. 


(nt}er (18) (f-F)}e{(ei£)er(si8)c(s.F)) 
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ie. 2. IVNSInt ((f,,E) U(g,,£)) 2 IVNSInt ( f,,E) VU IVNSInt(g,,E) 
Uitte} Ulnar et) 
ie. IVNSInt( f,,E) < IVNSInt(g,,E) 
3. IVNSInt( f,,E)=Ul( fi, £)et:(f,£)C(f,.2)} 4. IWNSCI((f,,E)0(g,,E£)) € IVNSCI(f,,E) 0 IVNSCI(g ,,E) 
It is clear that Ul(f.£)er: (££) c(f,2)b er 
So, IVNSInt(f,,E)er. 


3. IVNSCI((f,,E)U(g,,£)) = IVNSCI( f,,E) U IVNSCI(g,,E) 


5. (IVNSint(f,,E)) =IVNSCI(f,,E) 


4. Let (f,£)er  , then by (I) 6. (IVNSCI(f,,E)) =IVNSInt(f,,E) 
IVNSInt(f,,E)<(f,,£)- Proof: 
iovaee (Fe LE) 1. By theorem 4.2 (1), IVNSInt( f,,E)¢(fy.£) 
A? A? = A? ’ 


Therefore and IVNSInt(g,,E)<(g,,£). Thus 
(f,,.E) CU{(g),£)€7:(g),£) ¢(g,.£)} =1VNSInt ( f,,E VNSInt (f,,£) OIVNSInt(g,,E)<(f,,E)A(g,.£)- 


F Hence 
i.e, (f,.E) <IVNSInt(f,,£) IVNSInt( f,,E) OIVNSInt(g,,E) < IVNSInt((f,,E) 0(g,.£)) 
Thus IVNSInt(f,,E)=(fo£) (i) 
Conversly, let IVNSInt(f,,£) =(fsF) Again since (f,,£) 0(g,,£) <(f,,£). By the- 
Since by (3) IVNSInt(f,,E) et orem 4.2 (2), IVNSInt((f,,£)(g,,£)) < IVNSInt( f,,E) . 
Similarly 
Theref ,E)er 
efstore (1:2) IVNSInt ((f,,E) 0(g,,£)) ¢ IVNSInt(g,,E) 
5. By (3) IVNSInt(f,,E) et Feige 
.. By (4) IVNSInt (IVNSInt( f,,E)) = IVNSInt( f,,£) . IVNSInt((f,,£)A(g,,£)) c IVNSInt( f,,£) AIVNSInt(g,,£) ... 
6. We know that (¢,,£),(U,,E) er SRERS GSAT (ii) 


Using (1) and (1i) we get, 
*. By (4) IVNSint($,,E)=9,, IVNSInt(U ,,E) =U, IVNSInt ((f,,E) 0(g,,£)) = IVNSInt( f,,E) 0 IVNSInt(g,,E) 
Theorem 4.4: Let (2gke) be a IVNS-topological space 


and (fab) : (g,.£) € IVNSs(U;E) then the following 
properties hold 


2. Since (SE) C(t, E)U(g,,£). 
By theorem 4.2 (2), 


IVNSInt( f,,E) < IWNSInt((f,,E)U(g,,£)) 
1. (f,,£)cIVNSCI(f,,E) 


2. (f,,£)<(g,,£) => IWNSCI(f,,E) ¢ IVNSCI(g,,E) Similarly, 
IVNSInt(g,,E) CIVNSInt ((f,,E)U(g4£)) 
(IVNSCI(f,,E)) €r 
(f,,£) €t = IVNSCI(f,,E)=(f,,£) 


3 
Hence 

4 

5. IVNSCI(IVNSCI( f,,E)) =IVNSCI(f,,E) 

6 


IVNSInt ((f,,E)U(g,,£)) 2 IVNSInt ( f,,E)UIVNSInt (g,,E£) 


WNSCI(¢,,E)=¢,, IVNSCI(U,,E)=U, 3. Similar to 1. 
4. Similar to 2. 
Proof: straight forward. 5. (IVNSInt( f,,E))° _ (Uf{(g,,E) Ses (g,.E) c (f,,.E)ty 
Theorem 4.5: Let (¢,,£,7) be an IVNS-topological space 
on ,E) and let ,E), ,E)EeIVNSs(U;E) . . 
oe tone ae a = Al(g,.£) et (inh) = (g,,£)} 
1. Nsint((f,,E)0(g,,£)) = IVNSInt( f,,E) 0 IVNSInt(g,,E) = IVNSCI( f,,E)° 
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6. Similar to 5. 
Equality does not hold in theorem 4.4 (2), (4). Let us 
show this by an example. 


Example 4.6: Let U={u,u,} , E={e,,e,,¢e,} 


A= {e,,e,} . The tabular representation of (¢,,£) is giv- 


en by 

U ce eo 

u ([.5,.8],[.3,.5],[-2,.7]) ([.3,.9],[.1,.2],[0,.1]) 
Up ([.4,.6],[-3,.4][-1,.2]) ([.4,.8],[-1,.3],[-1,.2]) 


Table14:Tabular representation of (¢,,£) 


The tabular representation of (4. JF ) is given by 


U ce] 7) 
uy ((0,0], [1,1], (1,1) ((0,0], [1,1], [1,1]) 
Uy ((0,0], [1,1], (1,1) ({0,0], [1,1], [1,1]) 


Table15:Tabular representation of (., ,E ) 


The tabular representation of ( Sisk ) is given by 


U ec 7) 

uy ([.1,.7],[-4,-8],[-3,1]) ([.2,.5],[-7,-91,1.3,-7]) 

Us ([.1,.2],6,.7]1-2,-7]) ([0,.3],[.5,.8],[-4, 1) 
Table16:Tabular representation of (/,,£) 

Clearly r={(¢. .£).(¢,.£).(f,,£)} is a IVNS-topology 


on (¢,,£) . 
neutrosophic soft sets (g,,£) and (h,,£) as 


Let us now take two interval valued 


U eC C2 


uy ([.1,.6],[.4,.9],[-4,1]) ([.1,.5],.[7,-9],[:3,-8)) 
U2 (L-1,.2],.-6,.7],[-2,.8]) 


([0,.2],[-5,.9],[-4,1]) 
Table17:Tabular representation of (g,,£) 


U e 5 

uy (L0,.7],[.5,-8],[.3,1]) (L-2,.5],1-8,1],16,.7]) 
Up (L.1,.2]1,.-6,.8],[3,.7]) ((0,.3],1-6,.8],[.5,1]) 
Table18:Tabular representation of (h,,£) 


Now (g,,£)U(h,,£)=(f,.£) 


IVNSInt ((g,,£)U(h,,£ 
Also IVNSInt(g,,E)=(¢.,.£) IVNSInt(h,, 


)) =IVNSInt(f,,E) =(f,,E) 


E)= (4, E) 
IVNSInt (g,,E) UIVNSInt (h,,E) =(¢..£)U(¢..£)=(¢. .£) 
Thus 

IVNSInt ((f,,E)U(g,,£)) #VNSInt(f,,E)UIVNSInt(g,,£) - 
Therefore equality does not hold for (2). 
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By theorem 4.4 (5), 
IVNSCI(g,,E)’ =(IVNSel(g,,E)) =(¢,.£) =(¢,.£). 
Similarly IVNScl(h,,E) Sle 28 he 
Therefore 
IVNSCI(g,,E) CIVNSCI(h,,E) =(6,,E)O(6,.£) =(6,,£) 
. Also 


IWNSCI((g,,E) 0(h,,£Y ) =IVNSCI((g,,E)U(h,,E)) 


= (IVNSIn((¢,.£)U(,.E))) 
=(IVNSInt(f,,E)) 
=(f,,£/ 
Thus 
IVNSCI((f,,£)O(g,,£)) # IVNSCI( f,,E) OIVNSCI(g,,£) 
. Therefore equality doesnot hold in (4). 
5 Interval Valued Neutrosophic Soft Subspace 
Topology 


In this section we introduce the concept of 
interval valued neutrosophic soft subspace topology along 
with some examples and results. 


Theorem 5.1: Let (Gist) be an IVNS-topological 
space on (¢32) and (fpE)€ (GE) . Then the 
={(f,£ Ta (g,,£):(g,,£)er} is 


an I Fae on (¢ 7D E) . 
Proof: 


collection Ty 


(i) Since (4. .E), (¢,E)er  , therefore 
(fis2) a(¢. ,E)= (4,. E)et,. A and 
(f,E)A(S,£)= (FE) et, E)° 

(11) Let (f),£ ety, 9 VkeK .Then 
(£1), £)=(f,,£)0(g'.£) where (ei, E)er for each 
kek. 

Now 

U(L2)= U((L.2) (8.2) = V8) 0( Us 2)) er. 


(since U (gi,E)er as each (g\,Z)er 
keK 

(iii) Let (/),£).(f7,.£) er 

(f1,£)=(f,,.£E)0(g',£) and 

(f2,£)=(f,E) (27,2) where (2',£),(¢7,E)er. 


si then 
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Now 

(M2) O(L.2)=((L-2) (8.2) (4-2) (8-4) 
=(f,E)0((8,,£)0(81.£)) €%,.0 

(since (2), £)A(e¢i,£)er as (¢',£).(¢7,£) er). 

Definition 5.2: Let (Catt) be an JVNS-topological 


space on (¢,,£) and (f,,E)€@(¢,,E) . Then the 
IVNS-topology 1, ») ={(f.£)O(g,-£):(g,£) ert} 
is called interval valued neutrosophic soft subspace 


topology and ( f Ets) is called interval valued 
neutrosophic soft subspace of (¢,,£,7). 


Example 5.3: Let us consider the IVNS-topology 
7, ={(4,,.2).(SE)(F1-E)(2.E) (FE) (2.2)} as 
in example 3.2 and an IVNSS (f,,£): 


U ec} 7) 

u,— ([.4,.6],[-6,.7],[.3,.5]) ([.5,-7],[-4,-6],[0,.3]) 
U— ({.2,.3],[.3,.6],[.5,.7]) ([.6,.8],[.4,.5],[-2,.3]) 
us ({.5,.7],[.4,-6].[.3,-4]) ([.4,.5],[-7,-9],[.6,-7]) 


€3 
([.3,.5],[.5,.8],[.2,.3]) 
([.5,.8],[.5,.7].[.2,.3]) 
([-1,.3],1.7,-9]1-5,.7) 


Table19:Tabular representation of (f ,E) 


Then (¢, .£)=(f,.£)0(¢,,.£): 


U ey 2 
Uy ((0,0],[1,1].[1,1]) ((0,0),[1,1],[1,1]) 
1) ((0,0],[1,1].[1,1) ((0,0],[1,1],[1,1]) 
Us ((0,0],[1,1].[1.1) ((0,0],[1,1],[1,1]) 
€3 
((0,0],[1,1],[1,1]) 
((0,0],[1,1],[1,1]) 
((0,0],[1,1].[1,1]) 


Table20:Tabular representation of (¢, ,E ) 


(2).2)=(f.2)0(f,.2): 
U ey 13) 
u (LL-6)[-6,.7],[.3,1]) ([-1,.3],[4,-6],[-2,.6]) 
ug ({.1,.3],[.6,.7],.5,.8]) ((0,.5],[.4,.5],[.4, 1]) 
us (-4,.7],[-4,-6],[-6,.9]) ([0,.3].[-7,-9],[-6,.8]) 
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3 
([.2,.5],[.5,.8],[.4,.9)) 
({0,.3],[-6,.9],[.2,.7]) 
([-1,.3],1-7,-9],0-5,.7) 


Table21:Tabular representation of ( g\,£ ) 


(s1.£)=(4.2) (#2): 


U eC C2 


uy (-4,-6],[-6,.7],[-4,.9)) ((-2,.3],1.4,-6],1-7,.9)) 
uw ([.2,.3],[.4,.8]15,.7) ((.4,.6],[.4,.5],[.2,.5]) 
uw ((3,.7],.4,-6],1-6,.7) ((-4,.5]1-7,-91,1-6,.-7)) 


3 
([.3,.5],[.5,.8],[.2,.3]) 
([.1,.3],[.5,.7].[.6,.8]) 
([-1,.3],[.7,-9],0.3,.8) 


Table22:Tabular representation of ( gE ) 


(¢\.£)=(4,.2)0(£,£): 


U ey i=) 


uy (L-L,-6],[-6,.8],[.-4,1]) ((-1,.3]1.4,-6],1-7,-9) 
uw ([.1,.3],[.6,.8],[.5,.8]) ([0,.5],[-4,.5],-4,1]) 
us ([.3,.7],[.4,.6],[.6,.9]) ([0,.3],[-7,.9],[-6..8]) 


&3 
([.2,.5],[.5,.8],[.4,.9)) 
([0,.3],[-6,.9].[.6,.8]) 
([.1,.3],1.7,-9],0-5,.8)) 


Table23:Tabular representation of ( g,£ ) 


(e1,£)=(H.2)0(f.£): 


U ec; 2 


u,— ((.2,.5],[.5,.8],[-4,.9]) ([.2,.5],[.5,-8],[.4,.9]) 
uw ((0,.3],[-6,.9],[-6,.8]) ([0,.3],[-6,.9],[-6,.8]) 
u3—([.1,.3],[.7,.9],[.5,.8]) ([.1,.3],[.7,-9],[-5,.8) 


€3 
([.3,.5],[-5,.8],[-2,.3]) 
((-1,.3][-5,-7],[-2.7) 
([.1,.3],.[-7,.9],1-5,-7]) 


Table24:Tabular representation of ( gi£ ) 


Then Te) = {(¢, E),(f,£),(sE),(2%.£), 


( g',E)} is an interval valued neutrosophic soft subspace 


Florentin Smarandache (author and editor) 


topology for t, and ( f. wEst 2) is called interval 


valued neutrosophic soft subspace of (Z fb Esty ). 


Theorem 5.4: Let (¢,,£,7) be an IVNS-topological space 
on (¢,,£) , B be an JVNS-basis for +r 
(f,,£)¢ @(6,,£) Then the 


Be = (Se E) O(8,£):(g,,£) €B} is an IVNS-basis 


and 


family 


for subspace topology 7 


SaE)” 
Proof: Let (h gt ) ET pz) be arbitrary, then there exists 
an IVNSS (g,.E)er such that 


(,,E)=(f,,£E)A(g,,£). Since B is a basis for 7, 
therefore there exists a sub collection {( UoE)iel \ of 
8 such that (g,,£)=U(7),£). 


Now 


(1B) =(FoE) (8 .£)=U(Z£)=U((F£) (208) 


. Since (fE)O(1E) eB, 5 therefore Beye) is an 


IVNS-basis for the subspace topology Tr,.6)° 


Conclusion 


In this paper we introduce the concept of interval 
valued neutrosophic soft topology. Some basic theorem 
and properties of the above concept are also studied. IVN 
interior and IVN closer of an interval valued neutrosophic 
soft set are also defined. Interval valued neutrosophic soft 
subspace topology is also studied. 

In future there will be more research work in this 
concept, taking the basic definitions and results from this 
article. 
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Mumtaz Ali, Florentin 


Smarandache, 


Luige Vladareanu, Muhammad Shabir. 


Generalization of Soft Neutrosophic Rings and Soft Neutrosophic Fields. Neutrosophic 


Sets and Systems 6, 35-41 


Abstract. In this paper we extend soft neutrosophic rings 
and soft neutrosophic fields to soft neutrosophic birings, 
soft neutrosophic N-rings and soft neutrosophic bifields 
and soft neutrosophic N-fields. We also extend soft neu- 
trosophic ideal theory to form soft neutrosophic biideal 
and soft neutrosophic N-ideals over a neutrosophic biring 


and soft neutrosophic N-ring . We have given examples 
to illustrate the theory of soft neutrosophic birings, soft 
neutrosophic N-rings and soft neutrosophic fields and 
soft neutrosophic N-fields and display many properties of 
these. 


Keywords: Neutrosophic biring, neutrosophic N-ring, neutrosophic bifield,neutrosophic N-field, soft set, soft neutro- 
sophic biring, soft neutrosophic N-ring, soft neutrosophic bifield, soft neutrosophic N-field. 


1 Introduction 


Neutrosophy is a new branch of philosophy which 
studies the origin and features of neutralities in the nature. 
Florentin Smarandache in 1980 firstly introduced the con- 
cept of neutrosophic logic where each proposition in neu- 
trosophic logic is approximated to have the percentage of 
truth in a subset T, the percentage of indeterminacy in a 
subset I, and the percentage of falsity in a subset F so that 
this neutrosophic logic is called an extension of fuzzy log- 
ic. In fact neutrosophic set is the generalization of classical 
sets, conventional fuzzy set, intuitionistic fuzzy set and in- 
terval valued fuzzy set. This mathematical tool is used to 
handle problems like imprecise, indeterminacy and incon- 
sistent data etc. By utilizing neutrosophic theory, Vasantha 
Kandasamy and Florentin Smarandache dig out neutro- 
sophic algebraic structures. Some of them are neutrosoph- 
ic fields, neutrosophic vector spaces, neutrosophic groups, 
neutrosophic bigroups, neutrosophic N-groups, neutro- 
sophic semigroups, neutrosophic bisemigroups, neutro- 
sophic N-semigroup, neutrosophic loops, neutrosophic bi- 
loops, neutrosophic N-loop, neutrosophip groupoids, and 
neutrosophic bigroupoids and so on. 

Molodtsov in [1 1] laid down the stone foundation of a 
richer structure called soft set theory which is free from the 
parameterization inadequacy, syndrome of fuzzy se theory, 


rough set theory, probability theory and so on. In many ar- 
eas it has been successfully applied such as smoothness of 


functions, game theory, operations research, Riemann inte- 
gration, Perron integration, and probability. Recently soft 

set theory has attained much attention since its appearance 
and the work based on several operations of soft sets intro- 


duced in [2, 9,10]. Some more exciting properties and 
algebra may be found in[1] . Feng et al. introduced the soft 


semirings [5] . By means of level soft sets an adjustable 
approach to fuzzy soft sets based decision making can be 
seen in [6] . Some other new concept combined with fuzzy 


sets and rough sets was presented in [7, 8] . AygAunoglu 


et al. introduced the Fuzzy soft groups [4] 2 


Firstly, fundamental and basic concepts are given for 
neutrosophic birings, neutrosophic N-rings, neutrosohic bi- 
fields and soft neutrosophic N-fields . In the next section 
we presents the newly defined notions and results in soft 
neutrosophic birings, soft neutrosophic N-rings and soft 
neutrosophic bifields and soft neutrosophic N-fields. Vari- 
ous types of soft neutrosophic biideals and N-ideals of 
birings and N-rings are defined and elaborated with the 
help of examples. 


2 Fundamental Concepts 
In this section, we give a brief description of neutrosophic 


birings, neutrosophic N-rings, neutrosophic bifields and 
neutrosophic N-fields respectively. 
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Definition 2.1. Let (BN(R), 


with two binary operations * and °. 


*,0) be a non-empty set 
(BN(R),*,°) is 
said to be a neutrosophic biring if BN(Rs) = R, UR, 
where atleast one of (R,,*,°) or (R,,%,°) is a neutro- 
sophic ring and other is just aring. R, and R, are proper 
subsets of BN(R). 

Definition 2.2: Let BN(R) = (R,,*,°) U(R,,%,°) bea 
neutrosophic biring. Then BN(R) is called a commuta- 
tive neutrosophic biring if each (R,,*,°) and (R,,*,°) 


is a commutative neutrosophic ring. 


Definition 2.3: Let BN(R) = (R,,*,°) U(R,,%,°) bea 
neutrosophic biring. Then BN(R) is called a pseudo 
neutrosophic biring if each (R,,*,°) and (R,,*,°) isa 


pseudo neutrosophic ring. 


Definition 2.4 Let (BN(R) = R, UR,;*,°) be a neutro- 
sophic biring. A proper subset (7',*,°) is said to be a 
neutrosophic subbiring of BN(R) if 
1) T=T,VUT, where 7, =R, OT and 

T, = R, OT and 
2) Atleast one of (7,,°) or ( 


ring. 


T,,**) is a neutrosophic 


Definition 2.5: If both (R,,*) and (R,,°) in the above 
definition 2.1 are neutrosophic rings then we call 


(BN(R), 


*,0) to be a strong neutrosophic biring. 


Definition 2.6 Let (BN(R)=R, UR;; 
sophic biring and let (7’, 
of BN(R). Then (7,,* 
alof BN(R) if 


53°*,°) be a neutro- 
*,0) is aneutrosophic subbiring 


,°) is called a neutrosophic biide- 


1) T=T,VUT, where T, =R, OT and 
T, = R, OT and 
2) Atleast one of (7,,*,°) or (7), *,°) is a neutrosoph- 


ic ideal. 
If both (7,,*,°) and (7;,*,°) in the above definition are 


neutrosophic ideals, then we call (T,*,°) to be a strong 
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neutrosophic biideal of BN(R). 


Definition 2.7: Let {N(R),*,,...5%5515 055-5 Oy} bea 
non-empty set with two NV -binary operations defined on 
it. We call N(R) aneutrosophic N -ring (N a positive 
integer) if the following conditions are satisfied. 

1 NR)=R, VR, V...UR, where each R, isa 
proper subset of N(R) ic. R, ZR; or R, ZR, if 
iA]. 

2) (R,,*,,°,) is either a neutrosophic ring or a ring for 


b= 12,3, IN 


Definition 2.8: If all the N -rings (R,,*,) in definition 


N) 
then we call N(R) to be a neutrosophic strong N -ring. 


i? i 


2.7 are neutrosophic rings (i.e. for i=1,2,3,..., 


Definition 2.9: Let 
N(R) = {R, UR, VU... R 
be aneutrosophic WN -ring. A proper subset 

P={PUB U....Py,#,5%55--0*y} of N(R) is said to 
be a neutrosophic N -subring if 

P=POR,,i=1,2...., 


atleast some of the subrings are neutrosophic subrings. 


N? * ye ise Ps [sO Rbais Cant 


N are subrings of R, in which 


Definition 2.10: Let 

N(R) = {RaW Rye OR ens ys 215 oye nf 

be aneutrosophic JN -ring. A proper subset 

PS {POP ec) Pig # i Pacees® ys 5 oy wt 

where P= POR, for t=1,2,...,N is said to bea 

neutrosophic N -ideal of N(R) if the following condi- 

tions are satisfied. 

1) Each it is a neutrosophic subring of 
R,t=1,2,...,N. 

2) Each it is a two sided ideal of R, for ¢=1,2,...,N. 

If (P.,*,,°,) in the above definition are neutrosophic ide- 


als, then we call (P.,*,,°,) to be a strong neutrosophic N- 


ideal of N(R). 


Definition 2.11: Let (BN(F),* 


with two binary operations * and ©. 


,°) be anon-empty set 


(BN(F),*,°) is 
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said to be a neutrosophic bifiel if BN(F) = F, UF, 
where atleast one of (F,,*,°) or (F,,*,°) is a neutro- 
sophic field and other is just a field. F, and F’, are proper 
subsets of BN(F). 

If in the above definition both (F,,*,°) and (F,,*,°) are 


neutrosophic fields, then we call (BN(F),*,°) to bea 
neutrosophic strong bifield. 


Definition 2.12: Let BN(F) =(F,UF,,*,°) be a neu- 
trosophic bifield. A proper subset (7',*,°) is said to be a 
neutrosophic subbifield of BN(F) if 
1 T=T, UT, where 7, =F, AT and 
T, =F, OT and 
2. Atleast one of (7,,°) or (Z,,*) is a neutrosoph- 
ic field and the other is just a field. 


Definition 2.13: Let {N(F),*,,....%5)5°),° 5-5 °y} bea 
non-empty set with two NV -binary operations defined on 
it. We call N(R) aneutrosophic N -field (N a positive 
integer) if the following conditions are satisfied. 


1 N(P)=F UF, U...UF, where each F’ isa 
proper subset of N(F) ie. R, ZR, or 
R, ZR, if i4j. 
2. (R,,*,,°,) is either a neutrosophic field or just a 
field for i =1,2,3,...,N. 
If in the above definition each (R,,*,,°,) is a neutro- 


sophic field, then we call N(R) to be a strong neutro- 
sophic N-field. 


Definition 2.14: Let 
N(F) = {FV v....U Fy *5* Hs Oy Osean Oper 


N? 13 290809 
be aneutrosophic N -field. A proper subset 

BP Lise Tis Fis ty seats * ph Ops age OF 
N(EF) is said to be a neutrosophic N -subfield if each 
(7,,*,) is a neutrosophic subfield of (F,*,,°,) for 
i=1,2,...,N where 7 =F.AT. 


3 Soft Neutrosophic Birings 


Definition 3.1: Let (BN(R),*,°) be a neutrosophic 
biring and (/’, A) be a soft set over (BN(R),*,°). Then 
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(F, A) is called soft neutrosophic biring if and only if 
F(a) is aneutrosophic subbiring of (BN(R), *,°) for 
all ae A. 


Example 3.2: Let BN(R) = (R,,*,°) U(R,,*,°) bea 
neutrosophic biring, where (R,,*,°) = ((Z Ul ) +, x) 
and (R,,*,°) =(Q,+,x). Let A= {a,,a,,a,,a,} bea 
set of parameters. Then clearly (F’, A) is a soft 
neutrosophic biring over BN(R) , where 


F(a) =Q2ZUI)UR,F(a,)=BZUI)UQ 

F(a,)=(5ZUI)UZ,F (a,)=(6ZU DU 2Z. 
Theorem 3.3: Let F',A and (H,A) be two soft 
neutrosophic birings over BN(R). Then their intersec- 
F,A 1 4H,A 
biring over BN(R) . 


tion is again a soft neutrosophic 


Proof. The proof is straightforward. 


Theorem 3.4: Let F',A and H,B_ betwo soft 
neutrosophic birings over BN(R). If AN B= od, 
thn F,A U H,B 


over BN(R). 


is a soft neutrosophic biring 


Proof. This is straightforward. 


Remark 3.5: The extended union of two soft neutrosophic 


F,A and K,B over BN(R) isnota 
soft neutrosophic ring over BN(R). 


birings 


We check this by the help of Examples. 


Remark 3.6: The restricted union of two soft neutrosophic 
rings F',A and K,B_ over (R U I) is nota 


soft neutrosophic ring over (R Ul , 


Theorem 3.7: The OR operation of two soft neutro- 
sophic rings over (R Ul ) may not be a soft neutro- 


sophic ring over (R Ul hs 


One can easily check these remarks with the help of Ex- 
amples. 


Theorem 3.8: The extended intersection of two soft neu 
trosophic birings over BN(R) is soft neutrosophic 
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biring over BN(R). 
Proof. The proof is straightforward. 


Theorem 3.9: The restricted intersection of two soft neu- 
trosophic birings over BN(R) is soft neutrosophic 


biring over BN(R). 


Theorem 3.10: The AND operation of two soft neutro- 
sophic birings over BN(R) is soft neutrosophic biring 


over BN(R). 


Definition 3.11: Let F’, A bea soft set over a neutro- 
sophic biring over BN(R). Then (£’, A) is called an 
absolute soft neutrosophic biring if F'(a) = BN(R) for 
alla € A. 


Definition 3.12: Let (F , A) be a soft set over a neutro- 
sophic ring BN (R) . Then (F ; A) is called soft neutro- 
sophic biideal over BN(R) if and only if F'(a) is a neu- 
trosophic biideal of BN (R) 4 


Theorem 3.1.3: Every soft neutrosophic biideal (F’, A) 


over a neutrosophic biring BN(R) is trivially a soft neu- 
trosophic biring but the converse may not be true. 


Proposition 3.14: Let (F’, A) and (K, B) be two soft 
neutosophic biideals over a neutrosophic biring 


BN(R). Then 


1. Their extended union (F’, A) U, (K, B) is 
again a soft neutrosophic biideal over BN(R). 
2. Their extended intersection (F’, A) O, (K, B) 


is again a soft neutrosophic biideal over 
BN(R). 
3. Their restricted union (F’, A) Ur (K, B) is 
again a soft neutrosophic biideal over BN(R). 
4. Their restricted intersection (F , A) Op (ke , B) 


is again a soft neutrosophic biideal over 


BN(R). 


Collected Papers, XII 


5. Their OR operation (f’, A) V (K, B) is again 
a soft neutrosophic biideal over BN(R). 

6. Their AND operation (F’', A) V (K, B) is 
again a soft neutrosophic biideal over BN(R). 


Definition 3.15: Let (F', A) and (K, B) be two soft 
neutrosophic birings over BN(R). Then (K, B) is 
called soft neutrosophic subbiring of (F’, A), if 


1. BC <A,and 
2. K(a) isaneutrosophic subbiring of F(a) for 
alae A. 


Theorem 3.16: Every soft biring over a biring isa soft 
neutrosophic subbiring of a soft 


neutrosophic biring over the corresponding neutrosophic 
biring if BC A. 


Definition 3.16: Let (F', A) and (K, B) be two soft 
neutrosophic birings over BN(R). Then (K, B) is 
called a soft neutrosophic biideal of (F’, A), if 


1. BCA,and 
2. K(a) isaneutrosophic biideal of F(a) for all 
aca. 


Proposition 3.17: All soft neutrosophic biideals are trivi- 
ally soft neutrosophic subbirings. 


4 Soft Neutrosophic N-Ring 


Definition 4.1: Let (V(R),*,,*,,--.*y) bea 
neutrosophic N-ring and (F’, A) be a soft set over 

N(R) Then (F, A) is called soft neutrosophic N-ring if 
and only if F(a) isa neutrosophic sub N-ring of 

N(R) forall a € A. 


Example 4.2: Let 

N(R) = (R,,*,°) U(R,,*, °) U(R,,*, °) be 
aneutrosophic 3-ring, where 

(R,,*,°) =( eee (R »*,0) = (C,+,x) and 
(R,,*,°) = (R,+, x). Let A= {a,,a,,a,,a,} bea set 
of parameters. Then clearly (F’, A) is a soft neutrosophic 
N-ring over N(R) , where 


F(a,)=2ZUI)URUGF(a,)=3ZUI)UQUZ, 


F(a,)=(5ZUI)UZU2Z,F (a,) =(6ZUD)U2ZU 1 
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Theorem 4.3: Let F,A and (4,A) be two soft 


neutrosophic N-rings over N(R). Then their intersec- 
F,A 1 H,A 
ring over N(R). 


tion is again a soft neutrosophic N- 


Proof. The proof is straightforward. 


Theorem 4.4: Let F',A and H,B_ betwo soft 
neutrosophic N-rings over N(R). If AN B= 4, 
thn F',A U H,B 
over N(R). 


is a soft neutrosophic N-ring 


Proof. This is straightforward. 


Remark 4.5: The extended union of two soft neutrosophic 


F,A and K,B_ over BN(R) is nota 
soft neutrosophic ring over N(R). 


N-rings 


We can check this by the help of Examples. 


Remark 4.6: The restricted union of two soft neutrosophic 


F,A and K,B over N(R) isnota 
soft neutrosophic N-ring over BN(R) 


N-rings 


Theorem 4.7: The OR operation of two soft neutro- 
sophic N-rings over N(R) may not be a soft neutro- 


sophic N-ring over N(R). 


One can easily check these remarks with the help of Ex- 
amples. 


Theorem 4.8: The extended intersection of two soft neu- 
trosophic N-rings over N(R) is soft neutrosophic Nring 


over N(R). 
Proof. The proof is straightforward. 


Theorem. The restricted intersection of two soft neutro- 
sophic N-rings over N(R) is soft neutrosophic N-ring 
over N(R). 


Proof. It is obvious. 


Theorem 4.9: The AND operation of two soft neutro- 
sophic N-rings over N(R) is soft neutrosophic N-ring 
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over N(R). 

Definition 4.10: Let F’, A bea soft set over a neutro- 
sophic N-ring over N(R). Then (F', A) is called an ab- 
solute soft neutrosophic N-ring if F'(a) = N(R) for all 
aca. 


Definition 4.11: Let (F, A) be a soft set over a neutro- 
sophic N-ring N (R). Then (F ; A) is called soft neutro- 
sophic N-ideal over N(R) if and only if F(a) is a neu- 
trosophic N-ideal of N(R). 


Theorem 4.12: Every soft neutrosophic N-ideal (F , A) 


over a neutrosophic N-ring N(R) is trivially a soft neu- 
trosophic N-ring but the converse may not be true. 


Proposition 4.13: Let (F’, A) and (K, B) be two soft 
neutosophic N-ideals over a neutrosophic N-ring N(R). 
Then 
1. Their extended intersection (F ; A) Vp (ke : B) 
is again a soft neutrosophic N-ideal over N(R). 
2. Their restricted intersection (F ; A) Op (ke ; B) 
is again a soft neutrosophic N-ideal over N(R). 
3. Their AND operation (F’, A) V (K, B) is 
again a soft neutrosophic N-ideal over N(R). 


Remark 4.14: Let (F’, A) and (K, B) be two soft neu- 
tosophic N-ideals over a neutrosophic N-ring N(R). 
Then 
1. Their extended union (F’, A) U, (K, B) is not 
a soft neutrosophic N-ideal over N(R). 
2. Their restricted union (F', A) Up (K, B) is not 
a soft neutrosophic N-ideal over N(R). 
3. Their OR operation (F’, A) V (K, B) is nota 
soft neutrosophic N-ideal over N(R). 


One can easily see these by the help of examples. 


Definition. 4.15: Let (F', A) and (K, B) be two soft 
neutrosophic N-rings over N(R). Then (K,, B) is called 
soft neutrosophic sub N-ring of (F’, A), if 

1. BC A,and 

2. K(a) isaneutrosophic sub N-ring of F(a) for 
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alla Ec A. 


Theorem 4.16: Every soft N-ring over a N-ring is a soft 
neutrosophic sub N-ring of a soft 


neutrosophic N-ring over the corresponding neutrosophic 
N-ring if BC A. 


Proof. Straightforward. 


Definition 4.17: Let (F', A) and (K, B) be two soft 
neutrosophic N-rings over N(R). Then (’, B) is called 
a soft neutrosophic N-ideal of (F', A), if 


1. BC A,and 
2. K(a) isaneutrosophic N-ideal of F(a) for all 
aca. 


Proposition 4.18: All soft neutrosophic N-ideals are trivi- 
ally soft neutrosophic sub N-rings. 


5 Soft Neutrosophic Bifield 


Defintion 5.1: Let BN(K) be a neutrosophic bifield and 
let (F, A) be a soft set over BN(K) . Then (F, A) is 
said to be soft neutrosophic bifield if and only if F(a) isa 
neutrosophic subbifield of BN(K’) forall a € A. 


Example 5.2: Let BN(K) = (Cc U T) UR bea 
neutrosophic bifield of complex numbers. Let 

A= {ai Ay } be a set of parameters and let (F’, A) be 
a soft set of BN(K). Then (F,, A) is a soft neutrosophic 
bifield over BN(K), where 


F(a) = (RUI)UQ F(a) = (QUI)UQ. 
Where (R Ul ) and (Q Ul ) are the neutosophic 


fields of real numbers and rational numbers. 


Proposition 5.3: Every soft neutrosophic bifield is trivial- 
ly a soft neutrosophic biring. 


Proof. The proof is trivial. 
Definition 5.4: Let (F’, A) be a soft neutrosophic bifield 


over a neutrosophic bifield BN(K). Then (F’, A) is 
called an absolute soft neutrosophic bifield if 
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F(a) = BN(K), forall ae A. 
Soft Neutrosophic N-field 


Defintion 5.4: Let N(K’) be a neutrosophic N-field and 
let (F°, A) bea soft set over N(K’). Then (F’, A) is 
said to be soft neutrosophic N-field if and only if F(a) is 
a neutrosophic sub N-field of N(K’) forall a € A. 


Proposition 5.5: Every soft neutrosophic N-field is trivial- 
ly a soft neutrosophic N-ring. 


Proof. The proof is trivial. 


Definition 5.6: Let (F', A) be a soft neutrosophic N-field 
over a neutrosophic N-field N(K). Then (F’, A) is 
called an absolute soft neutrosophic N-field if 


F(a)= N(K), forall ae A. 


Conclusion 


In this paper we extend neutrosophicb rings, neutrosophic 
N-rings, Neutrosophic bifields and neutrosophic N-fields 
to soft neutrosophic birings, soft neutrosophic N-rings and 
soft neutrosophic bifields and soft neutrosophic N-fields 
respectively. The neutrosophic ideal theory is extend to 
soft neutrosophic biideal and soft neutrosophic N-ideal. 
Some new types of soft neutrosophic ideals are discovered 
which is strongly neutrosophic or purely neutrosophic. Re- 
lated examples are given to illustrate soft neutrosophic 
biring, soft neutrosophic N-ring, soft neutrosophic bifield 
and soft neutrosophic N-field and many theorems and 
properties are discussed. 
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Neutrosophic Refined Similarity 
Measure Based on Cosine Function 


Said Broumi, Florentin Smarandache 


Said Broumi, Florentin Smarandache (2014). Neutrosophic Refined Similarity Measure 
Based on Cosine Function. Neutrosophic Sets and Systems 6, 42-48 


Abstract: In this paper, the cosine similarity measure of 
neutrosophic refined (multi-) sets is proposed and its properties 
are studied. The concept of this cosine similarity measure of 
neutrosophic refined sets is the extension of improved cosine 


similarity measure of single valued neutrosophic. Finally, using 
this cosine similarity measure of neutrosophic refined set, the 
application of medical diagnosis is presented. 


Keywords: Neutrosophic set, neutrosophic refined set, cosine similarity measure. 


1.Introduction: 


The neutrsophic sets (NS), proposed by F. Smarandache 
[7], has been studied and applied in different fields, 
including decision making problems [1,15], databases 
[21,22], medical diagnosis problems [2], topology [6], 
control theory [40], image processing [9,22,44] and so 
on. The concept of neutrosophic sets generalizes the 
following concepts: the classic set, fuzzy set 
[20],intuitionistic fuzzy set [19], and interval valued 
intuitionistic fuzzy set [18] and so on. The character of 
NSs is that the values of its membership function, non- 
membership function and indeterminacy function are 
subsets. Therefore, H.Wang et al [10] introduced an 
instance of neutrosophic sets known as single valued 
neutrosophic sets (SVNS), which were motivated from the 
practical point of view and that can be used in real 
scientific and engineering application, and provide the set 
theoretic operators and various properties of SVNSs. 
However, in many applications, due to lack of knowledge 
or data about the problem domains, the decision 
information may be provided with intervals, instead of 
real numbers. Thus, interval valued neutrosophic sets 
(IVNS), as a useful generation of NS, was introduced by 
H.Wang et al [11], which is characterized by a 
membership function, non-membership function and an 
indeterminacy function, whose values are intervals rather 
than real numbers. Also, the interval valued neutrosophic 


set can represent uncertain, imprecise, incomplete and 
inconsistent information which exist in the real world. 
As an important extension of NS, SVNS and IVNS has 
many applications in real _ life [13,14,15,16, 
17,25,32,33,34,35,36,37,38,39] 


Several similarity measures have been proposed by some 
researchers. Broumi and Smarandache [35] defined the 
Hausdorff distance between neutrosophic sets and some 
similarity measures based on the distance, set theoretic 
approach, and matching function to calculate the similarity 
degree between neutrosophic sets. In the same year, 
Broumi and Smarandache [32] also proposed the 
correlation coefficient between interval neutrosphic sets. 
Majumdar and Smanta [24] introduced several similarity 
measures of single valued neutrosophic sets(SVNs) based 
on distances, a maching function, memebership grades, 
and then proposed an entropy measure for a SVNS. 
J.Ye[13] also presented the Hamming and Euclidean 
distances between interval neutrosophic sets(INSs) an their 
similarity measures and applied them to multiple attribute 
decision —making problems with interval neutrosophic 
information. J.Ye [15] further proposed the distance-based 
similarity measure of SVNSs and applied it to the group 
decision making problems with single valued neutrosophic 
information. In other research, J.Ye [16] proposed three 
vector similarity measure for SNSs,an instance of SVNS 
and INS, including the Jaccard, Dice, and cosine similarity 
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measures for SVNS and INSs, and applied them to 
multicriteria decision-making problems with simplified 
neutrosophic information. Recently, A.Salama [4], 
introduced and studied the concepts of correlation and 
correlation coefficient of neutrosophic data in probability 
spaces and study some of their properties. 


The cosine similarity measure, based on Bhttacharya’s 
distance [3] is the inner product of the two vectors divided 
by the product of their lengths. As the cosine similarity 
measure is the cosine of the angle between the vector 
representations of fuzzy sets, it is extended to cosine 
similarity measures between SVNSs by J.Ye [15,17] and 
also to cosine similarity measures between INSs by 
Broumi and Smarandache [36]. 


The notion of multisets was formulated first in [31] by 
Yager as generalization of the concept of set theory. 
Several authors from time to time made a number of 
generalization of set theory. For example, Sebastian and 
Ramakrishnan [42] introduced a new notion called 
multifuzzy sets, which is a generalization of multiset. 
Since then, Sebastian and Ramakrishnan [41,42] discussed 
more properties on multi fuzzy set. Later on, T. K. Shinoj 
and S. J. John [43] made an extension of the concept of 
fuzzy multisets by an intuitionistic fuzzy set, which called 
intuitionistic fuzzy multisets(IFMS). Since then in the 
study on IFMS, a lot of excellent results have been 
achieved by researchers [26,27,28,29,30]. An element of a 
multi fuzzy sets can occur more than once with possibly 
the same or different membership values, whereas an 
element of intuitionistic fuzzy multisets allows the 
repeated occurrences of membership and non--membership 
values. The concepts of FMS and IFMS fails to deal with 
indeterminatcy. In 2013, Smarandache [8] extended the 


classical neutrosophic logic to n-valued refined 
neutrosophic logic, by refining each neutrosophic 
component T, I, F into respectively, T,, To, ..., T,and L,, ly, 


.» Ip and F,,F,, .., F,. Recently, Deli et al .[12] 
introduced the concept of neutrosophic refined sets and 
studied some of their basic properties. The concept of 
neutrosophic refined set (NRS) is a generalization of fuzzy 
multisets and intuitionistic fuzzy multisets. 


In this paper, motivated by the cosine similarity measure 
based on Bhattacharya’s distance and the improved 
cosine similarity measure of single valued neutrosophic 
proposed by J.Ye [17]. we propose anew method called 
“cosine similarity measure for neutrosophic refined 
sets. The proposed cosine similarity measure is applied 
to medical diagnosis problems. The paper is structured as 
follows. In Section 2, we first recall the necessary 
background on cosine similarity measure and neutrosophic 
refined sets. In Section 3,we present cosine similarity 
measure for neutrosophic refined sets and examines their 
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respective properties. In section 4, we present a medical 
diagnosis using NRS -cosine similarity measure. Finally 


we conclude the paper. 


2.Preliminaries 


This section gives a brief overview of the concepts of 
neutrosophic set, single valued neutrosophic set, cosine 
similarity measure and neutrosophic refined sets. 


2.1 Neutrosophic Sets 


Definition 2.1 [7] 
Let U be an universe of discourse then the neutrosophic 
set A is an object having the form 


A = {< x: Ta(x), In(x), Fa(x)>, x € U}, where the 
functions T, I, F : U— ]-0, 1+[ define respectively the 
degree of membership (or Truth) , the degree of 
indeterminacy, and the degree of non-membership (or 
Falsehood) of the element x € U to the set A with the 
condition. 


<sup (x)+supl (x)+supF (x) <3*. (1) 


From philosophical point of view, the neutrosophic set 
takes the value from real standard or non-standard subsets 
of ] 0, 1°[. So instead of] —0, 1°[ we need to take the 
interval [0, 1] for technical applications, because ] 0, 
1"[will be difficult to apply in the real applications such as 
in scientific and engineering problems. 


FortwoNS,A = {<x,T,a(x), (x), (x)>| X} 
And = {<x, Tp(x), Ip(x), (x)> | X} the two 
relations are defined as follows: 
(1) If and only if (x) (x), (x) 
(x), (&) (x) 
(2) if, (x)=Tp (x), (x) 
=Ip(x), (x) =Fp(x) 


2.2Single Valued Neutrosophic Sets 


Definition 2.2 [10] 


Let X be a space of points (objects) with generic 
elements in X denoted by x. An SVNS A in X is 
characterized by a truth-membership function (x), an 
indeterminacy-membership function (x), and a falsity- 
membership function (x), for each point x in X, T,(x), 

(x), Fa(x) € [0, 1]. 


When X is continuous, an SVNS A can be written as 


Af 


A(X), aC), a@),> 


(2) 
When X is discrete, an SVNS A can be written as 
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ACK), ACK), Fa(Xi),> 


rn) 
(3) 
For two SVNS, = {<x,T,(x) ,Ig(x), = (x)> | X} 
And Boyys ={ <x, (x), Ip(x), = (x)> | X} the two 
relations are defined as follows: 

(1) if and only if (x) (x), In x) 

(x), Fa(x) (x) 
(2) A (x) =Tp@), 


(x) =Ip(X), F4(s) =Fy(X) for any —-X. 


2.3 Cosine Similarity 


Definition 2.3 [5] 

Cosine similarity is a fundamental angle-based measure 
of similarity between two vectors of n dimensions using the 
cosine of the angle between them. It measures the similarity 
between two vectors based only on the direction, ignoring 
the impact of the distance between them. Given two vectors 
of attributes, X = (x1, X2, ... , Xn) and Y= (yz, ya, --- 5 Yn), 
the cosine similarity, cos0, is represented using a dot 
product and magnitude as 


xt 
fo fe 
In vector space, a cosine similarity measure based on 
Bhattacharya’s distance [3] between two fuzzy set u,4(x;) 
and [lp (x;) defined as follows: 
ti aa) Bi) 
fe aco? Jar Ga? 


Cos0 = (4) 


(AB)= (5) 


The cosine of the angle between the vectors is within 
the values between 0 and 1. 


In 3-D vector space, J. Ye [15] defines cosine similarity 
measure between SVNS as follows: 
(A B)= 
SP aa) B+ a@dip)+ aiFa i) 
JE Gd? ad? Gd? [EP aed? BOD? 4G? 
(6) 
2.4. Neutrosophic Refined Sets. 


Definition 2.4 [12] 
Let Aand _ be two neutrosophic refined sets. 
A= 450,(12 6); TEC), Th @))». TR) GO), 
(F (x), FA(x),..., FR(x))>: x € X} 
where T(x), TA(x),..., Th (x) : E> [0,1], 
, AG), 12@),.... E.G): E> [0,1], and 
(x), FA(x),.... F(x): E> [0,1] such that 0< 
+ (x) + 


(x) 
(x) <3 for i=1,2,...,.p for any xe X 
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(TACO, TA),.-- TAC), CACO, TAG, AG) and 
(F (x), F4(x),..., FA(x)) is the — truth-membership 


sequence, indeterminacy-membership sequence and 
falsity-membership sequence of the element x, 
respectively. Also, P is called the dimension of 


neutrosophic refined sets (NRS) A. 


3.Cosine similarity measure for Neutrosophic 
refined Sets. 


Based on the improved cosine similarity measure of single 
valued neutrosophic sets proposed by J.Ye [17] which 
consists of membership, indeterminacy and non 
membership functions defined as follow: 


(A,B)= 
=" AXD- BDdItHAG@d- BeDI+IFaG@pd- app 


=o 


(7) 
And the cosine similarity measure of neutrosophic refined 
sets consisting of the multiple membership, indetrrminacy, 
and non-membership function is 


(A,B)= 
y (tz ae a @d|+|1AG@d- Gd|+|FAod- =} 


(8) 

Proposition 3.1. The defined cosine similarity measure 

(A,B) between NRS A and B satisfies the following 
properties 


1. 0 (A, <1 
2. (A,B=1 if and only if A= B 
3: (A,B)= (B,A) 
4. If CisaNRS in X and ACBCC ,then (A,C) 
(A,B) and (A,C) (B,C) 
Proof: 


(1) 


As the membership, indeterminacy and non-membership 
functions of the NRSs and the value 

of the cosine function are within [0 ,1],the similarity 
measure based on cosine function also is within [ 0.1]. 
Hence 0 < Cyps(A,B) <1. 

(2) 
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For any two NRSs A andB , if A=B, thisimplies  (x;) 

= EO) = Ope Ops . (for = 12.48 

and j=1,2....,p and X. Hence \7J@) T (x,)| = 0, 

Wo) = | =0, and [FJ (x) [FO Thus 
(A,B)=1. 
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Instead of 
A= {<x,(TA(X), T2(),.... TLD), I (&), AG)... R&), 
(F (x), F&(x),..., FR(x))>: x € X} 


4.1. Medical Diagnosis using NRS —cosine 
similarity measure 


= : Sepp | = 
si fennsA:B) Dennis totes as j [Ti Oa) (xi)| 0, In what follows, let us consider an illustrative example 
WA (x;) - Ig (x,)| =0, and [Fi (xj) (x;)|=0 sice adopted from Rajarajeswari and Uma [29] with minor 
cos(0)=1.Then these equalities indicates (x;) changes and typically considered in [30,43]. Obviously, 


(xi), Ci) = 1b), Fi @) = 
and x; € X. Hence A= B 


(x;) for all i,j values 


the application is an extension of intuitionistic fuzzy multi 
sets [29]. 
"As Medical diagnosis contains lots of uncertainties and 


oe of is straightforward increased volume of information available to physicians 
(4) es new ire Seige the ease of ines 
ifferent set of symptoms under a single name of disease 

If ACBCC. ‘then ‘there are. (%;) (i) Oi), becomes difficult, In some practical ce arraen there is the 
(x;) = 1h) (xi), and = (x) (xi) (xi) possibility of each element having different truth 
for all ij values and X.Then we have the following membership, indeterminate and false membership 


inequalities — ; functions. The proposed similarity measure among the 
IT) (x) — Tz (xp | \T} (xi) (x)|  . (Ted patients Vs symptoms and symptoms Vs diseases gives the 
(x;)| 7) (x;) (x;)|, proper medical diagnosis. The unique feature of this 
proposed method is that it considers multi truth 
j j j membership, indeterminate and false membership. By 
Ifa (xi) (xi)| = Ia (xi) (x/)| , IIs (i) (xi)| taking one time inspection, there may be error in diagnosis. 
II; (xj) (xi)|, Hence, this multi time inspection, by taking the samples of 
[FZ (x) (x;)| [FZ (x;) (x)| .|AZ@D the same patient at different times gives best diagnosis" 
j 29]. 

@)| |G) Gl. ! SS an 222 

Hende. (A.C) (A,B) and Cyps(A.C) Now, an example of a medical diagnosis will be 


(B,C) for k=1,2, since the cosine function is a 
decreasing function within the interval [0, — ]. 


4 Application 

In this section, we give some applications of NRS in 
medical diagnosis problems using the cosine similarity 
measure. Some of it is quoted from [29,30,41]. 

From now on, we use 

A = {<xTa(x), IA(s), Fa@)).(TK), 1A), FA)... 
(TP(S), TRO), FR(®))>: x € X} 


presented. 

Example: Let P={P1,P2,P3} be a set of patients, D={Viral 
Fever, Tuberculosis, Typhoid, Throat disease} be a set of 
diseases and S={Temperature, cough, throat pain, 
headache, body pain} be a set of symptoms. Our solution is 
to examine the patient at different time intervals (three 
times a day), which in turn give arise to different truth 
membership, indeterminate and false membership function 
for each patient. 


Table I: Q (the relation Between Patient and Symptoms) 


Temperature Cough Throat pain Headache Body Pain 
P, | (0.4,0.3,0.4) | (0.5,0.4,0.4) | (0.3,0.5,0.5) | (0.5,0.3,0.4) | (0.5,0.2,0.4) 
(0.3,0.4,0.6) | (0.4,0.1,0.3) | (0.2,0.6,0.4) | (0.5,0.4,0.7) | (0.2,0.3,0.5) 
(0.2,0.5,0.5) | (0.3,0.4,0.5) | (0.1,0.6,0.3) | (0.3,0.3,0.6) | (0.1,0.4,0.3) 
Pz | (0.6,0.3,0.5) | (0.6,0.3,0.7) | (0.6,0.3,0.3) | (0.6,0.3,0.1) | (0.4,0.4,0.5) 
(0.5,0.5,0.2) | (0.4,0.4,0.2) | (0.3,0.5,0.4) | (0.4,0.5,0.8) | (0.3,0.2,0.7) 
(0.4,0.4,0.5) | (0.2,0.4,0.5) | (0.1,0.4,0.5) | (0.2,0.4,0.3) | (0.1,0.5,0.5) 
P3 | (0.8,0.3,0.5) | (0.5,0.5,0.3) | (0.3,0.3,0.6) | (0.6,0.2,0.5) | (0.6,0.4,0.5) 
(0.7,0.5,0.4) | (0.1,0.6,0.4) | (0.2,0.5,0.7) | (0.5,0.3,0.6) | (0.3,0.3,0.4) 
(0.6,0.4,0.4) | (0.3,0.4,0.3) | (0.1,0.4,0.5) | (0.2,0.2,0.6) | (0.2,0.2,0.6) 


Let the samples be taken at three different timings in a day (in 08:00,16:00,24:00) 


207 


Florentin Smarandache (author and editor) 


Remark :At three different timings in a day (in 08:00, 16:00,24:00) 
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P, upon the Temperature may have the disease 1 with chance ( 0.4, 0.3 , 0.4) at 08:00 
P, upon the Temperature may have the disease 2 with chance ( 0.3, 0.4 , 0.6) at 16:00 
P, upon the Temperature may have the disease 3 with chance (0.2, 0.5, 0.5) at 24:00 


Table II: R (the relation among Symptoms and Diseases) 


R Viral Fever | Tuberculosis Typhoid Throat 
disease 
Temperature | (0.2,0.5,0.6) | (0.4,0.6,0.5) | (0.6,0.4,0.5) | (0.3,0.7,0.8) 
Cough (0.6,0.4,0.6) | (0.8,0.2,0.3) | (0.3,0.2,0.6) | (0.2,0.4,0.1) 
Throat Pain | (0.5,0.2,0.3) | (0.4,0.5,0.3) | (0.4,0.5,0.5) | (0.2,0.6,0.2) 
Headache (0.6,0.8,0.2) | (0.2,0.3,0.6) | (0.1,0.6,0.3) | (0.2,0.5,0.5) 
Body Pain | (0.7,0.4,0.4) | (0.2,0.3,0.4) | (0.2,0.3,0.4) | (0.2,0.2,0.3) 


Table III: The Correlation Measure between NRS Q and R 


Cosine Viral Fever | Tuberculosis | Typhoid Throat 
similarity diseas 
measure 
P, 0.9793 0.9915 0.9896 0.9794 
P, 0.9831 0.9900 0.9870 0.9723 
P3 0.9811 0.9931 0.9917 0.9822 
The highest correlation measure from the Table III [2] Ansari, Biswas, Aggarwal,”’Proposal for Applicability of 


gives the proper medical diagnosis. Therefore, patient 
P,, Pz and P3 suffers from Tuberculosis 


5.Conclusion 


In this paper, we have extended the improved cosine 
similarity of single valued neutrosophic set proposed by 
J.Ye [17] to the case of neutrosophic refined sets and 
proved some of their basic properties. We have present 
an application of cosine similarity measure of 
neutrosophic refined sets in medical diagnosis 
problems. In The future work, we will extend this 
cosine similarity measure to the case of interval 
neutrosophic refined sets. 
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Soft Neutrosophic Groupoids and Their Generalization 


Mumtaz Ali, Florentin Smarandache, Muhammad Shabir 


Mumtaz Ali, Florentin Smarandache, Muhammad Shabir (2014). Soft Neutrosophic Groupoids 
and Their Generalization. Neutrosophic Sets and Systems 6, 62-81 


Abstract. Soft set theory is a general mathematical tool 
for dealing with uncertain, fuzzy, not clearly defined ob- 
jects. In this paper we introduced soft neutrosophic 
groupoid and their generalization with the discuissionf of 
some of their characteristics. We also introduced a new 
type of soft neutrophic groupoid, the so called soft strong 


neutrosophic goupoid which is of pure neutrosophic 
character. This notion also found in all the other corre- 
sponding notions of soft neutrosophic thoery. We also 
given some of their properties of this newly born soft 
structure related to the strong part of neutrosophic theory. 


Keywords: Neutrosophic groupoid, neutrosophic bigroupoid, neutrosophic N -groupoid, soft set, soft neutrosophic groupoid, soft 


neutrosophic bigroupoid, soft neutrosophic N -groupoid. 


1 Introduction 
Florentine Smarandache for the first time introduced the 


concept of neutrosophy in 1995, which is basically a 
new branch of philosophy which actually studies the 
origin, nature, and scope of neutralities. The neutrosophic 
logic came into being by neutrosophy. In neutrosophic log- 
ic each proposition is approximated to have the percentage 
of truth in a subset 7 , the percentage of indeterminacy in 
a subset / , and the percentage of falsity ina subset F’. 
Neutrosophic logic is an extension of fuzzy logic. In fact 
the neutrosophic set is the generalization of classical set, 
fuzzy conventional set, intuitionistic fuzzy set, and interval 
valued fuzzy set. Neutrosophic logic is used to overcome 
the problems of impreciseness, indeterminate, and incon- 
sistencies of date etc. The theory of neutrosophy is so ap- 
plicable to every field of algebra. W.B. Vasantha Kan- 
dasamy and Florentin Smarandache introduced neutro- 
sophic fields, neutrosophic rings, neutrosophic vector 
spaces, neutrosophic groups, neutrosophic bigroups and 
neutrosophic N -groups, neutrosophic semigroups, neu- 
trosophic bisemigroups, and neutrosophic WN - 
semigroups, neutrosophic loops, nuetrosophic biloops, and 
neutrosophic N -loops, and so on. Mumtaz ali et al. intro- 


duced nuetrosophic LA -semigroups. 

Molodtsov introduced the theory of soft set. This math- 
ematical tool is free from parameterization inadequacy, 
syndrome of fuzzy set theory, rough set theory, probability 
theory and so on. This theory has been applied successfully 
in many fields such as smoothness of functions, game the- 
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ory, operation research, Riemann integration, Perron inte- 
gration, and probability. Recently soft set theory attained 
much attention of the researchers since its appearance and 
the work based on several operations of soft set introduced 


in [23 9: 10] . Some properties and algebra may be found 
in [1] . Feng et al. introduced soft semirings in [5] . By 


means of level soft sets an adjustable approach to fuzzy 
soft set can be seen in [6] . Some other concepts together 


with fuzzy set and rough set were shown in fe 8] 


This paper is about to introduced soft nuetrosophic 
groupoid, soft neutrosophic bigroupoid, and soft neutro- 
sophic N -groupoid and the related strong or pure part of 
neutrosophy with the notions of soft set theory. In the pro- 
ceeding section, we define soft neutrosophic groupoid, soft 
neutrosophic strong groupoid, and some of their properties 
are discussed. In the next section, soft neutrosophic 
bigroupoid are presented with their strong neutrosophic 
part. Also in this section some of their characterization 
have been made. In the last section soft neutrosophic N - 
groupoid and their corresponding strong theory have been 
constructed with some of their properties. 


2 Fundamental Concepts 


2.1 Neutrosophic Groupoid 
Definition 2.1.1. Let G be a groupoid, the groupoid gen- 
erated by Gand J i.e. GUT is denoted 
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by (G Ul ) is defined to be a neutrosophic groupoid 


where J is the indeterminacy element and 
termed as neutrosophic element. 


Definition 2.1.2. Let (G U 1) be a neutrosophic 
groupoid. A proper subset P of (G U ve) is said to bea 
neutrosophic subgroupoid, if P is a neutrosophic 
groupoid under the operations of (G wi ) . A neutro- 
sophic groupoid (G Ul ) is said to have a subgroupoid if 
(G Ul ) has a proper subset which is a groupoid under 
the operations of (G ep ) ; 

Theorem 2.1.3. Let (G U 1) be a neutrosophic 
groupoid. Suppose P, and P, be any two neutrosophic 
subgroupoids of (G U I) , then FP UP,, the union of 


two neutrosophic subgroupoids in general need not be a 
neutrosophic subgroupoid. 


Definition 2.1.4. Let (G U T) be a neutrosophic 
groupoid under a binary operation *. P be a proper sub- 
set of (G U 1) . P is said to be a neutrosophic ideal of 


(G Ul ) if the following conditions are satisfied. 
1. P is aneutrosophic groupoid. 
2. Forall pe€P and forall s € (G U 1) we have 
p*s and s*p arein P. 


2.2 Neutrosophic Bigroupoid 


Definition 2.2.1. Let (BN(G), *,°) be a non-empty set 
with two binary operations * and o. (BN(G),*,°) is 
said to be a neutrosophic bigroupoid if 

BN(G) =P. UP, where atleast one of (P,*) or 
(P,,°) is a neutrosophic groupoid and other is just a 
groupoid. P, and P, are proper subsets of BN(G). 
Ifboth (F4,*) and (P,,°) in the above definition are 


neutrosophic groupoids then we call (BN(G),*,°) a 


strong neutrosophic bigroupoid. All strong neutrosophic 
bigroupoids are trivially neutrosophic bigroupoids. 


Definition 2.2.2. Let (BN(G) = P,U P;: *,°) be a neu- 
trosophic bigroupoid. A proper subset (7',°,*) is said to 
be a neutrosophic subbigroupoid of BN(G) if 

1 T=T,VT, where T, =P OT and 
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T, =P, OT and 

2) Atleast one of (7,,°) or (7;,*) is a neutrosophic 
groupoid. 

Definition 2.2.3. Let (BN(G) = P,U P,*,°) be a neu- 


trosophic strong bigroupoid. A proper subset 7 of 
BN(S) is called the strong neutrosophic subbigroupoid if 


T=T, Vf, with T,=ROT and 7, =P, OT andif 
both (7,,*) and (Z;,°) are neutrosophic subgroupoids of 
(f,,*) and (P,,°) respectively. We call T = 7, UT, to 
be a neutrosophic strong subbigroupoid, if atleast one of 
(7,,*) or (Z,,°) isa groupoid then T = 7, UT, is only 
a neutrosophic subgroupoid. 

Definition 2.2.4. Let (BN(G) = P.UP,,*,°) be any 
neutrosophic bigroupoid. Let J be a proper subset of 
BN(J) such that J; =J OF and J, =J OP, are 
ideals of P, and P, respectively. Then J is called the 
neutrosophic biideal of BN(G). 

Definition 2.2.5. Let (BN(G),*,°) be a strong neutro- 
sophic bigroupoid where BN(S)=P,UP, with 

(#,,*) and (P,,°) be any two neutrosophic groupoids. 
Let J bea proper subset of BN(G) where J = J, UJ, 
with 1, =1 OF and 1, = 1 7 P, are neutrosophic ide- 
als of the neutrosophic groupoids P and P, respectively. 


Then J is called or defined as the strong neutrosophic 
biideal of BN(G). 


Union of any two neutrosophic biideals in general is not a 
neutrosophic biideal. This is true of neutrosophic strong 
biideals. 


2.3 Neutrosophic N -groupoid 


Definition 2.3.1. Let {N(G),*,,...,*,} be a non-empty 
set with N -binary operations defined on it. We call 
N(G) aneutrosophic N -groupoid (N a positive inte- 
ger) if the following conditions are satisfied. 

1) N(G)=G,vVU...UG,, where each G, is a proper 
subset of N(G) i.e. G, CG; or G, CG, if 
ix]. 

2) (G,,*,) is either a neutrosophic groupoid or a 


groupoid for 7 = 1,2,3,...,N. 
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If all the N -groupoids (G,,*,) are neutrosophic 
groupoids (i.e. for 7=1,2,3,..., NV ) then we call N(G) 
to be a neutrosophic strong N -groupoid. 

Definition 2.3.2. Let 

N(G) = {G,UG, U....U Gy, ¥,5%55-5 *y} be a neu- 
trosophic N -groupoid. A proper subset 

P={PUBP, VU... Py, 559%} of N(G) is said 
to be a neutrosophic N -subgroupoid if 
P=POG,,i=1,2,...,N are subgroupiids of G, in 
which atleast some of the subgroupoids are neutrosophic 
subgroupoids. 

Definition 2.3.3. Let 


N(G) ={G,UG, U....U Gy, ¥)5*%55-+-9*y} be a neu- 
trosophic strong N -groupoid. A proper subset 
PSTD ok OL yh ns eh 08 VG) As 
said to be a neutrosophic strong sub N -groupoid if each 
(7;,*,) is a neutrosophic subgroupoid of (G,,*,) for 
i=1,2,...,N where 7,=G,T. 

If only a few of the (7,,*,) in 7 are just subgroupoids of 


(G,,*,), (ie. (Z,*,) are not neutrosophic subgroupoids 
then we call T tobe asub N -groupoid of N(G). 
Definition 2.3.4. Let 
N(G) = {G,UG, U....U Gy, ¥)5 55-15 *y} be a neu- 
trosophic N -groupoid. A proper subset 
P={POP U.P *osnu*y} of N(G) is 
said to be a neutrosophic N -subgroupoid, if the following 
conditions are true, 

1. P isaneutrosophic sub N -groupoid of 

N(G). 
2. Each P=GOP,i=1,2,...,N is an ideal of 
G,. 

Then P is called or defined as the neutrosophic N -ideal 
of the neutrosophic N -groupoid N(G). 
Definition 2.3.5. Let 
N(G) = {G,UG, VU... Gy5%)5% 55005 * yf be a neutro- 
sophic strong N -groupoid. A proper subset 
J= {J,U J, U ee Te ee where 
J,=JOG, for t=1,2,...,N is said to be a neutro- 
sophic strong N -ideal of N(G) if the following condi- 


tions are satisfied. 
1) Each it is a neutrosophic subgroupoid of 


G,,t =1,2,...,N ice. It is a neutrosophic strong N- 
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subgroupoid of N(G). 
2) Each it is a two sided ideal of G, for £=1,2,...,N. 
Similarly one can define neutrosophic strong WN -left ideal 
or neutrosophic strong right ideal of N(G). 


A neutrosophic strong N -ideal is one which is both a neu- 
trosophic strong N -left ideal and N -right ideal of 
S(N). 


2.4 Soft Sets 


Throughout this subsection U refers to an initial uni- 
verse, E isa set of parameters, P(U) is the power set of 


U ,and A,B C E. Molodtsov defined the soft set in the 
following manner: 

Definition 2.4.1. A pair (F’, A) is called a soft set over 

U where F isa mapping givenby Ff’: A — P(U). 
In other words, a soft set over U is a parameterized fami- 
ly of subsets of the universe U.For a € A, F(a) 
may be considered as the set of a -elements of the soft set 
(F’, A) , or as the set of a -approximate elements of the 


soft set. 
Definition 2.4.2. For two soft sets (F', A) and (H, B) 


over U , (F’, A) is called a soft subset of (H, B) if 

1. ACB and 

2. F(a) C Ha), forall cE A. 
This relationship is denoted by (F’, A) C (H, B). Simi- 
larly (F’, A) is called a soft superset of (H, B) if 
(1, B) isa soft subset of (F', A) which is denoted by 
(F, A) D> (H,B). 
Definition 2.4.3. Two soft sets (F', A) and (H, B) over 
U are called soft equal if (F', A) is a soft subset of 
(H, B) and (H, B) isa soft subset of (F', A). 
Definition 2.4.4. Let (F', A) and (K’, B) be two soft 
sets over a common universe U such that AN Bzo¢. 
Then their restricted intersection is denoted by 
(F,A) Np (K, B) = (4,C) where (H,C) is de- 
fined as H(c) = F(c) M K(c) forall 
cECH=ANB. 


Definition 2.4.5. The extended intersection of two soft 
sets (Ff, A) and (K,B) overa common universe U is 


the soft set (H,C’) , where C = A U B , and forall 
ceC, H(c) is defined as 
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F(c) ifc € A—B, 
Ae G(c) ifce B-A, 
F(c)N G(c) ife EC ANB. 


We write (F', A), (K, B) = (4,C). 

Definition 2.4.6. The restricted union of two soft sets 
(F’, A) and (K, B) over a common universe U is the 
soft set (H,C’), where C = AUB , and for all 
c€C, Hc) isdefinedas H(c) = F(c) U G(c) 
forall c € C’. We write it as 

(FA) Up UG B) = (8,0). 

Definition 2.4.7. The extended union of two soft sets 
(F, A) and (K, B) over acommon universe U is the 
soft set (H,C), where C = AU B , and for all 
c EC, H(c) is defined as 


F(c) ifc € A-B, 
He) = G(c) ifc Ee B-A, 
F(c) U G(c) ifc € ANB. 


We write (F’, A) U, (K, B) = (4,C). 


3 Soft Neutrosophic Groupoid and Their Properties 
3.1 Soft Neutrosophic Groupoid 


Definition 3.1.1. Let {((G U I) ,*} be a neutrosophic 
groupoid and (F’, A) be a soft set over ((G U 1) *} 
Then (F’, A) is called soft neutrosophic groupoid if and 
only if F(a) is neutrosophic subgroupoid of 
(GUT), forall ae A. 

Example 3.1.2. Let 


0,1, 2, 3, ..., 9,7, 2/7, ..., OF, 
(Z,,VLD) = 
14+/7,2+/, ...,9 + 9f 


be a neutrosophic groupoid where * is defined on 
(Z,, UL) by a*b =3a+2b(mod 10) for all 
a,be(Z10UT) . Let A= {a,,a,} be aset of 


parameters. Then (F’, A) is a soft neutrosophic groupoid 
over {(Z10 UT), *} , where 
F(a,) = (0,5,51,5+5T1}, 
F(a,) =(Zy,*). 
Theorem 3.1.3. A soft neutrosophic groupoid over 
{((G Ul ) ,* always contain a soft groupoid over 


(G,*). 
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Proof. The proof of this theorem is straightforward. 
Theorem 3.1.4. Let (F’, A) and (H, A) be two soft neu- 


trosophic groupoids over {((G On ) ,*}. Then their inter- 
section (F’', A) \(H, A) is again a soft neutrosophic 
groupoid over {(G Le ) ye, 


Proof. The proof is straightforward. 
Theorem 3.1.5. Let (F’, A) and (H, B) be two soft neu- 


trosophic groupoids over {((G Ul ) If ANB=¢, 
then (F’, A) U(A, B) isa soft neutrosophic groupoid 
over (GU I), *}. 


Remark 3.1.6. The extended union of two soft neutrosoph- 
ic groupoids (F’, A) and (K, B) over a neutrosophic 


groupoid {((G Ul ) ,*} is not a soft neutrosophic 
groupoid over {(G Ul ) »#, 


Proposition 3.1.7. The extended intersection of two soft 
neutrosophic groupoids over a neutrosophic groupoid 


{(G Ul ) ,*} is a soft neutrosophic groupoid over 
(GUI),4 . 


Remark 3.1.8. The restricted union of two soft neutro- 
sophic groupoids (F', A) and (K, B) over 


(G Ul ) ,*} is not a soft neutrosophic groupoid over 
(GUI),4. 

Proposition 3.1.9. The restricted intersection of two soft 
neutrosophic groupoids over (G Ul ) ,*} is a soft neu- 
trosophic groupoid over {(G Ul ) ye. 

Proposition 3.1.10. The AND operation of two soft neu- 
trosophic groupoids over {((G Ul ) ,*} is a soft neutro- 
sophic groupoid over {((G Ul ) yet, 

Remark 3.1.11. The OR operation of two soft neuto- 
sophic groupoids over {((G Ul ) ,*} is not a soft nuetro- 
sophic groupoid over {((G Ul ) ye 

Definition 3.1.12. Let (F’, A) be a soft neutrosophic 
groupoid over {(G Koy ) ,*}. Then (F’, A) is called an 
absolute-soft neutrosophic groupoid over {((G Ter | ) ,*t if 
F(a)= {((GUI),4}, forall ac A. 

Theorem 3.1.13. Every absolute-soft neutrosophic 
groupoid over {(G yf ) ,* always contain absolute soft 
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groupoid over {G, *} . soft Lagrange neutrosophic groupoid over (Z meri ) : 
Definition 3.1.14. Let (F’, A) and (H, B) be two soft wihiete 
neutrosophic groupoids over {((G U 1) ,*}. Then F(a,) = {0,2,2/7,24+2/}, 
(77, B) is a soft neutrosophic subgroupoid of (F, A), if F(a,) = {0,24+2/}. 

1 BCA. Theorem 3.1.18. Every soft Lagrange neutrosophic 

2. H(a) is neutrosophic subgroupoid of F(a), groupoid over {(G Ul ) : «| is a soft neutrosophic 

forallaeB. : GuI).* : 

Example 3.1.15. Let groupoid over {( U is } but the converse is not true. 


0,1,2,3,7,2/7,37,1+7,14+27,14+31 We can easily show the converse by the help of example. 
(Z, I) om 21 OF OT D4 3T 34) F421, 3431 Theorem 3.1.19. If {(G U 1),*} is a Lagrange neutro- 


be a neutrosophic groupoid with respect to the operation sophic groupoid, then (F’, A) over {(G U L), «| ie 
* where * is defined as a*b=2a+b(mod 4) for all 
soft Lagrange neutrosophic groupoid but the converse is 


abe (Z, UI) .Let A= {d,,d,,a,} bea set of pa- not true. 


rameters. Then (F’, A) is a soft neutrosophic groupoid Remark 3.1.20. Let (f°, A) and (K,C) be two soft La- 


over (Z gl ) , where grange neutrosophic groupoids over {(G Ul ) : « Then 
F(a,) = {0,2,27,2+21}, 1. Their extended intersection (f’, A) MN, (K,C) 
may not be a soft Lagrange neutrosophic groupoid 
F(a,) = {0,2,2+21;, over {(GUT),#t. 


2. Their restricted intersection (f’, A) Np (K,C) 


may not be a soft Lagrange neutrosophic groupoid 


F(a,) = {0,2 +21}. 


Let B = {a,,a,} CA. Then (H, B) is a soft neutro- over {(G U 1),*}. 
sophic subgroupoid of (F’, A) , where 3. Their AND operation (F', A) A(K,C) may 
not be a soft Lagrange neutrosophic groipoid over 
H(a,) = {0,2+2I}, (Gul). 


H(a,)= {0,2+2]}. 
as j 4. Their extended union (F’, A) U, (K,C) may 


not be a soft Lagrange neutrosophic groupoid 
over {(G UT), #}. 
5. Their restricted union (F', A) Up (K,C) may 


not be a soft Lagrange neutrosophic groupoid 


Definition 3.1.16. Let {(G U I) : «| be a neutrosophic 
groupoid and (F’, A) be a soft neutrosophic groupoid 
over {(G U T) : «| . Then (F’,, A) is called soft Lagrange 


neutrosophic groupoid if and only if F(a) is a Lagrange aver {(G U 1) *l 

neutrosophic subgroupoid of \(G Ul ) ? *} for all 6. Their OR operation (F’,A)v(K,C) may not 
aed. be a soft Lagrange neutrosophic groupoid over 
Example 3.1.17. Let {(G U 1) : ah 


(Z, U 1) = ee TEE ae ee }one can easily verify (1),(2),(3), (4), (5) and (6) by 


241,24+27,24+37,341,3427,34+31 the help of examples. 


be a neutrosophic groupoid of order 16 with respect to the Definition 3.1.21. Let {(G U 1) | be a neutrosophic 
operation * where * is defined as : 


a*b =2a+b(mod4) forall a,b ( Z,U I) ee groipoid and (F’, A) be a soft neutrosophic groupoid over 


A= {a,,a,} be a set of parameters. Then (F’, A) isa \(G as t) ; +}. Then (#", A) is called soft weak Lagrange 


neutrosophic groupoid if atleast one F(a) is not a La- 
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grange neutrosophic subgroupoid of {(G Ul ) ; *} for 


some ae A. 
Example 3.1.22. Let 
0,1,2,3,/,27,37,14+7,14+2/,14+37 
(Zl = 
24+/,24+2/7,24+3/7,34+/,3+2/,3+3/ 


be a neutrosophic groupoid of order 16 with respect to the 
operation * where * is defined as 


a*b=2a+b(mod4) forall a,be CA U1) . Let 


A= {d,,d,,a,} be aset of parameters. Then (F’, A) is 
a soft weak Lagrange neutrosophic groupoid over 


(Z, U1), where 
F(a,) = {0,2,2/7,24+2/}, 


F(a,) = {0,2,2+21}, 


F(a,) = (0,2+27}. 
Theorem 3.1.23. Every soft weak Lagrange neutrosophic 
groupoid over {(G Ul ) ; | is a soft neutrosophic 


groupoid over {(G Ul ) ; | but the converse is not true. 
Theorem 3.1.24. If {(G U 1) ; «| is weak Lagrange neu- 


trosophic groupoid, then (F’, A) over {(G Ul y | is 


also soft weak Lagrange neutrosophic groupoid but the 
converse is not true. 


Remark 3.1.25. Let (F’, A) and (K,C) be two soft 
weak Lagrange neutrosophic groupoids over 


(GUI), a}. Then 
1. Their extended intersection (/’, A) MN, (K,C) 


is not a soft weak Lagrange neutrosophic 
groupoid over {(G U I) ; *\ 


2. Their restricted intersection (/’, A) Np (K,C) 
is not a soft weak Lagrange neutrosophic 
groupoid over {(G U T) ‘ «lh 

3. Their AND operation (F’, A) A(K,C) is not 
a soft weak Lagrange neutrosophic groupoid over 
ne) 

4. Their extended union (F’, A) U, (K,C) is nota 


soft weak Lagrnage neutrosophic groupoid over 


(Guna) 
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5. Their restricted union (F’, A) Up (K,C) is not 


a soft weak Lagrange neutrosophic groupoid over 
(Guns) 

6. Their OR operation (F', A) V(K,C) is nota 
soft weak Lagrange neutrosophic groupoid over 
(Gut) 

One can easily verify (1), (2), (3), (4), (5) and (6) by 
the help of examples. 
Definition 3.126. Let {(G U 1) ; «| be a neutrosophic 
groupoid and (F’, A) be a soft neutrosophic groupoid 
over {(G U I) ; a}, Then (F,, A) is called soft Lagrange 
free neutrosophic groupoid if F(a) is not a lagrange neu- 
trosophic subgroupoid of {(G U 1), «| forallae A. 
Example 3.1.27. Let 
0,1,2,3,/7,2/,37,14+7,1+2/,14+37 
(7,07) = 
24/,24+2/,24+3/,34+/,34+2/,34+3] 


be a neutrosophic groupoid of order 16 with respect to the 
operation * where * is defined as 


a*b=2a+b(mod4) forall a,b €(Z, UT). Let 
A= {d,,a,,a;} bea set of parameters. Then (F’, A) is 
a soft Lagrange free neutrosophic groupoid over 
(Zi, U1), where 

F(a,) = (0,21,2+20}, 

F(a,) = (0,2,2+21.. 

Theorem 3.1.28. Every soft Lagrange free neutrosophic 
groupoid over {(G Ul ) ‘ «| is trivially a soft neutrosoph- 


ic groupoid over {(G Ul ) ; | but the converse is not 


true. 


Theorem 3.1.29. If {(G U T) : | is a Lagrange free neu- 


trosophic groupoid, then (F’, 4) over {(G Ul i «| is 
also a soft Lagrange free neutrosophic groupoid but the 
converse is not true. 
Remark 3.1.30. Let (F', A) and (K,C) be two soft La- 
grange free neutrosophic groupoids over {(G Ul ) : | : 
Then 

1. Their extended intersection (/’, A) MN, (K,C) 


is not a soft Lagrange free neutrosophic groupoid 
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over (GUI), a}. 

2. Their restricted intersection (F’, A) Np (K,C) 
is not a soft Lagrange free neutrosophic groupoid 
over (Gu), a}. 

3. Their AND operation (F', A) A(K,C) is not 


a soft Lagrange free neutrosophic groupoid over 


oul) 
4. Their extended union (F’, A) U, (K,C) is nota 


soft Lagrnage free neutrosophic groupoid over 


oul) 
5. Their restricted union (F’, A) Up (K,C) is not 


a soft Lagrange free neutrosophic groupoid over 


ours) 
6. Their OR operation (F', A) Vv (K,C) is nota 


soft Lagrange free neutrosophic groupoid over 


((our)} 
One can easily verify (1), (2), (3), (4),(5) and (6) by 
the help of examples. 
Definition 3.1.31. (F', A) is called soft neutrosophic ide- 


al over {(G U ri ; | if F(a) is a neutrosophic ideal of 
(GUI), +}, forall ac A. 
Theorem 3.1.32. Every soft neutrosophic ideal (F’, A) 


over {(G Ul ) ; «| is trivially a soft neutrosophic sub- 


groupid but the converse may not be true. 
Proposition 3.1.33. Let (F', A) and (K, B) be two soft 


neutrosophic ideals over {(G Ul ) , «lh Then 


1) Their extended intersection (F’, A) , (K, B) is 
soft neutrosophic ideal over {(G Ul ) ; «| ; 

2) Their restricted intersection (F’, A) Np (K, B) is 
soft neutrosophic ideal over {( Gul ) ; «| ; 

3) Their AND operation (fF, A) A(K, B) is soft neu- 
trosophic ideal over {(G Ul ) ; *\, 

Remark 3.1.34. Let (F’, A) and (K, B) be two soft 

neutrosophic ideal over {(G Ul ) ; «lh Then 


1) Their extended union (F’, A) U, (K, B) is not soft 
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neutrosophic ideal over {(G Ul ) , «| ’ 

2) Their restricted union (F’, A) U, (K, B) is not soft 
neutrosophic ideal over {(G Ul ) : “| : 

3) Their OR operation (F’, A) v (K, B) is not soft 
neutrosophic ideal over {(G Ul ) : «| : 


One can easily proved (1),(2), and (3) by the help of 
examples. 
Theorem 3.1.35. Let (/’, A) be a soft neutrosophic ideal 


over {(G U 1),*} and {(H,,B,):1€J} is anon- 
empty family of soft neutrosophic ideals of (F’, A). Then 
1. O;, B,) is a soft neutrosophic ideal of 
(FA). 
2 ACH B,) is a soft neutrosophic ideal of 
A (F, A). 


3.2 Soft Neutrosophic Strong Groupoid 


Definition 3.2.1. Let {(G U T) ; | be a neutrosophic 


groupoid and (F’, A) be a soft set over {(G U ay *\ 


Then (F,, A) is called soft neutrosophic strong groupoid 
if and only if F(a) is a neutrosophic strong subgroupoid 


of {(Gul),*| forall ac A. 


Example 3.2.2. Let 
0,1,2,3,/,2/,37,14+7,1+27,14+37 

(Z,UD)= 

24/,24+2/,24+3/,34+/,34+2/,34+3] 


be a neutrosophic groupoid with respect to the operation 
* where * is defined as a*b=2a+b(mod4) for all 


a,be (Z, U1) .Let A= {a,,a,,a,} bea set of pa- 
rameters. Then (/’, A) is a soft neutrosophic strong 
groupoid over (Z re | ) , where 
F(a,) = {0,2/,2+27}, 
F(a,) = {0,24+21}. 

Proposition 3.2.3. Let (F’, A) and (K,C) be two soft 
neutrosophic strong groupoids over {(G Ul ) : «lh Then 

1. Their extended intersection (f’, A) MN, (K,C) 


is a soft neutrosophic strong groupoid over 


(Guna) 
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2. Their restricted intersection (f’, A) Np (K,C) 


is a soft neutrosophic strong groupoid over 


ours) 
3. Their AND operation (F', A) A(K,C) isa 


soft neutrosophic strong groupoid over 
(GUI), a}. 
Remark 3.2.4. Let (F’, A) and (K,C) be two soft neu- 
trosophic strong groupoids over {(G Ul ) F «lh Then 
1. Their extended union (F', A) U, (K,C) isa 


soft neutrosophic strong groupoid over 
(Guna) 

2. Their restricted union (F’, A) Up (K,C) isa 
soft neutrosophic strong groupoid over 
(Guns) 

3. Their OR operation (F’, A) v(K,C) isa soft 


neutrosophic strong groupoid over 
(Gur) 
Definition 3.2.5. Let (F', A) and (HC) be two soft 
neutrosophic strong groupoids over {(G Ul ) ; lh Then 
(H,C) is called soft neutrosophic strong sublgroupoid of 
(F, A), if 
1 CCA, 
2. H (a) isaneutrosophic strong subgroupoid of 
F(a) forallae A. 
Definition 3.2.6. Let {(G U I) : «| be a neutrosophic 
strong groupoid and (F’, A) be a soft neutrosophic 
groupoid over {(G Ul ) ; *\ Then (F,, A) is called soft 


Lagrange neutrosophic strong groupoid if and only if 
F(a) is a Lagrange neutrosophic strong subgroupoid of 


{(GUI),*} forall ae A. 
Theorem 3.2.7. Every soft Lagrange neutrosophic strong 
groupoid over {(G UL ) : | is a soft neutrosophic 


groupoid over {(G Ul ) ; «| but the converse is not true. 
Theorem 3.2.8. If {(G U 1) : «| is a Lagrange neutro- 


sophic strong groupoid, then (F’, A) over {(G Ul ) , «| 


is a soft Lagrange neutrosophic groupoid but the converse 
is not true. 
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Remark 3.2.9. Let (F’, A) and (K,C) be two soft La- 
grange neutrosophic strong groupoids over {(G Ul ) ; «lh. 
Then 

1. Their extended intersection (F’, A) N, (K,C) 
may not be a soft Lagrange neutrosophic strong 


groupoid over {(G U 1) ; «| : 
2. Their restricted intersection (F', A) A, (K,C) 


may not be a soft Lagrange strong neutrosophic 
groupoid over {(G U 1) ; «| : 
3. Their AND operation (F',A) A(K,C) may 


not be a soft Lagrange neutrosophic strong 
groupoid over {(G U 1) ; «| 


4. Their extended union (F’, A) U, (K,C) may 
not be a soft Lagrange neutrosophic strong 
groupoid over {(G U 1) : lh 


5. Their restricted union (F’, A)U, (K,C) may 
not be a soft Lagrange neutrosophic strong 
groupoid over {(G U 1) ; «| 

6. Their OR operation (F',A)V(K,C) may not 


be a soft Lagrange neutrosophic strong groupoid 
over {(G U 1),*}. 
One can easily verify (1), (2), (3),(4),(5) and (6) by 
the help of examples. 
Definition 3.2.10. Let {(G U I) , «| be a neutrosophic 
strong groupoid and (F’, A) be a soft neutrosophic 
groupoid over {(G Ul ) ; «lh Then (F,, A) is called soft 


weak Lagrange neutrosophic strong groupoid if atleast one 
F(a) is not a Lagrange neutrosophic strong subgroupoid 


of (GUI), forsome ae A. 
Theorem 3.2.11. Every soft weak Lagrange neutrosophic 
strong groupoid over {(G Ul ) ; «| is a soft neutrosophic 


groupoid over {(G Ul ) , «| but the converse is not true. 


Theorem 3.2.12. If {(G U I) : | is weak Lagrange neu- 
trosophic strong groupoid, then (F’, A) over 
{(G Ul ) : «| is also soft weak Lagrange neutrosophic 


strong groupoid but the converse is not true. 
Remark 3.2.13. Let (F', A) and (K,C) be two soft 
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weak Lagrange neutrosophic strong groupoids over 


{(G U 1),#}. Then 
1. Their extended intersection (F’, A) A, (K,C) 


is not a soft weak Lagrange neutrosophic strong 


groupoid over {(G U 1) ‘ *t, 
2. Their restricted intersection (F’, A) A, (K,C) 


is not a soft weak Lagrange neutrosophic strong 
groupoid over {(G U I) ; *}. 
3. Their AND operation (F', A) A(K,C) is not 


a soft weak Lagrange neutrosophic strong 
groupoid over {(G U 1) ; *t, 


4. Their extended union (F’, A) U, (K,C) is nota 
soft weak Lagrnage neutrosophic strong groupoid 


over {(G UT), *t. 
5. Their restricted union (F’, A) Up (K,C) is not 


a soft weak Lagrange neutrosophic strong 
groupoid over {(G U 1) ? a, 
6. Their OR operation (F',A)V(K,C) is nota 


soft weak Lagrange neutrosophic strong groupoid 
over {(G UT), #}. 


One can easily verify (1), (2), (3), (4),(5) and (6) by 
the help of examples. 
Definition 3.2.14. Let CE Ul ) be a neutrosophic strong 


groupoid and (F’, A) be a soft neutrosophic groupoid 
over (L U I) . Then (F’,A) is called soft Lagrange free 
neutrosophic strong groupoid if F(a) is not a Lagrange 
neutrosophic strong subgroupoid of {(G Ul ) ; «| for all 


aéA. 
Theorem 3.2.14. Every soft Lagrange free neutrosophic 


strong groupoid over (L Ul ) is a soft neutrosophic 
groupoid over {(G Ul ) ; «| but the converse is not true. 


Theorem 3.2.15. If {(G U I) : | is a Lagrange free neu- 
trosophic strong groupoid, then (F’, A) over 
{(G Ul ) 5 «| is also a soft Lagrange free neutrosophic 


strong groupoid but the converse is not true. 
Remark 3.2.16. Let (F’, A) and (K,C) be two soft La- 


grange free neutrosophic strong groupoids over (L Ul ) . 
Then 
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1. Their extended intersection (f’, A) MN, (K,C) 
is not a soft Lagrange free neutrosophic strong 
groupoid over {(G U I) ; «| 


2. Their restricted intersection (/’, A) Np (K,C) 
is not a soft Lagrange free neutrosophic strong 
groupoid over {(G U I) ; «| ; 

3. Their AND operation (fF, A) A(K,C) is not 
a soft Lagrange free neutrosophic strong groupoid 
over {(G U 1),*}. 

4. Their extended union (F’, A) U, (K,C) is nota 
soft Lagrange free neutrosophic strong groupoid 
over {(G UT), #}. 

5. Their restricted union (F', A) U, (K,C) is not 
a soft Lagrange free neutrosophic groupoid over 
(Gur). 

6. Their OR operation (F’, A) v(K,C) is nota 
soft Lagrange free neutrosophic strong groupoid 
over {(G UT), #}. 


One can easily verify (1),(2), (3), (4), (5) and (6) by 
the help of examples. 
Definition 3.2.17. (F', A) is called soft neutrosophic 


strong ideal over {(G Ul ) : «| if F(a) is a neutrosophic 


strong ideal of {(G U 1) : «| , forall aE A. 
Theorem 3.2.18. Every soft neutrosophic strong ideal 
(F,, A) over {(G Ul ) ; | is trivially a soft neutrosophic 


strong groupoid. 
Theorem 3.2.19. Every soft neutrosophic strong ideal 


(F, A) over {(G Ul ) : | is trivially a soft neutrosophic 


ideal. 
Proposition 3.2.20. Let (F', A) and (K, B) be two soft 


neutrosophic strong ideals over {(G wal ) ; *h. Then 


1. Their extended intersection (/’, A) N, (K,B) 


is soft neutrosophic strong ideal over 


(Gur 
2. Their restricted intersection (/’, A) ON, (K, B) 


is soft neutrosophic strong ideal over 


(GUI), a}. 


3. Their AND operation (F’, A) A(K, B) is soft 
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neutrosophic strong ideal over {(G Ul ) ; «lh 


Remark 3.2.21. Let (F', A) and (K, B) be two soft neu- 
trosophic strong ideal over {(G Ul ) ; «lh Then 
1. Their extended union (F’, A) U, (K, B) is not 


soft neutrosophic strong ideal over 


ours) 
2. Their restricted union (F’, A) U, (K, B) is not 


soft neutrosophic strong ideal over 


(ur) 
3. Their OR operation (F’, A) v (K, B) is not 


soft neutrosophic strong ideal over 


(Gur) 
One can easily proved (1),(2), and (3) by the help of 
examples. 
Theorem 3.2.22. Let (F’, A) be a soft neutrosophic 


strong ideal over {(G U 1),*} and {(H,,B,):1€J} is 


a non-empty family of soft neutrosophic strong ideals of 


(F, A). Then 


1. O(H,,8B,) isa soft neutrosophic strong ideal of 
ieJ 
(F, A). 

2. A(H,,B,) isa soft neutrosophic strong ideal of 
ieJ 


A(F,A). 


4 Soft Neutrosophic Bigroupoid and Their Properties 
4.1 Soft Neutrosophic Bigroupoid 


Definition 4.1.1. Let {B,,(G),*,°} be a neutrosophic 

bigroupoid and (/’, A) be a soft set over {B,,(G),*,°}. 

Then (F’, A) is called soft neutrosophic bigroupoid ipand 

only if F(a) is neutrosophic sub bigroupoid of 
{B,(G),*,°} forall ae A. 

Example 4.1.2. Let {B,(G),*,°0} be a neutrosophic 

groupoid with B,,(G) = G, UG, , where 

G, ={(Z,. U1) |a*b = 2a + 3b(mod10);a,b € (Z,, U1)} 
nd 


a 
G,= (Z, U1) |aob=2a+b(mod4);a,b €(Z, 01 
Let ={a,,45} be a set of parameters. oo F, 


a soft neutrosophic bigroupoid over {B,,(G), * ur ae 
F(a,)= ae 5,5/,54+52U {0, oN 21, 242 B, 


F(a,) = (Zip*) (0,2 +21}, 
Theorem 4.1.3. Let (F’, A) and (H, A) be two soft neu- 


Collected Papers, XII 


*,o} Then their in- 
tersection (F’, A) A(H, A) is again a soft neutrosophic 
groupoid over {B,,(G),*,°}. 


Proof. The proof is staightforward. 
Theorem 4.1.4. Let (F', A) and (1, B) be two soft neu- 


trosophic groupoids over {(G wet ) Ht .1f ANB=¢, 
then (F’, A) (A, B) isa soft neutrosophic groupoid 
over (GU I), *}. 
Proposition 4.1.5. Let (F’, A) and (K,C) be two soft 
neutrosophic bigroupoids over {B,(G), *, 0}. Then 

1. Their extended intersection (/’, A) MN, (K,C) 


is a soft neutrosophic bigroupoid over 
{By (G),* °F. 
2. Their restricted intersection (’, A) Np (K,C) 
is a soft neutrosophic bigroupoid over 
{By (G),*, °F. 
3. Their AND operation (F', A) A(K,C) isa 
soft neutrosophic bigroupoid over 
{By (G).%2 
Remark 4.1.6. Let (F’, A) and (K,C) be two soft neu- 
trosophic biloops over {B,,(G), *,°} . Then 
1. Their extended union (F’, A) U, (K,C) is nota 
soft neutrosophic bigroupoid over 
{By (G),*, °F. 
2. Their restricted union (F', A) Up (K,C) is not 
a soft neutrosophic bigroupoid over 
{By (G),* °F. 
3. Their OR operation (F', A) V(K,C) is nota 
soft neutrosophic bigroupoid over 
{By (G),*,° 
One can easily verify (1),(2), and (3) by the help of ex- 


amples. 
Definition 4.1.7. Let (F', A) be a soft neutrosophic 


bigroupoid over {B,,(G),*,o}. Then (F’, A) is called 
an absolute soft neutrosophic bigroupoid over 
{B,,(G),*,°} if F(a) = {B,(G),*,°} forall ae A. 
Definition 4.1.8. Let (F’, A) and (H/C) be two soft 
*,o} Then 
(H,C) is called soft neutrosophic sub bigroupoid of 


trosophic bigroupoids over {B,(G), 


neutrosophic bigroupoids over {B,,(G), 
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(F, A), if 
1 CCA, 
2. H (a) is aneutrosophic sub bigroupoid of 


F(a) forallae A. 
Example 4.1.9. Let {B,, (9), *, 0! be a neutrosophic 
groupoid with B,(G) =G, U G, , where 
a {(Z,,U1)|a*b= 2a +30(mod10);4,b e(Z,,UT)} 
ani 
G, =|(Z, UT) |acb = 2a + b(mod4);a, ae yt}. 
Le t AX la,,d ue be a set of parameters. Let (F', A) is a 
soft neutrosophic bigroupoid over {B,,(G), *,°}, where 
F(a,)= ay 5,57,5+52 VU (0, o. 21 DOTY, 
F(a,) = (Zy)00,3 421). 
Let B= {a,} CA. Then (H, 8B) is a soft neutrosophic 
sub bigroupoid of (F’, A), where 
H(a,)= {0,5} {0,2 +27}. 


Definition 4.1.10. Let {B,,(G), 
strong bigroupoid and (F’, A) be a soft neutrosophic 
bigroupoid over {B,,(G),*,°}. Then (F’, A) is called 
soft Lagrange neutrosophic bigroupoid if and only if 
F(a) is a Lagrange neutrosophic sub bigroupoid of 


{B,(G),*,°} forall ae A. 

Theorem 4.1.11. Every soft Lagrange neutrosophic 
bigroupoid over {B,,(G),* 
bigroupoid over {B,,(G),* 


true. 
One can easily see the converse by the help of examples. 


Theorem 4.1.12. If {B,,(G), 
sophic bigroupoid, then (F’, A) over {B,(G), 
soft Lagrange neutrosophic bigroupoid but the converse is 


not true. 
Remark 4.1.13. Let (F’, A) and (K,C) be two soft La- 


*, 0 be a neutrosophic 


,o} is a soft neutrosophic 


- of but the converse is not 


*,o} is a Lagrange neutro- 


*oh isa 


grange neutrosophic bigroupoids over {B, (G),*,°}. 
Then 

1. Their extended intersection (/’, A) MN, (K,C) 
may not be a soft Lagrange neutrosophic 
bigroupoid over {B,(G),*,°}. 

2. Their restricted intersection (F’, A) A, (K,C) 
may not be a soft Lagrange neutrosophic 
bigroupoid over {B,,(G),*,° 

3. Their AND operation (F', A) A(K,C) may 
not be a soft Lagrange neutrosophic bigroupoid 
over {B,,(G),*, 0}. 

4. Their extended union (F’, A) U, (K,C) may 


not be a soft Lagrange neutrosophic bigroupoid 
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over {B,(G),*,°}. 
5. Their restricted union (F', A) Up (K,C) may 
not be a soft Lagrange neutrosophic bigroupoid 
over {B,(G),*, 0}. 
6. Their OR operation (F’, A) v(K,C) may not 
be a soft Lagrange neutrosophic bigroupoid over 
{By (G), #52}. 
One can easily verify (1),(2), (3), (4), (5) and (6) by 
the help of examples. 
Definition 4.1.14. Let {B,,(G),* 


bigroupoid and (F’, A) be a soft neutrosophic bigroupoid 
over {B,(G),*,0}. Then (F’, A) is called soft weak 
Lagrange neutrosophic bigroupoid if atleast one F(a) is 


,o} be a neutrosophic 


not a Lagrange neutrosophic sub bigroupoid of 
{B,(G),*,°} for some ae A. 

Theorem 4.1.15. Every soft weak Lagrange neutrosophic 
bigroupoid over {B,,(G), * 
groupoid over {B,,(G),* 
Theorem 4.1.16. If {B,,(G),* 
trosophic bigroupoid, then (F’, A) over {B,,(G),* 
also soft weak Lagrange neutrosophic bigroupoid but the 
converse is not true. 

Remark 4.1.17. Let (F', A) and (K,C) be two soft 
weak Lagrange neutrosophic bigroupoids over 

{B,(G),*, 0}. Then 

1. Their extended intersection (f’, A) MN, (K,C) 
is not a soft weak Lagrange neutrosophic 
bigroupoid over {B,(G),*,°}. 

2. Their restricted intersection (/’, A) Np (K,C) 
is not a soft weak Lagrange neutrosophic 
bigroupoid over {B,(G),*,°o}. 

3. Their AND operation (F', A) A(K,C) is not 
a soft weak Lagrange neutrosophic bigroupoid 
over {B,(G),*,°}. 

4. Their extended union (F’, A) U, (K,C) is nota 
soft weak Lagrnage neutrosophic bigroupoid over 

{By(G),*,95. 

5. Their restricted union (F', A) Up (K,C) is not 
a soft weak Lagrange neutrosophic bigroupoid 
over {B,(G),*, 0}. 

6. Their OR operation (F’, A) v(K,C) is nota 


,o} is a soft neutrosophic 
,o} but the converse is not true. 
,o} is weak Lagrange neu- 


of is 
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soft weak Lagrange neutrosophic bigroupoid over 

{By (G),*,°}. 

One can easily verify (1), (2), (3), (4), (5) and (6) by 
the help of examples. 

Definition 4.1.18. Let {B,,(G),*,°} be a neutrosophic 
bigroupoid and (F’, A) be a soft neutrosophic groupoid 
over {B,(G),*,0}. Then (F, A) is called soft La- 
grange free neutrosophic bigroupoid if F'(a) is not a La- 
grange neutrosophic sub bigroupoid of {B,,(G),*,°} for 
alae A. 

Theorem 4.1.19. Every soft Lagrange free neutrosophic 
bigroupoid over {B,,(G), *,°} is a soft neutrosophic 
bigroupoid over {B,,(G),*,°} but the converse is not 
true. 

Theorem 4.1.20. If {B,,(G),*,} is a Lagrange free 
neutrosophic bigroupoid, then (F’, A) over 
{B,(G),*,°} is also a soft Lagrange free neutrosophic 
bigroupoid but the converse is not true. 

Remark 4.1.21. Let (F', A) and (K,C) be two soft La- 
grange free neutrosophic bigroupoids over {B,,(G),*,°}. 
Then 

1. Their extended intersection (f’, A) MN, (K,C) 
is not a soft Lagrange free neutrosophic 
bigroupoid over {B,(G),*,°}. 

2. Their restricted intersection (f’, A) Np (K,C) 
is not a soft Lagrange free neutrosophic 
bigroupoid over {B,(G),*,°}. 

3. Their AND operation (F’, A) A(K,C) is not 
a soft Lagrange free neutrosophic bigroupoid over 

{By (G),*°}. 

4. Their extended union (F’, A) U, (K,C) is nota 

soft Lagrange free neutrosophic bigroupoid over 
{By (G),*°}. 

5. Their restricted union (F', A) Up (K,C) is not 

a soft Lagrange free neutrosophic bigroupoid over 
{By (G),*°}. 
6. Their OR operation (F’, A) V(K,C) is nota 
soft Lagrange free neutrosophic bigroupoid over 
{By (G),*°}. 
One can easily verify (1), (2), (3), (4), (5) and (6) by 
the help of examples. 
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Definition 4.1.22. (F', A) is called soft neutrosophic 
biideal over {B,,(G),*,°} if F(a) isa neutrosophic 
biideal of {B,(G),*,°}, forall ae A. 
Theorem 4.1.23. Every soft neutrosophic biideal (F’, A) 
over {B,,(G),*,°} is a soft neutrosophic bigroupoid. 
Proposition 4.1.24. Let (F’, A) and (K, B) be two soft 
neutrosophic biideals over {B,,(G),*,°}. Then 
1. Their extended intersection (/’, A) M, (K, B) 
is soft neutrosophic biideal over {B,,(G),*,°}. 
2. Their restricted intersection (’, A) ON, (K, B) 
is soft neutrosophic biideal over {B,,(G),*,°}. 
3. Their AND operation (F’, A) A(K, B) is soft 
neutrosophic biideal over {B,,(G),*,°}. 
Remark 4.1.25. Let (F’, A) and (K, B) be two soft 
neutrosophic biideals over {B,(G), *,o}. Then 
1. Their extended union (F’, A) U, (K, B) is not 
soft neutrosophic biideals over {B,(G),*,°}. 
2. Their restricted union (F’, A) Up (K,B) is not 
soft neutrosophic biidleals over {B,,(G),*,°}. 
3. Their OR operation (F’, A) v (K, B) is not 
soft neutrosophic biideals over {B,,(G),*,°}. 


One can easily proved (1),(2), and (3) by the help of 
examples 
Theorem 4.1.26. Let (F’, A) be a soft neutrosophic biide- 


al over {B,,(G),*,0} and {(H,,B,):1¢J} is anon- 
empty family of soft neutrosophic biideals of (F’, A). 
Then 
1. “1H, B,) is a soft neutrosophic biideal of 
(F, A). 
2, A (H,, B,) is a soft neutrosophic biideal of 


A(F, A). 


4.2 Soft Neutrosophic Strong Bigroupoid 


Definition 4.2.1. Let {B,,(G),*,°} be a neutrosophic 
bigroupoid and (/’, A) be a soft set over {B,,(G),*,°}. 
Then (F’, A) is called soft neutrosophic strong 
bigroupoid if and only if F'\(@) is neutrosophic strong 
sub bigroupoid of {B,(G),*,o} forall ae A. 
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Example 4.2.2. Let {B,(G),*,°} be a neutrosophic 

groupoid with B,(G) = G, UG,, where 

G, ={(Z,, UT) |a*b = 2a + 3b(mod10);a,b € (Z,, UT)} 
d 


an 
G, ={(Z, U1) |acb =2a+ b(mod4);a,b €(Z,UT)}. 


Let A= {d,,d,} be a set of parameters. Then (F’, A) is 
a soft neutrosophic strong bigroupoid over {B,,(G),*,°}, 


where 
F(a,) = {0,5+52} U {0,2+2/}, 
F(a,) = {0,51} 0 {0,2 +21}. 
Theorem 4.2.3. Let (Ff, A) and (H, A) be two soft neu- 
trosophic strong bigroupoids over {B N (G), *,0}. Then 
their intersection (F’, A) 0 (A, A) is again a soft neutro- 
sophic strong bigroupoid over {B,,(G),*,°}. 


Proof. The proof is staightforward. 
Theorem 4.2.4. Let (F', A) and (H, B) be two soft neu- 


trosophic strong bigroupoids over {B,,(G),*,°}. If 
AQNB=4@, then (F, A) U(A, B) isa soft neutrosoph- 
ic strong bigroupoid over {B,,(G),*,°}. 
Proposition 4.2.5. Let (F', A) and (K,C) be two soft 
neutrosophic strong bigroupoids over {B,(G),*,°}. 
Then 
1. Their extended intersection (/’, A) MN, (K,C) 
is a soft neutrosophic strong bigroupoid over 
{B,(G),*,°}. 
2. Their restricted intersection (F’, A) Np (K,C) 
is a soft neutrosophic strong bigroupoid over 
{By (G),*,°}. 
3. Their AND operation (F', A) A(K,C) isa 
soft neutrosophic strong bigroupoid over 
{By (G),*,9}. 
Remark 4.2.6. Let (F', A) and (K,C) be two soft neu- 
trosophic strong bigroupoids over {B,,(G), *,°}. Then 
1. Their extended union (F’, A) U, (K,C) is nota 
soft neutrosophic strong bigroupoid over 
{B,(G),*,°}. 
2. Their restricted union (F', A) Up (K,C) is not 
a soft neutrosophic strong bigroupoid over 
{By (G),*,°}. 
3. Their OR operation (F', A) Vv (K,C) is nota 
soft neutrosophic strong bigroupoid over 
{By (G),*,°}. 
One can easily verify (1),(2), and (3) by the help of ex- 
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amples. 
Definition 4.2.7. Let (F’, A) and (H,C) be two soft 
neutrosophic strong bigroupoids over {B,(G),*,°}. 
Then (HC) is called soft neutrosophic strong sub 
bigroupoid of (F, A), if 

1 CcA. 

2. H(a) isaneutrosophic strong sub bigroupoid of 

F(a) forallae A. 

Definition 4.2.8. Let {B,,(G), *,°} be a neutrosophic 
strong bigroupoid and (F’, A) be a soft neutrosophic 
strong bigroupoid over {B,,(G),*,°}. Then (F'’, A) is 
called soft Lagrange neutrosophic strong bigroupoid if and 
only if F(a) is a Lagrange neutrosophic strong sub 
bigroupoid of {B,(G),*,°} forall ae A. 
Theorem 4.2.9. Every soft Lagrange neutrosophic strong 
bigroupoid over {B,(G),*,°} is a soft neutrosophic 
strong bigroupoid over {B,(G),*,°} but the converse is 


not true. 
One can easily see the converse by the help of examples. 


Theorem 4.2.10. If {B,,(G),*,°} is a Lagrange neutro- 
sophic strong bigroupoid, then (F’, A) over 

{B, (G),*,°} is a soft Lagrange neutrosophic strong 
bigroupoid but the converse is not true. 

Remark 4.2.11. Let (F’, A) and (K,C) be two soft La- 
grange neutrosophic strong bigroupoids over 
{B,(G),*,°}. Then 

1. Their extended intersection (/’, A) A, (K,C) 
may not be a soft Lagrange neutrosophic strong 
bigroupoid over {B,(G),*,°}. 

2. Their restricted intersection (1, A) Np (K,C) 
may not be a soft Lagrange neutrosophic strong 
bigroupoid over {B,,(G),*,°}. 

3. Their AND operation (F', A) A(K,C) may 
not be a soft Lagrange neutrosophic strong 
bigroupoid over {B,,(G), *, } . Their extended 
union (f’, A) U, (K,C) may not be a soft La- 
grange neutrosophic strong bigroupoid over 

{By (G),*°}. 

4. Their restricted union (F’, A) U, (K,C) may 
not be a soft Lagrange neutrosophic strong 
bigroupoid over {B,(G),*,°}. 
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5. Their OR operation (F’, A) v(K,C) may not 
be a soft Lagrange neutrosophic strong 
bigroupoid over {B,,(G),*,}. 

One can easily verify (1), (2), (3), (4), (5) and (6) by 
the help of examples. 

Definition 4.2.12. Let {B,,(G),*,°} be a neutrosophic 
strong bigroupoid and (F’, A) be a soft neutrosophic 
strong bigroupoid over {B,(G),*,°o}. Then (F’, A) is 
called soft weak Lagrange neutrosophic strong bigroupoid 
if atleast one F(a) is not a Lagrange neutrosophic strong 
sub bigroupoid of {B,(G),*,°} for some a € A. 
Theorem 4.2.13. Every soft weak Lagrange neutrosophic 
strong bigroupoid over {B,,(G),*,°} is a soft neutro- 


sophic strong bigroupoid over {B,,(G),*,°} but the con- 
verse is not true. 

Theorem 4.2.14. If {B,,(G),*,°} is weak Lagrange neu- 
trosophic strong bigroupoid, then (F’, A) over 
{B,(G),*,°} is also soft weak Lagrange neutrosophic 
strong bigroupoid but the converse is not true. 

Remark 4.2.15. Let (F’, A) and (K,C) be two soft 
weak Lagrange neutrosophic strong bigroupoids over 
{B,(G),*, 0}. Then 

1. Their extended intersection (/’, A) MN, (K,C) 
is not a soft weak Lagrange neutrosophic strong 
bigroupoid over {B,(G),*,°}. 

2. Their restricted intersection (/’, A) Np (K,C) 
is not a soft weak Lagrange neutrosophic strong 
bigroupoid over {B,(G),*,°}. 

3. Their AND operation (F’, A) A(K,C) is not 
a soft weak Lagrange neutrosophic strong 
bigroupoid over {B,(G),*,°}. 

4. Their extended union (F’, A) U, (K,C) is nota 
soft weak Lagrnage neutrosophic strong 
bigroupoid over {B,,(G),*,°}. 

5. Their restricted union (F’, A) U, (K,C) is not 
a soft weak Lagrange neutrosophic strong 
bigroupoid over {B,(G),*,°}. 

6. Their OR operation (F’, A) v(K,C) is 

not a soft weak Lagrange neutrosophi strong bigroupoid 


over {B,(G),*,°}. 
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One can easily verify (1), (2),(3),(4),(5) and (6) by 
the help of examples. 

Definition 4.2.16. Let {B,,(G), *,°} be a neutrosophic 
strong bigroupoid and (F’, A) be a soft neutrosophic 
strong bigroupoid over {B,(G),*,°}. Then (F’, A) is 
called soft Lagrange free neutrosophic strong bigroupoid if 

F(a) is not a Lagrange neutrosophic strong sub 
bigroupoid of {B,(G),*,°} for all a € A. 

Theorem 4.2.17. Every soft Lagrange free neutrosophic 
strong bigroupoid over {B,(G),*,°} is a soft neutro- 
sophic strong bigroupoid over {B,,(G),*,°} but the con- 
verse is not true. 

Theorem 4.2.18. If {B,,(G),*,o} is a Lagrange free 
neutrosophic strong bigroupoid, then (F’, A) over 

{B,(G),*,°} is also a soft Lagrange free neutrosophic 
strong bigroupoid but the converse is not true. 

Remark 4.2.19. Let (F', A) and (K,C) be two soft La- 
grange free neutrosophic strong bigroupoids over 

{B,,(G), *,o}. Then 

1. Their extended intersection (/’, A) MN, (K,C) 
is not a soft Lagrange free neutrosophic strong 
bigroupoid over {B,(G),*,°}. 

2. Their restricted intersection (F’, A) Np (K,C) 
is not a soft Lagrange free neutrosophic strong 
bigroupoid over {B,(G),*,°}. 

3. Their AND operation (F', A) A(K,C) is not 
a soft Lagrange free neutrosophic strong 
bigroupoid over {B,(G),*,°}. 

4. Their extended union (F’, A) U,, (K,C) is nota 
soft Lagrange free neutrosophic strong bigroupoid 
over {B,(G),*,°}. 

5. Their restricted union (F’, A) Up (K,C) is not 
a soft Lagrange free neutrosophic strong 
bigroupoid over {B,(G),*,°}. 

6. Their OR operation (F’, A) Vv (K,C) is nota 
soft Lagrange free neutrosophic strong bigroupoid 
over {B,(G),*,°}. 

One can easily verify (1), (2),(3),(4),(5) and (6) by 


the help of examples. 
Definition 4.2.20. (F', A) is called soft neutrosophic 


strong biideal over {B,,(G),*,°} if F(a) is a neutro- 
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sophic strong biideal of {B,(G),*,°}, forall ae A. 
Theorem 4.2.21. Every soft neutrosophic strong biideal 
(F, A) over {B,(G),*, 
bigroupoid. 

Proposition 4.2.22. Let (F’, A) and (K, B) be two soft 


neutrosophic strong biideals over {B,,(G),*,0}. Then 
1. Their extended intersection (F’, A) 0, (K, B) 


is soft neutrosophic strong biideal over 
{B,(G),*° 
2. Their restricted intersection (/’, A) Np, (K, B) 
is soft neutrosophic strong biideal over 
{By (G),*,°. 
3. Their AND operation (F’, A) A(K, B) is soft 
neutrosophic strong biideal over {B,,(G),*,° 
Remark 4.2.23. Let (F’, A) and (K, B) be two soft 
*,ol Then 


o} is a soft neutrosophic strong 


neutrosophic strong biideals over {B,,(G), 


1. Their extended union (F’, A) U, (K, B) is not 
soft neutrosophic strong biideals over 
{By(G),* °F. 

2. Their restricted union (F’, A) U, (K, B) is not 
soft neutrosophic strong biidleals over 
{By(G),*,°5. 

3. Their OR operation (F’, A) v (K, B) is not 
soft neutrosophic strong biideals over 
{By(G),* °F. 

One can easily proved (1),(2), and (3) by the help of 


examples 
Theorem 4.2.24. Let (F’, A) be a soft neutrosophic 


strong biideal over {B,,(G),*,o} and 
{(H,,B,):1€J} isa non-empty family of soft neutro- 
sophic strong biideals of (F’, A). Then 
1. la\cel ;,B,) is a soft neutrosophic strong biideal 
of (F, A). 
2: A (H,,.B,) is a soft neutrosophic strong biideal 
of A (F, A). 
5 Soft Neutrosophic N-groupoid and Their Properties 


5.1 Soft Neutrosophic N-groupoid 
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Definition 5.1.1. Let 

N(G) ={G, UG, VU... UGy,*,,%,. \ bea 
neutrosophic N- sroupoid and (F ee be a ‘eh set over 
N(G) = {G, UG, VU... Gy, #),¥ 550005 y } . Then 
(F, A) is called soft neutrosophic N- sroupoid if and only 
if F(a) is neutrosophic sub N- ae of 

N(G) ={G, UG, U...UG 
aed. 

Example 5.1.2. Let N(G) = {G, UG, UG,,*,,*,,*5} 
be a neutrosophic 3-groupoid, where 

G, ={({Zi9 9 ON |a*b =2a + 3b(mod10);4,b € (Z9 va é 
G.= (Z. )|acb =2a+b(mod4);a,b €(Z,U ) 
and G, = WZ, Ul) |a*b=8a+t 4b(mod12);a,b €(Z,, UI) - 


re for all 


N? * 1, #5 


Let A= {a,,a,} bea set of parameters. Then (F’, A) is 
a soft neutrosophic N-groupoid over 

N(G) = =p UG, UG,,*,,*)5%; 

F(a,)= 


0,5, 5/, 545]i U0, 2 Eo N10, Dt, 
F(a,) =(Z,.*) VU (0,2 +23 U {0,21}. 
Theorem 5.1.3. Let (F', A) and (H, A) be two soft neu- 
trosophic N-groupoids over N(G). Then their intersec- 
tion (F’, A) O(A, A) is again a soft neutrosophic N- 
groupoid over N(G). 

Theorem 5.1.4. Let (F', A) and (HB) be two soft neu- 
trosophic N-groupoids over N(G).If AN B=@, then 
(F, A) U(A, B) isa soft neutrosophic N-groupoid over 
N(G). 

Proposition 5.1.5. Let (F’, A) and (K,C) be two soft 
neutrosophic N-groupoids over N(G). Then 

1. Their extended intersection (f’, A) MN, (K,C) 

is a soft neutrosophic N-groupoid over N(G). 

2. Their restricted intersection (/’, A) Np (K,C) 

is a soft neutrosophic N-groupoid over N(G). 
3. Their AND operation (F', A) A(K,C) isa 
soft neutrosophic N-groupoid over N(G). 
Remark 5.1.4. Let (F’, A) and (K,C) be two soft neu- 
trosophic N-groupoids over N(G). Then 
1. Their extended union (F’, A) U, (K,C) is nota 
soft neutrosophic N-groupoid over N(G). 

2. Their restricted union (F’, A) U, (K,C) is not 
a soft neutrosophic N-groupoid over N(G). 

3. Their OR operation (F’, A) v(K,C) is nota 
soft neutrosophic N-groupoid over N(G). 


One can easily verify (1),(2), and (3) by the help of ex- 
amples. 
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Definition 5.1.5. Let (/’, A) be a soft neutrosophic N- 
groupoid over N(G). Then (F’,, A) is called an absolute 
soft neutrosophic N-groupoid over N(G) if 
F(a)=N(G) forall ae A. 
Definition 5.1.6. Let (F', A) and (H,C) be two soft 
neutrosophic N-groupoids over N(G). Then (HC) is 
called soft neutrosophic sub N-groupoid of (F’, A), if 

1 CCA. 

2. H(a) isaneutrosophic sub bigroupoid of 

F(a) forallae A. 


Example 5.1.7. Let N(G) = {G, UG, UG,,*,,*,,*;} 
be a neutrosophic 3-groupoid, where 
G, = {(Zy UL) |a*b = 2a + 3b(mod 10);a,b € (Z,, U1)} 


G,={(Z,U1)|a0b =2a+b(mod4);a,b €(Z,U1)} 


aad 


G, ={(Z,, UI) |a*b = 8a + 4b(mod 12);a,b €(Z,, UI)} . 


Let A= {a,,a,} be a set of parameters. Then (F’, A) is 


a soft neutrosophic N-groupoid over 
N(G) = {G, U G, U G,,*,,*,,%5} , where 
F(a,) = {0,5,51,5+ 51} U{0,2,21,2 +21} U {0,2}, 


F(a) =(Z.*)U {0,242 0,21}. 


Let B = {a,} CA. Then (H,B) is a soft neutrosophic 
sub N-groupoid of (F’, A), where 


H(a,) = {0,5} {0,2 +27} U {0,2}. 


Definition 5.1.8. Let N(G) be a neutrosophic N- 
groupoid and (F’, A) be a soft neutrosophic N-groupoid 
over N(G). Then (F, A) is called soft Lagrange neu- 
trosophic N-groupoid if and only if F(a) is a Lagrange 
neutrosophic sub N-groupoid of N(G) forall ae A. 


Theorem 5.1.9. Every soft Lagrange neutrosophic N- 
groupoid over N(G) is a soft neutrosophic N-groupoid 
over N(G) but the converse may not be true. 


One can easily see the converse by the help of examples. 
Theorem 5.1.10. If N(G) is a Lagrange neutrosophic N- 


groupoid, then (F’, A) over N(G) is a soft Lagrange 
neutrosophic N-groupoid but the converse is not true. 
Remark 5.1.11. Let (F’, A) and (K,C) be two soft La- 


grange neutrosophic N-groupoids over N(G). Then 
1. Their extended intersection (f’, A) MN, (K,C) 


may not be a soft Lagrange neutrosophic N- 
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groupoid over N(G). 

2. Their restricted intersection (F’', A) O R (K,C) 
may not be a soft Lagrange neutrosophic N- 
groupoid over N(G). 

3. Their AND operation (F', A) A(K,C) may 
not be a soft Lagrange neutrosophic N-groupoid 
over N(G). 

4. Their extended union (F’, A) U, (K,C) may 
not be a soft Lagrange neutrosophic N-groupoid 
over N(G). 

7. Their restricted union (F’, A)U, (K,C) may 
not be a soft Lagrange neutrosophic N-groupoid 
over N(G). 

8. Their OR operation (F',A)V(K,C) may not 
be a soft Lagrange neutrosophic N-groupoid over 
N(G). 

One can easily verify (1), (2),(3),(4),(5) and (6) by 
the help of examples. 
Definition 5.1.12. Let N(G) be a neutrosophic N- 


groupoid and (F’, A) be a soft neutrosophic N-groupoid 
over N(G). Then (F, A) is called soft weak Lagrange 
neutrosophic N-groupoid if atleast one F'(a) is not a La- 
grange neutrosophic sub N-groupoid of N(G) for some 
aeéA. 

Theorem 5.1.13. Every soft weak Lagrange neutrosophic 
N-groupoid over N(G) is a soft neutrosophic N-groupoid 
over N(G) but the converse is not true. 

Theorem 5.1.14. If N(G) is weak Lagrange neutrosoph- 
ic N-groupoid, then (F', A) over N(G) is also a soft 
weak Lagrange neutrosophic bigroupoid but the converse 
is not true. 


Remark 5.1.15. Let (F', A) and (K,C) be two soft 
weak Lagrange neutrosophic N-groupoids over N(G). 
Then 

1. Their extended intersection (/’, A) MN, (K,C) 
may not be a soft weak Lagrange neutrosophic N- 
groupoid over N(G). 

2. Their restricted intersection (F’, A) Np (K,C) 
may not be a soft weak Lagrange neutrosophic N- 
groupoid over N(G). 

3. Their AND operation (F', A) A(K,C) may 
not be a soft weak Lagrange neutrosophic N- 
groupoid over N(G). 
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4. Their extended union (F’, A) U, (K,C) may 
not be a soft weak Lagrnage neutrosophic N- 
groupoid over N(G). 
5. Their restricted union (F', A) U, (K,C) may 
not be a soft weak Lagrange neutrosophic N- 
groupoid over N(G). 
6. Their OR operation (F',A)V(K,C) may not 
be a soft weak Lagrange neutrosophic N-groupoid 
over N(G). 
One can easily verify (1),(2), (3), (4), (5) and (6) by 
the help of examples. 
Definition 5.1.16. Let N(G) be a neutrosophic N- 


groupoid and (F’, A) be a soft neutrosophic N-groupoid 
over N(G). Then (F’,A) is called soft Lagrange free 

neutrosophic N-groupoid if F(a) is not a Lagrange neu- 
trosophic sub N-groupoid of M(G) for all ae A. 


Theorem 5.1.17. Every soft Lagrange free neutrosophic 
N-groupoid over N(G) is a soft neutrosophic N-groupoid 


over N(G) but the converse is not true. 
Theorem 5.1.18. If N(G) is a Lagrange free neutrosoph- 
ic N-groupoid, then (F’, A) over N(G) is also a soft La- 


grange free neutrosophic N-groupoid but the converse is 
not true. 


Remark 5.1.19. Let (F', A) and (K,C) be two soft La- 
grange free neutrosophic N-groupoids over N(G). Then 
1. Their extended intersection (/’, A) MN, (K,C) 
is not a soft Lagrange free neutrosophic N- 
groupoid over N(G). 
2. Their restricted intersection (F', A) Np (K,C) 
is not a soft Lagrange free neutrosophic N- 
groupoid over N(G). 
3. Their AND operation (F', A) A(K,C) is not 
a soft Lagrange free neutrosophic N-groupoid 
over N(G). 
4. Their extended union (F’, A) U, (K,C) is nota 
soft Lagrange free neutrosophic N-groupoid over 
N(G). 
5. Their restricted union (F’, A) Up (K,C) is not 
a soft Lagrange free neutrosophic N-groupoid 
over N(G). 
6. Their OR operation (F',A)V(K,C) is nota 


soft Lagrange free neutrosophic N-groupoid over 


N(G). 
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One can easily verify (1),(2), (3), (4), (5) and (6) by 
the help of examples. 
Definition 5.1.20. (F', A) is called soft neutrosophic N- 


ideal over N(G) if and only if F(a) isa neutrosophic 
N-ideal of N(G), forall ae A. 
Theorem 5.1.21. Every soft neutrosophic N-ideal (F’, A) 
over N(G) is a soft neutrosophic N-groupoid. 
Proposition 5.1.22. Let (F’, 4) and (K, B) be two soft 
neutrosophic N-ideals over N(G) . Then 
1. Their extended intersection (/’, A) N, (K,B) 
is soft neutrosophic N-ideal over N(G). 
2. Their restricted intersection (/’, A) Np (K, B) 
is soft neutrosophic N-ideal over N(G). 
3. Their AND operation (F’, A) A(K, B) is soft 
neutrosophic N-ideal over N(G). 
Remark 5.1.23. Let (F’, A) and (K, B) be two soft 
neutrosophic N-ideals over N(G) . Then 
1. Their extended union (F’, A) U, (K, B) is nota 
soft neutrosophic N-ideal over N(G). 
2. Their restricted union (F’, A) U, (K, B) is not 
a soft neutrosophic N-idleal over N(G). 
3. Their OR operation (F’, A) v(K, B) is not a 
soft neutrosophic N-ideal over N(G). 


One can easily proved (1),(2), and (3) by the help of 
examples 
Theorem 5.1.24. Let (F’, A) be a soft neutrosophic N- 


ideal over N(G) and {(H,,B,):1€J} be a non-empty 
family of soft neutrosophic N-ideals of (F', A). Then 
1. O—H,, B,) is a soft neutrosophic N-ideal of 
(F, A). 
2A (H,,.B,) is a soft neutrosophic N-ideal of 


A(F, A). 
ieJ 


5.2 Soft Neutrosophic Strong N-groupoid 


Definition 5.2.1. Let 

N(G) = {G, UG, VU... UGy,*,,%),. \ bea 
neutrosophic N- groupoid and (F ie, be a oh set over 
N(G) = {G, UG, VU... Gy, ¥),¥ 50005}. Then 
(F, A) is called soft neutrosophic shone N- Eeropoid if 
and only if F(a) is neutrosophic atzone sub N-groupoid 
of N(G)= {G, UG, VU... Gyn 15 ¥55- ahah for all 
aeéAd. 
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Example 5.2.2. Let N(G) = {G, UG, UG,,*,,*,,*;} 
be a neutrosophic 3-groupoid, where 


G, = {(Z,) UT) |a*b = 2a + 3b(mod 10);4,b € (Z,, UT)} 
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3. Their OR operation (F’, A) Vv (K,C) is nota 
soft neutrosophic strong N-groupoid over 


N(G). 


G, = 2 U I) |acb=2a+b(mod4);a,be (Z; U T) one can easily verify (1),(2), and (3) by the help of ex- 


and 


Let A= {a,,a,} bea set of parameters. Then (F’, A) is 
a soft neutrosophic N-groupoid over 


N(G) ={G, UG, UG,,*,,*,,*,}, where 
F(a) = {0,57} U {0,27} U {0,27}, 
F(a,) = {0,54 5730 {0,2 +2120 {0.2421}. 


Theorem 5.2.3. Let (F', A) and (H, A) be two soft neu- 
trosophic strong N-groupoids over N(G). Then their in- 
tersection (F', A) O(H, A) is again a soft neutrosophic 
strong N-groupoid over N(G). 
Theorem 5.2.4. Let (F', A) and (H, B) be two soft neu- 
trosophic strong N-groupoids over N(G). If 
ANB=4@, then (F, A) U(A, B) is a soft neutrosoph- 
ic strong N-groupoid over N(G). 
Theorem 5.2.5. If N(G) is a neutrosophic strong N- 
groupoid, then (F’, A) over N(G) is also a soft neutro- 
sophic strong N-groupoid. 
Proposition 5.2.6. Let (F’, A) and (K,C) be two soft 
neutrosophic strong N-groupoids over N(G). Then 
1. Their extended intersection (f’, A) N, (K,C) 
is a soft neutrosophic strong N-groupoid over 
N(G). 
2. Their restricted intersection (/’, A) Np (K,C) 
is a soft neutrosophic strong N-groupoid over 
N(G). 
3. Their AND operation (F', A) A(K,C) isa 
soft neutrosophic strong N-groupoid over 
N(G). 
Remark 5.2.7. Let (F', A) and (K,C) be two soft neu- 
trosophic strong N-groupoids over N(G). Then 
1. Their extended union (F', A) U, (K,C) is nota 
soft neutrosophic strong N-groupoid over 
N(G). 
2. Their restricted union (F’, A) U, (K,C) is not 


a soft neutrosophic strong N-groupoid over 


N(G). 


G, ={(Z,, UI) |a*b = 8a + 4b(mod12);a,b € (Zip Cine ask 8. Let (F’, A) and (H,C) be two soft 


neutrosophic strong N-groupoids over N(G). Then 
(H,C) is called soft neutrosophic strong sub N-groupoid 
of (F, A), if 

1 CCA. 

2. H(a) isaneutrosophic sub bigroupoid of 

F(a) forallae A. 

Definition 5.2.9. Let N(G) be a neutrosophic strong N- 
groupoid and (F’, A) be a soft neutrosophic strong N- 
groupoid over N(G). Then (F,, A) is called soft La- 


grange neutrosophic strong N-groupoid if and only if 

F(a) is a Lagrange neutrosophic sub N-groupoid of 
N(G) forall ae A. 

Theorem 5.2.10. Every soft Lagrange neutrosophic strong 
N-groupoid over N(G) is a soft neutrosophic N-groupoid 
over N(G) but the converse may not be true. 

One can easily see the converse by the help of examples. 
Theorem 5.2.11. Every soft Lagrange neutrosophic strong 
N-groupoid over N(G) is a soft Lagrange neutrosophic 
N-groupoid over NM(G) but the converse may not be true. 

Theorem 5.2.12. If N(G) is a Lagrange neutrosophic 
strong N-groupoid, then (F’, 4) over N(G) isa soft La- 
grange neutrosophic strong N-groupoid but the converse is 
not true. 

Remark 5.2.13. Let (F', A) and (K,C) be two soft 
Lagrange neutrosophic strong N-groupoids over N(G). 
Then 

1. Their extended intersection (/’, A) MN, (K,C) 
may not be a soft Lagrange neutrosophic strong 
N-groupoid over N(G). 

2. Their restricted intersection (F’, A) O R (K,C) 
may not be a soft Lagrange neutrosophic strong 
N-groupoid over N(G). 

3. Their AND operation (F',A) A(K,C) may 
not be a soft Lagrange neutrosophic strong N- 
groupoid over N(G). 

4. Their extended union (F’, A) U, (K,C) may 


not be a soft Lagrange neutrosophic strong N- 
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groupoid over N(G). 


5. Their restricted union (F', A) U, (K,C) may 
not be a soft Lagrange neutrosophic strong N- 
groupoid over N(G). 

6. Their OR operation (F’,A)v(K,C) may not 


be a soft Lagrange neutrosophic strong N- 
groupoid over N(G). 

One can easily verify (1), (2), (3), (4), (5) and (6) by 
the help of examples. 
Definition 5.2.14. Let N(G) be a neutrosophic strong N- 
groupoid and (F’, A) be a soft neutrosophic strong N- 
groupoid over N(G). Then (F,, A) is called soft weak 
Lagrange neutrosophic strong N-groupoid if atleast one 
F(a) is not a Lagrange neutrosophic sub N-groupoid of 
N(G) for some ae A. 
Theorem 5.2.15. Every soft weak Lagrange neutrosophic 
strong N-groupoid over N(G) is a soft neutrosophic N- 
groupoid over N(G) but the converse is not true. 
Theorem 5.2.16. Every soft weak Lagrange neutrosophic 
strong N-groupoid over N(G) is a soft weak Lagrange 
neutrosophic N-groupoid over N(G) but the converse is 
not true. 
Remark 5.2.17. Let (F’, A) and (K,C) be two soft 
weak Lagrange neutrosophic strong N-groupoids over 
N(G). Then 

1. Their extended intersection (F’, A) A, (K,C) 
may not be a soft weak Lagrange neutrosophic 
strong N-groupoid over N(G). 
Their restricted intersection (F', A) Np (K,C) 
may not be a soft weak Lagrange neutrosophic 
strong N-groupoid over N(G). 
Their AND operation (F',A) A(K,C) may 
not be a soft weak Lagrange neutrosophic strong 
N-groupoid over N(G). 
Their extended union (F’, A) U, (K,C) may 
not be a soft weak Lagrnage neutrosophic strong 
N-groupoid over N(G). 
Their restricted union (F’, A) U, (K,C) may 
not be a soft weak Lagrange neutrosophic strong 
N-groupoid over N(G). 
Their OR operation (F’, A) v(K,C) may not 
be a soft weak Lagrange neutrosophic strong N- 
groupoid over N(G). 
One can easily verify (1), (2), (3), (4), (5) and (6) by 
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the help of examples. 
Definition 5.2.18. Let N(G) be aneutrosophic strong N- 


groupoid and (F’, A) be a soft neutrosophic strong N- 
groupoid over N(G). Then (F’, A) is called soft La- 
grange free neutrosophic strong N-groupoid if F(a) is 
not a Lagrange neutrosophic sub N-groupoid of N(G) for 


all ae A. 
Theorem 5.2.19. Every soft Lagrange free neutrosophic 
strong N-groupoid over N(G) is a soft neutrosophic N- 


groupoid over N(G) but the converse is not true. 


Theorem 5.2.20. Every soft Lagrange free neutrosophic 
strong N-groupoid over N(G) is a soft Lagrange neutro- 


sophic N-groupoid over N(G) but the converse is not 


true. 

Theorem 5.2.21. If N(G) is a Lagrange free neutro- 
sophic strong N-groupoid, then (F’, A) over N(G) is al- 
so a soft Lagrange free neutrosophic strong N-groupoid but 


the converse is not true. 
Remark 5.2.22. Let (F’, A) and (K,C) be two soft La- 


grange free neutrosophic N-groupoids over N(G). Then 
1. Their extended intersection (f’, A) ON, (K,C) 

is not a soft Lagrange free neutrosophic strong N- 

groupoid over N(G). 

Their restricted intersection (F’, A) ON, (K,C) 

is not a soft Lagrange free neutrosophic strong N- 

groupoid over N(G). 

Their AND operation (F’, A) A(K,C) is not 

a soft Lagrange free neutrosophic strong N- 

groupoid over N(G). 

Their extended union (F’, A) U, (K,C) is nota 

soft Lagrange free neutrosophic strong N- 

groupoid over N(G). 

Their restricted union (F', A) U, (K,C) is not 

a soft Lagrange free neutrosophic strong N- 

groupoid over N(G). 

Their OR operation (F’, A) V(K,C) is not a 

soft Lagrange free neutrosophic stong N-groupoid 

over N(G). 

One can easily verify (1),(2), (3), (4), (5) and (6) by 

the help of examples. 

Definition 5.2.23. (7, A) is called soft neutrosophic 


strong N-ideal over N(G) if and only if F(a) isa neu- 
trosophic strong N-ideal of N(G), forall ae A. 
Theorem 5.2.24. Every soft neutrosophic strong N-ideal 
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(F, A) over N(G) is a soft neutrosophic N-groupoid. 
Theorem 5.2.25. Every soft neutrosophic strong N-ideal 
(F,, A) over N(G) isa soft neutrosophic N-ideal but the 
converse is not true. 

Proposition 15. Let (F’, A) and (K, B) be two soft 


neutrosophic strong N-ideals over N(G). Then 
1. Their extended intersection (/’, A) MN, (K,B) 
is soft neutrosophic strong N-ideal over N(G). 
2. Their restricted intersection (’, A) Np (K, B) 
is soft neutrosophic strong N-ideal over N(G). 
3. Their AND operation (F’, A) A(K, B) is soft 
neutrosophicstrong N-ideal over N(G). 
Remark 5.2.26. Let (F', A) and (K, B) be two soft 
neutrosophic strong N-ideals over N(G) . Then 
1. Their extended union (F’, A) U, (K, B) is nota 
soft neutrosophic strong N-ideal over N(G). 
2. Their restricted union (F’, A) Up (K, 8B) is not 
a soft neutrosophic strong N-idleal over N(G). 
3. Their OR operation (F’, A) v(K, B) is nota 
soft neutrosophic strong N-ideal over N(G). 
One can easily proved (1),(2), and (3) by the help of 


examples 
Theorem 5.2.27. Let (F’, A) be a soft neutrosophic 


strong N-ideal over N(G) and {(H7,,B,):i1eJ} bea 
non-empty family of soft neutrosophic strong N-ideals of 
(F, A). Then 
1. —H ,,B,) is a soft neutrosophic strong N-ideal 
of (F, A). 
oe A (H,, B,) is a soft neutrosophic strong N-ideal 


of A(F, A). 
ieJ 


Conclusion 


This paper is an extension of neutrosphic groupoids to soft 
neutrosophic groupoids. We also extend neutrosophic 


bigroupoid, neutrosophic N -groupoid to soft neutrosoph 


ic bigroupoid, and soft neutrosophic N -groupoid. Their 
related properties and results are explained with many il- 
lustrative examples. The notions related with strong part of 
neutrosophy also established within soft neutrosophic 
groupoids. 
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Interval Neutrosophic Rough Set 


Said Broumi, Florentin Smarandache 


Said Broumi, Florentin Smarandache (2015). Interval Neutrosophic Rough Set. 
Neutrosophic Sets and Systems 7, 23-31 


Abstract: This Paper combines interval- valued 
neutrouphic sets and rough sets. It studies roughness in 
interval- valued neutrosophic sets and some of its 


properties. Finally we propose a Hamming distance 
between lower and upper approximations of interval 
valued neutrosophic sets. 


Keywords: interval valued neutrosophic sets, rough sets, interval valued neutrosophic sets. 


1.Introduction 


Neutrosophic set (NS for short), a part of neutrosophy 
introduced by Smarandache [1] as a new branch of 
philosophy, is a mathematical tool dealing with problems 
involving indeterminacy and _ inconsistent 
knowledge. Contrary to fuzzy sets and intuitionistic fuzzy 
sets, a neutrosophic set consists of three basic membership 
functions independently of each other, which are truth, 
indeterminacy and falsity. This theory has been well 
developed in both theories and applications. After the 
pioneering work of Smarandache, In 2005, Wang [2] 
introduced the notion of interval neutrosophic sets ( INS 
for short) which is another extension of neutrosophic sets. 
INS can be described by a membership interval, a non- 
membership interval and indeterminate interval, thus the 
interval neutrosophic (INS) has the virtue of 
complementing NS, which is more flexible and practical 
than neutrosophic set, and Interval Neutrosophic Set (INS ) 
provides a more reasonable mathematical framework to 
deal with indeterminate and inconsistent information. The 


imprecise, 


interval neutrosophic set generalize, the classical set ,fuzzy 
set [ 3] , the interval valued fuzzy set [4], intuitionistic 
fuzzy set [5 ] , interval valued intuitionstic fuzzy set [ 6] 
and so on. Many scholars have performed studies on 
neutrosophic sets , interval neutrosophic sets and their 
properties [7,8,9,10,11,12,13]. Interval neutrosophic sets 
have also been widely applied to many fields 
[14,15,16,17,18,19]. 


231 


The rough set theory was introduced by Pawlak [20] in 
1982, which is a_ technique for managing the 
uncertainty and imperfection, can analyze incomplete 
information effectively. Therefore, many models have 
been built upon different aspect, i.e, univers, relations, 
object, operators by many scholars [21,22,23,24,25,26] 
such as rough fuzzy sets, fuzzy rough sets, generalized 
fuzzy rough, rough intuitionistic fuzzy set. intuitionistic 
fuzzy rough sets [27]. It has been successfully applied in 
many fields such as attribute reduction [28,29,30,31], 
feature selection [32,33,34], rule extraction [35,36,37,38] 
and so on. The rough sets theory approximates any subset 
of objects of the universe by two sets, called the lower and 
upper approximations. It focuses on the ambiguity caused 
by the limited discernibility of objects in the universe of 
discourse. 

More recently, S.Broumi et al [39] combined neutrosophic 
sets with rough sets in a new hybrid mathematical structure 
called “rough neutrosophic sets” handling incomplete and 
indeterminate information The concept of rough 
neutrosophic sets generalizes fuzzy rough sets and 
intuitionistic fuzzy rough sets. Based on the equivalence 
relation on the universe of discourse, A.Mukherjee et al 
[40] introduced lower and upper approximation of interval 
valued intuitionistic fuzzy set in Pawlak’s approximation 
space . Motivated by this ,we extend the interval 
intuitionistic fuzzy lower and upper approximations to the 
case of interval valued neutrosophic set. The concept of 
interval valued neutrosophic rough set is introduced by 
coupling both interval neutrosophic sets and rough sets. 
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The organization of this paper is as follow : In section 2, 
we briefly present some basic definitions and preliminary 
results are given which will be used in the rest of the paper. 
In section 3 , basic concept of rough approximation of an 
interval valued neutrosophic sets and their properties are 
presented. In section 4, Hamming distance between lower 
approximation and upper approximation of interval 
neutrosophic set is introduced, Finally, we concludes the 


paper. 


2.Preliminaries 


Throughout this paper, We now recall some basic notions 
of neutrosophic sets , interval valued neutrosophic sets , 
rough set theory and intuitionistic fuzzy rough sets. More 
can found in ref [1, 2,20,27]. 

Definition 1 [1] 

Let U be an universe of discourse then the neutrosophic 
set A is an object having the form A= {< X: Hag, V aco, @ 
Aw) >.X © U}, where the functions p,v,@ : U-] 0,1'°T 
define respectively the degree of membership , the degree 


of indeterminacy, and the degree of non-membership of the 
element x € X to the set A with the condition. 
0 <pagwt Vagt Wag 3”. (1) 

From philosophical point of view, the neutrosophic set 
takes the value from real standard or non-standard subsets 
of ]0,1"[.so instead of ]'0,1°[ we need to take the interval 
[0,1] for technical applications, because ] 0,1 [will be 
difficult to apply in the real applications such as in 


scientific and engineering problems. 


Definition 2 [2] 

Let X be a space of points (objects) with generic elements 
in X denoted by x. An interval valued neutrosophic set 
(for short IVNS) A in X is characterized by truth- 
membership function p,(x), indeteminacy-membership 
function va(x) and falsity-membership function a(x). 
For each point x in X, we have that u(x), va(x), 
@a(x) € [0,1]. 


For two IVNS,A= {<x , [wh@, plo] . 
[va(x), va], [OK @), ORO] >| xX EX} (2) 
And Be {<x , [t@, wo). 


[vB (), vg(x)], [op(X), op(xX)J> | xEX } the two 
relations are defined as follows: 
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(IAS Bif and wy (x) S nex) we (x) S 
u(x) vax) = vg(X) ok (x) = og (X) , K(X) = of (X) 


on (x) = oR (x) 


only if 


(2)A = B ifandonlyif, n,(%) =H,(%) .va(x) =vp(x) 
,@, (X) =Op(x) for any x € X 


The complement of Ajyns is denoted by Afyys and is 
defined by 


A={ <x , [ox(x),on@P> . [1—va@,1-va@] . 
[wx (x), WYO] |x € X} 

ANB ={ <x, [min(uk (x),ug(X)), min(uy (x),Mp OD)], 
[max(vk (x),vg (x), 

max(va (x),vg(x)], [max({ (x), (x), 

max(@4 (x),@¥ (x))] >: x € X} 


AUB ={ <x,, [max(uk (x), (x), max(u (x),up ))], 
[min(vk (x),v5 (x)), 

min(va (x),vg (x)], [min(w; (x),oB (x), 

min(@s (x),@p (x))] >: x € X } 


On = {<x, [ 0, 0] ,[ 1, 1], [1 ,1] >| x © X}, denote the 
neutrosophic empty set 


1y = {<x, [ 0, 0] ,[ 0, 0], [1 ,1] >| x © X}, denote the 
neutrosophic universe set U 


As an illustration, let us consider the following example. 
Example 1. Assume that the universe of discourse 
U={xl, x2, x3}, where xlcharacterizes the capability, 
x2characterizes the trustworthiness and x3 indicates the 
prices of the objects. It may be further assumed that the 
values of x1, x2 and x3 are in [0, 1] and they are obtained 
from some questionnaires of some experts. The experts 
may impose their opinion in three components viz. the 
degree of goodness, the degree of indeterminacy and that 
of poorness to explain the characteristics of the objects. 
Suppose A is an interval neutrosophic set (INS) of U, 
such that, 

A = {< x1,[0.3 0.4],[0.5 0.6],[0.4 0.5] >< x2, ,[0.1 
0.2],[0.3 0.4],[0.6 0.7]>,< x3, [0.2 0.4],[0.4 0.5],[0.4 0.6] 
>}, where the degree of goodness of capability is 0.3, 


232 


Florentin Smarandache (author and editor) 


degree of indeterminacy of capability is 0.5 and degree of 
falsity of capability is 0.4 etc. 
Definition 3 [20] 
Let R be an equivalence relation on the universal set U. 
Then the pair (U, R) is called a Pawlak approximation 
space. An equivalence class of R containing x will be 
denoted by [x]p. Now for X © U, the lower and upper 
approximation of X with respect to (U, R) are denoted by 
respectively R *X and R,, X and are defined by 
R, X ={xeU: [x]p © X}, 
R*X ={ xeEU: [x]p NX 4 G}. 
Now if R*X = R, X, then X is called definable; otherwise 
X is called a rough set. 
Definition 4 [27] 
Let U be a universe and X , a rough set in U. An IF rough 
set A in U is characterized by a membership function pL, 
:U- [0, 1] and non-membership function vy :U> [0, 1] 
such that 

a(R X)=1, va(R X)=0 
Or [Ha(X), VAG] =[ 1, O] if x € (RX) and pa(U -R X) 
=0, va(U -R X)=1 


Or [ua(x), va] =[0, 1] if xe€U-RX, 
0< pa(RX —RX)+va(RX—RX) <1 


Example 2: Example of IF Rough Sets 
Let U= {Child, Pre-Teen, 
Young-Adult, Adult, Senior, Elderly} be a universe. 


Teen, Youth, Teenager, 
Let the equivalence relation R be defined as follows: 
R*= {[Child, Pre-Teen], [Teen, Youth, Teenager], 
[Young-Adult, Adult],[Senior, Elderly]}. 
Let X = {Child, Pre-Teen, Youth, Young-Adult} be a 
subset of univers U. 
We can define X in terms of its lower and upper 
approximations: 
RX = {Child, Pre-Teen}, and Rx = {Child, Pre-Teen, 
Teen, Youth, Teenager, 
Young-Adult, Adult}. 
The membership and non-membership functions 
Uag:U>] 1,0[ and vy, U>] 1,0[ onaset A are 
defined as follows: 

uaChild) = 1, Ua, (Pre-Teen) = 1 and wg, (Child) = 0, 
ta(Pre-Teen) = 0 

Ua (Young-Adult) = 0, pg, (Adult) = 0, pa(Senior) = 0, 
Ua (Elderly) = 0 
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3.Basic Concept of Rough Approximations of an 
Interval Valued Neutrosophic Set and _ their 
Properties. 


In this section we define the notion of interval valued 
neutrosophic rough sets (in brief ivn- rough set ) by 
combining both rough sets and interval neutrosophic sets. 
IVN- rough sets are the generalizations of interval valued 
intuitionistic fuzzy rough sets, that give more information 
about uncertain or boundary region. 


Definition 5 : Let ( U,R) be a pawlak approximation 
space ,for an interval valued neutrosophic set 


A= {<x, [HA®), BAGO], [VACO, VAC], [4 &), ORO] > 


| x€X } be interval neutrosophic set. The lower 
approximation Ap and Ap upper approximations of A 
in the pawlak approwimation space (U, R) are defined as: 


Ar={sx, [Ay efxjp{HACy)}, Ay efxjp{Hay) 3], 
[Vy e[xp Vay}, Vy e[x]p{VA (y)}I, Vy e[xjp{@a(y)}, 
Vy efxjp{@a (y)}]>:x € U}. 


Ap=tsx, Vy e[x]p{MaAC)}, Vy e[x]p{HtA (y)}1, 
[Ay efxjpfVACV)3, Ay epee fVa WD [Ay epyp{oan 3, 
Ay e[xip{@a (y)31:x € U}. 


Where “ A “ means “ min” and “ V “ means “ max”, R 
denote an equivalence relation for interval valued 
neutrosophic set A. 


Here [x]p is the equivalence class of the element x. It is 
easy to see that 


[Ay epp(HAQ}, Ay epqafHa 3] © [0,1] 
[Vy epyptVa 3, Vy epagtva 3] © [0,1] 
[Vy epyplon QW}, Vy epyaloa3] © [0,1] 
And 


OS Nyeuyp{ta(} + Vy epqelVa} + Vy efx {a (y)} 
<3 


Then, Ap is an interval neutrosophic set 
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Similarly , we have 

[Vy epqpHAQ} Vy epee {ta} © [0,1] 
[Ay epdalVA)} Ay paiva] © [0,1] 
[Ay epgploa)} Ay epagfoa@} © [0,1] 


And 


O< Vy cpxp{Ha()} + Ay epxp{Va(y)} + Ay efx pfa (v3 
<3 


Then, Ag is an interval neutrosophic set 


If Ap = Ap jthen A is a definable set, otherwise A is an 


interval valued neutrosophic rough set, Ag and Ap are 
called the lower and upper approximations of interval 
valued neutrosophic set with respect to approximation 
space ( U, R), respectively. Ap and Ar are simply denoted 
by A and A. 


In the following , we employ an example to illustrate the 
above concepts 


Example: 


Theorem 1. Let A, B be interval neutrosophic sets and A 


and A the lower and upper approximation of interval — 
valued neutrosophic set A with respect to approximation 
space (U, R) ,respectively. B and B the lower and upper 
approximation of interval —valued neutrosophic set B with 
respect to approximation space (U,R) ,respectively.Then 
we have 


vi. If A jthenA © BandAGB 
vii. = A&=(A)® , A®=(A)° 
Proof: we prove only i,i1,iii, the others are trivial 


(i) 
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Let A= {<x [wx(x), wa(x)], [vA@), Va@)I, 
[wk (x), of (x)] >| x € X} be interval neutrosophic set 


From definition of Ag and Ap, we have 
Which implies that 


wh) < Wk) < uEO) s WYO) < BY < WZ) for all 
xE€X 


va (x) = va(x) = ve(x) ; v(x) = vk (x) = v9(x) for all 


xE€X 


wy (x) = wk (x) = w(x) ; Oy (x) = w(x) = wd (x) for 


allx EX 


(wi Hal [v4 va], [oa oa) S (CHa Hal, [v4 V4], [od 
, 04 ]) S(my wa [vq Val, [o% , g]) Hence Ay SAS 


AR 


(ii) Let A= {<x , [Wk(x), HAG], [VAGO, va], 
[wk (x), wh (x)] >| x © X } and 


B= {<x, [Hg (%), HBOO], [VE OO, vg (®™)]  [@g(®), OBO] > | 
x € X } are two intervalvalued neutrosophic set and 


AUB ={<x, E00), EO), Vg, v4 00), 


[ot 7), og] >| x EX} 


A U B= {x, [max(ny(x) , W(X) max(w7(x) , HOO) IL 
min(ve(x) , vE(x)) ,»min(vE(x) , ve(x))],[ min(wy(x) 


, We (x)) min(wh (x) , w2(x))] 

for all x € X 

peg =Vi kus ly € 1p} 
=V {uk(y) V up) |y € Ex]e} 
=(V uk) ly € [xle) V (V Hk) Ly € [x]e) 
=(uk V UE (x) 

baa) =VUnueW ly € Pde} 


=V {nay) Vv we) |y € Exe} 
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=(V HAG) ly € Exe) V (V HAG) Ly € ExX]e) Also 


=(uY V pe (x) Mane &) =AC Wh as(y)|y € [xIe} 
Vass CO=AC Vi ua) y © Ex]R} =A {ul a ub) |y € Exe} 
=A {vk(y) A vey) |y € Ele} =A (way) Ly € [xla)A Cv ue) Ly © [xIe) 
=(A vay) Ly € Exe) A (A va(y) Ly € Exle) =Ha(X) A We (x) 
=(V3 AV5 OC) =(HA A HB )(x) 
Veg CO=AC V8 ua)|y © Ex]e} Ving (x) =VE vine ly € Ea} 
=A {vk(y) A v8Q) |y € Exe} =V {vk(y) v vk) |y € Ede} 
=(A vay) Ly € Ele) A v8) Ly € Ele) =V (ky) Ly € Ekle) V (VEO) Ly € [x]e) 
=¥(y) AvE(y) )e0 =vi(x) v vk(x) 
weGO=A xa) y € [xIR} =(vii v vex) 
=A {ok(y) A ob) |y € Exe} vane (x) =VE vena y € Ela} 
=(A ok(y) |y € Exe) A (A oO) Ly € [X]e) =V {vk@) v vBO) Ly € Ea} 
=(00g A wg 0) =V (Why) Ly € Ele) V (VB) Ly € Exe) 
wap ®O=M Ode Y € [x]a} =v (x) V vp (x) 
=A {oaty) A vB) |y € Exle} =(vi V vE)(x) 


=(A waly) ly € [x]x) A (A opy) Ly € [x]r) Wxng (&) =VC Okan) y € [x]e} 


=(«3 Nog 9) =V {ok(y) V By) |y € Exe} 
Hence, AU B =AUB =V (oA) Ly € Ex]e) V CV BOY) Ly € Ex]e) 
Also for AN B =ANB forallxEA =wy (x) V vag (x) 
Wing &) =AC wine y € xle} =(ok V wk )(x) 
=A {ua(y) A wey) |y © ExIr} wns () =V{ of aa(y)|y € [x]e} 
=A (uaQ) ly € EIa)A (Vv BO) Ly € [x]e) =v {w¥(y) v wy) |y € [x]e} 
HAG) A HECO =V RO) Ly € ble) V (Vv o8) Ly € Ee) 
=(H4 A HBX) =w}} (x) v wl (x) 
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=(o! V w(x) 
(iii) 
Wang) =VE aay y € Ke} 
=V {way A up) |y € Ele} 


=(V (HAW ly € RAV CHa) ly € 
[x]r)) 


= n5(x) V HBO) 
=(HG V Bg JO) 
vag) =ACvina (| y € ExX]e} 
=A {vaty) A vBO) |y € Ex]e} 


=(A (vA) Ly € x] VA (vR® ly € 
[x]r)) 


= vE(x) V ve(x) 
=(vo Ve (x) 
wang ®) =AL wks] y € [x]e} 
=A {wk(y) A vey) |y € [x]z} 


=(A (way) ly € [xla)) VA (ony) ly € 
[x]r)) 


= wi (x) V op(x) 


=(w¥ V we (x) 


Hence follow that ANB =ANB.weget AU 
B=AUB by following the same procedure as above. 


Definition 6: 


Let ( U,R) be a pawlak approximation space ,and A and B 
two interval valued neutrosophic sets over U. 


If A=B ,then A and B are called interval valued 
neutrosophic lower rough equal. 
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If A=B , then A and B are called interval valued 
neutrosophic upper rough equal. 


IfA=B, A=B, then A and B are called interval valued 
neutrosophic rough equal. 


Theorem 2. 


Let ( U,R) be a pawlak approximation space ,and A and B 
two interval valued neutrosophic sets over U. then 


1. A=B@ANB=A,ANB=B 


2. A=B@AUB=A,AUB=B 
3. IfA=A’andB=B’ then AUB =A’ UB’ 
4. If A=A' and B =B’ ,Then 


If AS Band B=@ ,thenA=¢ 
If AS Band B=U ,thenA=U_ 
lf A=@ or B=q@ or thenANnB= 
if A=U or B =U,then A U B =U 
AST SASU 

10. A=¢ @A=6o 
Proof: the proof is trial 


OM NAM 


4.Hamming distance between Lower 
Approximation and Upper Approximation of IVNS 


In this section , we will compute the Hamming distance 
between lower and upper approximations of interval 
neutrosophic sets based on Hamming distance introduced 
by Ye [41 ] of interval neutrosophic sets. 


Based on Hamming distance between two interval 
neutrosophic set A and B as follow: 


d(A,8)== Da []uk Ox) — HEC] + [HXGa) — HBO] + 
Ivk (xi) = vk (x) + lv (xi) = vB (xi) + Jook (x) = 


WB (xi)| + |ook (x) — vB (x:)|| 


we can obtain the standard hamming distance of A and A 
from 


dy(A,A) = Dal] (%) — H56)| + [Ha (;) - 
wa )I + lwa(x;) — vals)] + la) — va) + 


Joa (x) — @76)] + loa &) — 9 65)I] 
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Where 


Ap={sx, [Ay efxjp{HACy)}, Ay efxip{Ha v3, 
[Vy e[xp(Va(y)}, Vy e[x]p(VA (y)}, [Vy e[xjp{@a(y)}, 
Vy efxjp{@a (y)}]>:x € U}. 


Ap={<x, [Vy e[x]p{HA (y)}, Vy e[x]p {Ha (y)}, 
[Ay efxiafVACV)3, Ay ep {Va [Ay epi pon 3, 
Ay efx]g{@a (y)31:x € U}. 


W4(X)) = Ay epyelHa(v)} s Has) =Ay epypfua} 
Vi (x)= Vy epgalVa VD} va (X)) = Vy epaatva 3 
wh (x)= Vy epaalok(y)} ; oY (x) = Vy cpap {OLD} 
E(X)= Vy epe(HaO} + HE(%) = Vy cpyplHa 3 
pe (x)= Ay ep alVa} s HECK) = Ay epee (VAI 
wl (x)= Ay efxigf@n} : O4(%)) = Ay efxy_ok )} 


Theorem 3. Let (U, R) be approximation space, A be 
an interval valued neutrosophic set over U . Then 


(1) Ifd (A, A) =0, then A is a definable set. 


(2) If0<d(A ,A) <1, then A is an interval-valued 
neutrosophic rough set. 


Theorem 4. Let (U, R) be a Pawlak approximation space, 
and A and B two interval-valued neutrosophic sets over U 
. Then 


. d(A,A)=d(4,A)and d(A,A)>d(A,A); 
2. d(AUB,AUB)=0,d(ANB,ANB)=0. 
3. d(AUB,A UB) =>d(AUB,AUB) 

and dAUB,A UB) >d(AUB,A UB); 
and d(ANB,ANB) =>d(ANB,ANB) 
and d(ANB,ANB) > d(ANB,ANB) 
4. d((A), (A)= 0, d((A), A) = 0, d((A) , A= 0; 
d((A) , (A)) = 0, d((A) ,,A) = 0, d((A) , A) = 0, 
5. d(U,U)=0,d(¢, ¢) =0 


6. ifA B_ then d(A ,B) > d(A, B) and d(A, B) > 
d(B ,B) 
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d(A , B) >d( A, A) and d( A, B)= 
>d(A , B) 
7. d(AS ,(A))= 0, d( A*,(A)*) = 0 


5-Conclusion 

In this paper we have defined the notion of interval valued 
neutrosophic rough sets. We have also studied some 
properties on them and proved some propositions. The 
concept combines two different theories which are rough 
sets theory and interval valued neutrosophic set theory. 
Further, we have introduced the Hamming distance 
between two interval neutrosophic rough sets. We hope 
that our results can also be extended to other algebraic 
system. 
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A New Approach to Multi-spaces Through 
the Application of Soft Sets 


Mumtaz Ali, Florentin Smarandache, Said Broumi, Muhammad Shabir 


Mumtaz Ali, Florentin Smarandache, Said Broumi, Muhammad Shabir (2015). A New 
Approach to Multi-spaces Through the Application of Soft Sets. Neutrosophic Sets and 


Systems 7, 34-39 


Abstract. Multi-space is the notion combining different 
fields in to a unifying field, which is more applicable in 
our daily life. In this paper, we introduced the notion of 
multi-soft space which is the approximated collection of 


Keywords: Multi-space, soft set, multi-soft space. 
1. Introduction 


Multi-spaces [24] were introduced by 
Smarandache in 1969 under the idea of hybrid 
structures: combining different fields into a 
unifying field [23] that are very effective in our 
real life. This idea has a wide range of 
acceptance in the world of sciences. In any 
domain of knowledge a Smarandache multi- 
space is the union of n different spaces with 
some different for an integer n2>2 . 
Smarandache multi-space is a qualitative notion 
as it is too huge which include both metric and 
non-metric spaces. This multi-space can be used 
for both discrete or connected spaces specially in 
spacetimes and geometries in theoretical physics. 
Multi-space theory has applied in _ physics 
successfully in the Unified Field Theory which 
unite the gravitational, electromagnetic, weak 
and strong interactions or in the parallel quantum 
computing or in the mu-bit theory etc. Several 
multi-algebraic structures have been introduced 
such as multi-groups, multi-rings, multi-vector 
spaces, multi-metric spaces etc. Literature on 
multi-algebraic structures can be found in [17]. 

Molodtsov [20] proposed the theory of soft 
sets. This mathematical framework is free from 


parameterization inadequacy, syndrome of fuzzy 


the multi-subspaces of a multi-space . Further, we de- 
fined some basic operations such as union, intersection, 
AND, OR etc. We also investigated some properties of 
multi-soft spaces. 


set theory, rough set theory, probability theory 
and so on. Soft set theory has been applied suc- 
cessfully in many areas such as smoothness of 
functions, game theory, operation research, Rie- 
mann integration, Perron integration, and proba- 
bility thoery. Soft sets gained much attention of 
the researchers recently from its appearance and 
some literature on soft sets can be seen in [1]- 
[16]. Some other properties and algebras may be 
found in [18,19,20]. Some other concepts togeth- 
er with fuzzy set and rough set were shown in 
[21,22,23}, 

In section 2, we review some basic concepts 
and notions on multi-spaces and soft sets. In sec- 
tion 3, we define multi-subspac. Then multi-soft 
spaces has been introduced in the current section. 
Multi-soft space is a parameterized collection of 
multi-subspaces. We also investigated some 
properties and other notions of multi-soft spaces. 


2. Basic Concepts 


In this section, we review some basic material of multi- 
spaces and soft sets. 
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Definition 2.1 [24]. For any integer 1, 1 <i <n, let 

M , be aset with ensemble of law Pies and the intersec- 

tion of k sets M,,M,,...,M, of them constrains the 
al 2 k 

law I M, MyM; 

1l<i<n 


. Then the union of es 


M 


| 
ee 
— 


is called a multi-space. 


Let U be an initial universe, EF is a set of parame- 
ters, P(U) is the power set of U , and A,B C E. Mo- 
lodtsov defined the soft set in the following manner: 


Definition 2.2 [20]. A pair (F’, A) is called a soft set over 
U , where F is a mapping given by fF’: A — P(U). 
In other words, a soft set over U is a parameterized fami- 
ly of subsets of the universe U.For aj A, F a 


may be considered as the set of a -elements of the soft set 
(F’, A) , or as the set of @ -approximate elements of the 
soft set. 


Example 2.3. Suppose that U is the set of shops. F is 
the set of parameters and each parameter is a word or sen- 
tence. Let 


high rent,normal rent, 
~ lin good condition,in bad condition 


Let us consider a soft set (F’, A) which describes the at- 


tractiveness of shops that Mr. Z is taking on rent. Suppose 
that there are five houses in the universe 


U = {8,, 8,53, 84,8; } under consideration, and that 
A= {a,, Ay, as} be the set of parameters where 

Q, stands for the parameter ‘high rent, 

a. stands for the parameter ‘normal rent, 


@ stands for the parameter 'in good condition. 


F(a,) = {8,, 84} . 
Fay) = {55,85}, 


Suppose that 
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F(a.) ={s5}: 


The soft set (F : A) is an approximated family 
{F(a;),4 = 1,2,3} of subsets of the set U which gives 


us a collection of approximate description of an object. 
Then (F : A) is a soft set as a collection of approximations 


over U , where 


F(a,) = high rent= {s,,8)}, 
F(a) = normal rent= {8),8-}, 


F(a.) = in good condition= {83}. 


Definition 2.4 [19]. For two soft sets (F’, A) and 
(H,B) over U , (F’, A) is called a soft subset of 
(H,B) if 

1. ACB and 

2. F(a) C H(a), forall TEA. 


This relationship is denoted by (f°, A) C (H, B). Simi- 
larly (F’, A) is called a soft superset of (H, B) if 
(H,B) isa soft subset of (F', A) which is denoted by 
(FA) > (A,B). 


Definition 2.5 [19]. Two soft sets (F’, A) and (H,B) 
over U are called soft equal if (F’, A) is a soft subset of 
(H,B) and (H,B) isa soft subset of (F’, A). 


Definition 2.6 [19]. Let (F’, A) and (G, B) be two soft 
sets over acommon universe U suchthat AN Bo. 
Then their restricted intersection is denoted by 

(FA) Np (G,B) = (A,C) where (H,C) is defined 
as H(c) = F(c) K(c) forall ce C=ANB. 


Definition 2.7 [12]. The extended intersection of two soft 
sets (F’, A) and (G, B) over a common universe U is 


the soft set (H,C) , where C = AUB , and for all 
c €C, H(c) is defined as 
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F(c) ifc Ee A-B, 
ek (e— G(c) ifce B-A, 
F(c) N G(c) ife € ANB. 

We write (F',A)M, (G,B) = (AC). 


Definition 2.8 [19]. The restricted union of two soft sets 
(F’, A) and (G, B) over a common universe U is the 


soft set (H,B), where C = AUB , and for all 
c€C, H(c) isdefinedas H(c) = F(c) U G(c) 
forall c € C’ . We write it as 

(F, A) Up (G,B) = (4,C). 


Definition 2.9 [12]. The extended union of two soft sets 
(F’, A) and (G, B) over a common universe U is the 


soft set (H,B), where C = AUB , and for all 
c€C, H(c) is defined as 


F(c) ifce A-B 
He) = G(c) ifce B-A, 
F(c) U G(c) ifc € ANB. 

We write (F', A) U, (G,B) = (AC). 


In the next section, we introduced multi-soft spaces. 
3. Multi-Soft Space and Its Properties 


In this section, first we introduced the definition of 
multi-subspace. Further, we introduced multi-soft spaces 
and their core properties. 


Definition 3.1. Let M be a multi-space and McM. 
Then M’ is called a multi-subspace if M is a multi- 
space under the operations and constaints of M . 


Danse Let A, = bigs ve is 

A, ={a,:keK},,. {a seu 
parameters. Let (F; ,A), CF, ti BAY: F,A_) are soft 
set over the distinct universes M,,M.,,. 7 
respectively. Then (/7,C) is called a multi-soft space 
over M=M, UM, v...UM,,, where 
(HC) =(FA)U, (A) Op UF 4,) 
such that C = A, A. Ch, UA) and for all CEC, 
H(c) is defined by 


H(c) = F,()UF,(e)U...UF, (0) 
if 


ce (An A, AsatAy) =u, U A. U... U A; ) , 
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where are all possible 


n)k=1,2,.., 7 


(isto oisy Ups heen ty) 
permutations of the indexes (1,2,..., 


There are 2” pieces of the piece-wise function (H,C). 


Proposition 3.3. Let M/ be a universe of discourse and 
(F, A) is a soft set over M . Then (F,, A) is a multi-soft 


space over M if and only if M is a multi-space. 


Proof: Suppose that M is a multi-space and 
F’: A—> P(M) be a mapping. Then clearly for each 


aeéA, then F(a) is a subset of M which is a multi- 
subspace. Thus each F(a) is a multi-subspace of M 
and so the soft set (F’, A) is the parameterized collection 
of multi-subspaces of M . Hence (F’, A) is a multi-soft 


space over V/ . 
For converse, suppose that (/’, A) is a multi-soft space 


over M/ . This implies that F(a) is a multi-subspace of 
M forall a € A. Therefore, M is a mutli-space. 


This situation can be illustrated in the following Example. 


Example 3.4. Let M = {u,,U,,U;,U,,Us,U,,U,} be an 
initial universe such that M 
A, ={A,,4,,45,dg} , 
A, = {a,,a 


(F,,4,),(%,4,) and (4, 4;) respectively be the soft 
sets over M as following: 


F\(a,) = {m,,m,,m}, 


is a multi-space. 
A, = {7,4,A5,A5,Ag} 


soda are set of parameters. Let 


F\(a,) = {m,,m,}, 
F; (a;) = {m,,m,,m,,m,}, 
F, (a) = {m,,m,,m,,m,}. 
and 
F,(a,) = {m,,m,,m,,m,,m,}, 


F,(a,) = {m,,40) 1, Mm; f 


F, (a5) = {m,,m,,m,}, 
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F,(a,) = {m,,m,}, 


fy (a) = {m,,m,,m,,m,}. 
Also 
F,(as) = {m,,m,,m,,m,,m,, ’ 


F,(a,) = {m,,m,,m,} 5 


F,(a) ={m,}. 


Let A= A, UA, VA, = {4,,€,,0;,84,45,8g,0,,Ag} . 
Then the multi-soft space of (/,4,),(F,,4,) and 
(FA) is (FA, 
(PF, A) =(F,, 4) Uz (Fi,.4) Ue (F,.45) such that 


where 


F(a,) = F,(a,) = {m,,m,,m,}, as 
a,¢ A —A,VUA,, 


F(a,) = F(a) UE(a) = {m,,m,,M,,m,,M,,M,, m,}, 
as a, € A, OA, — A,, 


F(a,) = F,(a,) = {m,,m,,m,,m,} as 
a,¢4-AUA, 


F(a,) = F,(a,) = {m,,m,,m,,m,}, as 


ree ey LO ee 


F(as) = F,(as) UEF(as) = {m,,m,,m,,m,,m., p) 


as a,€ A, A,—A,, 
F(a,) = F(a.) = {m,,m,} as a, € A, - A, UA,, 


F(a,) = F,(a,) = {m,,m;,m,} as 
EAH AU A, 


F(a,) =F, (a,) UF,(a,) UF,(4,) = {m,,m,,M;,m,,m,,M,,m,} 


as a, € A.A, OA,. 
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Definition 3.5. Let (Ff, A) and (H, B) be two multi- 
soft spaces over M, UM, U...UM,. Then (F’,, A) is 
called a multi-soft subspace of (H, B) if 

1. ACB and 

2. F(a) C Ha), forall aE A. 


This can be denoted by (F’, A) C (H, B). 


Similarly (F’, A) is called a multi-soft superspace of 
(F, A) if (F, A) is a multi-soft subspace of (F’', A) 
which is denoted by (F’,A) > (H, B). 


Definition 3.6. Two multi-soft spaces (F’, A) and 

(H, B) over M,UM, V...U Mare called multi-soft 
multi-equal if (F’, A) is a multi-soft subspace of (H, B) 
and (H, B) is a multi-soft subspace of (F’, A). 


Proposition 3.6. Let (f’', A) and (K, B) be two multi- 
soft spaces over M, UM, U...U M, such that 

AM B = @. Then their restricted intersection 

(FA) Np (K, B) = (A, C) is also a multi-soft 
space over M,UM,VU...UM,. 


Proposition 3.7. The extended intersection of two multi- 
soft multi-spaces (F’,A) and (K,, B) over 

M,UM, v...UM, is again a multi-soft multi-space 
over M,UM,VU...UM,. 


Proposition 3.8. Let (F', A) and (K, B) be two multi- 
soft multi-spaces over M, UM, U...U M, such that 
AM B = @. Then their restricted union 

(F, A) Up (K, B) = (4, C) is also a multi-soft muti- 
space over M,UM,VU...UM, . 


Proposition 3.9. The extended union of two multi-soft 


multi-spaces (F’, A) and (K, B) over 
M, UM, U...U M, is again a multi-soft multi-space 
ove M,UM,VU...UM,. 
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Proposition 3.10. The AND operation of two multi-soft 
multi-spaces (F',A) and (K, B) over 

M,UM, v...UM, is again a multi-soft mulit-space 
ove M,UM,V...UM,. 


Proposition 3.11. The OR operation of two multi-soft 
multi-spaces (F',A) and (K, B) over 

M, UM, v...UM, is again a multi-soft multi-space 
ove M,UM,VU...UM,. 


Proposition 3.12. The complement of a multi-soft space 
over a multi-space Mis again a multi-soft space over 


M. 
Prof. This is straightforward. 


Definition 3.13. A multi-soft multi-space (F’, A) over 
M,UM, v...UM, is called absolute multi-soft 
multi-space if F(a) =M,UM, V...UM, forall 
aca. 


Proposition 3.14. Let (F', A), (G,B) and (H,C) are 
three multi-soft multi-spaces over M, UM, U...UM 
Then 


1. (F,A) Up (G,B)U,(H,C) = 
2: (F,A) Np (G,B)Mp (H,C) = 


(F,A) Up (G,B) Up (H,C); 
(F,A) Np (G,B) A, (H,C). 


Proposition 3.15. Let (F', A), (G, B) and (H,C) are 
three multi-soft multi-spaces over M VY 
Then 


1. (F,A) A (GB)A(H,C) = (F,A)A(G,B) A(H,C), 
2. (F,A) v (G,B)v(H,C) = (F,A)V(G,B) V(H,C). 


Conclusion 


In this paper, we introduced multi-soft spaces 
which is a first attempt to study the multi-spaces 
in the context of soft sets. Multi-soft spaces are 
more rich structure than the multi-spaces which 
represent different fields in an approximated 
unifying field. We also studied some properties 
of multi-soft spaces. A lot of further research can 
do in the future in this area. In the future, one can 
define the algebraic structures of multi-soft 
spaces. 
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Soft Interval-Valued Neutrosophic Rough Sets 


Said Broumi, Florentin Smarandache 


Said Broumi, Florentin Smarandache (2015). Soft Interval-Valued Neutrosophic Rough Sets. 


Neutrosophic Sets and Systems 7, 69-80. 


Abstract: In this paper, we first defined soft interval- 
valued neutrosophic rough sets(SIVN- rough sets for 
short) which combines interval valued neutrosophic 
soft set and rough sets and studied some of its basic 
properties. This concept is an extension of soft interval 


valued intuitionistic fuzzy rough sets( SIVIF- rough 
sets). Finally an illustartive example is given to verfy 
the developped algorithm and to demonstrate its 
practicality and effectiveness. 


Keywords: Interval valued neutrosophic soft sets, rough set, soft Interval valued neutrosophic rough sets 


1. Introduction 

In 1999, Florentin Smarandache introduced the concept of 
neutrosophic set (NS) [13] which is a mathematical tool 
for handling problems involving imprecise, indeterminacy 
and inconsistent data. The concept of neutrosophic set is 
the generalization of the classical sets, conventional fuzzy 
set [27], intuitionistic fuzzy set [24] and interval valued 
fuzzy set [45] and so on. A neutrosophic sets is defined on 
universe U. x= x(T, I, F) € A with T, I and F being the real 
standard or non —standard subset of ] 07,1+[ , T is the 
degree of truth membership of A, I is the degree of 
indeterminacy membership of A and F is the degree of 
falsity membership of A. In the neutrosophic set, 
indeterminacy is quantified explicitly and _ truth- 
membership, indeterminacy membership and false — 
membership are independent. 

Recently, works on the neutrosophic set theory is 
progressing rapidly. M. Bhowmik and M. Pal [28, 29] 
defined the concept “intuitionistic neutrosophic set”. Later 
on A. A. Salam and S. A.Alblowi [1] introduced another 
concept called “generalized neutrosophic set”. Wang et al 
[18] proposed another extension of neutrosophic set called 
H.Wang et al. 


[17] introduced the notion of interval valued neutrosophic 


*single valued neutrosophic sets”. Also, 


sets (IVNSs) which is an instance of neutrosophic set. The 
IVNSs is characterized by an interval membership 
degree,interval indeterminacy degree and interval non- 
membership degree. K.Geogiev [25] explored some 
properties of the neutrosophic logic and proposed a general 
simplification of the neutrosophic sets into a subclass of 


theirs, comprising of elements of R*. Ye [20, 21] defined 


similarity measures between interval neutrosophic sets and 
their multicriteria decision-making method. P. Majumdar 
and S.K. Samant [34] proposed some types of similarity 
and entropy of neutrosophic sets. S.Broumi and F. 
Smarandache [38,39,40] 


measures of neutrosophic sets. P. Chi and L. Peid [33] 


proposed several similarity 


extended TOPSIS to interval neutrosophic sets. 

In 1999, Molodtsov [8 Jinitiated the concept of soft set 
theory as proposed a new mathematical for dealing with 
uncertainties. In soft set theory, the problem of setting the 
membership function does not arise, which makes the 
theory easily applied to many different fields including 
game theory, operations research, Riemmann integration, 
Perron integration. Recently, I. Deli [10] combined the 
concept of soft set and interval valued neutrosophic sets 
together by introducing anew concept called “ interval 
valued neutrosophic soft sets” and gave an application of 
interval valued neutrosophic soft sets in decision making. 
This concept generalizes the concept of the soft sets, fuzzy 
soft sets [35], intuitionistic fuzzy soft sets [36], interval 
valued intuitionistic fuzzy soft sets [22], the concept of 
neutrosophic soft sets [37] and intuitionistic neutrosophic 
soft sets [41]. 

The concept of rough set was originally proposed by 
Pawlak [50] as a formal tool for modeling and processing 
incomplete information in information systems. Rough set 
theory has been conceived as a tool to conceptualize, 
organize and analyze various types of data, in particular, to 
deal with inexact, uncertain or vague knowledge in 
applications related to artificial intelligence technique. 
Therefore, many models have been built upon different 
aspect, i.e, universe, relations, object, operators by many 
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scholars [6, 9, 23, 48, 49, 51] such as rough fuzzy sets, 
fuzzy rough sets, generalized fuzzy rough, rough 
intuitionistic fuzzy set, intuitionistic fuzzy rough sets [26]. 
The rough sets has been successfully applied in many 
fields such as attribute reduction [19, 30, 31, 46], feature 
selection [11, 18, 44], rule extraction [5, 7, 12, 47] and so 
on. The rough sets theory approximates any subset of 
objects of the universe by two sets, called the lower and 
upper approximations. The lower approximation of a given 
set is the union of all the equivalence classes which are 
subsets of the set, and the upper approximation is the union 
of all the equivalence classes which have a non empty 
intersection with the set. 

Moreover, many new rough set models have also been 
established by combining the Pawlak rough set with other 
uncertainty theories such as soft set theory. Feng et al [14] 
provided a framework to combine fuzzy sets, rough sets, 
and soft sets all together, which gives rise to several 
interesting new concepts such as rough soft sets, soft rough 
sets, and soft rough fuzzy sets. The combination of hybrid 
structures of soft sets and rough sets models was also 
discussed by some researchers [15,32,43]. Later on, J. 
Zhang, L. Shu, and S. Liao [22] proposed the notions of 
soft rough intuitionistic fuzzy sets and intuitionistic fuzzy 
soft rough sets, which can be seen as two new generalized 
soft rough set models, and investigated some properties of 
soft rough intuitionistic fuzzy sets and intuitionistic fuzzy 
soft rough sets in detail. A.Mukherjee and A. Saha [3] 
proposed the concept of interval valued intuitionistic fuzzy 
soft rough sets. Also A. Saha and A. Mukherjee [4] 
introduced the concept of Soft interval valued intuitionistic 
fuzzy rough sets. 

More recently, S.Broumi et al. [42] combined neutrosophic 
sets with rough sets in a new hybrid mathematical structure 
called “rough neutrosophic sets” handling incomplete and 
indeterminate information The concept of rough 
neutrosophic sets generalizes rough fuzzy sets and rough 
intuitionistic fuzzy sets. Based on the equivalence relation 
on the universe of discourse, A. Mukherjee et al. [3] 
introduced soft lower and upper approximation of interval 
valued intuitionistic fuzzy set in Pawlak’s approximation 
space. Motivated by the idea of soft interval valued 
intuitionistic fuzzy rough sets introduced in [4], we extend 
the soft interval intuitionistic fuzzy rough to the case of an 
interval valued neutrosophic set. The concept of soft 
interval valued neutrosophic rough set is introduced by 
coupling both the interval valued neutrosophic soft sets 
and rough sets. 


The paper is structured as follows. In Section 2, we first 
recall the necessary background on soft sets, interval 
neutrosophic sets, interval neutrosophic soft sets, rough 
set, rough neutrosophic sets and soft interval valued 
intuitionistic fuzzy rough sets. Section 3 presents the 
concept of soft interval neutrosophic rough sets and 
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examines their respective properties. Section 4 presents a 
multiciteria group decision making scheme under soft 
interval —valued neutrosophic rough sets. Section 5 
presents an application of multiciteria group decision 
making scheme regarding the candidate selection problem . 
Finally we concludes the paper. 


2. Preliminaries 
Throughout this paper, let U be a universal set and E be the 
set of all possible parameters under consideration with 
to U, 
characteristics, or properties of objects in U. We now recall 


respect usually, parameters are attributes, 
some basic notions of soft sets, interval neutrosophic 


setsinterval neutrosophic soft set, rough set, rough 
neutrosophic sets and soft interval valued intuitionistic 
fuzzy rough sets. For more details the reader may refer to 
[4, 8, 10, 13, 17, 50, 42]. 

Definition 2.1 [13 ] : Let U be an universe of discourse 
then the neutrosophic set A is an object having the form A 
= {< x: Ug(x), va(X), Wa(X)>,x © U}, where the 
functions p,a(x), va(X), w(x) U-]0,1'[ define 
respectively the degree of membership , the degree of 
indeterminacy, and the degree of non-membership of the 
element x © X to the set A with the condition. 

“0 <sup pa (x)+ supva(x)+ supwa(x)) < 3°. (1) 
From philosophical point of view, the neutrosophic set 
takes the value from real standard or non-standard subsets 
of ] 0,1'[. So instead of ] 0,1°[ we need to take the interval 
[0,1] for technical applications, because ]0,1°[ will be 
difficult to apply in the real applications such as in 
scientific and engineering problems. 

Definition 2.3 [13] 

Let X be a space of points (objects) with generic elements 
in X denoted by x. An interval valued neutrosophic set (for 
short IVNS) A in X is characterized by truth-membership 
function p,4(x), indeterminacy-membership function v, (x) 
and falsity-membership function w,(x). For each point x 
in X, we have that pt, (x), va(X), Wa(x) € int([0 ,1]). 


For two IVNS, Alyns= {<x 9 [uk (x), UA (x)] 5) 
[vk ), va@®)], [oK), wa(w)] > |X EX} (2) 
And Biyns= {<x > [uk (x), LB (x)] ’ 


[vk (x), vB (x)] , [4 (x), wh (x) ]> | x € X } the two relations 
are defined as follows: 

(L)Aivns © Biynsif and only if px(x) < up), ua) S 
Up (x), vA(x) = vg(x), wa(x) = we(x) , w(x) = wR (x) 
a(x) = wax). 
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(2)Ajvns = Biyns if and only if, wa(x) =Hp(X) .va(x) 
=Vp (x) ,Wa(X) =Wp(x) for any x € X 


The complement of Aj;yys is denoted by Afyys and is 
defined by 


Atyns=t <x , [ok (x), wh (x), [1 _ vy (x), l= vA(x)] ’ 
(Wax), wa) |x € X} 


ANB ={ <x, [min(uk (x),H (x), min(WA (x), We OO), 
[max(v4 (x),vB (x), 

max(va(x),VB(x)], [max(w4 (x),0g (x), 

max(wh (x),w¥ (x))] >: x € X} 


AUB ={ <x, [max(k (x), u(x), max(t_ (x), He @))], 
[min(v (x), vg (x)),min(vy (x),v_ (X)], [min(w§ (x),5 (x), 
min(wh (x),w¥ (x))] >: x € X} 


As an illustration, let us consider the following example. 
Example 2.4.Assume that the universe of discourse U={x,, 
X2,  X3 } ’ 


characterizes the trustworthiness and x; indicates the prices 


where x; characterizes the capability, x» 
of the objects. It may be further assumed that the values of 
X1, X2 and x; are in [0, 1] and they are obtained from some 
questionnaires of some experts. The experts may impose 
their opinion in three components viz. the degree of 
goodness, the degree of indeterminacy and that of poorness 
to explain the characteristics of the objects. Suppose A is 
an interval valued neutrosophic set (IVNS) of U, such that, 
A = {< x,,[0.3 0.4],[0.5 0.6],[0.4 0.5] >< x2, ,[0.1 
0.2],[0.3 0.4],[0.6 0.7]>,< x3, [0.2 0.4],[0.4 0.5],[0.4 
0.6] >}, where the degree of goodness of capability is 
[0.3, 0.4], degree of indeterminacy of capability is[0.5, 0.6] 
and degree of falsity of capability is [0.4, 0.5] etc. 


Definition 2.5 . [8] 
Let U be an initial universe set and E be a set of 
parameters. Let P(U) denote the power set of U. Consider a 
nonempty set A, A C E. A pair (K, A) is called a soft set 
over U, where K is a mapping given by K: A > P(U). 

As an illustration, let us consider the following example. 
Example 2.6 .Suppose that U is the set of houses under 
., hs}. Let E be the set of 
some attributes of such houses, say E = {e), eo, .. ., eg}, 
., @g Stand for the attributes “beautiful”, 
“in the green surroundings”, 


consideration, say U = {h, hy, .. 


where e), 2), .. 
“costly”, “moderate”, 
respectively. 


In this case, to define a soft set means to point out 
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expensive houses, beautiful houses, and so on. For 
the soft set (K, A) that describes the 
“attractiveness of the houses” in the opinion of a buyer, say 


example, 


Thomas, may be defined like this: 

A={€1,€2,€3,€4,€5}5 

K(e,) = {h», hs, hs}, K(e2) = {hy, hy}, K(e3) = {hi}, K(e4) = 
U, K(es) = {hs, hs}. 


Definition 2.7. [10] 
Let U be an initial universe set and A C E be a set of 
parameters. Let IVNS (U) denote the set of all interval 
valued neutrosophic subsets of U. The collection (K, A) is 
termed to be the soft interval neutrosophic set over U, 
where F is a mapping given by K: A > IVNS(U). 
The interval valued neutrosophic soft set defined over an 
universe is denoted by IVNSS. 
Here, 
1. Y is an ivn-soft subset of Y, denoted by Y & ¥, if 
K(e) SL(e) for all e€E. 
2. Y is an ivn-soft equals to Y, denoted by Y = W, if 
K(e)=L(e) for all e€E. 
3. The complement of Y is denoted by Y°, and is 
defined by Y°= {(x, K° (x)): xEE} 
4. The union of Y and ® is denoted by Y UY, if 
K(e) UL(e) for all e€E. 
5. The intersection of Yand W is denoted by 
Yn’ W,if K(e) U Le) for all e€E. 
Example 2.8 : 
Let U be the set of houses under consideration and E is the 
set of parameters (or qualities). Each parameter is an 
interval neutrosophic word or sentence involving interval 
neutrosophic words. Consider E = { beautiful, costly, 
moderate, expensive }. In this case, to define an interval 
neutrosophic soft set means to point out beautiful houses, 
costly houses, and so on. Suppose that, there are four 
houses in the universe U given by, U = {hj,hy,h3,hy } and 
the set of parameters A = {e,€2,e3}, where each e; is a 
specific criterion for houses: 
e, stands for ‘beautiful’, 
e€ stands for ‘costly’, 
e3 stands for ‘moderate’, 
Suppose that, 
K(beautiful)={< h;,[0.5, 0.6], [0.6, 0.7], [0.3, 0.4]>,< 
hp,[0.4, 0.5], [0.7 ,0.8], [0.2, 0.3] >, < h3,[0.6, 0.7],[0.2 
,0.3],[0.3, 0.5] >.< hy,[0.7 ,0.8],[0.3, 0.4],[0.2, 0.4] >} 
.K(costly)={< hy,[0.3, 0.6], [0.2 0.7], [0.1, 0.4]>,< h»,[0.3, 
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0.5], [0.6 ,0.8], [0.2, 0.6] >, < hs,[0.3, 0.7],[0.1 ,0.3],[0.3, 
0.6] >< hy,[0.6 ,0.8],[0.2, 0.4],[0.2, 0.5 >} 
K(moderate)={< h,,[0.5, 0.8], [0.4, 0.7], [0.3, 0.6]>,< 
hy,[0.3, 0.5], [0.7 ,0.9], [0.2, 0.4] >, < hs,[0.1, 0.7],[0.3 
,0.3],[0.3, 0.6] >.< hy,[0.3,0.8],[0.2, 0.4],[0.3, 0.6] >}. 


Defintion.2.9 [50] 

Let R be an equivalence relation on the universal set U. 
Then the pair (U, R) is called a Pawlak approximation 
space. An equivalence class of R containing x will be 
denoted by [x]p. Now for X © U, the lower and upper 
approximation of X with respect to (U, R) are denoted by 
respectively R,X and R*X and are defined by 

R,X={x € U: [x]p & X}, 

R*X={x EU: [x]pNX # OD}. 

Now if R,.X = R* X, then X is called definable; otherwise 
X is called a rough set. 


Definition 2.10 [42] 

Let U be a non-null set and R be an equivalence relation on 
U. Let F be neutrosophic set in U with the membership 
function [,, indeterminacy function vp and _ non- 
membership function wf. Then, the lower and upper rough 
approximations of F in (U, R) are denoted by R (F) and 
R(F) and respectively defined as follows: 

R(F) = <X, Mary (x) > VR(F) (x) > OR(F) (x)> | x€ U}, 

R(F) ={ <X; Hace) > Vac) (8), Onc) (X)> | XE US, 
Where: 

Hace) =Vy ete MeO), 
ORF) =Ay eE[x]p OF (y), 
LR) (x)=Ay €[x]r Up), 
» On(F) =Vy e[x]p OF), 

It is easy to observe that R(F) and R(F) are two 
neutrosophic sets in U, thus NS mapping 

R ,R :R(U) > R(U) are, respectively, referred to as the 
upper and lower rough NS approximation operators, and 
the pair (R(F), R(F)) is called the rough neutrosophic set. 
Definition 2.11[4] . Let us consider an interval-valued 
intuitionstic fuzzy set o defined by 

o = {x, U(x), v,(x): x € U} where u(x), v,(x), € int 
([0, 1]) for each x € U and 

0S Us(X)+vo(x) <1 

Now Let @=(f,A) be an interval-valued intuitionstic fuzzy 
soft set over U and the pair SIVIF= (U, ©) be the soft 
interval-valued intuitionistic fuzzy approximation space. 
Let f:A> IVIFSY be defined f(a) ={ x, Ura) Cx), 
Vecay(X) : x € U } for each a € A. Then , the lower and 
upper soft interval-valued intuitionistic fuzzy rough 
approximations of o with respect to SIVIF are denoted by 
L Aprsryig(o) and T Aprszyip(o) respectively, which are 
interval valued intuitionistic fuzzy sets in U given by: 


VR(F) (x)=Ay €[x]p VF (vy) > 


VR(F) (x)-Vy €[x]p VF (vy) 
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J Aprsiyvir(@) ={< x, 
[ Aaca (inf Uy cay (x) A infug (x), Aa ea (SUP Hp(ay(X) A 
sup LU, (x)], [ Na eA (inf v¢ (a) (x) Vv infv,(x)), 

Aaea (SUP Vea (X) V SUP Vg (x)]>: x € U } 


T Aprsivir(7) ={< x, [Aaea Ginf uy cay (x) V infu, (x), 
Aaea (SUP Up(ay (X) V sup Ho (X)], [Aa ea (inf Vecay (x) A 

infv, (0), Aaea (SUP Vy¢a)(X) A sup vq (x)] >: x € U} 
The operators | Aprszyp(o) and T Aprszyip(o) are called 
the lower and upper soft interval-valued intuitionistic fuzzy 
rough approximation operators on interval valued 
intuitionistic fuzzy sets. If 1 Aprsjyjp(o) = T Aprsryir(o), 
then o is said to be soft interval valued intuitionistic fuzzy 
definable; otherwise is called a soft interval valued 
intuitionistic fuzzy rough set. 


Example 3.3 . Let U={x, y) and A={a, b}. Let (f, A) be 
an interval —valued intuitionstic fuzzy soft set over U 
where f:A> IVIFS" _ be defined 

f(a)= { <x,[0.2, 0. 5], [0.3, 0.4]>, <y, [0.6, 0.7],[0.1, 0.2] 
ay 

f(b)= { <x,[0.1, 0. 3], [0.4, 0.5>, <y, [0.5, 0.8],[0.1, 0.2] >} 
Let o = { <x,[0.3, 0.4], [0.3, 0.4]>, <y, [0.2, 0.4],[0.4, 0.5] 
>}. Then 


lL Aprsiyir(o)= { <x,[0.1, 0.3],[0.3, 0.4] >, <y,[0.2, 
0.4],[0.4, 0.5]>} 

T Aprstyir(o) = { <x,[0.3, 0.4],[0.3, 0.4] >, <y,[0.5, 
0.7],[0.1, 0.2]>}. Then o is a soft interval-valued 
intuitionstic fuzzy rough set. 


3. Soft Interval Neutrosophic Rough Set. 

A. Saha and A. Mukherjee [4] used the interval valued 
intuitioinstic fuzzy soft set to granulate the universe of 
discourse and obtained a mathematical model called soft 
interval —valued intuitionistic fuzzy rough set. Because the 
soft interval —valued intuitionistic fuzzy rough set cannot 
deal with indeterminate and inconsistent data, in this 
section, we attempt to develop an new concept called soft 
interval —valued neutrosophic rough sets. 


Definition 3.1. Let us consider an interval-valued 
neutrosophic set o defined by 
o = {x, U(X), Vg(X), W(x): x € U} where 
V(X), Oo (xX) € int (0, 1]) for each x € U and 

0 S bg (K)+ Vo(x) + Wo(x) $3 


U(x), 


Now Let ©=(f,A) be an interval-valued neutrosophic soft 
set over U and the pair SIVN= (U, ©) be the soft interval- 
valued neutrosophic approximation space. 

Let fA> IVNS” be defined f(a) ={ x, pyray(X), 
Ve(a)(X), W¢cay(X) : x € U } for each a € A. Then , the 
lower and upper soft interval-valued neutrosophic rough 
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approximations of o with respect to SIVN are denoted by 
L Aprstvn(o) and T Aprsyn(o) respectively, which are 
interval valued neutrosophic sets in U given by: 


JL Aprsiyn(@) ={<x, 
[Aa ea (inf becay (x) A inf, (x), Aa ca (SUP Hea) (xX) A 
sup Uo (x)], [Aaea (inf vray (x) Vv infv,(x)), 

Aa ea (SUP Vp(qy(X) V sup Vg (X)], [Aa ea (inf @¢ (q(x) V 
infwe(x)), Aaca (SUP My(a)(X) V sup We (x) >: x € U } 


T Aprstyn(9) ={< x, [Aa ca Cinf Hp (ay (x) V infu, (x), 
Aaea (SUP Up(ay (X) V sup Ho (X)], [Aa ea (inf ve(qy (x) A 
infvg(x)), Aaea (SUP V¢cay(X) A sup vo (x)], 
[ Aa ca (inf Wray (x) A info (x), Aaea (SUP Way (X) A 
sup W(x) >: x € U} 
The operators | Aprsjyn(o) and T Aprsjyn(o) are called 
the lower and upper soft interval-valued neutrosophic 
rough approximation operators on interval valued 
neutrosophic sets. If L Aprsjyn(o) = T Aprsrvn(o), then o 
is said to be soft interval valued neutrosophic definable; 
otherwise is called a soft interval valued neutrosophic 
rough set. 
Remark 3.2: it is to be noted that if u(x), v(x), 
W(x) € int ((0, 1]) and 0 < ug (x)+ vo (x) + wo(x) < 1, 
then soft interval valued neutrosophic rough sets becomes 
soft interval valued intuitionistic fuzzy rough sets. 


Example 3.3 . Let U={x, y) and A={a, b}. Let (f, A) be an 
interval —valued neutrosophic soft se over U where f:A> 
IVNS” _ be defined 


Proof .(1)-(4) are straight forward. 
(5) We have 
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f(a)= {<x,[0.2, 0. 5],[0.3, 0.4],[0.4, 0.5]>,<y,[0.6, 0.7],[0.1, 
0.2], [0.3 0.4]>} 
f(b)={<x,[0.1, 0. 3],[0.4, 0.5],[0.1, 0.2]>, <y,[0.5, 0.8],[0.1, 
0.2],[0.1 0.2]}>} 


Let o ={<x,[0.3, 0.4],[0.3, 0.4],[0.1, 0.2]>, <y,[0.2, 
0.4],[0.4, 0.5],[0.2 0.3]>}. Then 
LAprsivn(o)= { <x,[0.1, 0.3],[0.3, 0.4][0.1, 0.2], 


<y,[0.2, 0.4],[0.4, 0.5],[0.2, 0.3]>} 

T Aprstyn(o) = { <x,[0.3, 0.4],[0.3, 0.4],[0.1, 0.2]>, 
<y,[0.5, 0.7],[0.1, 0.2],[0.1, 0.2]>}. Then o is a soft 
interval-valued neutrosophic rough set. 


Theorem 3.4 

Let ©=(f,A) be an interval-valued neutrosophic soft set 
over U and SIVN= (U, ©) be the soft interval-valued 
neutrosophic approximation space. Then for o, a € 
IVNS" , we have 


1) J Aprsivn(®) = 9 =T Aprsivn(O) 

2) Ll Aprsivn(U) = U =T Aprsryn(U) 

3) oS A =) Aprsiyn(@) S L Aprstvn() 

4) oS A =T Aprsyn(@) ST Aprsivn(A) 

5) J Aprsiyn(o A A) © J Aprstyn(o) NL 
Aprgivn(A). 

6) 1 Aprsivn(o NM A) ST Aprstyn (a) NT Aprsiyn (A). 

oe UL Aprstyn(A) S t Aprsivn (0 U 

8) 1 Aprstyn(o) UT Aprstyn(A) ST Aprsiyn(o U 
A) 


o={<x,[ inf U5 (x), sup Ho (x)], Linfv, (x), sup vo(x)], [infw,(x), sup 0 (x) }P:xE US, 
A={<x,[ inf a(x), sup Ha @)], Linfva(x), sup va(x)], [ inf, (x), sup w,(x)}>:xe UF 


and 


a1 A= {<x,[ inf He 9 2X), SUP Hen a@d]), LinfVona(X), SUP Vo na), [inf We na(X), SUP Wen a(x) Pix UF, 


Now 


J Aprsivn(o  A={< x, [Aa ea (inf Upcay(&) A infie na), Aaea (Sup Hea) (X) A Sup He n ax)], 
[ Aaea (inf v¢cqy (x) V infVg na(X)), Aaea (SUP Vp (ay (X) V SUP Vg 9 a(X)], [Aa ea (inf @ecay () V infos na(X)) , 


Aaca (SUP Wea) (X) V SUP We na) >: x EU} 


={< x, [Aaca (inf Upcqy(X) A min(infpu, (x), infu,@)), Aaea (SUP Upay) (x) A min(sup pH, (x), sup Ha (x))], 
[ Aaca (inf v¢q) (x) V max(infv, (x), infv a(x))), Aaea (SUP Vea) (X) V max(sup v, (x), sup vq (x))], 
[ Aa ea (inf wea) (x) V max(inf w, (x) ,infw(x))), Aaea (SUP Wea) (X) V max(sup W, (x), sup @4(x) >: x EU } 


Now J Aprsiyn(o) N J Aprsryn(A). 


= {< x, [ min (Aq ca (inf Wpcay (x) A infty (X)) , Aa ea (inf Wycay (x) A inf (x) ), min (Aa ea (SUP Hpcay (x) A 
SUP Hg (X)) , Aa ea (SUP Hypa) (x) A sup Hy (x)) )] .[ max (Ag eq (inf vycqy(X) V infv, (x) , aca Cinf vy (ay (x) V inf vy (x)) 
), max( Aq ca (SUP Vy(ay(X) V SUP Vg (X)) , Aa ca (SUP Vy (ay (X) V Sup Vv, (x)) )], [max (Aaa (inf ea) (x) V info, (x)) 
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» Naca (inf we (ay (X) V inf od (x)) ), max( Aa ca (SUP Wea) (XK) V SUP We (X)) , Aa ca (SUP Wea) (X) V sup Wd, (x)) )J> : xE 


Since min(inf u, (y), infty (y)) < infu, (y) 
and min(inf pt, (y), infu, (y)) < infu) 
we have 


Aa ea (inf Hycay(X) A min(inf, (x), infu) S Aaa (inf Hy cay (x) A inf, (x)) 
and Aq cq (inf tycqy(X) A min(inf yg (x), inf a(x) S Na ea (inf Mecay(X) A inf py (x) 


Hence Aa ea (inf Hypa) (&) A min(inf p, (x), infua(x)) < min (Aq ca (inf Upcay(&) A inf (X)) Aaa (inf pcay (x) A 
inf fy (x) ) 


Similarly 
Aaea (SUP Upc) (X) A min(sup U, (x), sup wax) < min ( Age, (SUP Hp(ay (X) A Sup Uy (X)) Aa ea (SUP Hy(ay(X) A 
sup [Hy (x)) ) 
Again since 
max(infv, (y), infv, (y)) = infv,(y) 
and max(infv, (y), infvy (y)) = infva(y) 


we have 
Aaea (inf Vea) (x) V max(infv, (x), infv 30x) = Aa ea Cinf vecay (x) V infv, (x)) 
and Aq ca (inf veg (x) V max(infv, (x), infv,(x)) = Aaea (inf Vea) (x) V infv, (x)) 


Hence Aq ca (inf vec) (x) V max(infv, (x), infv ,(x)) = max ( Aaca (inf vq) (x) V inf, (Xx) , Aa ea Cinf vy (ay (X) V 
inf v, (x)) ) 


Similarly 
Aaea (SUP Vea) (X) V max(sup Vv, (x), supv4(x)) = max (Aa ca (SUP Vf(qy (X) V SUP Vg (X)) , Aa ca (SUP Ve (ay (X) V 
sup vy (x)) ) 


Again since 
max(infw, (y), info, (y)) = infwo,(y) 
And max(inf w, (y), inf, (y)) = inf w,(y) 


we have 
Aaea (inf wea (x) V max(inf w, (x), inf ,(K)) = Aaea (inf Vora (X) V info, (x)) 
and Aq eq (inf w¢q) (x) V max(infw, (x), infw 4(K)) = Aa ea (inf Wea) (K) A inf wy (x)) 


Hence 
Aaea (inf wea) (x) V max(inf w, (x) ,infv g(x) = max (Aaea (inf wea (x) V infwe (X)), Aa ca Cinf Orca (&) V 
inf w, (x)) ) 


Similarly 

Aa ca (SUP Wea) (X) V Max(sup Wy (x), sup @ a(x)) 2 max (Aa ca (SUP W¢(ay(X) V SUP Wy (X)) , Aa ea (SUP WF (ay (X) V 
sup ) (x)) ) 

Consequently, 

L Aprstyn(o N A) S J Aprsyn(o) A Lb Aprsiyn(A). 


(6) Proof is similar to (5). 

(7) we have 

o={<x,[ inf g(x), sup H, (x)] ,[ infv, (x), sup vo (x)] , inf w, (x), sup Wg (x)]>:x€ U}, 
A={<x,[ infu, (x), sup Ha (x)],[ infv, (x), sup v,(x)] .[infw,(x), sup wa(x)|>:xe Uj} 
And 
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OU A= {<x infug ya(X), Sup eu a(X)], [infVe ya(X), SUP Vg Ua(X)], [infos ya(X), sup Wey a(K) PP :xE US, 

L Aprsivn(o U A={< x, [Aa ea (inf Upcay(&) A infie ua), Aaea (Sup Hycay(X) A sup Ue ua )], 

[ Aaea (inf v¢cqy (x) V infvg uals), Aaa (SUP Vea) (X) V SUP Vg Uy alX)], [Aa ea (inf wea) (Kk) V infos y @)) , 
Aaca (SUP Wea) (X) V SUP We ya(K) FP: x EU} 

={< x, [Aa ea (inf Hy cay(%) A max(inf yt, (x), infzK)), Aaea (SUP Mya) (x) A max(sup H, (x), sup 1 (x))], 

[ Aaea (inf v¢cay (x) V min(infv, (x), infv ,(x))), Aaea (SUP V¢a)(X) V min(sup v, (x), sup v a(x))], 

[ Aa ea (inf Wray (x) V min(inf wo, (x), info ,(x))), Aaea (SUP Wy (ay (X) V min(sup w, (x), sup w 4 (x)|>: x € U } 


Now J Aprgiyn(o) U L Aprgiyn(A). 


= {< x, [max (Aq ca (inf Uycqy(X) A infu, (KX), Aa ca (inf Upcay (X) A inf uy (x)) ), max( Ag ca (SUP Hypa (X) A 

SUP Hg (X)) , Aa ea (SUP Hy(ay(X) A sup Hy (x)) J], [min (Aq eg (inf v¢(q) (x) V inf, (x)) , Na ca Cinf Vea) (X) V inf vy (x)) 
), min (Ag ca (SUP Vf(q)(X) V Sup Vg (X)) , Aa ca (SUP Vea) (x) V sup vy (x)) )], [ min (Aq ca (inf Weg) (x) V inf w, (x)) 
»Naea (inf Wa (x) V info, (x)) ), min (Ag cq (SUP Weg) (X) V SUP Wy (X)) , Aa ca (SUP Weg) (X) V Sup w, (x)) )J> : xE 


Since max(inf pu, (y), infu, (y)) = infu.) 
and max(inf 1, (y), infu (y)) = infu,(y) 
we have 


Aaa inf bya) (x) A max(inf Wy (x), infa(x)) = Aa ea (inf Hy ay () A inf py (x) 
and Ag ca (inf Urq) (x) A max(infu, (x), inf a(x) = Aa ea Cinf Uycay (x) A inf uy (x)) 


Hence A, a (inf Hypa) (x) A max(infyu, (x), inf,(K)) = max (Ag eq (inf Mycay (x) A inf Ug (x), Na ea (inf Uypcay x) A 
inf fa (x)) ) 


Similarly 
Aa ea (SUP Hy(ay (x) A max(sup Ht, (x), sup Ha(x)) = max (Aj cq (SUP Hy(ay (X) A SUP Hy (X)) Naa (SUP Hy(ay (x) A 


sup Ha (x) ) 
Again since 


min(infv, (y), infvy (y)) < infv,(y) 
and min(infv, (y), infv, (y)) < infv,(y) 


we have 
Aaea (inf veg) (X) V min(infv, (x), infv ;(%)) S Aaea (inf vy (a(x) V infv, (x)) 
and Ag ca (inf vq) (x) V min(infv, (x), infv,(x)) S Aaeca (inf Vea) (x) V infvy (x)) 


Hence Ag ea (inf vq (x) V min(infv, (x), infv 3(x)) < min (Aq a (inf fq) (&) V infv, (x), Aa ea (inf Vea) (&) V 
infv, (x)) ) 


Similarly 
Aaa (SUP Vp(qy (x) V min(sup v, (x), sup v(x) S minx (Aj eq (SUP Ve(ay (X) V SUP Vg (X)) , Aa ea (SUP Ve(ay (xX) V 
sup Va (x)) ) 


Again since 
min(inf w, (y), infw, (y)) < inf w,(y) 
And min(inf w, (y), infw, (y)) < infw,(y) 


we have 


Aaea (inf wea) (x) V min(inf w, (x), inf w a(x) S Aaea Cin Ve fay) V inf w, (x)) 
and Aq eq (inf Wray (x) V min(inf w, (x), info 2(K) S Ag ea (inf wpa) (x) V inf w, (x)) 
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Hence Ag ca (inf wea) (x) V min(inf w, (x), infv ,(x)) < min (Aq cq (inf Wray (X) V inf wy (X)), Naca (inf wea) (x) V 


inf w, (x)) ) 


Similarly 


Aaea (SUP Wea) (x) V min(sup Ww, (x), sup w(x) < min( Agca (Sup Wea) (K) A Sup Wy (X)), Aa ea (SUP f(a (X) A 


sup W, (x)) ) 

Consequently, 

J Aprsiyn(@) U J Aprsiyn(A) & J Aprstyn(o U A) 
(8) Proof is similar to (7). 


Theorem 3.5. Every soft interval-valued neutrosophic 
rough set is an interval valued neutrosophic soft set. 

Proof. Let @=(f,A) be an interval-valued neutrosophic soft 
set over U and SIVN=(U, ©) be the soft interval-valued 
neutrosophic approximation space. Let o be a soft interval- 
valued neutrosophic rough set. Let us define an interval- 
valued neutrosophic set y by: 


Aaea (inf HF(a) (x)Ainf pL, (x) 
ROG cars Ve) Gnf 
a cA (inf Hegy Vin pW, (x) 
Aaea (sup He(ay (x)Asup H, (x) 
> Aaca (sup Hea) )VSUP Hg (x)) 2 
Aa ea (inf v¢(qy(&)Ainfvg (x) Aa ea (SUP VF (ay (X)ASUP Vo (x)) 
Aa ea (inf v¢(qy (x) Vinf vg (x)) > Aaea (Sup V (a) (X)VSUP Vg (x)) 
Aa ea (inf W F(a) (x)Ainf W¢ (x)) 
Aa ea (inf WF (a) (x)Vinf W¢ (x)) 
Aa ca (SUP W F(a) (X)ASUp Hw, (x)) 
> Aaea (sup ® f(a) (X)VSUP Wg (x)) 


1], 


J: x EU} 


Now, for 6 € [0, 1], we consider the following six 
sets: 
Aaea (inf Hea) (x)Ainf pL, (x) 


F\(@)={xeEU: Aaa (inf Uecqy (X)VinF UL, (x)) =) 
Aa ca (SUP He) (x)Asup L(x) 

PAB x oD > 0} 

FO OU eee ences 293 

Fy(8= x Ue on 2 9} 

FO OCU ec nIoc@s 20} 

Fe(B= {x EU MEAP RAMAMPHAG Ds gy 


Aaea (SUP ® £(q)(X)VSUP Wg (x)) 
Then w(9)= { (x, [inf{ @: x € F,(@)}, inf{ @: x € F,(@)}], 
[inf{ 0: x € F,(0)}, inf{ @: x € F,(@)}], [inf{ @: x € 
F,(@)}, inf{ 0: x € F,(@)}]) :x € U}is an interval —valued 
neutrosophic set over U for each @ € [0, 1]. Consequently 
(w, @) is an interval-valued neutrosophic soft set over U. 


4.A Multi-criteria Group Decision Making Problem 
In this section, we extend the soft interval —valued 
intuitionistic fuzzy rough set based multi-criteria group 


decision making scheme [4] to the case of the soft interval- 
valued neutrosophic rough set. 

Let U={0,, 02, 03,...,0,} be a set of objects and E be a set 
of parameters and A = {é,, é2, €3,...,@m} & E and S=(F, 
A) be an interval- neutrosophic soft set over U. Let us 
assume that we have an expert group G = 
{T,, Tz, T3,..., Tn} consisting of n specialists to evaluate 
the objects in U. Each specialist will examine all the 
objects in U and will point out his/her evaluation result. 
Let X; denote the primary evaluation result of the specialist 
T;. It is easy to see that the primary evaluation result of the 
whole expert group G can be represented as an interval 
valued neutrosophic evaluation soft set S* = (F*, G) over 
U, where F*:G — IVNS"” is given by F*(T;)=X;,, for 
i=1,2,..n. 

Now we consider the soft interval valued neutrosophic 
rough approximations of the specialist T;’s primary 
evaluation result X; wrt the soft interval valued 
neutrosophic approximation space SIVN = (U, S). Then we 
obtain two other interval valued neutrosophic soft sets 
LS*= (l F* ,G) and 1 S*= (T F* ,G) over U, where J S* 
:G — IVNS® is given by | F* =) X; and 
TF*:G—IVNS"” is given by 1 F* (T,)==1 X; , for 
i=1,2,.n. Here | S* can be considered as the evaluation 
result for the whole expert group G with ‘low confidence', 
T S* can be considered as the evaluation result for the 
whole expert group G with ‘high confidence' and S* can be 
considered as the evaluation result for the whole expert 
group G with 'middle confidence’ Let us define two 
interval valued neutrosophic sets IVNS,>+ and IVNS 45+ 
by 


1 : 

IVNS \s* ={(0x, [= Liar Mf ues (7) (Ox); 

1 1 . 

7 j=1 SUP Wer) (Ox) ], F Lint NfVye-(7 (Ox) ; 
5 ja1 SUPViF*(7) (OKI), [FF Ljea NFOrr (rj) (Ox), = 
dj=1 sup WlF*(T;) (0; )|>: k= W525 ee r} 


And 
1 ; 1 
IVNS p5* =((Ox, [dja nf brer(r (On) = 
1 : 
dict SUPLtF*(T;) (0x)]5 E diz inf VrF*(T;) (0x) 


1 1 ’ 1 
5 jai SUPVi EW (7) (1) I], [FF Ljar Nforecr) (Ox), = 
dyj=1 SUP Orp*(7;) (OK) ]>: k = 1,2,..r} 
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Now we define another interval valued neutrosophic set 
IVNS s« by 


IVNS s+ {0x9 [= DP inf berer x)» = 

Yi=1 SUPE (7) Ox) I> [- dizi inf Ver) Ox)» 
Yin1 SUPVE*(7,) (Ox) I, [- Yin Nf Op (rj) (Ox), 
dj=1 Sup Wp ¢rj)(Ox)]>:k = 1,2,.. r} 


Then clearly, 
IVNS \5* GS IVNS 5+ © 


SlrRsip 


IVNS gs 


Let C={L (low confidence), M (middle confidence), H 
(high confidence)} be a set of parameters. Let us consider 
the interval valued neutrosophic soft set S**= (f, C) over U, 
where f: C — IVNSY" is given by f(L)=IVNS | 5+, 
f(M)=IVNS 5 , f(A)= IVNS+5* . Now given a weighting 
vector W=(W,,W@y , Wy) Such that wo, ,Wy , Wy € [0, 
1], we define a: U — P(U)by @(0x) = Wy ® Sf) (OK) + 
Wy ° Spcm) (Ox) + ® Spc) (Ox) » Ox € U (¢ represents 
ordinary multiplication) where 

Sf(L) (Ox) = 


EMF L(y) *SUP Hy er (pF Vir (rj) SUP Vint rj) MFO rr) SUPOLE*(r,) 


2 
denotes the score function, the same as S¢(y) (0x) and 
S¢(H) (Ox). Here a(0,) is called the weighted evaluation 
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Algorithm: 

(1) Input the original description Interval valued 
neutrosophic soft set (F, A). 

(2) Construct the interval valued neutrosophic evaluation 
soft set S* =( F*, G) 

(3) Compute the soft interval valued neutrosophic rough 
approximations and then construct the interval valued 
neutrosophic soft sets | S* and T S* 

(4) Construct the interval valued neutrosophic IVNS,<>* , 
IVNS s* , IVNS 45+ 

(5) Construct the interval valued neutrosophic soft set S**. 
(6) Input the weighting vector W and compute the 
weighted evaluation values of each alternative a(0,) of 
each alternative 0, € U. 

(7) Select the object 0,such that object o, 

=max { a(0,)}:k=1,2,...,r} as the most preferred 
alternative. 

5.An illustrative example 

The following example is adapted from [4] with minor 
changes. 

Let us consider a staff selection problem to fill a position 
in a private company. 

Let U = {c4, Cz, C3, C4, C5} 1s the universe set consisting of 
five candidates. Let us consider the soft set S=(F, A), 
which describes the "quality of the candidates", where 
A={e, (experience), e, (computer knowledge), e3 (young 
and efficient), e, (good communication skill)}. Let the 


value of the alternative o, € U. Finally, we can select the tabular representation of the interval valued 
object 0, =max{ a@(0;)}:k=1,2,...,r} as the most preferred _ neutrosophicsoft set (F, A) be: 
alternative. 
Cy C2 C3 C4 Cs 

ey] (2, 311-4, 503,41) | (C5, -71L1 3b02, 3) | 4,502; 4102-5) | CL 2b01, 301.22 | (03,5103, 4LE1 2) 

e,| ([.3, .6],[-1, .2],0-2, .3]) | (1, .3),02, .3).0-2, -4])) | (23, -6],.2, .4],.2, .4]) | (25, -6],02, .3),02,.4]) | (£1, .3],03, -6],[-2, .5]) 

es| (L.4, -S)L2, 3104 5S) | (C2, 410-2, SLI, .2)) | C, 314, 6103, 5) | C3,-4103, 4114, 6) | (4, 6101, 312, 3) 

e4| (2, 410-6, -7LL-6, -7]) | (6 .7LE1, 2b64 5) | 3, -4103, 4106 2) | (2.4104 601,22 | (05, .71L1 2LL1 5) 


Let G = {T,,T2, T3, Ta, Tz} be the set of interviewers to 
judge the quality of the candidate in U. Now if X; denote 
the primary evaluation result of the interviewer T; (for i=1, 
2, 3, 4,5), then the primary evaluation result of the whole 
expert group G can be represented as an interval valued 
neutrosophic evaluation soft set S*=( F*,G) over U, 


where F*:G — IVNS® is given by F* (T; )=X;_ for i=1, 
2,.3)4;5: 
Let the tabular representation of S* be given as: 


Cy C2 C3 C4 Cs 
T| (4, 610-4, SL03, 4) | (3, 4,01, 2102, 3) | (2, 3,02. 3102.5) | (6 8h01, 2b01 2D | 1 4b02. 3104, 2) 
To} ([-3, .5],[-2, .4],[-2, .3]) | (L5,.7),01, .3),02,.4)) | (4,-6.0, 3)02..4) | (03, 5,01 .3)02,.4) | (4, -5),0-2, .3],.-2, .5]) 
Ts} (L-1, .3],L5, -6],04, -5]) | ((2, .3),04, -5).01,.2)) | (1-41.02, 41,03, .5]) | (02, .3),05, -6]..4, .6]) | ((-3, -6],[-2, .3],.-2, .3]) 
T,| ((-2, .3],[-3, -4],L6, .7]) | (04-71, .2),04, -5)) | (23, .5)04 -S,L1 .2)) | (04 -5),0-2, 4,01, .2)) | (05, -7),0-4, .2],.-4, 5) 
Te (C6, 7101, 2,06, -7) | (3, -5),03, 4104 6) | (5, -6)03, 4102, 3) | G1 3103, 6)04 6) | C1, 2106, 8).02, 5) 
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Let us choose P=(U, S) as the soft interval valued 
neutrosophic approximation space. Let us consider the 


interval valued neutrosophic evaluation soft sets. 
LS*=(l F*,G): 
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LS*=(l F*, G) and T S* =(T F*, G) over U. 
Then the tabular representation of these sets are: 


Cy C2 3 C4 C5 
T,} (L2, .3),0-1, .2),.03, .4)) | (LL 31,03, -4]),02,.3)) | (01 -3),0-2, 41.02. -5)) | (LL -2)01, 3,01, .2)) | (LL .3),02, 4)... .2)) 
To} (2, .3),[-2, .4],0-2, .3]) | (LL 3,01, .3)02, -4)) | (LL 3,02, 4102,.4) | (1 .2)0-1, .3)02,.4)) | (LL .3)02, .3),.-2, 5) 
Ts} (L1, .3],L5, -6],.04, .5]) | (LL .3),04, -5).01,.2)) | (21 -3),02, 41.03, -5]) | (LL .2),05, -6).04, .6)) | (1, .3),.-2, .3],.2, .3)) 
T,| (£2, .3],.3, -4],.06,.7]) | (LL 3,01, 2,04, 5) | (LL 3,04, 5.01, .2)) | (LL .2),0-2, 4,01, .2) | (LL 3,01, .2),0.1, 5) 
Ts} ((.2, 3],0-1, 2106 -7) | (1 3b02, 5,04, 6) | (4, 3103, 4102.3) | (C1 2,03, 6104 6) | (1, 210-6, 8102, 5) 
t S*=(t F*,G) 
Cy C2 C3 C4 Cs 
T,} (L4, -6),[0-1, .2],02, .3]) | (03, -4)01, 2,01, .2)) | (22, .3),02, .3)01,.2]) | (C6 -8)0-1, 2,01, .2)) | (LL 4,01, .2),01, .2)) 
To} (L3, -5],[1, -2],02, 3) | (L5,.7),0-1, .2),.01,.2)) | (4,-6.0 3,01, .2)) | (03, 5,01, 30-1, .2)) (L-4, -S]£-1, 21,01, .2)) 
Ts} (L2, .3),0-1, .2],02, .3]) | (02. .3),01,.2).01, .2)) | (01 -4),02, 4.01, .2)) | (22, .3)01 3,01, .2) | (23, -6),01, .2),01, .2)) 
Ty} (L2, .3),0-1, .2),02, .3)) | (04 -7,01, 2,01, .2)) | (23, -5),02, -4).01,.2)) | (4 -5,01. 3,01, .2)) | (05,-7)01, .2),.01, .2)) 
Ts} (6, .7],[-1, .2],.2, .3]) | (L3, -5).01, .2),.01,.2)) | (25, -6),02, 4).01,.2)) | (LL 3,01 3,01 2) | (LL 3,01, 2), .2)) 
=0.7993 
Here, / S* © S* ET S* a(c4)= 0.7 ¢ 0.1191 +0.6 » 0.4170 +0.8 o 0.6134 
=0.8243 
IVNS is = { <cy,[0.15, 0.35],[0.4, 0.625],[0.42, 0.52]> a(Cs)= 0.7% 0.1351 +0.6 o 0.3898 +0.8 o 0.600 
<Cz,[0.175, 0.325],[0.375, 0.575],[0.26, 0.4]>, <c3,[0.175, =0.8093 


0.375],[0.375, 0.575],[0.2, 0.38]>, <c4,[0.175, 
0.375],[0.375, 0.575],[0.24, 0.4]>, <c,;,[0.175, 
0.375],[0.375, 0.575],[0.16, 0.4]>}. 


IVNS y5*= { <C;,[0.575, 0.75],[0.125, 0.225],[ 0.2, 0.3]> 
<c,[0.575, 0.75],[0.125, 0.225], [ 0.1, 0.2]>, <c3,[0.575, 
0.725],[0.125, 0.225],[ 0.1, 0.2]>, <c4,[0.525, 
0.700],[0.125, 0.225],[ 0.1, 0.2]>, <cs,[0.55, 0.700],[0.125, 
0.225],[ 0.1, 0.2]>}. 


IWNS g*= { <c,,[0.25, 0.45],[0.375, 0.475], [ 0.42, 0.52]> 
<c,[0.375, 0.525],[0.225, 0.35], [ 0.26, 0.4]>, <c3,[0.350, 
0.525],[0.2, 0.4],[ 0.2, 0.38]>, <c4,[0.4, 0.6],[0.20, 0.35],[ 
0.24, 0.4]>, <cs,[0.35, 0.55],[0.15, 0.375], 0.16, 0.4]>}. 


Here, IVNS gs» © IVNS 5» © IVNS 75+ . Let 

C={ L (low confidence), M (middle confidence), H( high 
confidence)} be a set of parameters. Let us consider the 
interval valued neutrosophic soft set S**= (f, C) over U, 
where f: C — IVNSY" is given by f(L) = IVNS j5«, f(M) = 
IVNS 5, f(H) = IVNS +5*. Now assuming the weighting 
vector W =(W,, Wy, W,) such that w,= 

0.7 Wy=0.6, Wy=0.8, we have , 


a(cy) = 0.7 o 0.0158 +0.6 © 0.15174 +0.8 o 0.6184 


=0.5968 

a(C2)= 0.7 ¢ 0.0901 +0.6 o 0.3586 +0.8 o 0.6384 
= 0.7890 

a(c3)= 0.7 0.1041 +0.6 > 0.3595 +0.8 o 0.6384 


Since max(@(c,), @(Cz), a(c3), a(Cq), a(C5)} = 0.8243, 
so the candidate c, will be selected as the most preferred 
alternative. 


5.Conclusions 


In this paper we have defined, for the first time, the notion 
of soft interval valued neutrosophic rough sets which is a 
combination of interval valued neutrosophic rough _ sets 
and soft sets. We have studied some of their basic 
properties. Thus our work is a generalization of SIVIF- 
rough sets. We hope that this paper will promote the future 
study on soft interval valued neutrosophic rough sets to 
carry out a general framework for their application in 


practical life. 
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An Extended TOPSIS Method for Multiple Attribute 
Decision Making based on Interval Neutrosophic 
Uncertain Linguistic Variables 


Said Broumi, Jun Ye, Florentin Smarandache 


Said Broumi, Jun Ye, Florentin Smarandache (2015). An Extended TOPSIS Method 
for Multiple Attribute Decision Making based on Interval Neutrosophic Uncertain 
Linguistic Variables. Neutrosophic Sets and Systems 8, 22-31 


Abstract: The interval neutrosophic uncertain 
linguistic variables can easily express the 
indeterminate and inconsistent information in real 
world, and TOPSIS is a very effective decision 
making method more and more extensive 
applications. In this paper, we will extend the 
TOPSIS method to deal with the interval 
neutrosophic uncertain linguistic information, and 
propose an extended TOPSIS method to solve the 
multiple attribute decision making problems in 
which the attribute value takes the form of the 
interval neutrosophic uncertain linguistic variables 


and attribute weight is unknown. Firstly, the 
operational rules and properties for the interval 
neutrosophic variables are introduced. Then the 
distance between two interval neutrosophic 
uncertain linguistic variables is proposed and the 
attribute weight is calculated by the maximizing 
deviation method, and the closeness coefficients to 
the ideal solution for each alternatives. Finally, an 
illustrative example is given to illustrate the 
decision making steps and the effectiveness of the 
proposed method. 


Keywords: The interval neutrosophic linguistic, multiple attribute decision making, TOPSIS, maximizing deviation 


method 


I-Introduction 

F. Smarandache [7] proposed the neutrosophic set (NS) by 
adding an _ independent indeterminacy-membership 
function. The concept of — neutrosophic set is 
generalization of classic set, fuzzy set [25], intuitionistic 
fuzzy set [22], interval intuitionistic fuzzy set [23,24] and 
so on. In NS, the indeterminacy is quantified explicitly and 
truth-membership, indeterminacy membership, and false- 
membership are completely independent. From scientific 
or engineering point of view, the neutrosophic set and set- 
theoretic view, operators need to be specified .Otherwise, it 
will be difficult to apply in the real applications. Therefore, 
H. Wang et al [8] defined a single valued neutrosophic set 


(SVNS) and then provided the set theoretic operations and 
various properties of single valued neutrosophic sets. 
Furthermore, H. Wang et al.[9] proposed the set theoretic 
operations on an instance of neutrosophic set called 
interval valued neutrosophic set (IVNS) which is more 
flexible and practical than NS. The works on neutrosophic 
set (NS) and interval valued neutrosophic set (IVNS), in 
theories and application have been progressing rapidly 
(e.g, [1,2,4,6,7,8,9,10,11,12,13,14,15,16,17, 
,18,19,20,21,27,28,29,30,31,32,33,35,36,37,38,39,40,41,42 
,43,44,45,46,47,48,53]. 

Multiple attribute decision making (MADM) problem are 
of importance in most kinds of fields such as engineering, 
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economics, and management. In many situations decision 
makers have incomplete , indeterminate and inconsistent 
information about alternatives with respect to attributes. It 
is well known that the conventional and fuzzy or 
intuitionistic fuzzy decision making analysis [26, 50, 51,] 
using different techniques tools have been found to be 
inadequate to handle indeterminate an inconsistent data. 
So, Recently, neutrosophic multicriteria decision making 
problems have been proposed to deal with such situation. 


TOPSIS (Technique for Order Performance by Similarity 
to Ideal Solution) method, initially introduced by C. L. 
Hwang and Yoon [3], is a widely used method for dealing 
with MADM problems, which focuses on choosing the 
alternative with the shortest distance from the positive 
ideal solution (PIS) and the farthest distance from the 
negative ideal solution (NIS). The traditional TOPSIS is 
only used to solve the decision making problems with crisp 
numbers, and many extended TOPSIS were proposed to 
deal with fuzzy information. Z. Yue [55] extended TOPSIS 
to deal with interval numbers, G. Lee et al.[5] extend 
TOPSIS to deal wit fuzzy numbers, P. D. Liu and Su [34], 
Y. Q. Wei and Liu [49] extended TOPSIS to linguistic 
information environments, Recently, Z. Zhang and C. Wu 
[53] proposed the single valued neutrosophic or interval 
neutrosophic TOPSIS method to calculate the relative 
closeness coefficient of each alternative to the single 
valued neutrosophic or interval neutrosophic positive ideal 
solution, based on which the considered alternatives are 
ranked and then the most desirable one is selected. P. 
Biswas et al. [32] introduced single —valued neutrosophic 
multiple attribute decision making problem with 
incompletely known or completely unknown attribute 
weight information based on modified GRA. 


Based on the linguistic variable and the concept of interval 
neutrosophic sets, J. Ye [19] defined interval neutrosophic 
linguistic variable, as well as its operation principles, and 
developed some new aggregation operators for the interval 
neutrosophic linguistic information, including interval 
neutrosophic linguistic arithmetic weighted average 
(INLAWA) operator, linguistic geometric weighted 
average(INLGWA) operator and discuss some properties. 
Furthermore, he proposed the decision making method for 
multiple attribute decision making (MADM) problems 
with an illustrated example to show the process of decision 
making and the effectiveness of the proposed method. In 
order to process incomplete, indeterminate and inconsistent 
information more efficiency and precisely J. Ye [20] 
further proposed the interval neutrosophic uncertain 
linguistic variables by combining uncertain linguistic 
variables and interval neutrosophic sets, and proposed the 
operational rules, score function , accuracy functions ,and 
certainty function of interval neutrosophic uncertain 
linguistic variables. Then the interval neutrosophic 
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uncertain linguistic weighted arithmetic averaging 
(INULWAA) and the interval neutrosophic uncertain 
linguistic weighted arithmetic averaging (INULWGA) 
operator are developed, and a multiple attribute decision 
method with interval neutrosphic uncertain linguistic 
information was developed. 


To do so, the remainder of this paper is set out as follows. 
Section 2 briefly recall some basic concepts of neutrosphic 
sets, single valued neutrosophic sets (SVNSs), interval 
neutrosophic sets(INSs), interval neutrosophic linguistic 
variables and interval neutrosophic uncertain linguistic 
variables. In section 3, we develop an extended TOPSIS 
method for the interval neutrosophic uncertain linguistic 
variables, In section 4, we give an application example to 
show the decision making steps, In section 5, a comparison 
with existing methods are presented. Finally, section 6 
concludes the paper. 

ll-Preliminaries 

In the following, we shall introduce some basic concepts 
related to uncertain linguistic variables, single valued 
neutrosophic set, interval neutrosophic sets, interval 
neutrosophic uncertain linguistic sets, and _ interval 
neutrosophic uncertain linguistic set. 


2.1 Neutrosophic sets 
Definition 2.1 [7] 
Let U be a universe of discourse then the neutrosophic set 
A is an object having the form 
A= {<x: Ta(x), IA(X), Fa(x) >, x € X f, 
Where the functions Ta(x), I(x), Fa(x): U>]0,1+[define 
respectively the degree of membership, the degree of 
indeterminacy, and the degree of non-membership of the 
element x € X to the set A with the condition. 

“0 < supT a(x) +sup Iq(x) +sup Fa(x) <3". (1) 

From philosophical point of view, the 

neutrosophic set takes the value from real standard or non- 
standard subsets of ] 0,1°[. So instead of ] 0,1°[ we need to 
take the interval [0,1] for 
technical applications, because ] 0,1 “[will be difficult to 
apply in the real applications such as in scientific and 
engineering problems. 
2.2 Single valued Neutrosophic Sets 
Definition 2.2 [8] 
Let X be an universe of discourse, then the neutrosophic 
set A is an object having the form 
A= {<x: Ta(x), I(x), Fa(x) >, x € X f, 
where the functions T4(x),I4(x), Fa(x) : U>[0,1]define 
respectively the degree of membership , the degree of 
indeterminacy, and the degree of non-membership of the 
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element x € X to the set A with the condition. 
0S Ta(x) + I(x) + Fa(x) $3 2) 


Definition 2.3 [8 ] 

A single valued neutrosophic set A is contained in 
another single valued neutrosophic set B i.e. A © B if Vx 
€ U, Ta(x) < Ta(x), Ia(X) = In(X), Fa(x) = Fa (x). 

(3) 

2.3 Interval Neutrosophic Sets 

Definition 2.4[9] 

Let X be a space of points (objects) with generic elements 
in X denoted by x. An interval valued neutrosophic set (for 
short IVNS) A in X is characterized by truth-membership 
function T, (x), indeteminacy-membership function I, (x) 
and falsity-membership function F, (x). For each point x in 
X, we have that Ty (x), I4(x), Fa(x) & [0,1]. 

For twoIVNS,  Aryns= {<x, [TH(X),Tx (OI, 

[A @), In), [FA 9), Fx’ QO] >| x © X} (4) 

And Biyys= {<x, [Ty (X).Tp ()], 

(15 (x), 18. @&)] , [FEGO, F(X) ]> | x € X } the two relations 
are defined as follows: 

(1) Atvns © Biyns If and only if Ty(x) < Ty(x),T2 (x) < 
Ty (x) ,1k(x) = IgG) TA) = Ig) , FAX) 2 FE) 
JFA(x) = FBX) 

(2)Avns = Biyns if and only if, Ta (x) =Tp(x) ax) 
=Ip(x) ,F4(x) =Fp(x) for any x € X 

The complement of Ajyng is denoted by Afyys and is 
defined by 

Afvws= {<x, [Fx(«), Fa >, [1 — 1k), 1 - 4] 
TEGO), TY OO] |x EX} 


ANB ={ <x, [min(Tx(x),T#(x)), min(Ty (x), Ty (x))], 
[max(Ik (x),16(x)), max(12(x),1 (x)], [max(F(x),F5 (x)), 
max(F(x),FY(x))] >: x € X} 

AUB ={ <x, [max(T,'(x),T#(x)), max(Ty (x), Ty’ (x))], 
[min(1k (x),15 (x)), min(Ix (x) 18 (x)], [min(F K(x), Fs (x)), 
min(FY (x),F¥(x))] >: x € X} 


2.4 Uncertain linguistic variable. 

A linguistic set is defined as a finite and completely 
ordered discreet term set, 

S=(So, S1,---, S1-1), Where | is the odd value. For example, 
when 1=7, the linguistic term set S can be defined as 
follows: S={s)(extremely low); s,(very 

low); S2(low); s3(medium); s,(high); s;(very 

high); s,(extermley high)} 


Definition 2.5. Suppose § = [sq, Sp], where sg, Ss, € S with 
a < b are the lower limit and the upper limit of  S, 
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respectively. Then § is called an uncertain linguitic 
varaible. 


Definition 2.6. Suppose 5, = [Sg,, Sp,] and §2 = [Sa,, Sp, | 
are two uncertain linguistic variable ,then the distance 


between §, and §, is defined as follows. 
1 


d (51, 2) “30-D (|az — a,|+|b2 — by) (5) 


2.5 Interval neutrosophic linguistic set 

Based on interval neutrosophic set and linguistic variables, 
J. Ye [18] presented the extension form of the linguistic 
set, i.e, interval neutroosphic linguistic set, which is shown 
as follows: 

Definition 2.7 :[19] An interval neutrosophic linguistic set 
A in X can be defined as 

A ={<x, (T(x), 
(6) 

Where sox) € 8, Ta(x) = [TY(x), TY(®)] S [0.1], 4) = 
UAC), IA()] S [0.1], and Fa(x) = [F4(8), Fa’()] S [0.1] 
with the condition 0 < T(x)+ IY(x)+ FY (x) <3 for any x 
€ X. The function T,(x), [,(x) and F,(x) express, 
respectively, the truth-membership degree, the 
indeterminacy -—membership degree, and the falsity- 
membership degree with interval values of the element x in 
X to the linguistic variable sg (,). 


T(x), Fa(x)>| x € X} 


So (x)? 


2.6 Interval neutrosophic uncertain linguistic set. 


Based on interval neutrosophic set and uncertain linguistic 
variables, J.Ye [20] presented the extension form of the 
uncertain linguistic set, i.e, interval neutrosphic uncertain 
linguistic set, which is shown as follows: 


Definition 2.8 :[20] An interval neutrosophic uncertain 
linguistic set A in X can be defined as 


A ={<x,[ Sa(x)> Sp(xy], (T,(x), I,(x), F,(x))>| x€ X} (7) 


Where sox) € §, Ta(x) = [TY(x), TY(®)] S [0.1], LO) = 
a(x), I2()] S [0.1], and Fa(x) = (Fax), Fa’(X)] S [0.1] 
with the condition 0 < T/(x)+ I? (x)+ FY (x) <3 for any x 


€ X. The function T,(x), (x) and F,(x) express, 
respectively, the truth-membership degree, the 
indeterminacy-membership degree, and the falsity- 


membership degree with interval values of the element x in 
X to the uncertain linguistic variable [ Sg(x), Spx]. 
Definition 2.9 Let a4,=< [Seca,)> Sp(a,)1 (We CP CPs IE 


('(a,)1% (a), [F6@1),FUG))> and =, ={<x, 
[Secaz)> Sp(aa)] ([T'(42),T°(a2)1, (1'(G2),1° (42), 
[F'(a2),F¥(a2)])> 


be two INULVs and A = 0, then the operational laws of 
INULVs are defined as follows: 
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41 @ 42 =< [Soca,)+0(a,)> Sp(a,)+p (Aa) Is (IT (21) + T'(A2)- 
T!(a,) T'(42),T?(4,)+ TP )- TY(,) TP) I, 

(1'(a,) 1'(@2) 191) 1° (@2)], [F"(1) F@2),F Ya) 
F'(a2)])> (8) 


Ay @ Az =< [Seca,)xea,)), ((T (G1) T(z), T?(A1) T? Ga), 
(1-2 ,)+ 14(a2) - 16(a,) 142), 19 (41)+ 14 (A2)- 
1°(4,) 14 (a2)], [F"(y)+ F’(@2) - F4(G,) F(a), 
FU(a,)+ FU(42) - FY(4,) FU(a2)]))> 


(9) 


A41=<[Snoca,)> Sapa, b(L1-(1 — T*(1))*, 1-1 — 
TU ))*1, (0 1))*, 0 41, (F(a). FY a YE 


(10) 
ai=< [Spaa,)> Sora.) (Garay 1 [1- 
(1 — 1'(,))4, 1-(1 — 1°(41))41, [1-1 — F*(41))", 1- 
(1 — FY(4,))* > (11) 


Obviously, the above operational results are still INULVs. 


III. The Extended TOPSIS for the Interval 
Neutrosophic Uncertain Linguistic Variables 

A. The description of decision making problems with 
interval neutrosphic uncertain linguistic information. 

For the MADM problems with interval neutrosophic 
uncertain variables, there are m _ alternatives A= 
(Ay, Ag,..., Am) which can be evaluated by n attributes 
C=(C,, Cz,..., C,) and the weight of attributes A; is w;, 
and meets the conditions 0 < w; <1, 7.1 w,;=1.Suppose 
Zi; (=I, 2,..., n; j=l, 2,..., m) is the evaluation values of 
alternative A; with respect to attribute C; 

And it can be represented by interval neutrosophic 
uncertain linguistic variable z;;= <[xij, x 1,( Tis, TZ], 
[ li, If, [ Fi. Fp, where [xij, xi] is the uncertain 
linguistic variable, and xh, xl. € S, S) 


ijo “ij 
=(Sos S14-+-) 1-1), TH, Ti, Hi, Ii and Fi, Fj € [0, 1] and 


uy? 
0 < Tj + 1h + Fi; <3. Suppose attribute weight vector 
W=(W1, W2,--. Wy) is completely unknown, according to 
these condition, we can rank the alternatives 


(Ai, Ag,.++5 Am) 


B. Obtain the attribute weight vector by the 
maximizing deviation. 


if. fs 1 
diyws(S1, $3) ~ d= 
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In order to obtain the attribute weight vector, we firstly 
define the distance between two interval neutrosophic 
uncertain variables. 


Definition 3.1 
Let 54 = <[Sa,> Sp, |(L ive ial [ Ik, IY], [ Fy, Fy)>, 
) = <[Sa,; Sp, IL Ty, Te |, [ 1g. IB |, [ FE, Fy })> and 
83 = <[Sa,> Sp, ](L TE, Te], [le Ie], [ Fé, F¢'])>, be any 
three interval neutrosophic uncertain linguistic variables, 
and S be the set of linguistic variables, f is a map, and 
f:S x SR. If d(&, §) meets the following conditions 
(1) 0S diwuzy G1; $2) S$ 1, Ayu ($1; $1)= 0 
(2) diwunv ($1; $2) = dinutw Sa; $1) 
(3) divns (81, $2) + dinuty S2, $3) 2 dinurv (81, $3) 
then djyyzy (§1, 52) is called the distance between two 
interval neutrosophic uncertain linguistic variables $, 


Definition 3.2: 

Let Sy = <[Sa,> Sp, IL Tx, Ti’), [lk. Ix], [ re Fi’])>, and 
$2 = <[Sa,> Sp, ](L Te; Te’ |, [Ig IB], [ Fe, Fy >, be any 
two interval neutrosophic uncertain linguistic variables, 
then the Hamming distance between 5, and §, can be 
defined as follows. 


ne iw _ 1 U 
dinutv(S1, $2) “T2012 (la, x Ty — az x TéI+|a, x TY - 


a, X TH |+|a, x Ik — ay x Ik|+ 

la, x IY — ay x If |+]a, x FE — ap x Ff\+|a, x FY - 
a, x Fe |+ 
+|b, x TE — b, x TE|+|b, x TY — by x TH |+|b, x Tk - 

by x Ik|+ 

|b, x I? — by x IB |+|b, x Fk — by x FR\+|b, x FY - 

by X Fy) (12) 

In order to illustrate the effectiveness of definition 3.2, the 
distance defined above must meet the three conditions in 
definition 3.1 

Proof 

Obviously, the distance defined in (12) can meets the 
conditions (1) and (2) in definition 3.1 

In the following, we will prove that the distance defined in 
(12) can also meet the condition (3) in definition 3.1 


For any one interval neutrosophic uncertain linguistic 
variable §3 = <[sq,, 5p, ]([ Té, TE], (16, 12], | Fé, Fe ))>. 


(la, x Tq — a3 x TEl+la, x TH - az x TE | +a, x It — ag X Te|+]a, x If — ag x IE |+]a, x 


FE — az x Fé|+la, x FY — az x FY|+|b, x TL — bs x TE|+|b, x TY — bg x TY |+ |b, x Tk — bg x IE|+|b, x LY — bg x 


1¥|+|b, x Fh — bz x FE|+|b, x FY — bs x FY |) 
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=——— (a, x T} — a, X Tk +a, x TE -—a3 x Té|+|a, x TY — a, X TH +a, x TH -— a3 x TY|+a, x Ik -— ap X 


~ 12(1-1) 


I+ a, xh = ayx iit la, «x12 —a, x18 +a, x = az 12 | 


ba x 1E|+|by xe = bo le + bp de = by x 12 | 


And 


+|a, X Fi — a, x Fk +a, x Fk — a3 x FE|+|a, x EY — a, x FY +a, x FY — a3 x FY | 
+|b, x Tk —b, Xx Tk +b, X TE -— bz x TE|+|b, x TY — b, X TY + by x TH — bg x TY |+|b, x Lk — by x Ik + by x IE - 


+|b, x Fi — b, x Fk +b, X FE — a3 X FE |+|b, x EY — bp x FY + by x FY — bz x FY | 


1 
Taaca (I * Ty — @z X Tg|+laz x Tf — ag X Té|+|a, x TH — az x TH +a x Ty — a3 x TE +a, x Ii — a2 x 


Ik|+]a, x Ik — ag x 1é|+]a, x 12 — a, x If |+]a, x If — a3 x IY |+ 


la, x Fk — a, x Fk|+|a, x Fk — a3 x Fé|+|a, x FY — a, x FR +a, x FY — a, x FY|+ 


+|b, x Tk — bs x TE|+|b, x TY — by x TH |+|b, x TY — bz x TE|+|b, x If — by x If|+|b2 x Ik — bg x Ie |+|b, x IY - 
b, x If |+|b2 x If — bz x Id |+|b, x Fi — by x FR|+|b2 x Fk — b3 x FE|+|b, x FY — b, x FY |+|b2 x Fe — bs x FY) 


1 


=——— (|a, x Tk — a, x Th\+a, x TY — az X TH |+la, x Ik -— ay x Ik |+la, x IY — az x IB +a, x Fe — ay x Fh | 


~ 12(1-1) 


+|a, x FY — a, x FR|+|b, x Th — by x TE|+|b, x TY — bp x TH |+|b, x Lk — be x Tk|+|b, x 12 — bp x 19 | +|b, x 


Fi — b, x Fk|+|b, x FY — b x FR |+ 


la, x Tk —a3 x TéE|+la, x TY — az x TY |+la, x Ik — ag x Ié|+|a x If — az x 18 |+]a, x Fk — a3 x Fé|+|a, x Fe - 
az X FY|+|b, x Tk — bz x TE|+|bo x TH — bg X TE |+|b2 x IK — bg x TE|+|b, x If — bg x IY |+|b, x FE — bg X 


Fe|+|b2 X Fy’ — bs X Fe'|) 


=—* (a, x TE — ap X Tk|+]a, x TY — ay x TH +a, x Ik — ay x Ik|+]a, x 12 — ay x If |+]a, x Fi — ap x FSI 


12(1-1) 


+a, x FY — a, x FR|+|b, x Th — by x Té|+|b, x TY — by x TH |+|b, x Tk — ba x Tk|+|b, x 2 — bp x 18 | +|b, x 


Fi — b, x Fk|+|b, x FY — b, x FY |)+ 
ai 
12(1-1) 


Fé |+|a, x FY — az x FY|+|b, x TE — bz x TE|+|b, x TH - 


FE —b; x Fé|+|b, x FY — b x FEI) 


=diutv (81, $2) + dinurv (82, $3) 
So, dinutv (51,82) + dinuty (S2; §3) 2 dinutv ($1, $3) 


Especially, when TH=TY, [k=12, FL=FY,and TE=TY, 
Ik=I2, and Fi=F’the interval neutrosophic uncertain 
linguistic variables 5,, 5, can be reduced to single valued 
uncertain linguistic variables. So the single valued 
neutrosophic uncertain linguistic variables are the special 
case of the interval neutrosophic uncertain linguistic 
variables. 


Because the attribute weight is fully unknown, we can 
obtain the attribute weight vector by the maximizing 
deviation method. Its main idea can be described as 
follows. If all attribute values z;; (j=1, 2,..., m) in the 
attribute C; have a small difference for all alternatives, it 
shows that the attribute C; has a small importance in 
ranking all alternatives, and it can be assigned a small 
attribute weight, especially, if all attribute values z;; G=1, 


(la, x TE — a3 x Té|+|a, x TH — az x TY |+laz x Ik - az x Té|+]az x 12 -— ag x 1¥|+]a, x FE — a3 x 


bg X TY|+|b, x Ik — bg x IE|+|b2 x IZ — b3 x IY |+|b2 X 


2,....m) in the attribute C; are equal, then the attribute C; 
has no effect on sorting, and we can set zero to the weight 
of attribute C;. On the contrary, if all attribute values z;; 
(j=l, 2,..., n) in the attribute C; have a big difference, the 
attribute Cj will have a big importance in ranking all 
alternatives, and its weight can be assigned a big value. 
Here, based on the maximizing deviation method, we 
construct an optimization model to determine the optimal 
relative weights of criteria under interval neutrosophic 
uncertain linguistic environment. For the criterion C; € C, 
we can use the distance d(zjj,Z,;) to represent the 
deviation between attribute values z;; and Z,;, and Dj; 
Yee C(Zij,Zx;) Ww; can present the weighted deviation 
sum for the alternative A; to all alternatives, then 
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D; (w)=Li= 1 Di; (wj)= Lisa Let d(Zij,Zxj) Ww; presents 
the weighted deviation sum for all alternatives, D 
(w= Li= 1 D;(wj)= pe eae Sage 14 (Zij,2Kj) Wj ) 
presents total weighed deviations for all alternatives with 
respect to all attributes. 

Based on the above analysis, we can construct a non linear 
programming model to select the weight vector w by 
maximizing D (w),as follow: 


j=1 Diet et d(Zij;, Zxj) Wj 


Max D(w;) = 
E[0,,f=12,..n  o 


s.t L94.W 


Then we can build Lagrange multiplier function, and get 


L(Wj A= Dea DE Dee A iy, Ze) Wy +A CL Fa1 WP -1) 
aL(w;,a) 
a = ep en d(Zij,Zx;) Wj + 2Aw; =0 
Let 
&) aL(w;a) n yi e 
aw; jai Wj 7 
We can get 


(1) For benefit type, 
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2A = OHTA, d(Zij, Zxj))? 
Wie Dkr U(Zij.2K;) 


es; (OE Dee aziz. 2K; ))? 


c- 
(14) 
Then we can get the normalized attribute weight, and have 


wre ker U(Zij.2K;) 
J Wea Lies Leet d(Zij.ZKj) 


(15) 


C. The Extended TOPSIS Method for the Interval 
Neutrosophic Uncertain linguistic Information. 
The standard TOPSIS method can only process the real 
numbers, and cannot deal with the interval neutrosophic 
uncertain linguistic information. In the following, we will 
extend TOPSIS to process the interval neutrosophic 
uncertain linguistic variables. The steps are shown as 
follows 

(1) Normalize the decision matrix 
Considering the benefit or cost type of the attribute values, 
we can give the normalized matrix R=(r;;), where 7; past 
ri], 1(L T; ‘> f Ti], (li, Ii I AR [ Fi, Fi7])>, The normalization 
can be made show as follows 


oe for(1<i<m, 1<j<n) a 
Th =T}h TH HTH Wa, Wal, FG = FRG HFG 

(11) For cost type, 
{ ry = neg(xj;), ny =neg(xj;) for(dsism, 1<j<n) in 
ty =Th, TY = TH, ‘ik = =1h, if =18, Bh = Fi, FE = FY 

(2) Construct the weighted normalize matrix 

Y=[Vijlmxn oo oo oo oo 
<[yt yb) OT Tad [it AL | Ft, FAD > < [yt yt) CT Tia) Lin Hal, [ Fin Fin) > 
< [yi ye), (LT Te), Lay i) [Fo Fon) 2 i 


< en eats ly ([ iio 7, 


Where 
Se wally 
= WN; 


Vij Wj ip Vij 
ip tah ta hy 


(3) Identify, the sets of the positive ideal solution Yt=(y}, y,.. 


(Vi, ¥2>--+> Ym) , then we can get 
Yt= 
1 Y2>.. In= (< [yt ors LC 1 Lt 
[vz* .y2 LC T2*, 7241 La Fe) > < 


Cais 


Trin Tn [inn tind, [ Fins Fn) > 


my 1 i Ce yyw, (18) 
= 0)", Fh = FA”), BY = GE) 


., Ya) and the negative ideal solution Y~= 


Vi et Dex 
[yn* 


nL Cte Ae Lie Le Pe) > (19) 
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YO= (V1 V2 +++ Vn )= 
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<br YLT TL AD LE ED) > < yt 2 TET I LPS PD) > < 


[ye Yn LUT The LL Pe FD > 


Where 
L+ 
Jj 


(20) 


= max;(yij), yj* = max;(yjj), 


iY = mans). = max, (FY), ff = ming (tf = min (i), Ff = min, (FY = min, (8), 
yj = mindy), 947 = min(y4), 
Fj" = min (Fy), 77° = min, (7G), = maxi (Hj). f7 = maxi(1f), Fy = maxi(Fj), F7- = max,(Fy), 


(21) 


(4) Obtain the distance between each alternative and the 
positive ideal solution, and between each alternative 
and the negative ideal solution, then we can get 

D*= (df, d},..., d*,) 
D-= (dj, dz,..., dm) (22) 
Where, 


d} = P-sC4ou.9/9)'T we 


dz =|[Z%(ao.97) | 


Where , d(yi;, yj dis the distance between the interval 

valued neutrosophic uncertain linguistic variables y;; and 

yi and d(yj;,y; ) is the distance between the interval 

valued neutrosophic uncertain linguistic variables y;; and 

y; which can be calculated by (12) 

(5) Obtain the closeness coefficients of each alternative to 
the ideal solution, and then we can get 


_ 
Cae (i=1,2,...,m) 
(6) Rank the alternatives 
According to the closeness coefficient above, we can 
choose an alternative with minimum cc; or rank 
alternatives according to cc; in ascending order 
IV. An illustrative example 


(24) 


In this part, we give an illustrative example adapted from J. 
Ye [20] for the extended TOPSIS method to multiple 


(R) mxn= 


< ([sa, ss], ({0.4, 0.5 ], [0.2, 0.3 ],[0.3,0.4]) > <({ss,s¢], (0.4, 0.6 ], [0.1, 0.2 ] 
< ([ss, S6], ({0.5, 0.7 ],[0.1, 0.2], [0.2,0.3])) > <([sa,ss], ((0.6,0.7 ], [0.1, 0.2] 
< ([ss, S6], ({0.3, 0.5 ], [0.1, 0.2 ],[0.3,04])) > < ({ss,s¢], ([0.5, 0.6 ], [0.1, 0.3 ] 
L< ([sq,5,], ({0.7,0.8 ], (0.0, 0.1 ],[0.1,0.2])) > <([sqq], ([0.5, 0.7], [0.1, 0.2] 


A. Decision steps 


,[0.2, 0.4 
,[0.2, 0.3 
,[0.3, 0.4 
,[0.2, 0.3 


attribute decision making problems in which the attribute 
values are the interval neutrosophic uncertain linguistic 
variables. 

Suppose that an investment company, wants to invest a 
sum of money in the best option. To invest the money, 
there is a panel with four possible alternatives: (1) A, is car 
company; (2) Az is food company; (3) A3 is a computer 
company; (4) A, is an arms company. The investement 
company must take a decision according to the three 
attributes: (1) C, is the risk; (2) Cy is the growth; (3) C3 isa 
the environmental impact. The weight vector of the 
attributes is w= (0.35, 0.25, 0.4)7.The expert evaluates the 
four possible alternatives of A; (i=1,2,3,4) with respect to 
the three attributes of C, (i=1,2,3), where the evaluation 
information is expressed by the form of INULV values 
under the linguistic term set S={sg=extremely poor, 
S,=very poor, S2= poor, S3= medium, s4= good, s;= very 
good, s,= extermely good}. 

The evaluation information of an alternative A; (i=1, 2, 3) 
with respect to an attribute C; (j=1, 2, 3) can be given by 
the expert. For example, the INUL value of an alternative 
A, with respect to an attribute C, is given as <[sy, Ss], 
({0.4, 0.5 ],[0.2, 0.3 ], [0.3,0.4 ])> by the expert, which 
indicates that the mark of the alternative A, with respect to 
the attribute C,; is about the uncertain linguistic value 
[S4, S5,] with the satisfaction degree interval [0.4 ,0.5], 
indeterminacy degree interval [0.2, 0.3], and dissatisfaction 
degree interval [0.3, 0.4]. similarly, the four possible 
alternatives with respect to the three attributes can be 
evaluated by the expert, thus we can obtain the following 
interval neutrosophic uncertain linguistic decision matrix: 


< ([s4, Ss], (0.2, 0.3 
< ([s4, Ss], ({0.5, 0.7 
< ({s4, 54], ({0.5, 0.6 
< ([s5, S6], ((0.3, 0.4 


(0.1, 0.2 
(0.2, 0.2 
,[0.1,0.3 
,[0.1, 0.2 


,[0.5, 0.6 
,[0.1, 0.2 
,[0.1,0.3 


> 
= 
> 
,[0.1,0.2 }) > 


)> 
)> 
)> 
D> | 


To get the best an alternatives, the following steps are 
involved: 
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Step 1: Normalization 

Because the attributes are all the benefit types, we don’t 
need the normalization of the decision matrix X 

Step 2: Determine the attribute weight vector W, by 
formula (24), we can get 
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W,= 0.337 , Wo= 0.244 , w3=0.379 
Step 3: Construct the weighted normalized matrix, by 
formula (18), we can get 


< ([si.sog, S.ggs], ({0.175, 0.229], [0.545, 0.635 J, [0.635, 0.708 ]) >< ([s225, $1467], ({0.117, 0.201 J, [0.570, 0.675 ], [0.675, 0.800 ]) > 
Y =| < Usi.s85, 82.262), ({0.229, 0.365 ], [0.42, 0.545 ],[0.545, 0.635 ]) >< ([so981, $1,225], ([0.201, 0.255 ], [0.570, 0.675 }, [0.675, 0.745 }) > 


< ([Si.ges, $2262], ([0.125, 0.23 ], [0.42, 0.545 ], [0.635, 0.708 ]) > 
< ([Si131, Sisoa], ((0.364, 0.455 ], [0.0, 0.42 ], [0.42, 0.545 ]) > 


< ([s1s08, Seas], ({0.081, 0.126], [0.420, 0.545 ], [0.77, 0.825 ]) > 


<([sisos,  Si.ggs], ({0.231, 0.365 ], (0.545, 0.545 J, [0.420, 0.545 ]) > 
<([Sisos,  S1.s0g], ({0.231, 0.292 ], [0.420, 0.635 ], [0.420, 0.635 ]) > 
<([siges, $2262], ([0.126, 0.175 J, [0.420, 0.545 ], [0.420, 0.545 ]) > 


Step 4: Identify the sets of the positive ideal solution 
Yt=(y}, yt, yt) and the negative ideal solution 

Y"=(1, Y2, ¥3 ), by formulas (19)- (21), we can get then 
we can get 


Y t= (< ({s1.995, 82.262], ({0.365, 0.455 ], [0, 0.42 ], [0.42, 0.545 ]) > 
»< ((S1.225, 81.47], ({0.201, 0.255 ], (0.569, 0.674 ], [0.674, 0.745 ]) >, 
< ([S1.g95) $2.262], ({0.230, 0.365 ], [0.420, 0.545 J, [0.420, 0.545 ]) >) 


Y~=(< ({51.131) $1508], ({0.126, 0.230 ], (0.545, 0.635 ], [0.635, 0.708 ]) > 
, < ((S0.735) $0.08}, ({0.117, 0.201], [0.569, 0.745 ], [0.745,0.799]) >, < 
([s1 soa) $1508], ({0.081, 0.126 ], [0.545, 0.635 ], [0.770, 0.825 ]) >) 


Step 5: Obtain the distance between each alternative and 
the positive ideal solution, and between each alternative 
and the negative ideal solution, by formulas (22)-(23), we 
can get 

D*= (0.402, 0.065, 0.089, 0.066) 


D~= (0.052, 0.073, 0.080, 0.065) 


Step 6: Calculate the closeness coefficients of each 
alternative to the ideal solution, by formula (24) and then 
we can get 


cc; = (0.885, 0.472, 0.527, 0.503) 
Step 7: Rank the alternatives 
According to the closeness coefficient above, we can 
choose an alternative with minimum to cc; in ascending 
order. We can get 

A, 2A, = A32 A, 


So, the most desirable alternative is A, 


V-Comparison analysis with the existing interval 
neutrosophic uncertain linguistic multicriteria 
decision making method. 


Recently, J. Ye [20] developed a new method for solving 
the MCDM problems with interval neutrosophic uncertain 
linguistic information. In this section, we will perform a 


< ([S0.98 $1225], ({0.156, 0.201 J, [0.570, 0.745 J, [0.745, 0.800 ]) > 
< ([S0.735, So.os}, ([0.156, 0.255 J, [0.570, 0.674 ], [0.675, 0.745 ]) > 


comparison analysis between our new method and the 
existing method, and then highlight the advantages of the 
new method over the existing method. 


(1) Compared with method proposed proposed by J. Ye 
[20], the method in this paper can solve the MADM 
problems with unknown weight, and rank the alternatives 
by the closeness coefficients. However, the method 
proposed by J. Ye [20] cannot deal with the unknown 
weight It can be seen that the result of the proposed 
method is same to the method proposed in [20]. 


(2) Compared with other extended TOPSIS method 
Because the interval neutrosophic uncertain linguistic 
variables are the generalization of interval neutrosophic 
linguistic variables (INLV), interval neutrosophic variables 
(INV),and intuitionistic uncertain linguistic variable. 
Obviously, the extended TOPSIS method proposed by J. 
Ye [19], Z. Wei [54], Z. Zhang and C. Wu [3], are the 
special cases of the proposed method in this paper. 

In a word, the method proposed in this paper is more 
generalized. At the same time, it is also simple and easy to 
use. 


VI-Conclusion 

In real decision making, there is great deal of qualitative 
information which can be expressed by uncertain linguistic 
variables. The interval neutrosophic uncertain linguistic 
variables were produced by combining the uncertain 
linguistic variables and interval neutrosophic set, and could 
easily express the indeterminate and _ inconsistent 
information in real world. TOPSIS had been proved to be a 
very effective decision making method and has been 
achieved more and more extensive applications. However, 
the standard TOPSIS method can only process the real 
numbers. In this paper, we extended TOPSIS method to 
deal with the interval neutrosophic uncertain linguistic 
variables information, and proposed an extended TOPSIS 
method with respect to the MADM problems in which the 
attribute values take the form of the interval neutrosophic 
and attribute weight unknown. Firstly, the operational rules 
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and properties for the interval neutrosophic uncertain 
linguistic variables were presented. Then the distance 
between two interval neutrosophic uncertain linguistic 
variables was proposed and the attribute weight was 
calculated by the maximizing deviation method, and the 
closeness coefficient to the ideal solution for each 
alternative used to rank the alternatives. Finally, an 
illustrative example was given to illustrate the decision 
making steps, and compared with the existing method and 
proved the effectiveness of the proposed method. 
However, we hope that the concept presented here will 
create new avenue of research in current neutrosophic 
decision making area. 


References 

{1] A. Kharal, A Neutrosophic Multicriteria Decision Making 
Method, New Mathematics and Natural Computation, 
Creighton University, USA, 2013. 

[2] A.Q. Ansaria, R. Biswas and S. Aggarwal, Neutrosophic 
classifier: An extension of fuzzy classifer, Applied Soft 
Computing 13 (2013) 563-573. 

[3] C.L. Hwang, K. S. Yoon, Multiple attribute decision 
making: Methods and applications,Berlin:Springer-verlag, 1984. 

[4] D. Rabounski, F. Smarandache, L. Borissova, Neutrosophic 
Methods in General Relativity, Hexis, (2005). 

[5] G. Lee, K. S. Jun, E. S. Chung, ’Robust spatial flood 
vulnerability assessment for han river using TOPSIS with @ —cut 
level set”,Expert Systems with Applications, 
vol.41,no2,(2014)644-654. 

[6] F. G. Lupiafiez, On neutrosophic topology, Kybernetes, 37/6, 
(2008) 797-800. 

[7] F. Smarandache, A Unifying Field in 
Neutrosophy: Neutrosophic Probability, Set and Logic. 
Rehoboth: American Research Press, (1998). 

[8] H. Wang, F. Smarandache, Y. Zhang, and R. 
Sunderraman, Single valued Neutrosophic Sets, Multisspace 
and Multistructure 4 (2010) 410-413. 

[9] H. Wang, F. Smarandache, Y. Zhang, and R. 
Sunderraman, Interval Neutrosophic Sets and Logic: Theory 
and Applications in Computing, Hexis, Phoenix, AZ, (2005). 

[10] I. Deli and S. Broumi, Neutrosophic multisets and its 
application in medical diagnosis, 2014, (submitted) 

{11] I. Deli, Interval-valued neutrosophic soft sets and its 
decision making http://arxiv.org/abs/1402.3130. 

[12] IL. Deli, S. Broumi, Neutrosophic soft sets and neutrosophic 
soft matrices based on decision making, http://arxiv:1404.0673. 
[13] I. Deli, Y. Toktas, S. Broumi, Neutrosophic Parameterized 
Soft relations and Their Application, Neutrosophic Sets and 
Systems, Vol. 4, (2014) 25-34 

[14] J. Ye, Similarity measure between interval neutrosophic sets 
and their applications in multiciteria decision making journal of 
intelligent and fuzzy systems 26,(2014) 165-172. 

[15] J. Ye, Multiple attribute group decision —making method 
with completely unknown weights based on similarity measures 
under single valued neutrosophic environment, journal of 
intelligent and Fuzzysystems,2014,DOI:10.3233/IFS-141252. 

[16] J. Ye, single valued neutrosophic cross-entropy for 
multicriteria decision making problems, Applied Mathematical 
Modelling,38, (2014) 1170-1175. 


Logics. 


Collected Papers, XIl 


[17] J. Ye, single valued neutrosophic minimum spanning tree 
and it clustering method, Journal of intelligent Systems 23(3), 
(2014)311-324. 

[18] J. Ye, Multicriteria decision-making method using the 
correlation coefficient under  single-valued neutrosophic 
environment. International Journal of General Systems, Vol. 42, 
No. 4,(2013) 386-394, 
http://dx.doi.org/10.1080/03081079.2012.761609. 

[19] J. Ye, Some aggregation operators of interval neutrosophic 
linguistic numbers for multiple attribute decision making, 
Journal of Intelligent and Fuzzy System (2014) -, 
DOI:10.3233/IFS-141187 

[20] J. Ye, Multiple attribute decision making based on interval 
neutrosophic uncertain linguistic variables,Neural Computing and 
Applications,2014,(submitted) 

[21] J. Ye, A Multicriteria decision-making method using 
aggregation operators for simplified neutrosophic sets,Journal of 
Intelligent and Fuzzy System (2013) -, DOI: 10.3233/IFS-130916. 
[22] K. Atanassov, More on intuitionistic fuzzy sets, Fuzzy Sets 
and Systems Vol 33,no.5,(1989) 37-46. 

[23] K. Atanassov, Gargov, interval —valued intuitionistic fuzzy 
sets, Fuzzy Sets and Systems 31 (1989) 343-349. 

[24] K. Atanassov, Operators over interval —valued intuitionistic 
fuzzy sets, Fuzzy Sets and Systems 64 (1994) 159-174. 

[25] L.A. Zadeh, Fuzzy sets, Information and control, Vol8 (1965) 
338-356. 

[26] L. Zeng, Expected value method for fuzzy multiple attribute 
decision making,Tsinghua Science and 

Technology, 1 1,(2006) 102-106. 

[27] L. Peide, Y. Li, Y. Chen, Some Generalized Neutrosophic 
number Hamacher Aggregation Operators and Their Application 
to Group Decision Making, International Journal of Fuzzy 
Systems, Vol,16,No.2,(2014) 212-255. 

[28] M. Arora, R. Biswas and U.S. Pandy, Neutrosophic 
Relational Database Decomposition, International Journal of 
Advanced Computer Science and Applications, 2(8) (2011) 121- 
125. 

(29] M. Arora and R. Biswas, Deployment of Neutrosophic 
Technology to Retrieve Answers for Queries Posed in Natural 
Language, in 3rdInternational Conference on Computer Science 
and Information Technology, (2010) 435-439. 

[30] P. Chi, L. Peid, An Extended TOPSIS Method for the 
Multiple Attribute Decision Making Problems Based on Interval 
Neutrosophic, Neutrosophic Sets and Systems, | (2013) 63-70. 
(31] P. Liu, Y. Wang ,Multiple attribute decision-making method 
based on single-valued neutrosophic normalized weighted 
Bonferroni mean, Neural Computing and Applications,2014 

[32] P. Biswas, S.Paramanik, B. C. Giri, A New Methodology 
for neutrosophic Multi-attribute Decision Making with unknown 
weight Information, Neutrosophic Sets and Systems, Vol 
3,(2014) 44-54. 

[33] P. K. Mayji, Neutrosophic Soft Set, Annals of Fuzzy 
Mathematics and Informatics, Vol 5, No. 1, ISSN:2093-9310, 
ISSN: 2287-623. 

[34] P.D. Liu, Y. Su, ”The extended TOPSIS based on trapezoid 
fuzzy linguistic variables», Journal of Convergence Information 
Technology, Vol.5,No.4,(2010) 38-53. 

[35] R. Sahin and A. Kucuk, Generalized Neutrosophic Soft Set 
and its Integration to Decision Making Problem, Appl. Math. Inf. 
Sci. 8(6) (2014) 2751-2759 


266 


Florentin Smarandache (author and editor) 


[36] R. Sahin and A. Kiictik, On Similarity and Entropy of 
Neutrosophic Soft Sets, Journal of Intelligent and Fuzzy 17 
Systems, DOI: 10.3233/IFS-141211. 
[37] S. Aggarwal, R. Biswas and A. Q. Ansari, 
Neutrosophic Modeling and Control, Computer and 
Communication Technology (2010) 718-723. 
[38] S. Broumi and F. Smarandache, Intuitionistic Neutrosophic 
Soft Set, Journal of Information and Computing Science, 
England, UK, 8(2) (2013) 130-140. 
[39] S. Broumi, Generalized Neutrosophic Soft Set, 
International Journal of Computer Science, Engineering and 
Information Technology, 3(2) (2013) 17-30. 
[40] S. Broumi, F. Smarandache, Correlation Coefficient of 
Interval Neutrosophic set, Periodical of Applied 

Mechanics and Materials, Vol. 436, 2013, with the title 
Engineering Decisions and Scientific Research in Aerospace, 
Robotics, Biomechanics, Mechanical Engineering and 
Manufacturing; Proceedings of the International Conference 
ICMERA, Bucharest, October 2013. 
[41] S. Broumi, F. Smarandache, Several Similarity Measures of 
Neutrosophic Sets, Neutrosophic Sets and Systems, 1, (2013) 54- 
62. 
[42] S. Broumi, I. Deli, and F. Smarandache, Relations on 
Interval Valued Neutrosophic Soft Sets, Journal of New Results 
in Science, 5 (2014) 1-20 
[43] S. Broumi, F. Smarandache, More on_ Intuitionistic 
Neutrosophic Soft Sets, Computer Science and Information 


Technology 1(4)(2013) 257-268, DOI: 
10.13189/csit.2013.010404. 

[44] S. Broumi, I. Deli, F. Smarandache, Neutrosophic 
Parametrized Soft Set theory and its decision making 


problem, Italian journal of pure and applied mathematics N. 32, 
(2014) 1 -12. 


Collected Papers, XIl 


[45] S. Broumi, F Smarandache, On Neutrosophic Implications, 
Neutrosophic Sets and Systems, Vol. 2, (2014) 9-17. 

[46] S. Broumi, F Smarandache,” Rough neutrosophic sets. 
Italian journal of pure and applied mathematics,N.32,(2014) 493- 
502. 

[47] S. Broumi, R. Sahin, F. Smarandache, Generalized Interval 
Neutrosophic Soft Set and its Decision Making Problem , Journal 
of New Results in Science No 7, (2014)29-47. 

[48] S. Broumi, F. Smarandache, P. K.Maji, Intuitionistic 
Neutrosophic Soft Set over Rings, Mathematics and Statistics 
2(3): (2014) 120-126, DOL 10.13189/ms.2014.020303. 

[49] Y. Q. Wei and P.D. Liu, ’Risk Evaluation Method of High- 
technology Based on Uncertain Linguistic Variable and TOPSIS 
Method”, Journal of Computers, Vol.4, No.3,(2009)276-282. 

[50] Z. P. Chen, W. Yang A new multiple attribute group 
decision making method in intuitionistic fuzzy setting, Applied 
Mathematical Modelling, Vol.355,(2011) 4424-4437. 

[51] Z. Xu, A method based on distance measure for interval — 
valued intuitionistic fuzzy group decision making, information 
Science, 180 (2010)181-190. 

[52] Z. Xu, An approach based on similarity measure to multiple 
attribute decision making with trapezoid fuzzy linguistic 
variables, Springer, Berlin, Heidelberg, (2005)110-117 

[53] Z. Zhang, C. Wu, A novel method for single —valued 
neutrosophic multiciteria decision making with incomplete 
weight information, Neutrosophic Sets and Systems, Vol 4,2014 
(35-49). 

[54] Z. Wei, An extended TOPSIS method for multiple attribute 
decision Making Based on Intuitionistic Uncertain Linguistic 
Variables, Engineering Lettres,22:3,EL_22-3-04. 

[55] Z. Yue, ’An Extended TOPSIS for determining weight of 
decision makers with interval numbers”, Knowledge-Based 
System, Vol.24, No.1, (2014) 14-153. 


267 


Florentin Smarandache (author and editor) 


Collected Papers, XII 


Thesis-Antithesis-Neutrothesis, and Neutrosynthesis 


Florentin Smarandache 


Florentin Smarandache (2015). Thesis-Antithesis-Neutrothesis, and Neutrosynthesis. 


Neutrosophic Sets and Systems 8, 57-58 


Abstract. In this short paper we extend the dialectical 
triad thesis-antithesis-synthesis (dynamics of <A> and 
<antiA>, to get a synthesis) to the neutrosophic tetrad 
thesis-antithesis-neutrothesis-neutrosynthesis (dynamics 
of <A>, <antiA>, and <neutA>, in order to get a neutro- 
synthesis). We do this for better reflecting our world, 


since the neutralities between opposites play an important 
role. The neutrosophic synthesis (neutrosynthesis) is 
more refined that the dialectical synthesis. It carries on 
the unification and synthesis regarding the opposites and 
their neutrals too. 


Keywords: Thesis, Antithesis, Synthesis, Thesis-Antithesis-Neutrothesis, and Neutrosynthesis. 


1. Introduction. 


In neutrosophy, <A>, <antiA>, and <neutA> combined 
two by two, and also all three of them together form the 
NeutroSynthesis. Neutrosophy establishes the universal 
relations between <A>, <antiA>, and <neutA>. 

<A> is the thesis, <antiA> the antithesis, and <neutA> the 
neutrothesis (neither <A> nor <antiA>, but the neutrality 

in between them). 

In the neutrosophic notation, <nonA> (not <A>, outside of 
<A>) is the union of <antiA> and <neutA>. 

<neutA> may be from no middle (excluded middle), to one 
middle (included middle), to many finite discrete middles 
(finite multiple included-middles), and to an infinitude of 
discrete or continuous middles (infinite multiple included- 
middles) [for example, as in color for the last one, let’s say 
between black and white there is an infinite spectrum of 
middle/intermediate colors]. 


2. Thesis, Antithesis, Synthesis. 


The classical reasoning development about evidences, 
popularly known as thesis-antithesis-synthesis from 
dialectics, was attributed to the renowned philosopher 
Georg Wilhelm Friedrich Hegel (1770-1831) and later it 
was used by Karl Marx (1818-1883) and Friedrich Engels 
(1820-1895). About thesis and antithesis have also written 
Immanuel Kant (1724-1804), Johann Gottlieb Fichte 
(1762-1814), and Thomas Schelling (born 1921). While in 
ancient Chinese philosophy the opposites yin [feminine, 
the moon] and yang [masculine, the sun] were considered 
complementary. 


Thesis, Antithesis, Neutrothesis, 
Neutrosynthesis. 


Neutrosophy is a generalization of dialectics (which is 
based on contradictions only, <A> and <antiA>), because 
neutrosophy is based on contradictions and on _ the 
neutralities between them (<A>, <antiA>, and <neutA>). 
Therefore, the dialectical triad thesis-antithesis-synthesis is 
extended to the neutrosophic tetrad thesis-antithesis- 
neutrothesis-neutrosynthesis. We do this not for the sake of 
generalization, but for better reflecting our world. A 
neutrosophic synthesis (neutrosynthesis) is more refined 
that the dialectical synthesis. It carries on the unification 
and synthesis regarding the opposites and their neutrals too. 


Neutrosophic Dynamicity. 


We have extended in [1] the Principle of Dynamic 
Opposition [opposition between <A> and <antiA>] to the 
Principle of Dynamic Neutropposition [which means 
oppositions among <A>, <antiA>, and <neutA>]. 
Etymologically “neutropposition” means “neutrosophic 
opposition”. 

This reasoning style is not a neutrosophic scheme, but it is 
based on reality, because if an idea (or notion) <A> arises, 
then multiple versions of this idea are spread out, let’s 
denote them by <A>, <A>), ..., <A>m. Afterwards, the 
opposites (in a smaller or higher degree) ideas are born, as 
reactions to <A> and its versions <A>;. Let’s denote these 
versions of opposites by <antiA>,, <antiA>, ..., <antiA>,. 
The neutrality <neutA> between these contradictories 
ideas may embrace various forms, let’s denote them by 
<neutA>), <neutA>,, ..., <neutA>,, where m, n, p are 
integers greater than or equal to 1. 
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In general, for each <A> there may be corresponding many 
<antiA>’s and many <neutA>’s. Also, each <A> may be 
interpreted in many different versions of <A>’s too. 
Neutrosophic Dynamicity means the interactions among all 
these multi-versions of <A>’s 

with their multi-<antiA>’s and their multi-<neutA>’s, 
which will result in a new thesis, let’s call it <A’> at a 
superior level. And a new cycle of <A’>, <antiA’>, and 
<neutA’> restarts its neutrosophic dynamicity. 


Practical Example 


Let’s say <A> is a country that goes to war with another 
country, which can be named <antiA> since it is 
antagonistic to the first country. But many neutral 
countries <neutA> can interfere, either supporting or 
aggressing one of them, in a smaller or bigger degree. 
Other neutral countries <neutA> can still remain neutral in 
this war. Yet, there is a continuous dynamicity between the 
three categories (<A>, <antiA>, <neutA.), for countries 
changing sides (moving from a coalition to another 
coalition), or simply retreating from any coalition. 

In our easy example, we only wanted to emphasize the fact 
that <neutA> plays a role in the conflict between the 
opposites <A> and <antiA>, role which was ignored by 
dialectics. 

So, the dialectical synthesis is extended to a neutrosophic 
synthesis, called neutrosynthesis, which combines thesis, 
antithesis, and neutrothesis. 


Theoretical Example. 


Suppose <A> is a philosophical school, and its opposite 
philosophical school is <antiA>. In the dispute between 
<A> and <antiA>, philosophers from the two contradictory 
groups may bring arguments against the other 
philosophical school from various neutral philosophical 
schools’ ideas (<neutA>, which were neither for <A> nor 
<antiA>) as well. 
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Florentin Smarandache (2015). Refined Literal Indeterminacy and the Multiplication Law 
of Sub-Indeterminacies. Neutrosophic Sets and Systems 9, 58-63 


Abstract. In this paper, we make a short history about: the 
neutrosophic set, neutrosophic numerical components and 
neutrosophic literal components, neutrosophic numbers, 
neutrosophic intervals, neutrosophic hypercomplex num- 
bers of dimension n, and elementary neutrosophic alge- 
braic structures. Afterwards, their generalizations to re- 
fined neutrosophic set, respectively refined neutrosophic 
numerical and literal components, then refined neutro- 
sophic numbers and refined neutrosophic algebraic struc- 
tures. The aim of this paper is to construct examples of 


splitting the literal indeterminacy (J) into literal sub-inde- 
terminacies (14, 1z,...,1,-), and to define a multiplication 
law of these literal sub-indeterminacies in order to be able 
to build refined I — neutrosophic algebraic structures. 
Also, examples of splitting the numerical indeterminacy 
(é) into numerical sub-indeterminacies, and examples of 
splitting neutrosophic numerical components into neutro- 
sophic numerical sub-components are given. 


Keywords: neutrosophic set, elementary neutrosophic algebraic structures, neutrosophic numerical components, neutrosophic literal 
components, neutrosophic numbers, refined neutrosophic set, refined elementary neutrosophic algebraic structures, refined neutrosophic 
numerical components, refined neutrosophic literal components, refined neutrosophic numbers, literal indeterminacy, literal sub-inde- 


terminacies, [-neutrosophic algebraic structures. 


1 Introduction 


Neutrosophic Set was introduced in 1995 by 
Florentin  Smarandache, who coined the words 
"neutrosophy” and its derivative ,neutrosophic”. The first 
published work on neutrosophics was in 1998 see [3]. 


There exist two types of neutrosophic components: numeri- 
cal and literal. 


2 Neutrosophic Numerical Components 


Of course, the neutrosophic numerical components 
(t,i, f) are crisp numbers, intervals, or in general subsets of 
the unitary standard or nonstandard unit interval. 

Let U be a universe of discourse, and M a set included 
in U. A generic element x from U belongs to the set M in 
the following way: x(t, i, f) € M, meaning that x’s degree 
of membership/truth with respect to the set M is t, x’s de- 
gree of indeterminacy with respect to the set M isi, and x’s 
degree of non-membership/falsehood with respect to the set 
M is f, where t, i, f are independent standard subsets of the 
interval [0,1], or non-standard subsets of the non-standard 
interval ]~0,1*[ in the case when one needs to make dis- 
tinctions between absolute and relative truth, indeterminacy, 
or falsehood. 

Many papers and books have been published for the 
cases when t,i, f were single values (crisp numbers), or 


t,i, f were intervals. 


3 Neutrosophic Literal Components 


In 2003, W. B. Vasantha Kandasamy and Florentin Smaran- 
dache [4] introduced the literal indeterminacy “TI”, such that 
I?=I (whence I” =I for n=1, 1 integer). They 
extended this to neutrosophic numbers of the form: a + bl, 
where a, b are real or complex numbers, and 


(a, + byl) + (a2 + bal) = (a, + a2) + (by + b2)I (1) 
(ai+ bil)(a2 + bol) = (aiaz2) + (aib2 + a2bi + bib2)T (2) 


and developed many / -neutrosophic algebraic structures 
based on sets formed of neutrosophic numbers. 

Working with imprecisions, Vasantha Kandasamy & 
Smarandache have proposed (approximated) F by J; yet dif- 
ferent approaches may be investigated by the interested re- 
searchers where F # J (in accordance with their believe and 
with the practice), and thus a new field would arise in the 
neutrosophic theory. 

The neutrosophic number N = a+ bI can be inter- 
preted as: “a” represents the determinate part of number N, 
while “bI” the indeterminate part of number N. 

For example, 7 =2.6457... that is irrational has infi- 
nitely many decimals. We cannot work with this exact num- 
ber in our real life, we need to approximate it. Hence, we 
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may write it as 2 + J withT € (0.6, 0.7), or as 2.6 + 37 with 
I € (0.01, 0.02), or 2.64 + 21 with I € (0.002, 0.004), etc. 
depending on the problem to be solved and on the needed 
accuracy. 

Jun Ye [9] applied the neutrosophic numbers to decision 
making in 20/4. 


4 Neutrosophic Intervals 


We now for the first time extend the neutrosophic num- 
ber to (open, closed, or half-open half-closed) neutrosophic 
interval. A neutrosophic interval A is an (open, closed, or 
half-open half-closed) interval that has some indeterminacy 
in one of its extremes, i.e. it has the form A = /a, b] U {cl}, 
or A ={cl} U [a, b], where fa, b/ is the determinate part of 
the neutrosophic interval A, and J is the indeterminate part 
of it (while a, b, c are real numbers, and means union). 
(Herein J is an interval.) 

We may even have neutrosophic intervals with double inde- 
terminacy (or refined indeterminacy): one to the left (77), and 
one to the right (2): 

A= {ei} U [a, bJU <crl}. (3) 
A classical real interval that has a neutrosophic number as 
one of its extremes becomes a neutrosophic interval. For ex- 
ample: /0, /7/ can be represented as /0, 27 UJ with J = 
(2.0, 2.7), or [0, 27 U {10F} with I = (0.20, 0.27), or [0, 2.6] 
U {10F} with I = (0.26, 0.27), or [0, 2.64] VU {107} with I = 
(0.264, 0.265), etc. in the same way depending on the prob- 
lem to be solved and on the needed accuracy. 


We gave examples of closed neutrosophic intervals, but the 
open and half-open half-closed neutrosophic intervals are 
similar. 


5 Notations 


In order to make distinctions between the numerical and 
literal neutrosophic components, we start denoting the nu- 
merical indeterminacy by lower case letter “i” (whence con- 
sequently similar notations for numerical truth “t”, and for 
numerical falsehood “f”), and literal indeterminacy by up- 
per case letter “I” (whence consequently similar notations 
for literal truth “T”, and for literal falsehood “F”). 


6 Refined Neutrosophic Components 


In 20/3, F. Smarandache [3] introduced the refined neu- 
trosophic components in the following way: the neutro- 
sophic numerical components t,i, f can be refined (split) 
into respectively the following refined neutrosophic numer- 
ical sub-components: 


{ty t2, oo iy fufa wif » (4) 


tpi Ly,l a). 
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where p,r,S are integers > 1 and max{p,r,s} = 2, mean- 
ing that at least one of p, r,s is = 2; and t; represents types 
of numeral truths, i, represents types of numeral indetermi- 
nacies, and f; represents types of numeral falsehoods, for 
J=1,2,..,p;k =1,2,..,7;1=1,2,...,s. 

tj, tx, f, are called numerical subcomponents, or respec- 
tively numerical sub-truths, numerical sub-indeterminacies, 
and numerical sub-falsehoods. 


Similarly, the neutrosophic literal components T,/, F 
can be refined (split) into respectively the following neutro- 
sophic literal subcomponents: 


(T1,T 2, .0T ps Iply, ly FF y Fs), (5) 


where p,r,S are integers > 1 too, and max{p,r,s} > 2, 
meaning that at least one of p,r,s is = 2; and similarly T; 
represent types of literal truths, J, represent types of literal 
indeterminacies, and F; represent types of literal falsehoods, 
forj =1,2,...,p;k =1,2,..,7;1=1,2,...,s. 

Tj, I, F, are called literal subcomponents, or respec- 
tively literal sub-truths, literal sub-indeterminacies, and lit- 
eral sub-falsehoods. 

Let consider a simple example of refined numerical com- 
ponents. 

Suppose that a country C is composed of two districts 
D, and D,, and a candidate John Doe competes for the posi- 
tion of president of this country C. Per whole country, 
NL(Joe Doe) = (0.6, 0.1, 0.3), meaning that 60% of people 
voted for him, 10% of people were indeterminate or neutral 
—1.e. didn’t vote, or gave a black vote, or a blank vote —, and 
30% of people voted against him, where NL means the neu- 
trosophic logic values. 

But a political analyst does some research to find out 
what happened to each district separately. So, he does a re- 
finement and he gets: 

(3 0.20, 0.08 0.02, 0.05 ae) (6) 
th to’ 4; bn * tq ~ Fe 


which means that 40% of people that voted for Joe Doe were 
from district D,, and 20% of people that voted for Joe Doe 
were from district Dz; similarly, 8% from D, and 2% from 
D, were indeterminate (neutral), and 5% from D, and 25% 
from D, were against Joe Doe. 

It is possible, in the same example, to refine (split) it in 
a different way, considering another criterion, namely: what 
percentage of people did not vote (i,), what percentage of 
people gave a blank vote — cutting all candidates on the bal- 
lot — (i), and what percentage of people gave a blank vote 
—not selecting any candidate on the ballot (i;). Thus, the 
numerical indeterminacy (i) is refined into i,, iz, and is: 


(7) 


ex. 0.05 0.04 0.01 “ea 
aC ty iz Le? 
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7 Refined Neutrosophic Numbers 


In 2015, F. Smarandache [6] introduced the refined lit- 
eral indeterminacy (I), which was split (refined) as 
1, Ig, ...,1,, with r => 2, where I,, for k = 1,2,...,1r repre- 
sent types of literal sub-indeterminacies. A refined neutro- 
sophic number has the general form: 


N, =at byl, + dgly ++ + Del, (8) 


where a, b,, bz, ...,b, are real numbers, and in this case N, 
is called a refined neutrosophic real number; and if at least 
one of a, b,, bz,..., b, is a complex number (i.e. of the form 
a + BV—1, with B # 0, and a, real numbers), then N,. is 
called a refined neutrosophic complex number. 

An example of refined neutrosophic number, with three 
types of indeterminacies resulted from the cubic root (/7), 
from Euler’s constant e (/2), and from number z (J3): 


N3=-6+ 3/59 -2e+ 11a (9) 
Roughly 
N3=-6 + (34+1)—-2(22+ 1) + 11(3 + 13) 
(-6+3-4+33)4+1, 2In+ 1114; =26+1,-2b+ 113 


where I; € (0.8, 0.9), In € (0.7, 0.8), and I3 € (0.1, 0.2), 
since */59 = 3.8929...,e=2.7182...,7=3.1415.... 

Of course, other 3-valued refined neutrosophic number rep- 
resentations of V3 could be done depending on accuracy. 


Then F. Smarandache [6] defined the refined I-neutro- 
sophic algebraic structures in 2015 as algebraic structures 
based on sets of refined neutrosophic numbers. 

Soon after this definition, Dr. Adesina Agboola wrote a 
paper on refined J/-neutrosophic algebraic structures [7]. 

They were called “J-neutrosophic” because the refine- 
ment is done with respect to the literal indeterminacy (J), in 
order to distinguish them from the refined (t, i, f)-neutro- 
sophic algebraic structures, where “(t, i, f)-neutrosophic” is 
referred to as refinement of the neutrosophic numerical 
components t, i, f. 

Said Broumi and F. Smarandache published a paper [8] 
on refined neutrosophic numerical components in 2014. 


8 Neutrosophic Hypercomplex Numbers of Dimension n 


The Hypercomplex Number of Dimension n (or n-Com- 
plex Number) was defined by S. Olariu [10] as a number of 
the form: 

U=Xo thix; + hox2 + ... + Ay pXn-1 (10) 

where n > 2, and the variables xo, x1, x2, ..., Xn-7 are real 

numbers, while /;, hz, ..., An. are the complex units, h, = /, 

and they are multiplied as follows: 

hyhy = hy+n if 0 <j+ks n-1, and hjhy = hjreen ifn <j+ks 2n-2. 
(11) 

We think that the above (11) complex unit multiplication 

formulas can be written in a simpler way as: 

hjhe = hy+k (mod n) 

where mod n means modulo n. 

For example, if n =5, then h3h4= h3+4(moa 5) = A7(moas) = h2. 

Even more, formula (12) allows us to multiply many com- 

plex units at once, as follows: 


(12) 


(13) 


hjthj2... jp = hyr+j2+...rjp (mod n), for p 2 1. 
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We now define for the first time the Neutrosophic Hyper- 
complex Number of Dimension n (or Neutrosophic n-Com- 
plex Number), which is a number of the form: 
utvl, (14) 
where u and v are n-complex numbers and J = indetermi- 
nacy. 
We also introduce now the Refined Neutrosophic Hyper- 
complex Number of Dimension n (or Refined Neutrosophic 
n-Complex Number) as a number of the form: 
utvltvolot... +v,l/ (15) 
where wu, vj, V2, ..., vy are n-complex numbers, and J), L, ..., 
I,,are sub-indeterminacies, for r > 2. 


Combining these, we may define a Hybrid Neutrosophic 
Hypercomplex Number (or Hybrid Neutrosophic n-Complex 
Number), which is a number of the form u+v/, where either 
u or vis an-complex number while the other one is different 
(may be an m-complex number, with m #n, or a real number, 
or another type of number). 

And a Hybrid Refined Neutrosophic Hypercomplex Num- 
ber (or Hybrid Refined Neutrosophic n-Complex Number), 
which is a number of the form u+vij+v2l>+...+v,l,, where 
at least one of u, v1, v2, ..., v- is an-complex number, while 
the others are different (may be m-complex numbers, with 
m#n, and/or a real numbers, and/or other types of num- 
bers). 


9 Neutrosophic Graphs 


We now introduce for the first time the general defini- 
tion of a neutrosophic graph [12], which is a (directed or 
undirected) graph that has some indeterminacy with respect 
to its edges, or with respect to its vertexes (nodes), or with 
respect to both (edges and vertexes simultaneously). We 
have four main categories of neutrosophic graphs: 


1) The (t, i, f)-Edge Neutrosophic Graph. 
In such a graph, the connection between two vertexes A 
and B, represented by edge AB: 
Ae 
has the neutroosphic value of (t, i, f). 


2) I-Edge Neutrosophic Graph. 

This one was introduced in 2003 in the book “Fuzzy 
Cognitive Maps and Neutrosophic Cognitive Maps”, by Dr. 
Vasantha Kandasamy and F. Smarandache, that used a dif- 
ferent approach for the edge: 

Ae oB 
which can be just J = literal indeterminacy of the edge, 
with I? = I (as in I -Neutrosophic algebraic structures). 
Therefore, simply we say that the connection between ver- 
tex A and vertex B is indeterminate. 

3) Orientation-Edge Neutrosophic Graph. 

At least one edge, let’s say AB, has an unknown orientation 
(i.e. we do not know if it is from A to B, or from B to A). 


oB 
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4) I-Vertex Neutrosophic Graph. 
Or at least one literal indeterminate vertex, meaning we 
do not know what this vertex represents. 


5) (t,t, f)-Vertex Neutrosophic Graph. 

We can also have at least one neutrosophic vertex, for 
example vertex A only partially belongs to the graph (¢), in- 
determinate appurtenance to the graph (i), does not partially 
belong to the graph (f), we can say A(t, i, f). 


And combinations of any two, three, four, or five of the 
above five possibilities of neutrosophic graphs. 

If (t, i, f) or the literal J are refined, we can get corre- 
sponding refined neurosophic graphs. 


10 Example of Refined Indeterminacy and Multi- 
plication Law of Sub-Indeterminacies 


Discussing the development of Refined J-Neutrosophic 
Structures with Dr. W.B. Vasantha Kandasamy, Dr. A.A.A. 
Agboola, Mumtaz Ali, and Said Broumi, a question has 
arisen: if J is refined into J,, Ij, ...,J,, with r > 2, how to de- 
fine (or compute) J; * I;,, for j # k? 

We need to design a Sub-Indeterminacy * Law Table. 

Of course, this depends on the way one defines the alge- 
braic binary multiplication law * on the set: 


{N, = at byl, + byl, +--+ b,1,|a, by, bo, ..., by € M}, 
(16) 


where M can be R (the set of real numbers), or C (the set of 
complex numbers). 

We present the below example. 

But, first, let’s present several (possible) interconnec- 
tions between logic, set, and algebra. 


Logic Set Algebra 
Disjunction Union Addition 
(or) V U + 
Conjunction Intersection | Multiplication 
2 (and) A fa) : 
S Negation Complement Subtraction 
P| c : 
° Implication Inclusion Subtraction, 
> Cc Addition 
—,+ 
Equivalence Identity Equality 
eo _ = 


Table 1: Interconnections between logic, set, and algebra. 


In general, if a Venn Diagram has n sets, withn > 1, 

the number of disjoint parts formed is 2”. Then, if one 

combines the 2” parts either by none, or by one, or by 
2,.., or by 2”, one gets: 


Coa + Cin + Con ++ Coe = (1 +1)?" = 22", (17) 
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Hence, for n = 2, the Venn diagram, with literal truth 


u 


(T), and literal falsehood (F), will make 2? = 4 disjoint 
parts, where the whole rectangle represents the whole uni- 


Venn Diagram for n =2. 


verse of discourse (U). 
Then, combining the four disjoint parts by none, by one, 
by two, by three, and by four, one gets 
Cy + Ce + CZ + Ce + CH = (1 + 1)* = 2% = 16 
= 22". (18) 


For n = 3, one has 2° = 8 disjoint parts, 


Venn Diagram for n = 3. 


and combining them by none, by one, by two, and so on, by 
eight, one gets 28 = 256, or 27 = 256. 


For the case when n = 2 = {T,F} one can make up to 
16 sub-indeterminacies, such as: 


I, = C = contradiction = True and False = T AF 


u 
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I, = Y = uncertainty = True or False = T VF only six literal sub-indeterminacies as above. 
The binary multiplication law 
¥ «Cy Tos T3, Ta 15, 16}? > Ch Ta Ia Ta Ts, To} (19) 
T F defined as: 
I, * I, = intersections of their Venn diagram representations; 
or J; * I, = application of A operator, i.e. I; A Ix. 
We make the following: 
* hh I> I3 le Is le 
I hy ly l6 Is Is Ig 
Io lh lo l3 le I; ls 
Is Ie Is ls Ie I3 le 
la le le le la la ls 
Is Is Is l3 le Is Is 
le le Is ls Is Is le 


Table 2: Sub-Indeterminacies Multiplication Law 


11 Remark on the Variety of Sub-Indeterminacies 


Diagrams 
I, = H = nihilness = neither True nor False One can construct in various ways the diagrams that 
= AT AF represent the sub-indeterminacies and similarly one can 


define in many ways the * algebraic multiplication law, J; * 
I, depending on the problem or application to solve. 


U 
T F What we constructed above is just an example, not a 
general procedure. 
Let’s present below several calculations, so the reader 
gets familiar: 
I, * I, = (shaded area of I,) N (shaded area of I,) = 


shaded area of I,, 
or], *I, = (TAF)ACM VF) =TAFE=l|,. 
I; = V = vagueness = not True or not False I, * I, = (shaded area of I,) N (shaded area of I,) = 
= iTV AF empty set = I, 
or Iz * I, =(TVF)A(ATAAF) =[TA(ATA 


u 

AF)| V [FA (AT AAF)] = (TART AAF)V(FA 
T F AT AF) = (impossible) Vv (impossible) 

because of T A AT in the first pair of parentheses and be- 
cause of F A -F in the second pair of parentheses 
= (impossible) = I. 
I, * I; = (shaded area of J.) N (shaded area of I.) = 
(shaded area of I;) = Is, 


orl, *I,5 = (AT VAF) A (AT VAF) = ATV AF = 
I, = E = emptiness = neither True nor not True hes 
= AT AA(AT) = AT AT 
Now we are able to build refined J-neutrosophic alge- 
braic structures on the set 


U 
T F S6 = {ap + a4], + ag, +++» + aglg, for ap, a1, Az, .. Ag E 
R}, (20) 
by defining the addition of refined I-neutrosophic numbers: 
(ay + AyI, + Agl, +++ + Aglg) + (bo + by hy, + bz, + 
++ Dole) = (ao + bo) + (A, + bY, + (2 + by )a + 


+ (d¢ + bel E Sg. (21) 
Let’s consider the literal indeterminacy (/) refined into 
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And the multiplication of refined neutrosophic numbers: 


(dp + ay], + dol, +++ + Agle)* (bp + byl, + bola + 
++ Dele) = Apdo + (Agby + a,b), + (agb2 + 
Agbo)Ig +++ + (Agbe + Agbo Ig + 


teat abi. (jj . I) = Agby + YR=1 (Ao by + 
Abo Mie + XP a1 YOu (Tj * Ik) € Ses (22) 


where the coefficients (scalars) Q,)*b, , for m= 
0,1,2,...,6 andn = 0,1,2,...,6, are multiplied as any real 
numbers, while I; * I, are calculated according to the previ- 
ous Sub-Indeterminacies Multiplication Law (Table 2). 

Clearly, both operators (addition and multiplication of 
refined neutrosophic numbers) are well-defined on the set 
S6- 
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Taylor Series Approximation to Solve Neutrosophic 
Multiobjective Programming Problem 


Ibrahim M. Hezam, Mohamed Abdel-Baset, Florentin Smarandache 


Ibrahim M. Hezam, Mohamed Abdel-Baset, Florentin Smarandache (2015). Taylor Series Approximation 
to Solve Neutrosophic Multiobjective Programming Problem. Neutrosophic Sets and Systems 10, 39-45 


Abstract. In this paper, Taylor series is used to solve 
neutrosophic multi-objective programming problem 
(NMOPP). In the proposed approach, the truth membership, 
Indeterminacy membership, falsity membership functions 
associated with each objective of multi-objective 
programming problems are transformed into a single objective 


linear programming problem by using a first order Taylor 
polynomial series. Finally, to illustrate the efficiency of the 
proposed method, a numerical experiment for supplier 
selection is given as an application of Taylor series method for 
solving neutrosophic multi-objective programming problem 
at end of this paper. 


Keywords: Taylor series; Neutrosophic optimization; Multiobjective programming problem. 


1 Introduction 


In 1995,Smarandache [1] starting from philosophy 
(when he fretted to distinguish between absolute truth 
and relative truth or between absolute falsehood and 
relative falsehood in logics, and respectively between 
absolute membership and relative membership or 
absolute non-membership and relative non-membership 
in set theory) [1] began to use the non-standard analysis. 
Also, inspired from the sport games (winning, 
defeating, or tie scores), from votes (pro, contra, 
null/black votes), from positive/negative/zero numbers, 
from yes/no/NA, from decision making and control 
theory (making a decision, not making, or hesitating), 
from accepted/rejected/pending, etc. and guided by the 
fact that the law of excluded middle did not work any 
longer in the modern logics. [1] combined the non- 
standard analysis with a tri-component 
logic/set/probability theory and with philosophy .How 
to deal with all of them at once, is it possible to unity 
them? [1]. 

The words “neutrosophy” and “neutrosophic” were 
invented by F. Smarandache in his 1998 book [1]. 
Etymologically, “neutro-sophy” (noun) [French neutre 
< Latin neuter, neutral, and Greek sophia, skill / 
wisdom] means knowledge of neutral thought. While 
“neutrosophic” (adjective), means having the nature of, 
or having the characteristic of Neutrosophy. 
Netrosophic theory means Neutrosophy applied in many 
fields in order to solve problems related to 
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indeterminacy. Neutrosophy is a new branch of 
philosophy that studies the origin, nature, and scope of 
neutralities, as well as their interactions with different 
ideational spectra. This theory considers every entity 
<A> together with its opposite or negation <antiA> and 
with their spectrum of neutralities <neutA> in between 
them (i.e. entities supporting neither <A> nor<antiA>). 
The <neutA> and <antiA> ideas together are referred to 
as <nonA>. 

Neutrosophy is a generalization of Hegel's dialectics 
(the last one is based on <A> and <antiA> only). 
According to this theory every entity <A> tends to be 
neutralized and balanced by <antiA> and <nonA> 
entities - as a state of equilibrium. In a classical way 
<A>, <neutA>, <antiA> are disjoint two by two. But, 
since in many cases the borders between notions are 
vague, imprecise, Sorites, it is possible that <A>, 
<neutA>, <antiA> (and <nonA> of course) have 
common parts two by two, or even all three of them as 
well. Hence, in one hand, the Neutrosophic Theory is 
based on the triad <A>, <neutA>, and <antiA>. In the 
other hand, Neutrosophic Theory studies the 
indeterminacy, labeled as I, with In=I for n> 1, and ml 
+ nl = (mtn), in neutrosophic structures developed in 
algebra, geometry, topology etc. 

The most developed fields of Neutrosophic theory are 
Neutrosophic Set, Neutrosophic Logic, Neutrosophic 
Probability, and Neutrosophic Statistics - that started in 
1995, and recently Neutrosophic Precalculus and 
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Neutrosophic Calculus, together with their applications 
in practice. Neutrosophic Set and Neutrosophic Logic 
are generalizations of the fuzzy set and respectively 
fuzzy logic (especially of intuitionistic fuzzy set and 
respectively intuitionistic fuzzy logic). In neutrosophic 
logic a proposition has a degree of truth (7), a degree of 
indeterminacy (/), and a degree of falsity (F), where 
T.LF are standard or non-standard subsets of /-0, 1*/. 
Multi-objective linear programming problem (MOLPP) 
a prominent tool for solving many real decision making 
problems like game theory, inventory problems, 
agriculture based management systems, financial and 
corporate planning, production planning, marketing and 
media selection, university planning and _ student 
admission, health care and hospital planning, air force 
maintenance units, bank branches etc. 


Our objective in this paper is to propose an algorithm to 
the solution of  neutrosophic multi-objective 
programming problem (NMOPP) with the help of the 
first order Taylor’s theorem. Thus, neutrosophic multi- 
objective linear programming problem is reduced to an 
equivalent multi-objective linear programming problem. 
An algorithm is proposed to determine a_ global 
optimum to the problem in a finite number of steps. The 
feasible region is a bounded set. In the proposed 
approach, we have attempted to reduce computational 
complexity in the solution of (NMOPP). The proposed 
algorithm is applied to supplier selection problem . 


The rest of this article is organized as follows. Section 2 
gives brief some preliminaries. Section 3 describes the 
formation of the problem. Section 4 presents the 
implementation and validation of the algorithm with 
practical application. Finally, Section 5 presents the 
conclusion and proposals for future work. 


2 Some preliminaries 


Definition 1. [1] A triangular fuzzy number J isa 
continuous fuzzy subset from the real line R whose 
triangular membership function ; (J) is defined by a 


continuous mapping from RF to the closed interval [0,1], 
where 


(1) Mj (J)=0 for all J <(—0,a,], 
(2) uj (J) is strictly increasing on J e[a,,m], 
3) w(J)=1 foryJ=m, 
(4) yu; (J) is strictly decreasing on J <[m,a], 
G) a (J) =0 for all J €[az,+0). 

This will be elicited by: 
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ai a <J<m, 
m—dy 
a, -J 
ah tye m<J<dy, (1) 
uj (J) a 2 
0, otherwise. 


a 


m a 
Figure 1: Membership Function of Fuzzy Number J. 


where m is a given value and aj , a2 denote the 
lower and upper bounds. Sometimes, it is more 
convenient to use the notation explicitly highlighting 
the membership function parameters. In this case, we 
obtain 


L(J;a,,m,a> ) = Max in| 78.227 |) (2) 
In what follows, the definition of the a-level set or 

a-cut of the fuzzy number J is introduced. 

Definition 2. [1] Let XY = fx), x2,..., Xn} be a fixed non- 


empty universe. An intuitionistic fuzzy set IFS A in X is 
defined as 


A ={(,a, (x ),v4 (x Ds eX} (3) 


which is 
Ma :X > [0,1] and a non-membership function 


characterized by a membership function 


vg i X > [0, 1 with the condition 


OS wy (x )+uy4 (x )<1 for all x eX where sy and 
U4 represent ,respectively, the degree of membership and 
non-membership of the element x to the set A. In addition, 
foreach IFS AinX, 74 (x ) =l-py Gi )-vuy (x ) for all 


x eX is called the degree of hesitation of the 
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element x to the set A . Especially, if, (x ) =0,, then 
the IFS A is degraded to a fuzzy set. 


Definition 3. [4] The a-level set of the fuzzy 
parameters J in problem (1) is defined as the ordinary 


set Ly (J ) for which the degree of membership 


function exceeds the level, a, ae [0,1], where: 
La (J)={y eR |u; (J) 2a} (4) 


For certain values a; to be in the unit interval, 


Definition 4. [1] Let X be a space of points (objects) 
and xE€X. A neutrosophic set A in X is defined by a 
truth-membership function Ta(x), an indeterminacy- 
membership function Ia(x) and a falsity-membership 
function Fa(x). It has been shown in figure 2. T(x), 
Ia(x) and Fa(x) are real standard or real nonstandard 
subsets of ]0-,1+[. That is Ta(x):X¥—]0-,1+[, 
Ia(x):X—]0-,1+[ and Fa(x):X—]0-,1+[. 
restriction on the sum of Ta(x), I(x) and Fa(x), so 
0—<supT 4(x)<sup/ 4(x)<F 4(x)<3+. 

In the following, we adopt the notations s(x), oa(x) 
and va(x) instead of Ta(x), Ja(x) and Fa(x), 
respectively. Also we write SVN numbers instead of 
single valued neutrosophic numbers. 


There is not 


Definition 5. [10] Let X be a universe of discourse. A 
single valued neutrosophic set A over X is an object 
having the form 

A={(x, fa(x), 04(X),VA(X)):xEX } 

where Ha(x):X—[0, 1], oa(x):X—[0,1] and 
va(x):X—[0,1] with O<pa(x)+ oa(x)+va(x)S3 for all 
xEX. The intervals wa(x), o4(x) and va(x) denote the 
truth- membership degree, the indeterminacy- 
membership degree and the falsity membership degree 
of x to A, respectively. 

For convenience, a SVN number is denoted by 
A=(a,b,c), where a,b,cE[0,1] and at+b+c<3. 


Definition 6 

Let J bea neutrosophic triangular number in the set 
of real numbers R, then its truth-membership function is 
defined as 
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ee 
al ay <J Sa, 
a,-a 
a = 
T:(J)= ig 2 TX Gs, (5) 
iV) = 2 3 
0, otherwise. 


its indeterminacy-membership function is defined as 


ie by <J <by, 
by -b 
1;(s)=42 by <I <b (6) 
FI )= by = 2 3s 
0, otherwise. 
and its falsity-membership function is defined as 
= » Cf <J SC, 
Cy -C 
F(J)= ios C4 SJ £c3, (7) 
c3-C 
1, otherwise. 


Truth membership 
function 


Indeterminacy 
membership 
function 


Falsity membership 
function 


Xt Xi 
Figure 2: Neutrosophication process [11] 
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3 Formation of The Problem 


The multi-objective linear programming problem and 
the multi- objective neutrosophic linear programming 
problem are described in this section. 


A. Multi-objective Programming Problem 
(MOPP) 


In this paper, the general mathematical model of the 
MOPP is as follows[6]: 


min/ max [21 (igrnae, Vecra (is, Nase Cree )| 


(8) 


subject to x €S,x 


lA 


9 
S=xeR"|AX|=|b, X >0. 0) 


IV 


B. Neutrosophic Multi-objective Programming 
Problem (NMOPP) 


If an imprecise aspiration level is introduced to each of 
the objectives of MOPP, then these neutrosophic 
objectives are termed as neutrosophic goals. 


Let z; | 2i ee Idenote the imprecise lower and 


* neutrosophic 


upper bounds respectively for the 7 
objective function. 

For maximizing objective function, the truth 
membership, indeterminacy membership, falsity 


membership functions can be expressed as follows: 
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. U 
L if 2; 227, 
I = z472 if ze <z. <7U (10) 
Hi; (2;)= U » if 27 $2; Sz; , 
Ay Sy 
0, if Z; <zt 
. U 
1, if 2; 22; , 
I = z,o2" if ze<z. <7 (11) 
g; (z;)= U » if 27 $2; S77, 
B= 2s 
0, if 2; <zt 
. U 
0, if Zi 225.5 
i = 2472" if ze <z. <7U (12) 
v; (2; )= U » if 27 $2; S77, 
Zi —Z; 
1, if 2; <zt 


for minimizing objective function, the truth 
membership, Indeterminacy membership, falsity 
membership functions can be expressed as follows: 


1, if z, <zt, 
U 
I 2) 72; . L U 
Wi (2;)=\->— fF 27 $2; S27, (13) 
Zi -2] 
. U 
0, if Zi 22; 
1, if 2; ea P 
U 
I 2) 72; . L U 
or (z;)= . Lif 72; $2; <z;, (14) 
Zi —Z; 
0, if Rae 
0, if eae, 
U 
I Zi 74) . L U 
v; (z;)= a Lif 72; $2; <z7, (15) 
Zj —Z; 
1, if z, 224 


4 Algorithm for Neutrosophic Multi-Objective 
Programming Problem 


The computational procedure and proposed algorithm of 
presented model is given as follows: 


Step 1. Determine x; = (xii. 72..02i | that is used to 
maximize or minimize the i” truth membership function 


ut (X ), the indeterminacy membership of (x Js and 
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the falsity membership functions vf (xX ) . 1=1,2,..,p 
and n is the number of variables. 

Step 2. Transform the truth membership, indeterminacy 
membership, falsity membership functions by using 
first-order Taylor polynomial series 


n Ow |x; 

Hi (xe a be} le, -x;;) ut | (16) 
j= 
n ao! he 

of (x) =o} bs} le, xj] af | (17) 
j= 
n 0 ul : 

/ (x) 20} be} Dl xj] 2 | (18) 
J= 


Step 3. Find satisfactory xf=(xfixiotin| by 


solving the reduced problem to a single objective for the 
truth membership, indeterminacy membership, falsity 
membership functions respectively. 


H(,*)| 
Ho Sla ts ede ne 
fal) j=l 
n do} x; 
ees of (x; J+ (x;-x7) it (19) 
i=l) j=l | 
: du; (x7 
vor S Mba leSb ae 
i=l] j=l j 


Thus neutrosophic multiobjective linear programming 
problem is converted into a new mathematical model 
and is given below: 

Maximize or Minimize p(x) 

Maximize or Minimize g(x) 

Maximize or Minimize h(x) 


Where uw (x \ of (X ) and oe ee ) calculate using 
equations (10), (11), and (12) or equations (13), (14), 


and (15) according to type functions maximum or 
minimum respectively. 


4.1 Illustrative Example 

A multi-criteria supplier selection is selected from [2]. 
For supplying a new product to a market assume that 
three suppliers should be managed. The purchasing 
criteria are net price, quality and service. The capacity 
constraints of suppliers are also considered. 

It is assumed that the input data from suppliers’ 
performance on these criteria are not known precisely. 
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The neutrosophic values of their cost, quality and 
service level are presented in Table 1. 

The multi-objective linear formulation of numerical 
example is presented as : 

min Zz; =5x,+7x7+4x3, 

max Zz» =0.80x, +0.90x 5 +0.85x 3, 

max 23 =0.90x, +0.80x 5 +0.85x 3, 

SL.: 

xX, +xX7+x3 =800, 

x1 < 400, 

x7 < 450, 

x3 $450, 


xj > 0, 


=1,2,3. 


Table 1: Suppliers quantitative information 


Z1 Cost Z2Quality (%)  Z3 Service (%) Capacity 
Supplier 1 5 0.80 0.90 400 
Supplier 2 7 0.90 0.80 450 
Supplier 3 4 0.85 0.85 450 


The truth membership, Indeterminacy membership, 
falsity membership functions were considered to be 
neutrosophic triangular. When they depend on three 
scalar parameters (al,m,a2). z; depends on neutrosophic 
aspiration levels (3550,4225,4900), when z; depends on 
neutrosophic aspiration levels (660,681.5,702.5), and z3 
depends on neutrosophic aspiration _ levels 
(657.5,678.75,700). 

The truth membership functions of the goals are 
obtained as follows: 


0, if, 2, <3550, 
ERSTE. i Bseiey lye 
1/, \ | 4225-3550 
HC) go99 -2 
—_, if 4225<z, < 4900, 
4900-4225 
0. if 2124900 
0, if Z9 > 702.5, 
~681, 
sa of RSS SIS. 
1/, | 102.5-681.5 
1) (29)= z> -660 
EON ie BRU S ae ERIS. 
681 5-660 
0, if Zo < 660. 
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0, if 232700, 
ome 678.75 < 23 < 700, 
1/,.\_|100-678.75 
INE) eas 
se OSS EROS, 
678.75 - 657.5 
0, if 24<6575. 
If 


min 


e ()=m [ates Try +413) 4900-(Sr1 +7 #485) 5 


675 675 


(0.8% + 0.9x 5 + 0.85x 3 )- 681.5 


us (z 2) = min(max( 


21 
(0.8x  +0.9x 5 +0.85x3 )- 660 
-)) 
21 
P . (0.9x 1 +0.8% 9 +0.85x 3 )- 678.75 
= minima ’ 
us (23) = min(max( 55 
(0.9x +0.8x 5 + 0.85x 3 )- 657.5 1) 
21.25 


Then 
Lt * (350,0,450), 44* (0,450,350), 45 * (400, 0, 400) 


The truth membership functions are transformed by 
using first-order Taylor polynomial series 


tal (350,0, =) 


A (x)= asus) 350) - 
x] 


ft 4 | (350,0, 450 
st 0) 2H (350, 0, Jt 450) (350, 0,450) 


Ox 4 Ox 3 


iif (x )O 0.0074 Lx | -0.0104x 5 —0.00593x 3 + 5.2611 


In the similar way, we get 


i, (x )0 0.0381x 1 +0.0429x 9 + 0.0405x 3 —33.405 
BS (x )0 0.042x , + 0.037x 9 +0.0395x 3 —32.512 
The the p(x) is 


p(x) =a (x) +25 (x) +2 (x) 

p(x ) 0 0.07259x ; +.0.0695x 5 +0.074 Lx 3 — 60.6559 
SL. 

Xx, +xX>+x3 =800, 

x1 < 400, 

x7 <450, 

x3 $450, 

ey 20, E12, 3; 
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The linear programming software LINGO 15.0 is used 
to solve this problem. The problem is solved and the 
optimal solution for the truth membership model is 
obtained is as follows: (x, x2 x3) = (350,0,450) 
Z17=3550, 22=662. 5, 23=697. 5. 

The truth membership values are 
44 =1, Lh =9.1163, 4a = 0.894. The truth membership 
function values show that both goals z; , z3and z2 are 
satisfied with 100% , 11.63% and 89.4% respectively 
for the obtained solution which is x1=350; x2= 0, 
x3=450. 


In the similar way, we get of (X Ne q(x) Consequently 


we get the optimal solution for the Indeterminacy 
membership model is obtained is as _ follows: 
(x1,X2,X3)=(350,0,450) 2;=3550, 22=662.5, 23=697.5 

and the Indeterminacy membership values are 
14 =1, Ly =0.1163, 4h =0.894. The Indeterminacy 


membership function values show that both goals zi , 
z3and Z are satisfied with 100% , 11.63% and 89.4% 
respectively for the obtained solution which is x1=350; 
x2= 0, x3=450. 


In the similar way, we get uv! (Xx ) and h(x) 


L 

Consequently we get the optimal solution for the falsity 
membership model is obtained is as _ follows: 
(x1,X2,X3)=(350,0,450) 2;=3550, 22=662.5, 23=697.5 

and the falsity membership values 
14 =0, Lb = 0.8837, 1y = 0.106. The 
membership function values show that both goals zi , 
zj3and Z are satisfied with 0% , 88.37% and 10.6% 
respectively for the obtained solution which is x1=350; 
x2= 0, x3=450. 


are 
falsity 


5 Conclusions and Future Work 

In this paper, we have proposed a solution to 
Neutrosophic Multiobjective programming problem 
(NMOPP). The truth membership, Indeterminacy 
membership, falsity membership functions associated 
with each objective of the problem are transformed by 
using the first order Taylor polynomial series. The 
neutrosophic multi-objective programming problem is 
reduced to an equivalent multiobjective programming 
problem by the proposed method. The solution obtained 
from this method is very near to the solution of MOPP. 
Hence this method gives a more accurate solution as 
compared with other methods. Therefore the 
complexity in solving NMOPP, has reduced to easy 
computation. In the future studies, the proposed 
algorithm can be solved by metaheuristic algorithms. 
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Neutrosophic Quadruple Numbers, Refined 
Neutrosophic Quadruple Numbers, Absorbance Law, 
and the Multiplication of Neutrosophic Quadruple 
Numbers 


Florentin Smarandache 


Florentin Smarandache (2015). Neutrosophic Quadruple Numbers, Refined Neutrosophic 
Quadruple Numbers, Absorbance Law, and the Multiplication of Neutrosophic Quadruple 
Numbers. Neutrosophic Sets and Systems 10, 96-98 


Abstract. In this paper, we introduce for the first time 
the neutrosophic quadruple numbers (of the form 
a+ bT + cl + dF) and the refined neutrosophic quad- 
ruple numbers. 

Then we define an absorbance law, based on a preva- 


lence order, both of them in order to multiply the neutro- 
sophic components T,1,F or their sub-components 
Tj, I,, F, and thus to construct the multiplication of neu- 
trosophic quadruple numbers. 


Keywords: neutrosophic quadruple numbers, refined neutrosophic quadruple numbers, absorbance law, multiplication of neutro- 
sophic quadruple numbers, multiplication of refined neutrosophic quadruple numbers. 


1 Neutrosophic Quadruple Numbers 


Let’s consider an entity (i.e. a number, an idea, an ob- 
ject, etc.) which is represented by a known part (a) and an 
unknown part (bT + cl + dF). 

Numbers of the form: 


NQ=a+bT +cl+dF, (1) 


where a, b, c, d are real (or complex) numbers (or intervals 
or in general subsets), and 

T = truth / membership / probability, 

I = indeterminacy, 

F = false / membership / improbability, 
are called Neutrosophic Quadruple (Real respectively 
Complex) Numbers (or Intervals, or in general Subsets). 

“a” is called the known part of NO, while “bT + cI + 
dF” is called the unknown part of NO. 


2 Operations 


Let 
NQ, =a, +b, +l +dF, (2) 
NQ>2 a az + bT + Col + d,F (3) 


and a € R (or a € C)a real (or complex) scalar. 
Then: 


2.1 Addition 
NQ, + NQ2 = (a1 + Az) + (by + b2)T + 
(c, + c.)I + (d, + d2)F. (4) 


2.2 Substraction 


NQ, — NQz = (a, — a2) + (by — b2)T + 
(cy — c2)1 + (dy — d,)F. (5) 


2.3 Scalar Multiplication 
a*NQ=NQ:a=aa+tabT + acl + adF. (6) 


One has: 
0:T=0-1=0-F=0, (7) 
and mT +nT =(m+ny)T, (8) 
mi +nl =(m+n)I, (9) 


mF +nF =(m+n)F. (10) 


3 Refined Neutrosophic Quadruple Numbers 


Let us consider that Refined Neutrosophic Quadruple 
Numbers are numbers of the form: 


RNQ =at+yP_, biT; + jar Gy + Dies de Fe (11) 


where a, all b;, all cj, and all d, are real (or complex) 
numbers, intervals, or, in general, subsets, 


while —_T,, Tp, ..., T, are refinements of T; 
I,, Ip, ..., 1, are refinements of I; 
and F,, Fy, ..., F are refinements of F. 


There are cases when the known part (a) can be refined 
as well as aj, dy, ... . 

The operations are defined similarly. 

Let 
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RNQ™ =a +y?_, pT, + Yo My dis 


a oe (12) 


foru = 1or 2. 
Then: 


3.1 Addition 
RNQ® + RNQ® 


p 
= [al +0] +) fof? + 47 
i=1 
£Y [+14 
j=1 


Ss 
+) [a +a] A. 
k=1 
(13) 
3.2 Substraction 


RNQY — RNQ® 


p 
= [a — a] + ) fof? — 0] 7 
e i=1 
+ ia? = a” | jj 
j=l 


Ss 
+ ye — dy? | Fy. 
k=1 


(14) 
3.3 Scalar Multiplication 


For a € R (or a@ € C) one has: 
m 


p 
a-RNQY =a-:aP% +a Y aP7, ta) A), +a 


i=1 


Ss 
. >»: a Rp: 
k=1 


j=1 


(15) 


4 Absorbance Law 


Let S be a set, endowed with a total order x < y, 
named “‘x prevailed by y” or “x less stronger than y” or “x 
less preferred than y”. We consider x < y as “x prevailed 
by or equal to y” “x less stronger than or equal to y’”, or “x 
less preferred than or equal to y”. 

For any elements x,y € S, with x < y, one has the 
absorbance law: 


x*y =y+x =absorb (x,y) = max{x, y} =y, 
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(16) 
which means that the bigger element absorbs the smaller 
element (the big fish eats the small fish!). 

Clearly, 


x +x = x? = absorb (x,x) = max{x, x} =x, (17) 
and 
Xz 'Xq* wa Xp 
= absorb(... absorb(absorb(xy, x2), X3) «++, Xn) 
= max{... max{max{x,, Xz}, %3}...,X_} 
= max{x,, Xo, .., Xn}. 
(18) 


Analougously, we say that “x > y” and we read: “x 
prevails to y” or “x is stronger than y” or “x is preferred to 
y”. 

Also, x = y, and we read: “x prevails or is equal to y” 
“x is stronger than or equal to y’, or “x is preferred or equal 
toy”. 


5 Multiplication of Neutrosophic Quadruple Num- 
bers 


It depends on the prevalence order defined on {T, IJ, F}. 
Suppose in an optimistic way the neutrosophic expert 
considers the prevalence order T > I > F. Then: 


NQ,:NQ>2 = (a, + biT +11 + d,F) 
‘(a. + boT +0,1 + dF) 
= a,a2 
+ (a,bz + anb, + bby + bycn + cy by 
+ bid, + d,b2)T 
+ (,Cz + AgC, + C, dz + C2d,)1 
+ (a,d, + a,d, + d,d2)F, 
(19) 
since TI = IT = T,TF = FT =T,IF = FI =I, 
while T? = T,/? =1,F? =F. 
Suppose in an pessimistic way the neutrosophic expert 
considers the prevalence order F > I > T. Then: 


NQ,:NQ2 = (a, + b,T +c,1 + d,F) 
*(a, + b,.T + c,1+d,F) 
= aa, + (a,b, + anb, + b,b2)T 
+ (a,Cp + gC, + by cy + boc, + €1C2)I1 
+ (a,d, + apd, + bid, + bod, + c,d, 
+ Cod, + d,d,)F, 
(20) 
since 
F-l=1:F=F,F:T=T:F=F,1-T=T:Il=I1 
while similarly F? = F,]* = 1,T? =T. 


5.1 Remark 


Other prevalence orders on {T,/,F} can be proposed, 
depending on the application/problem to solve, and on 
other conditions. 
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6 Multiplication of Refined Neutrosophic Quadru- 
ple Numbers 


Besides a neutrosophic prevalence order defined on 
{T,1,F}, we also need a_ sub-prevalence order on 
{Tj To, ae sia a sub-prevalence order on {Ij, Jy, ..., 1,-}, and 
another sub-prevalence order on {F,, Fy, ..., F,}. 

We assume that, for example, if T>J>F, then 
Tj > I, > F, for any j € {1,2,...,p}, k € {1,2,...,r}, and 
Le {1,2,...,s}. Therefore, any prevalence order on 
{T,I,F} imposes a prevalence suborder on _ their 
corresponding refined components. 

Without loss of generality, we may assume that 

Ty > Tz > + > Ty 
(if this was not the case, we re-number the subcomponents 
in a decreasing order). 

Similarly, we assume without loss of generality that: 

I, >I, >-+ >I, , and 
Fo Beck, 


6.1 Exercise for the Reader 


Let’s have the neutrosophic refined space 
NS = {T,, T2,T3,1, Fy, F,}, 
with the prevalence order T,; > T, > Tz > I > Fy > Fy. 
Let’s consider the refined neutrosophic quadruples 
NA = 2 — 3T, + 2T, + Tz; —1 + 5F, — 3F), and 
NB =0+4+T, —T, +0:T3 + 5] — 8F, + 5F5. 
By multiplication of sub-components, the bigger 
absorbs the smaller. For example: 
Ty Ty Th, 
TF, =, 
I- Fi, =I], 
Tz * Fy = To, ete. 
Multiply NA with NB. 
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Isolated Single Valued Neutrosophic Graphs 


Said Broumi, Assia Bakali, Mohamed Talea, Florentin Smarandache 


Said Broumi, Assia Bakali, Mohamed Talea, Florentin Smarandache (2016). Isolated 
Single Valued Neutrosophic Graphs. Neutrosophic Sets and Systems 11, 74-78 


Abstract: Many results have been obtained on isolated 
graphs and complete graphs. In this paper, a necessary 
and sufficient condition will be proved for a single valued 


neutrosophic graph to be an isolated single valued 
neutrosophic graph. 


Keywords: Single valued neutrosophic graphs, complete single valued neutrosophic graphs, isolated single valued neutrosophic 


graphs. 


1. Introduction 


The notion of neutrosophic sets (NSs) was proposed by 
Smarandache [8] as a generalization of the fuzzy sets [14], 
intuitionistic fuzzy sets [12], interval valued fuzzy set [11] 
and interval-valued intuitionistic fuzzy sets [13] theories. 
The neutrosophic set is a powerful mathematical tool for 
dealing with incomplete, indeterminate and inconsistent 
information in real world. The neutrosophic sets are 
characterized by a truth-membership function (f), an 
indeterminacy-membership function (i) and a falsity- 
membership function (f) independently, which are within 
the real standard or nonstandard unit interval ]—0, 1+[. In 
order to conveniently use NS in real life applications, 
Wang et al. [9] introduced the concept of the single-valued 
neutrosophic set (SVNS), a subclass of the neutrosophic 
sets. The same authors [10] introduced the concept of the 
interval valued neutrosophic set (IVNS), which is more 
precise and flexible than the single valued neutrosophic 
set. The IVNS is a generalization of the single valued 
neutrosophic set, in which the three membership functions 
are independent and their value belong to the unit interval 
[0, 1]. More works on single valued neutrosophic sets, 
interval valued neutrosophic sets and their applications can 
be found on http-//fs.gallup.unm.edu/NSS/ [38]. 

Graph theory has now become a major branch of 
applied mathematics and it is generally regarded as a 
branch of combinatorics. Graph is a widely used tool for 
solving combinatorial problems in different areas such as 
geometry, algebra, number theory, topology, optimization 
and computer science. 

If one has uncertainty regarding either the set of 
vertices or edges, or both, the model becomes a fuzzy 


graph. The extension of fuzzy graph [2, 4, 25] theory have 
been developed by several researchers, e.g. vague graphs 
[27], considering the vertex sets and edge sets as vague 
sets; intuitionistic fuzzy graphs [3, 15, 26], considering the 
vertex sets and edge sets as intuitionistic fuzzy sets; 
interval valued fuzzy graphs [16, 17, 23, 24], considering 
the vertex sets and edge sets as interval valued fuzzy sets; 
interval valued intuitionistic fuzzy graphs [35], considering 
the vertex sets and edge sets as interval valued 
intuitionistic fuzzy sets; bipolar fuzzy graphs [18, 19, 21, 
22], considering the vertex sets and edge sets as bipolar 
fuzzy sets; m-polar fuzzy graphs [20], considering the 
vertex sets and edge sets as m-polar fuzzy sets. 

But, if the relations between nodes (or vertices) in 
problems are indeterminate, the fuzzy graphs and their 
extensions fail. For this purpose, Smarandache [5, 6, 7, 37] 
defined four main categories of neutrosophic graphs; two 
are based on literal indeterminacy (J), called: J-edge 
neutrosophic graph and J/-vertex neutrosophic graph, 
deeply studied and gaining popularity among the 
researchers due to their applications via real world 
problems [1, 38]; the two others are based on (4 i, f) 
components, called: (¢, i, f)-edge neutrosophic graph and (¢, 
i, f)-vertex neutrosophic graph, concepts not developed at 
all by now. 

Later on, Broumi et al. [29] introduced a_ third 
neutrosophic graph model, which allows the attachment of 
truth-membership (f), indeterminacy-membership (7) and 
falsity-membership degrees (f) both to vertices and edges, 
and investigated some of their properties. The third 
neutrosophic graph model is called the single valued 
neutrosophic graph (SVNG for short). The single valued 
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neutrosophic graph is a generalization of fuzzy graph and 
intuitionistic fuzzy graph. Also, the same authors [28] 
introduced neighborhood degree of a vertex and closed 
neighborhood degree of a vertex in single valued 
neutrosophic graph as a generalization of neighborhood 
degree of a vertex and closed neighborhood degree of a 
vertex in fuzzy graph and intuitionistic fuzzy graph. 
Recently, Broumi et al. [31, 33, 34] introduced the concept 
of interval valued neutrosophic graph as a generalization of 
fuzzy graph, intuitionistic fuzzy graph and single valued 
neutrosophic graph and discussed some of their properties 
with proof and examples. 

The aim of this paper is to prove a necessary and 
sufficient condition for a single valued neutrosophic graph 
to be a single valued neutrosophic graph. 


2. Preliminaries 


In this section, we mainly recall some notions related to 
neutrosophic sets, single valued neutrosophic sets, single 
valued neutrosophic graphs, relevant to the present article. 
See [8, 9] for further details and background. 


Definition 2.1 [8] 


Let X be a space of points (objects) with generic 
elements in X denoted by x; then, the neutrosophic set A 
(NS A) is an object having the form A = {< x: T,(x), 
In(x), Fa(x)>, x © X}, where the functions T, I, F: X > 
] 0,1'[ define respectively a truth-membership function, an 
indeter-minacy-membership function and a falsity- 
membership function of the element x € X to the set A 
with the condition: 


“0-<Ta(x)t Ig (x)+ Fa(X)S 3”. (1) 


The functions T, (x), I, (x) and F(x) are real standard 
or nonstandard subsets of ] 0,1°T. 

Since it is difficult to apply NSs to practical problems, 
Wang et al. [9] introduced the concept of SVNS, which is 
an instance of a NS, and can be used in real scientific and 
engineering applications. 


Definition 2.2 [9] 


Let X be a space of points (objects) with generic 
elements in X denoted by x. A single valued neutrosophic 
set A (SVNS A) is characterized by a truth-membership 
function T,(x), an indeterminacy-membership function 
I, (x), and a falsity-membership function F,(x). For each 
point x in X T,(x), I(x), Fa(x) € [0, 1]. ASVNS A can 
be written as 


A= {< x: Ta (x), I, (x), Fa(x)>, x€ X}. 
Definition 2.3 [29] 


(2) 


A single valued neutrosophic graph (SVN-graph) with 
underlying set V is defined to be a pair G= (A, B), where: 

1. The functions T,:V-[0, 1], I4:V-[0, 1] and 
F,:V>[0, 1] denote the degree of truth-membership, 
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degree of indeterminacy-membership and __ falsity- 
membership of the element v; € V, respectively, and: 


OS Ta(¥;) + L(Y) +h) S3, 


for all v; € V. 

2. The functions Tg: ES Vx V >[0, 1], Ipz-ES Vx V 
>[0, 1] and Fg; E © V x V -[0, 1] are defined 
by Tg(4, j) S min [T,(%), Ta(vj)], Ie(vi vj) 2 max 
Ua(vi), In(vj)] and Fg(vj,vj) = max [F4(vi), Fay) ], 
denoting the degree of truth-membership, indeterminacy- 
membership and falsity-membership of the edge (vj, v;) € 
E respectively, where: 


OS Tg, Vj) + Ip (Vp Yj) + Fay Yj) S 3, 


forall (vj;,0;) EE (i,j =1, 2, ..., n) 
We call A the single valued neutrosophic vertex set of 
V, and B the single valued neutrosophic edge set of E, 
respectively. 
(0.5, 0.1 ,0.4) en sens) 
(0.5, 0.4 0.5) 


(0.4. 0.3 .0.6) 
(0.2. 0.3 .0.4) 


(0.2, 0.4 ,0.5) 


(0.4, 0.2 ,0.5) (0.2, 0.3 ,0.4) 


Figure 1: Single valued neutrosophic graph. 


Definition 2.4 [29] 


A partial SVN-subgraph of SVN-graph G= (A, B) is a 
SVN-graph H = ( V’, E’), such that: 


sway. 


where T,y(vi) < Ta(vi), 
Fa(vj), for all vj € V; 


een oe 


In(vi) = Iai), Fa(vi) = 


where Ta (Vis Vj) < Tai Vj); Bij = Ip (vj, Vj), Fa (vi, Vj) = 
Fev vj), for all (Vj V;) EE. 


Definition 2.8 [29] 


A single valued neutrosophic graph G = (A, B) of G* = 
(V, E) is called complete single valued neutrosophic graph, 
if: 

Ta(vis Vj) = min [Ta (vi), Ta(vj)], 

Ip (vi, Vj) = max [Iq(vj), la(vj)], 
Fg (vi, Vj) = max [Fa (vi), Fa(yj)], 
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for all vi, vj € V. for all (u, v) € Vx V, 
Definition 2.9 [29] Fp(u, v) = max(F,(u), F4(v), 


The complement of a single valued neutrosophic graph hence G = (A, B) is a complete single valued neutrosophic 
G (A, B) on G* isa single valued neutrosophic graph Gon graph. 7 _ 
G*, where: Conversely, let G =(A, B) be a complete single valued 
neutrosophic graph 

Tg(u, v) = min(T,(w),T4(v)), 


for all (u, v) € VX V. 


1. A =A= (Ta, In, F,); 
2. Ta(vi)= Ta(vi), Ta(vd=la(vi), Fa(vi) = Fa (vi), 
for all vj € V. 


Since 
3. Tg(vj, j= min [T,(vj), Ta(vj)] — Ta(vi vj), Ta(u, v) = min(T,(u),T,(v)) — Ta(u, v), 
Ip(vi, vj)= max [I (vj), Ia(v;)] — In(vi vj) for all (u, v) € Vx V, 
and =T,(u, v) —T,(u, v), 
Fa(v;, Vj)= max [Fa(v;), Fa(v;)| — Fa(vi vj), for all (u, v) € Vx V, 
for all (vi, V;) EE. = 0, 
’ for all (u, v) € VX V, 
3. Main Result 
Tp (u, v) a 0, 
Theorem 3.1 


: : ; for all (u, v) € VX V. 
A single valued neutrosophic graph G = (A, B) is an 


isolated single valued graph if and only if its complement Ip (u, v) = max(I4(u), [4(v)), 
is a complete single valued neutrosophic graph. for all (u, v) € Vx V 
Proof Since 
Let G : (A, B) be a single valued neutrosophic graph, Ip(u, v) = max(I,(u), I4(v)) — Ip(u, v), 


G= (A, B ) be its complement, and G : (A, B) be an 


for all E€Vx V 
isolated single valued neutrosophic graph. aly) 


Then, =I,(u, v) —Ig(u, v), 
Tg(u, v) = 0, for all (u, v) € VX V 
Tp(u, v) = 0 =0, 
and for all (u, v) € VX V, 
Fp(u, v) = 0, Tp(u, v) = 0, 
for all (u, v) € VX V. for all (u, v) € VX V. 
Since Also, 
Tp(u, v) = min (T,(u), T4(v)) — Ts(u, v), Fp(u, v) = max(F4(u), F4(v)), 
for all (u, v) € VX V, for all (u, v) € VX V. 
Ta(, v) = min(T4(u),Ta(v)) tgs 7 
and Fp(u, v) = max(Fy(u), F4(v)) — Fp(u, v), 


for all (u, v) € VX V, 
=F,(u, v) —Fp(u, v), 

for all (u, v) € Vx V 
=0, 

for all (u, v) € Vx V 


Ip(u, v) = max(I4(u), I4(v)) — Ip, v), 
for all (u, v) € VX V, 

Ip(u, v) = max(I4(u), [4(v)) 
and 


F,(u, v) = max(F4(u), Fa(v)) — Fe(u, v), 
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F,(u, v) = 0 for all (u, v) € Vx V, 


hence G = (A, B) is an isolated single valued neutrosophic 
graph. 


4. Conclusion 


Many problems of practical interest can be represented 
by graphs. In general, graph theory has a wide range of 
applications in various fields. In this paper, we defined for 
the first time the notion of an isolated single valued 
neutrosophic graph. In future works, we plan to study the 
concept of an isolated interval valued neutrosophic graph. 
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Degree of Dependence and Independence of the 
(Sub)Components of Fuzzy Set and Neutrosophic Set 


Florentin Smarandache 


Florentin Smarandache (2016). Degree of Dependence and Independence of the (Sub) 
Components of Fuzzy Set and Neutrosophic Set. Neutrosophic Sets and Systems 11, 96-97 


Abstract. We have introduced for the first time the 
degree of dependence (and consequently the degree of 
independence) between the components of the fuzzy set, 
and also between the components of the neutrosophic set 


in our 2006 book’s fifth edition [1]. Now we extend it for 
the first time to the refined neutrosophic set considering 
the degree 

subcomponets. 


of dependence or independence of 


Keywords: neutrosophy, neutrosophic set, fuzzy set, degree of dependence of (sub)components, degree of independence of 


(sub)components. 


1 Refined Neutrosophic Set. 


We start with the most general definition, that of a 
n-valued refined neutrosophic set A. An element x from 
A belongs to the set in the following way: 


Tal sey Rel oe ol Fates ag Be) Ge ) 


where p,7,S = 1 are integers, andp+r+s=n23, 
where 


Ty, 72, 0) Tpi Tyy Tay ey Tes Pay Foy es Fs (2) 


are respectively sub-membership degrees, sub-indeter- 
minacy degrees, and sub-nonmembership degrees of 
element x with respect to the n-valued refined 
neutrosophic set A. 

Therefore, one has n (sub)components. 

Let’s consider all of them being crisp numbers in 
the interval [0, 1]. 


2 General case. 


Now, in general, let’s consider n crisp-components 
(variables): 


Yu Yor-1Yn € [0,1]. (3) 


If all of them are 100% independent two by two, 
then their sum: 


OS yy t+ yot wt Vy Sn. (4) 


But if all of them are 100% dependent (totally 
interconnected), then 


OS yy, +y2t «t+ yy, <1. (5) 


When some of them are partially dependent and 
partially independent, then 


Vy tYot .+ yy € (1,7). (6) 
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For example, ify, and yz are 100% dependent, then 
(7) 


while other variables y3, ..., ¥, are 100% independent of 
each other and also with respect to y, and y2, then 


O0<y,+y2 <1, 


O<y3+--+yn<n-2, (8) 
thus 
O< yy, +y2+¥3g4+e+¥, Sn-1. (9) 


3 Fuzzy Set. 


Let T and F be the membership and respectively the 
nonmembership of an element x(T, F) with respect to a 
fuzzy set A, where T, F are crisp numbers in [0, 1]. 

If T and F are 100% dependent of each other, then 
one has as in classical fuzzy set theory 


627 FEST. (10) 


But if T and F are 100% independent of each other 
(that we define now for the first time in the domain of 
fuzzy setand logic), then 


O<TH+F <2. (11) 


We consider that the sum T+F=1 if the 
information about the components is complete, and 
T+ F <1if the information about the components is 
incomplete. 

Similarly, T + F = 2 for complete information, and 
T + F < 2 for incomplete information. 

For complete information on T and F, one has 
T+Fe [1,2]. 


4 Degree of Dependence and Degree 
of Independence for two Components. 
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In general (see [1], 2006, pp. 91-92), the sum of two 
components x and y that vary in the unitary interval [0, 
1] is: 


0< x+y < 2- d(x,y), (12) 
where d°(x, y) is the degree of dependence between x 
and y. 

Therefore 2-d°(x,y) is the degree of 


independence between x and y. 

Of course, d°(x,y) € [0,1], and it is zero when x 
and y are 100% independent, and 1 when x and y are 
100% dependent. 

In general, if T and F are d% dependent [and 
consequently (100 — d)% independent], then 


0<T+F<2-d/100. (13) 

5 Example of Fuzzy Set with Partially 
Dependent and Partially Independent 
Components. 


As an example, if T and F are 75% (= 0.75) 
dependent, then 


O<T+F<2-0.75 =1.25. (14) 


6 Neutrosophic Set 


Neutrosophic set is a general framework for 
unification of many existing sets, such as fuzzy set 
(especially intuitionistic fuzzy set), paraconsistent set, 
intuitionistic set, etc. The main idea of NS is to 
characterize each value statement in a 3D-Neutrosophic 
Space, where each dimension of the space represents 
respectively the | membership/truth (T), _ the 
nonmembership/falsehood (F), and the indeterminacy 
with respect to membership/nonmembership (I) of the 
statement under consideration, where T, I, F are 
standard or non-standard real subsets of |0, 1 "[ with not 
necessarily any connection between them. 

For software engineering proposals the classical 
unit interval [0, 1] is used. 

For single valued neutrosophic set, the sum of the 
components (T+I+F) is (see [1], p. 91): 


0<T+tHF <3, (15) 
when all three components are independent; 
0<T+HHF <2, (16) 


when two components are dependent, while the third 
one is independent from them; 


O0<T+HIHF <1, (17) 


when all three components are dependent. 

When three or two of the components T, I, F are 
independent, one leaves room for incomplete 
information (sum < 1), paraconsistent and contradictory 


291 


Collected Papers, XIl 


information (sum > 1), or complete information (sum = 
1). 

If all three components T, I, F are dependent, then 
similarly one leaves room for incomplete information 
(sum < 1), or complete information (sum = 1). 

The dependent components are tied together. 

Three sources that provide information on T, I, and 
F respectively are independent if they do not 
communicate with each other and do not influence each 
other. 

Therefore, max{T+I+F} is in between 1 (when the 
degree of independence is zero) and 3 (when the degree 
of independence is 1). 


7 Examples of Neutrosophic Set with 
Partially Dependent and Partially 
Independent Components. 


The max {T+I+F} may also get any value in (1, 3). 

a) For example, suppose that T and F are 30% 
dependent and 70% independent (hence T + F < 2-0.3 = 
1.7), while I and F are 60% dependent and 40% 
independent (hence I + F < 2-0.6 = 1.4). Then max {T + 
I+ F} =2.4 and occurs for T = 1, I= 0.7, F = 0.7. 

b) Second example: suppose T and I are 100% 
dependent, but I and F are 100% independent. Therefore 
T+I<1landI+F<2,thenT+I+F <2. 


8 More on Refined Neutrosophic Set 


The Refined Neutrosophic Set [4], introduced for 
the first time in 2013. In this set the neutrosophic 
component (T) is split into the subcomponents (T,, To, 
..., Tp) which represent types of truths (or sub-truths), 
the neutrosophic component (I) is split into the 
subcomponents (Ij, Ib, ..., I.) which represents types of 
indeterminacies (or sub-indeterminacies), and _ the 
neutrosophic components (F) is_ split into the 
subcomponents (Fj, Fo, ..., F,) which represent types of 
falsehoods (or sub-falsehoods), such that p, r, s are 
integers>landp+r+s=n2>4._ (18) 

When n = 3, one gets the non-refined neutrosophic 
set. All Tj, I,, and F; subcomponents are subsets of [0, 


1]. 

Let’s consider the case of refined single-valued 
neutrosophic set, i.e. when all n subcomponents are 
crisp numbers in [0, 1]. 

Let the sum of all subcomponents be: 


2) r S 

s= Sr +DN+DF 
1 1 1 

When all subcomponents are independent two by 


two, then 
0<S<n. 


(19) 


(20) 
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If m subcomponents are 100% dependent, 2 <m< 
n, no matter if they are among Tj, I, F; or mixed, then 
0<S<n-m+l (21) 
and one has S =n—m-+ | when the information is 
complete, while S <n—m-+ 1 when the information is 
incomplete. 


9 Examples of Refined Neutrosophic Set 
with Partially Dependent and Partially 
Independent Components. 


Suppose T is split into T,, T, T3, and I is not split, 
while F is split into F;, F,. Hence one has: 
{T, T2, T3; I; Fi, Fo}. 
Therefore a total of 6 (sub)components. 

a) Ifall 6 components are 100% independent two 

by two, then: 
0<T,+T,+T;+1+F, +F, <6 (23) 

b) Suppose the subcomponets T,, T>, and F, are 
100% dependent all together, while the others 
are totally independent two by two and 
independent from T,, T>, Fj, therefore: 

0<T,+T,+F,<1 
whence 
0<T,+T,+7T3+1+F,+F,<6-3+1=4. (25) 
One gets equality to 4 when the information is 
complete, or strictly less than 4 when the information is 
incomplete. 

c) Suppose in another case that T; and I are 20% 
dependent, or d°(T), I) = 20%, while the others 
similarly totally independent two by two and 
independent from T, and I, hence 


(22) 


(24) 


0<T,+I1<2-0.2=1.8 (26) 
whence 
0<T,+T,+T;+1+F, +F,<18+4=5.8, (27) 
since 0<T,+ 73+ F, +F) <4. (28) 


Similarly, to the right one has equality for complete 
information, and strict inequality for incomplete 
information. 
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Conclusion. 


We have introduced for the first time the degree of 
dependence/independence between the components of 
fuzzy set and neutrosophic set. We have given easy 
examples about the range of the sum of components, 
and how to represent the degrees of dependence and 
independence of the components. Then we extended it 
to the refined neutrosophic set considering the degree of 
dependence or independence of subcomponets. 


References. 


[1] Florentin Smarandache, Neutrosophy. Neutrosophic 
Probability, Set, and Logic, ProQuest Information & 
Learning, Ann Arbor, Michigan, USA, 105 p., 


[2] 1998, 2000, 2003, 2005, 2006; 
http://fs.gallup.unm.edu/eBook-neutrosophics5.pdf 
(fifth edition). 


[3] Florentin Smarandache, Degree of Dependence and 
Independence of Neutrosophic Logic Components 
Applied in Physics, 2016 Annual Spring Meeting of 
the American Physical Society (APS) Ohio-Region 
Section, Dayton, Ohio, USA, 08-09 April 08 2016. 

[4] Vasile Patrascu, Penta and Hexa Valued 
Representation of Neutrosophic Information, 
Technical Report TI.1.3.2016 10 March 2016, DOI: 
10.13140/RG.2.1.2667.1762. 

[5] Florentin Smarandache, Refined Literal Indeter- 

minacy and the Multiplication Law of Sub-Indeter- 

minacies, Neutrosophic Sets and Systems, 58-63, 

Vol. 9, 2015. 

Florentin Smarandache, n-Valued Refined 

Neutrosophic Logic and Its Applications in Physics, 

Progress in Physics, 143-146, Vol. 4, 2013. 

http://fs.gallup.unm.edu/n- 

valuedNeutrosophicLogic-PiP.pdf 


[6 


oa 


Florentin Smarandache (author and editor) 


Collected Papers, XII 
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with Respect to a Neutrosophic OffSet 
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Florentin Smarandache (2016). Degrees of Membership > 1 and < 0 of the Elements with 
Respect to a Neutrosophic OffSet. Neutrosophic Sets and Systems 12, 3-8 


Abstract. We have defined the Neutrosophic Over- 
/Under-/Off-Set and -Logic for the first time in 1995 and 
published in 2007. During 1995-2016 we presented them 
to various national and international conferences and 
seminars ((16]-[37]) and did more publishing during 
2007-2016 ([{1]-[15]). These new notions are totally dif- 
ferent from other sets/logics/probabilities. 

We extended the neutrosophic set respectively to Neutro- 


sophic Overset {when some neutrosophic component is > 
1}, to Neutrosophic Underset {when some neutrosophic 
component is < 0}, and to Neutrosophic Offset {when 
some neutrosophic components are off the interval [0, 1], 
i.e. some neutrosophic component > | and other neutro- 
sophic component < 0}. This is no surprise since our re- 
al-world has numerous examples and applications of 
over-/under-/off-neutrosophic components. 


Keywords: Neutrosophic overset, neutrosophic underset, neutrosophic offset, neutrosophic overlogic, neutrosophic underlogic, 
neutrosophic offlogic, neutrosophic overprobability, neutrosophic underprobability, neutrosophic offprobability, overmembership 
(membership degree > 1), undermembership (membership degree < 0), offmembership (membership degree off the interval [0, 1]). 


1. Introduction 


In the classical set and logic theories, in the fuzzy set and 
logic, and in intuitionistic fuzzy set and logic, the degree of 
membership and degree of nonmembership have to belong 
to, or be included in, the interval [0, 1]. Similarly, in the 
classical probability and in imprecise probability the 
probability of an event has to belong to, or respectively be 
included in, the interval [0, 1]. 

Yet, we have observed and presented to many conferences 
and seminars around the globe {see [16]-[37]} and 
published {see [1]-[15]} that in our real world there are 
many cases when the degree of membership is greater than 
1. The set, which has elements whose membership is over 
1, we called it Overset. 

Even worst, we observed elements whose membership 
with respect to a set is under 0, and we called it Underset. 
In general, a set that has elements whose membership is 
above | and elements whose membership is below 0, we 
called it Offset (i.e. there are elements whose memberships 
are off (over and under) the interval [0, 1]). 

“Neutrosophic” means based on three components 7 
(truth-membership), I (indeterminacy), and F (falsehood- 
nonmembership). And “over” means above 1, “under” 
means below 0, while “offset” means behind/beside the set 
on both sides of the interval [0, 1], over and under, more 
and less, supra and below, out of, off the set. Similarly, for 


“offlogic”, “offmeasure”, “offprobability”, “offstatistics” 
ete. 

It is like a pot with boiling liquid, on a gas stove, when 
the liquid swells up and leaks out of pot. The pot (the 
interval [0, 1]) can no longer contain all liquid (..e., all 
neutrosophic truth / indeterminate / falsehood values), and 
therefore some of them fall out of the pot (ie., one gets 
neutrosophic truth / indeterminate / falsehood values which 
are > 1), or the pot cracks on the bottom and the liquid 
pours down (ie., one gets neutrosophic truth / 
indeterminate / falsehood values which are < 0). 

Mathematically, they mean getting values off the 
interval [0, 1]. 

The American aphorism “think outside the box” has a 
perfect resonance to the neutrosophic offset, where the box 
is the interval [0, 1], yet values outside of this interval are 
permitted. 


2. Example of Overmembership and Undermember- 
ship. 


In a given company a full-time employer works 40 
hours per week. Let’s consider the last week period. 
Helen worked part-time, only 30 hours, and the other 
10 hours she was absent without payment; hence, her 
membership degree was 30/40 = 0.75 < 1. 
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John worked full-time, 40 hours, so he had the 
membership degree 40/40 = 1, with respect to this 
company. 

But George worked overtime 5 hours, so his mem- 
bership degree was (40+5)/40 = 45/40 = 1.125 > 1. 
Thus, we need to make distinction between employ- 
ees who work overtime, and those who work full- 
time or part-time. That’s why we need to associate a 
degree of membership strictly greater than | to the 
overtime workers. 

Now, another employee, Jane, was absent without 
pay for the whole week, so her degree of membership 
was 0/40 = 0. 

Yet, Richard, who was also hired as a full-time, not 
only didn’t come to work last week at all (0 worked 
hours), but he produced, by accidentally starting a 
devastating fire, much damage to the company, 
which was estimated at a value half of his salary (i.e. 
as he would have gotten for working 20 hours that 
week). Therefore, his membership degree has to be 
less that Jane’s (since Jane produced no damage). 
Whence, Richard’s degree of membership, with re- 
spect to this company, was - 20/40 = - 0.50 <0. 

Consequently, we need to make distinction be- 
tween employees who produce damage, and those 
who produce profit, or produce neither damage no 
profit to the company. 

Therefore, the membership degrees > 1 and < 0 are real 
in our world, so we have to take them into consideration. 

Then, similarly, the Neutrosophic Log- 
ic/Measure/Probability/Statistics etc. were extended to re- 
spectively Neutrosophic Over-/Under-/Off-Logic, — - 
Measure, -Probability, -Statistics etc. [Smarandache, 
2007]. 


Another Example of Membership Above 1 and 
Membership Below 0. 

Let’s consider a spy agency S = {Sj, So, ..., Sroo0} 
of a country Atara against its enemy country Batara. Each 
agent Sj € {1, 2, ..., 1000}, was required last week to 
accomplish 5 missions, which represent the full-time 
contribution/membership. 

Last week agent S.,_ has — successfully 
accomplished his 5 missions, so his membership was 
T(Az7) = 5/5 = 1 = 100% (full-time membership). 

Agent S32 has accomplished only 3 missions, so 
his membership is T(S3) = 3/5 = 0.6 = 60% (part-time 
membership). 

Agent S4, was absent, without pay, due to his 
health problems; thus T(S4,) = 0/5 = 0 = 0% (null- 
membership). 
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Agent Ss; has successfully accomplished his 5 
required missions, plus an extra mission of another agent 
that was absent due to sickness, therefore T(S53) = (5+1)/5 
= 6/5 = 1.2 > 1 (therefore, he has membership above 1, 
called over-membership). 

Yet, agent S75 is a double-agent, and he leaks 
highly confidential information about country Atara to the 
enemy country Batara, while simultaneously providing 
misleading information to the country Atara about the 
enemy country Batara. Therefore S75 is a negative agent 
with respect to his country Atara, since he produces 
damage to Atara, he was estimated to having intentionally 
done wrongly all his 5 missions, in addition of 
compromising a mission of another agent of country Atara, 
thus his membership T(S75) = - (5+1)/5 = - 6/5 = -1.2 <0 
(therefore, he has a membership below 0, called under- 
membership). 


3. Definitions and the main work 


1. Definition 
Overset. 

Let U be a universe of discourse and the neutrosophic set 
Ay (ax U. 
Let T(x), I(x), F(x) be the functions that describe the 
degrees of membership, indeterminate-membership, and 
nonmembership respectively, of a generic element x € U, 
with respect to the neutrosophic set A;: 
T(x), I(x), F(x): U > [0, Q] 
where 0 <1< QQ, andQ is called overlimit, 
T(x), I(x), F(x) € [0,Q] . 
A Single-Valued Neutrosophic Overset A, is defined as: 
Ay = {(x, <T(x), I(x), F(x)>), x€ US, 
such that there exists at least one element in A, that has at 
least one neutrosophic component that is > 1, and no 
element has neutrosophic components that are < 0. 
For example: A; = {(x), <1.3, 0.5, 0.1>), (%), <0.2, 1.1, 
0.2>)}, since T(x,) = 1.3 > 1, I(x.) = 1.1 > 1, and no 
neutrosophic component is < 0. 
Also O» = {(a, <0.3, -0.1, 1.1>)}, since I(a) = - 0.1 < 0 and 
F(a)=1.1>1. 


of Single-Valued Neutrosophic 


2. Definition 
Underset. 

Let U be a universe of discourse and the neutrosophic set 
Aro C Uz 
Let T(x), I(x), F(x) be the functions that describe the 
degrees of membership, indeterminate-membership, and 
nonmembership respectively, of a generic element x € U, 
with respect to the neutrosophic set A»: 
T(x), I(x), F(x): U > ['¥, 1] 
where ‘¥ <0 <1, and is called underlimit, 


T(x), I(x), F(x) € [V1] . 


of Single-Valued Neutrosophic 
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A Single-Valued Neutrosophic Underset A, is defined as: 
Ao = {(x, <T(x), I(x), F(x)>), x€ US, 

such that there exists at least one element in A, that has at 
least one neutrosophic component that is < 0, and no 
element has neutrosophic components that are > 1. 

For example: A, = {(X;, <-0.4, 0.5, 0.3>), (x2, <0.2, 0.5, - 
0.2>)}, since T(x,) = -0.4 < 0, F(x2) = -0.2 < 0, and no 
neutrosophic component is > 1. 


3. Definition 
Offset. 

Let U be a universe of discourse and the neutrosophic set 
As CU. 
Let T(x), I(x), F(x) be the functions that describe the 
degrees of membership, indeterminate-membership, and 
nonmembership respectively, of a generic element x € U, 
with respect to the set A;: 
T(x), I(x), F(x): U > ['¥,Q] 
where P< 0 <1 <Q, and Y is called underlimit, 
while Q is called overlimit, 
T(x), I(x), F(x) € [YQ] . 
A Single-Valued Neutrosophic Offset A; is defined as: 
A3 a {(x, <T(x), I(x), F(x)>), x€ US, 
such that there exist some elements in A; that have at least 
one neutrosophic component that is > 1, and at least 
another neutrosophic component that is < 0. 
For examples: A3 = {(x;, <1.2, 0.4, 0.1>), (x2, <0.2, 0.3, - 
0.7>)}, since T(x,) = 1.2 > 1 and F(x) = -0.7 < 0. 
Also B; = {(a, <0.3, -0.1, 1.1>)}, since I(a) = - 0.1 < 0 and 
F(a) =1.1>1. 


of Single-Valued Neutrosophic 


4. Single Valued Neutrosophic Overset / Underset 
/ Offset Operators. 

Let U be a universe of discourse and A = {(x, <Ta(x), Ia(x), 
Fa(x)>), x € U} and 
and B = {(x, <T»(x), Ip(x), Fa(x)>), x € U} be two single- 
valued neutrosophic oversets / undersets / offsets. 
T(x), I(x), Fa(x), Ta(x), In(x), Fa(x): U > [YQ] 
where P< 0 <1<Q, and Y is called underlimit, 
while Q is called overlimit, 
Ta(X), Ta(x), F(x), Ta(X), Tp(x), Fp(x) € [YQ] : 
We take the inequality sign < instead of < on both 
extremes above, in order to comprise all three cases: 
overset {when ‘P = 0, and 1 < Q }, underset {when ‘P <0, 
and 1 = (2 }, and offset {when ¥ <0, and 1 < Q}. 


4.1. Single Valued Neutrosophic Overset / Underset / 
Offset Union. 

Then AUB = {(x, <max{T,(x), Ta(x)}, min {I4(x), Ip(x)}, 
min{Fa(x), Fp(x)}>), xE U} 


4.2. Single Valued Neutrosophic Overset / Underset / 
Offset Intersection. 

Then ANB = {(x, <min{T,(x), Tp(x)}, max {Ia(x), Ip(x)}, 
max {F (x), Fp(x)}>), xe U} 
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4.3. Single Valued Neutrosophic Overset / Underset / 
Offset Complement. 

The neutrosophic complement of the neutrosophic set A is 
C(A) = {(x, <Fa(x), V+ O - I(x), Ta(x)>), x € U}. 


5. Definition of Interval-Valued Neutrosophic 
Overset. 

Let U be a universe of discourse and the neutrosophic set 
Ai CU. 
Let T(x), I(x), F(x) be the functions that describe the 
degrees of membership, indeterminate-membership, and 
nonmembership respectively, of a generic element x € U, 
with respect to the neutrosophic set A): 
T(x), 100), F(x) :U > PC [0,Q] ), 
where 0 <1 < (1, andQ. is called overlimit, 
T(x), I(x), F(x) S[0,Q] , and P( [0,Q] ) is the set of all 
subsets of [0,Q] . 
An Interval-Valued Neutrosophic Overset A, is defined as: 
Ai > U(x, <T(x), I(x), F(x)>), xX€ U}, 
such that there exists at least one element in A, that has at 
least one neutrosophic component that is partially or totally 
above I, and no element has neutrosophic components that 
is partially or totally below 0. 
For example: A, = {(x), <(1, 1.4], 0.1, 0.2>), (x2, <0.2, 
(0.9, 1.1], 0.2>)}, since T(x,) = (1, 1.4] is totally above 1, 
I(x2) = [0.9, 1.1] is partially above 1, and no neutrosophic 
component is partially or totally below 0. 


6. Definition of Interval-Valued Neutrosophic 
Underset. 

Let U be a universe of discourse and the neutrosophic set 
Aro CU. 
Let T(x), I(x), F(x) be the functions that describe the 
degrees of membership, indeterminate-membership, and 
nonmembership respectively, of a generic element x € U, 
with respect to the neutrosophic set A): 
T(x), I(x), F(x): U > ['¥,1] , 
where ‘¥ <0 <1,and is called underlimit, 
T(x), I(x), F(x) S[‘P,1] , and P([‘¥,1] ) is the set of all 
subsets of [V1] . 
An Interval-Valued Neutrosophic Underset A, is defined 
as: 
Ao = U(x, <T(x), I(x), F(x)>), x€ U}, 
such that there exists at least one element in A, that has at 
least one neutrosophic component that is partially or totally 
below 0, and no element has neutrosophic components that 
are partially or totally above 1. 
For example: A, = {(X, <(-0.5,-0.4), 0.6, 0.3>), (x2, <0.2, 
0.5, [-0.2, 0.2]>)}, since T(x:) = (-0.5, -0.4) is totally 
below 0, F(x.) = [-0.2, 0.2] is partially below 0, and no 
neutrosophic component is partially or totally above 1. 

7. Definition of Interval-Valued Neutrosophic 

Offset. 

Let U be a universe of discourse and the neutrosophic set 
Ag CU. 
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Let T(x), I(x), F(x) be the functions that describe the 
degrees of membership, indeterminate-membership, and 
nonmembership respectively, of a generic element x € U, 
with respect to the set A;: 
T(x), 100), F(x): U > PC [P,Q] ), 
where ¥ <0 <1 <Q, and Y is called underlimit, 
while Q is called overlimit, 
T(x), I(x), F(x) S[V¥,Q] , and P( [,Q] ) is the set of 
all subsets of [VY,Q] . 
An Interval-Valued Neutrosophic Offset A; is defined as: 
A3 = {(x, <T(x), I(x), F(x)>), x€ Uj; 
such that there exist some elements in A; that have at least 
one neutrosophic component that is partially or totally 
above 1, and at least another neutrosophic component that 
is partially or totally below 0. 
For examples: A; = {(x;, <[1.1, 1.2], 0.4, 0.1>), (x), <0.2, 
0.3, (-0.7, -0.3)>)}, since T(x;) = [1.1, 1.2] that is totally 
above 1, and F(x.) = (-0.7, -0.3) that is totally below 0. 
Also B3 = {(a, <0.3, [-0.1, 0.1], [1.05, 1.10]>)}, since I(a) 
= [- 0.1, 0.1] that is partially below 0, and F(a) = [1.05, 
1.10] that is totally above 1. 

8. Interval-Valued Neutrosophic Overset / 

Underset / Offset Operators. 

Let U be a universe of discourse and A = {(x, <T,(x), Ia(x), 
FAQo)>), x € U} 
and B = {(x, <Tp(x), In(x), Fa(x)>), x € U} be two 
interval-valued neutrosophic oversets / undersets / offsets. 
Ta(x), Ia(x), Fa(x), Ta(x), In(x), Fa(x): U DPC [YQ] ), 
where P( [‘¥,Q2] ) means the set of all subsets of 
[S| > 
and Ta(x), Ia(x), Fa(x), Ta(x), In(x), Fax) S [VQ] , 
with ¥<0 <1< Q, and Y is called underlimit, while 
Q) is called overlimit. 
We take the inequality sign < instead of < on both 
extremes above, in order to comprise all three cases: 
overset {when Y = 0, and 1 < Q }, underset {when V <0, 
and 1 = (2}, and offset {when ‘¥ <0, and 1 < Q}. 


8.1. Interval-Valued Neutrosophic Overset / Underset / 
Offset Union. 


Then AUB = 
{(x, <[max{inf(T,a(x)), inf(Tp(x))}, max {sup(Ta(x)), 
sup(Tp(x)}], 

[min {inf(1a(x)), inf(Ip(x))}, min {sup(I(x)), 
sup(Ip(x)}], 

[min {inf(F 4(x)), inf(Fp(x))}, min {sup(Fa(x)), 


sup(Fa(x)}]>, x € US. 


8.2. Interval-Valued Neutrosophic Overset / Underset / 
Offset Intersection. 


Then ANB = 
{(x, <[min{inf(T,(x)),  inf(Tg(x))}, min{sup(Ta(x)), 
sup(Tp(x)}], 

[max {inf(Ia(x)),  inf(Ip(x))}, max {sup(I4(x)), 
sup(Ip(x)}], 
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[max {inf(F4(x)), 
sup(Fa(x)}]>, x € US. 


inf(Fp(x))}, max {sup(Fa(x)), 


8.3. Interval-Valued Neutrosophic Overset / Underset / 
Offset Complement. 

The complement of the neutrosophic set A is 

C(A) = {(x, <Fa@), [P+ Q - sup{la(x)}, P+ Q - 
inf {I,(x)}], Ta(x)>), x € U}. 


Conclusion 


The membership degrees over | (overmembership), or 
below 0 (undermembership) are part of our real world, so 
they deserve more study in the future. 

The neutrosophic overset / underset / offset together 
with neutrosophic overlogic / underlogic / offlogic and es- 
pecially neutrosophic overprobability / underprobability / 
and offprobability have many applications in technology, 
social science, economics and so on that the readers may 
be interested in exploring. 

After designing the neutrosophic operators for single- 
valued neutrosophic overset/underset/offset, we extended 
them to interval-valued neutrosophic over- 
set/underset/offset operators. We also presented another 
example of membership above | and membership below 0. 

Of course, in many real world problems the neutro- 
sophic union, neutrosophic intersection, and neutrosophic 
complement for interval-valued neutrosophic  over- 
set/underset/offset can be used. Future research will be fo- 
cused on practical applications. 
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A Neutrosophic Binomial Factorial Theorem 
with their Refrains 


Huda E. Khalid, Florentin Smarandache, Ahmed K. Essa 


Huda E. Khalid, Florentin Smarandache, Ahmed K. Essa (2016). A Neutrosophic 
Binomial Factorial Theorem with their Refrains. Neutrosophic Sets and Systems 14, 


7-11 


Abstract. The Neutrosophic Precalculus and the 
Neutrosophic Calculus can be developed in many 
ways, depending on the types of indeterminacy one 
has and on the method used to deal with such 
indeterminacy. This article is innovative since the 
form of neutrosophic binomial factorial theorem was 


Two other important theorems were proven with their 
corollaries, and numerical examples as well. As a 
conjecture, we use ten (indeterminate) forms in 
neutrosophic calculus taking an important role in 
limits. To serve article's aim, some important 
questions had been answered. 


constructed in addition to its refrains. 


Keyword: Neutrosophic Calculus, Binomial Factorial Theorem, Neutrosophic Limits, Indeterminate forms in 
Neutrosophic Logic, Indeterminate forms in Classical Logic. 


1 Introduction (Important questions) 2. Let 

VI=x+ yl 

0+] =x° +3x*y14+ 3xy? I? + y3P 
0+] =x? + Bx*y + 3xy? +y?)I 


Q 1 What are the types of indeterminacy? 
There exist two types of indeterminacy 
a. Literal indeterminacy (1). 


As example: x=0,y=1> VI=1. (5) 
2+ 3] (1) In general, 
b. Numerical indeterminacy. 2ST = I, (6) 
As example: 
where k € zt = {1,2,3,... }. 
x(0.6,0.3,0.4) € A, (2) 


Basic Notes 
meaning that the indeterminacy membership = 0.3. 1. A component J to the zero power is 


Other examples for the indeterminacy com- undefined value, (i.e. I° is undefined), 


since] ° Sit) = Balt = which is 
impossible case (avoid to divide by /). 

2. The value of J to the negative power is 
undefined value (ie. 17” ,n>0 is 


ponent can be seen in functions: f(0) = 7 or 9 or 
f( or 1)=5 orf (x) = [0.2, 0.3] x? ... ete. 


Q 2 What is the values of I to the rational power? 


1. Let undefined). 
Vi=x+t+ yl ; ene ; 
Corea (2xy + y2)I Q mee at are ; e indeterminacy forms in neutros- 
x=0,y =41. @) ophic Ce . 
In classical calculus, the indeterminate forms 
In general, are [4]: 
NI = 41 (4) > = ,0 + 20 , 20°, 0°, 1%, 00 — 00, (7) 


where k € zt = {1,2,3,... }. 
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The form 0 to the power / (i.e. 0! ) is an 
indeterminate form in Neutrosophic calculus; it is 
tempting to argue that an indeterminate form of 
type 0! has zero value since "zero to any power is 
zero". However, this is fallacious, since 0! is not a 
power of number, but rather a statement about 
limits. 


Q 4 What about the form 1'? 
The base "one" pushes the form 1/ to one 
while the power J pushes the form 1! to J, so 1! is 
an indeterminate form in neutrosophic calculus. 
Indeed, the form a’, a € R is always an 
indeterminate form. 
Q5 What is the value of a' ,where a € R? 
Let y, = 2% ,x €R,y2 = 2!; itis obvious that 
lim 2* =0 ,lim2* = 
x00 x0 


lim 2% = 00 , while 


x-00 


we cannot determine if 2! > wor0orl, 
therefore we can say that y, = 2! indeterminate 
form in Neutrosophic calculus. The same for a’, 


where a € R [2]. 


2 Indeterminate forms 
Logic 


in Neutrosophic 


It is obvious that there are seven types 
of indeterminate forms in classical calculus [4], 


0 © 
0’ 0’ 0. o, 0°, 0°, 1°, 0 — ©, 
co 


As a conjecture, we can say that there are ten 
forms of the indeterminate forms in Neutrosophic 
calculus 

T° Pe ee ae oo! ie I! 

, , 0 , , I , , , , 
al(aER),ota'l. 


Note that: 


3 Various Examples 

Numerical examples on neutrosophic limits 
would be necessary to demonstrate the aims of this 
work. 


Example (3.1) [1], [3] 

The neutrosophic (numerical indeterminate) values 
can be seen in the following function: 

Find lim f (x), where f(x) = gate. 


Solution: 


= yl2125) [2.1, 2.5] Inx 


Let y o> Iny= 
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net apse? [2.1,2.5] [2.1,2.5] 
Seog ag: ae 
Inx In0O 
(2025) |. [24,2.5] 
la TT 
= 
FADS es ’ 
= |—_ | = —oo 
0 = oY 
= —0oo 


Hence y =e" = 0 
OR it can be solved briefly by 
y = xl2125] — [021, 025] = = [0,0] = 0. 
Example (3.2) 

lim 3. 5,5.9]x't2] = 
x [9,11 


3559] [92,112] = 
[31.5,713.9]. 


Example (3.3) 
lim n [3. 5,5.9] xt] = 


[3.5,5.9] [9,11]!*21 = 
[(3.5)(9), (5.9)(121)] = 


[3.5,5.9] colt] 


= [3.5,5.9] [co1, 007] 
[3.5 + (00) ,5.9 + (co)] 


= (00,00) = 00, 


Example (3.4) 
Find the following limit using more than one 
technique lim ee : 

x0 x 
Solution: 
The above limit will be solved firstly by using the 
L'H6pital's rule and secondly by using the 
rationalizing technique. 


Using L'Hopital's rule 
1 = 
lim =([4,5]-x +1) /2 [4,5] 
x30 2 
ee 
mp a [4,5]-x +1) 
Bel = (b8 = [2.2.5] 
Rationalizing technique [3] 
; [4,5):x+t1-1 [4,5]:0+1-1 
lim = 
x0 x 0 
: [4 0,5" 0) se Da 1. : [(0,0J}+1-1 
7 0 7 0 
vOrd=T 0 
7 0 0 
= undefined. 


Multiply with the conjugate of the numerator: 
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V[4,5]x+1—-1 /[4,5]x+14+1 
“ . 


x0 x [4,5]x+14+1 


2 
[4,5]x + 1) ~ (1)? 


x (Vis, Slx+1t+ 1) 


imo S_ 
x0 .(/[4,5]x +141) 
Fig — Os _s. 

eo [4,5]x +1 +1) 
[4,5] _ 45] 
04141) VI+1 


Identical results. 


Example (3.5) 

Find the value of the following neutrosophic limit 

x?43x—-[1,2]x—[3,6] 
x+3 


lim 
x2-3 
technique . 


Analytical technique [1], [3] 
li x?243x—-[1,2]x—[3,6] 
Pa x+3 


By substituting x=-3, 
3) 35D e 14.2) 7(=3) = (3/6) 
m —S > 


using more than one 


li 


x9-3 —3+3 
9 —9 —[1- (—3),2- (—3)] — [3,6] 
- 0 
_ 0-[-6,-3] — [3,6] _ [3,6] — [3,6] 
~ 0 ~ 0 
_(3-66-3]  [-3,3] 
0 aes | es 


: ; fle Orth 
which has undefined operation-, since 0 € 


[—3,3]. Then we factor out the numerator, and 


simplify: 
x2 + 3x —[1,2]x — [3,6] 
im 2 = 
x2-3 x+3 
_ @-[L2)-@+3)_,, 
Jat (x + 3) ~ ae = 02) 


= —3 — [1,2] = [-3, -3] — [1,2] 
= -=((33) +[L2) = 1-541. 
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Again, Solving by using L'Hopital's rule 


x? + 3x — [1,2]x — [3,6] 
m ed 


x2-3 x+3 
Ye 2X3 = [1,2] 
= lim ———— 
x2-3 1 
We Ger) ae POA 
= lim ——_——— 
x2-3 1 
=-6+3- [1,2] 
=-3- [1, 2] 
= [-3 - 1,-3 -2] 
= [—5, —4] 


The above two methods are identical in results. 


4 New Theorems in Neutrosophic Limits 
Theorem (4.1) (Binomial Factorial ) 

jim d+ i =Ie ; [is the literal indeterminacy, 
e = 2.7182828 

Proof 


(+5) =O @ +Oe@) 
ar) Glia) 


It is clear that =3 Oasx > © 


slimG —D* =14+1+24+24246 S74 
x 2! 3! 4! 


x-00 

co rt 
yin=1 Pai 
“ lim(U + *)* = Te, wheree =1+) %_.—,Lis the 
X00 x ni 
literal indeterminacy. 
Corollary (4.1.1) 

1 
lim(/ + x)* = Ie 
x0 
Proof:- 
1 
Put y are 
It is obvious that y—> 0 ,asx > 0 
1 

» lim( + x) = lim(I +=)” = Ie 

x0 yoo y. 
( using Th. 4.1 ) 
Corollary (4.1.2) 
lim (I + =)*= Ie" , where k >0&k #0, Tis the 
x-00 


literal indeterminacy. 
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Proof 


lima +5" = i [a+ Se 
HE x eee ke = 


x-00 


Puty=<>xy=ko>x=* 


Note that y—0Oasx-— 00 
k\* ae 
". jim (1 + “) = we lc + yy] 


(using corollary 4.1.1 ). 
44k 
= [imc + yy] =e)" S16" =1e" 
y> 


Corollary (4.1.3) 
1 1 
lim(] +*)x = (le)k = le , 
x0 
wherek4#1&k>0. 
Proof 


The immediate substitution of the value of x in the 
above limit gives indeterminate form I, 


ho dj eer tk, ey 
1.e. lim( + DF = lim( 4 au =] 
So we need to treat this value as follow:- 

1 1 
(Gad Hii I XK)K nC x_k]k 
img + dag p>] = ime + | 


i a a ar Sie 


Asx>0,y->0 
1 


1 = 
: X\x lyk 
ig (+2) =a [oe 
1 
14k 
= [lima + y>| 
yo 
Using corollary (4.1.1) 
1 
= (Ie)k = ‘Te 


Theorem (4.2) 
lin (Ina) [Ia*-1] _ Ina 
x 20 xlna+lnI 14+lnI 
Where a>0,a#1 
os x . la*— 
Note that lim 2Ue"=" — Jim = 
x 0 xlna+lnI x0 xtrG 


Proof 

Let y= Ja* —I ~y+I=Ia* > Invy+D= 
InI +Ina* 

>In +J) =InI+xlna-> 

tz InGy +1) —InI 


lna 
(na)da*—I) _ (la*—I) 
xna+tinl InI 
xt+ Ina 
= y 
~Ingy+1D—-lInl , Ini 
+ 
lna lna 
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= Ina. y = Ina 
In(y +1) 


“1 
=| +] 
y n(y + I) 
1 
= Ina. 7 
Iny + DY 
_ CUna)(la* —-1) 1 
«. lim —————————_ = _lna 7 
x20 «©6©xlna+ lInI ; = 
lim In(y + I)¥ 
yo 
=Ina. 


a 
Inlim(y + 1)Y 
yo 


1 : 
Ina inde Using corollary (4.1.1) 
_ Ina __—siIna 


~ InI+ Ine” Ini +1 
Corollary (4.2.1) 


i la**-I _ klna 
0. a LIAL 
Inak 

Proof 


Puty = kx >x=7 


y>O0asx->0 
akx_] 


using Th. (4.2) 
- Ina 
= ke Gn 
Corollary (4.2.2) 
_eX-1 1 
ei iE bal 
Proof 
Lety = Ie~-I ,y>O0 asx ->0 
yt+I= le* > In(y+J) = InI +x Ine 
x=Ingy+N)-InI 
Te* —I y 


: x+ nl Ingy+1—Inl +InI 
1 


=>— 

=In(y +1 

y ny ) 
1 


he i 
In(y + DY 
_ lex! i 1 
* lim ———_—__ = im ——z 
x20x4+InI y ny + Dy 
1 


1 
In lim(y + DY 
yo 
using corollary (4.1.1) 
1 1 1 
Inde) Ini+lne~ InI+1 


302 


Florentin Smarandache (author and editor) 


Corollary (4.2.3) 

‘i | is Oe 

x0, ml 1+Ini 
aan 

Proof 


lety =kx ox =t 


y>O0asx->0 


-I 
usin, 
“y5 0 ytlnI & 


Corollary (4.2.2) to get 


= (Sm) =e 
~"\44+lnt) 14InI 


Theorem (4.3) 
; mee + kx) 
lim ————— = k(1 + InI) 
x0 
Proof 

Ind + kx) In + kx) — InI + InI 
e0.  ee 
Let y = InVi + kx) —-InI > y+ In] = In@i + 
kx) 
soretil Be i ee 6 oe 

k k 


y>O0asx->0 
InU + kx) — InI + InI 
mn-_——— 
x0 x 
, yt ini 
= Sp kev 


k 


leY-I 
a Geter 


using corollary (4.2.2) to get the result 


k 
=—j— =k + Int) 


1+lnl 


Theorem (4.4) 
Prove ao for any two real numbers a, b 


f=1 ,wherea,b>O0&a,b#1 


lim 2 
x0 Ib*—1 


Proof 
The direct substitution of the value x in the above 


ee 0 : 
limit conclude that 9 80 we need to treat it as 


follow: 

Ina[Ia* —I]_ xlna+ InI 
jin lava = Jim Zina t Ini Se 
x30 [b* — x30 Inb[Ib* — I] : xlnb + InI 

xlnb + InI Inb 
= sata co lim(xlna + InI) _ nb 
~ 4. Inb[Ib* — 1] lim(xInb + inl) Ina 


lim xlnb + InI 


(using Th.(4.2) twice (first in numerator second in 
denominator )) 


x0 


a InI_ Inb 
n n 
—= tein * * 
InI Ina 
1tlnl 


=1. 
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5 Numerical Examples 
Example (5.1) 


wae 154%] 
Evaluate the limit lim —>7 
x0 xt ee 
Solution 
lim = = lary 4, 2.1 
lim ar oe 7 = Sat > (using corollary ) 
Example (5.2) 
4x _ 
Evaluate the limit lim — 
x30 132*-] 
Solution 
In3[Ie** — 1] InI 
ae 7 as Gata 
re les ee +7) 
x00 13% —] x50 1n3[13™ —T] _ lal 
bi InI (x In32) 
(x In3™ 


ig In3[Ie** — 1] 

.. In3[132* —1 ; I 

lim ex By icy lim (x + 732) 
In32 


(using corollary (4.2.3) on numerator & corollary 
(4.2.1) on denominator ) 


4 InI 
—~it+iml, 4 _ 
2ln3 InI 
T+Inl in32 


5 Conclusion 


In this article, we introduced for the first time 
a new version of binomial factorial theorem 
containing the literal indeterminacy (J). This 
theorem enhances three corollaries. As a 
conjecture for indeterminate forms in classical 
calculus, ten of new indeterminate forms in 
Neutrosophic calculus had been constructed. 
Finally, various examples had been solved. 
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Abstract. In this paper, we introduce the integer 
programming in neutrosophic environment, by consi- 
dering coffecients of problem as a triangulare neutros- 
ophic numbers. The degrees of acceptance, indeterminacy 
and rejection of objectives are simultaneously considered. 


The Neutrosophic Integer Programming Problem (NIP) is 
transformed into a crisp programming model, using truth 
membership (T), indeterminacy membership (J), and fal- 
sity membership (F) functions as well as single valued 
triangular neutrosophic numbers. To measure the effic- 
iency of the model, we solved several numerical examples. 


Keywords : Neutrosophic; integer programming; single valued triangular neutrosophic number. 


1 Introduction 


In linear programming models, decision variables are al- 
lowed to be fractional. For example, it is reasonable to ac- 
cept a solution giving an hourly production of automobiles 


at 642 , 1f the model were based upon average hourly pro- 


duction. However, fractional solutions are not realistic in 
many situations and to deal with this matter, integer pro- 
gramming problems are introduced. We can define integer 
programming problem as a linear programming problem 
with integer restrictions on decision variables. When some, 
but not all decision variables are restricted to be integer, this 
problem called a mixed integer problem and when all deci- 
sion variables are integers, it’s a pure integer program. Inte- 
ger programming plays an important role in supporting 
managerial decisions. In integer programming problems the 
decision maker may not be able to specify the objective 
function and/or constraints functions precisely. In 1995, 
Smarandache [1-3] introduce neutrosophy which is the 
study of neutralities as an extension of dialectics. Neutro- 
sophic is the derivative of neutrosophy and it includes neu- 
trosophic set, neutrosophic probability, neutrosophic statis- 
tics and neutrosophic logic. Neutrosophic theory means 
neutrosophy applied in many fields of sciences, in order to 
solve problems related to indeterminacy. Although intui- 
tionistic fuzzy sets can only handle incomplete information 
not indeterminate, the neutrosophic set can handle both in- 
complete and indeterminate information.[4] Neutrosophic 
sets characterized by three independent degrees as in Fig.1., 
namely truth-membership degree (7), indeterminacy-mem- 
bership degree(/), and falsity-membership degree (F), 


where 7, /,F are standard or non-standard subsets of /-0, /+/. 
The decision makers in neutrosophic set want to increase the 
degree of truth-membership and decrease the degree of in- 
determinacy and falsity membership. 


The structure of the paper is as follows: the next section is a 
preliminary discussion; the third section describes the 
formulation of integer programing problem using the 
proposed model; the fourth section presents some 
illustrative examples to put on view how the approach can 
be applied; the last section summarizes the conclusions and 
gives an outlook for future research. 


2 Some Preliminaries 
2.1 Neutrosophic Set [4] 


Let X be a space of points (objects) and xEX. A neutro- 
sophic set A in X is defined by a truth-membership function 
(x), an indeterminacy-membership function (x) and a fal- 
sity-membership function Fa(x). (x), [(x) and F(x) are real 
standard or real nonstandard subsets of /0—,/+/. That is 
Ta(x):X—]0-,1+[, Za(x):X—]0-,1+[ and Fa(x):X—]0-,14[. 
There is no restriction on the sum of (x), (x) and Fa(x), so 

0—<sup(x)<sup/a(x)<F a(x)<3+. 


2.2 Single Valued Neutrosophic Sets (SVNS) [3-4] 
Let X be a universe of discourse. A single valued neu- 

trosophic set A over X is an object having the form 

A= {(x, Mx), La(x),Fa(x)):XEX }, 

where 7a(x):X—>[0,1], (x):X-[0,1] and Fa(x):xX—[0,1] 

with O< Ta(x)+ Ja(x)+ Fa(x)3 for all x€X. The intervals 7(x), 
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Xx) and Fa(x) denote the truth-membership degree, the in- 
determinacy-membership degree and the falsity member- 
ship degree of x to A, respectively. 

In the following, we write SVN numbers instead of sin- 
gle valued neutrosophic numbers. For convenience, a SVN 
number is denoted by A= (a,b,c), where a,b,cE[0,1] and 
atbtcs3., 


Truth membership 
function 


Indeterminacy 
membership 
function 


Falsity membership 
function 


Figure 1: Neutrosophication process 
2.3 Complement [5] 


The complement of a single valued neutrosophic set A 
is denoted by c (A) and is defined by 

T,(A)(x) = F(A)(x), 

I.(A)(x) = 1—I(A)(x), 

F(A) (x) = T(A)(x) 


for all x in X 


2.4 Union [5] 


The union of two single valued neutrosophic sets A and 
B is a single valued neutrosophic set C, written as C= AUB, 
whose truth-membership, indeterminacy membership and 
falsity-membership functions are given by 
T(C)(x) = max (T(A)(x) T(B)(x)), 
I1(C)(x) = max (1(A)(x) 1(B)(x)), 
F(C)(x) = min((A)(x) ,F(B)(x) ) for all x in X 
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2.5 Intersection [5] 


The intersection of two single valued neutrosophic sets 
A and B is a single valued neutrosophic set C, written as 
C = AMB, whose truth-membership, indeterminacy mem- 
bership and falsity-membership functions are given by 
T(C) (x) = min (T(A)(x) T(B)(x)), 
I(C)(x) = min (1(A)(x) 1(B) (x) ) » 
F(C)(x) = max((A)(x) ,F(B)(x) ) for all x in X 


3 Neutrosophic Integer Programming Problems 
Integer programming problem with neutrosophic coef- 
ficients (NIPP) is defined as the following: 


Maximize Z= )i7_4 6x; 


Subject to 
Dia ax; <b, i=1,..,m, (1) 
xj 20, j=1,..n, 


x; integer for j € {0,1,...n}. 
Where G, ,ajj" are neutrosophic numbres. 
The single valued neutrosophic number (aj;") is donated by 
A=(a,b,c) where a,b,c € [0,1] And a,b,c < 3 
The truth- membership function of neutrosophic number 


aij” is defined as: 


x-a4 
—— <x< 
Para a, SxS a, 

T aj (x)= B2-x% a2 < x < a3 (2) 
43-a2 


0 otherwise 


The indeterminacy- membership function of neutrosophic 


number ajjis defined as: 


x—by 
<x< 
a by 
Tap @= BX bo <x<b, (3) 
b3-b 


0 otherwise 
And its falsity- membership function of neutrosophic 


number aij" is defined as: 


x-Cyz 
ae C(,Sx<s, 

Pay = 2k peer, (4) 
b3_bo 


1 otherwise 


Then we find the maximum and minimum values of the 
objective function for truth-membership, indeterminacand 
falsity membership as follows: 


f™* = max{f (x? )} and f™” =min{f (x7 )} where 1< 
isk 
fruncton and ees ee _ Rie ~ fom) 
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feetade and j ee ca a BO ne ~ fini 

Where R ,S are predetermined real number in (0,1) 

The truth membership, indeterminacy membership, falsity 
membership of objective function as follows: 


TF (x) — 
1 if f < Fadel 
a fy rcojsr ©) 
0 if f(x) > fm 
F(x) = 
0 if f < fon 
C3 Nien eel i 
fmax — fmin ie fee Sis po (6) 
{| 0 if f(x) > fm 
FF (x) = 
0) if ra < pe 
SOR if fe < f(x) < pee (7) 
1 if f(x) > fm 
The neutrosophic set of the j*” decision variable x; is 
defined as: 
Ty? = 
d if x <0 
i if 0<x;<d (8) 
- 0 if x; >d, 
x. 
Fy 
0 if x, <0 
“i if O<x<d 9 
=e Bi if 0<x sq (9) 
i 
j 
D2 ft <3 00 (10) 
SN ye ea 
Ge eG 


Where d,, b; are integer numbers. 


4 Neutrosophic Optimization Model of integer pro- 
gramming problem 


In our neutrosophic model we want to maximize the de- 
gree of acceptance and minimize the degree of rejection and 
indeterminacy of the neutrosophic objective function and 
constraints. Neutrosophic optimization model can be de- 
fined as: 
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maxT x) 
mMinF x) 
minl (x) 
Subject to 
Tox) 2 Fox 
Tox 2 Te. 
0< T(x) + I(x) + Fo) <3 
Tay Tox, Fo) 20 
x =0 , integer. 


(11) 


Where T(x). F(x), [() denotes the degree of acceptance, 
rejection and indeterminacy of x respectively. 


The above problem is equivalent to the following: 

max a, min B ,min @ 

Subject to 

aST x 

BS Fo 

0 <1 q) 

a>Pp 

a2zé 

Os a+BPt+éas3 

x = 0 , integer. 
Where a denotes the minimal acceptable degree, 6 denote 
the maximal degree of rejection and 6 denote maximal de- 
gree of indeterminacy. 

The neutrosophic optimization model can be changed 
into the following optimization model: 

max(a — B- @) 

Subject to 

aST x) 

B = Foxy 

6 = Iq) 

a>p 

a2>é 

Os a+BPt+eées3 

a,p,86=0 

x = 0 , integer. 

The previous model can be written as: 

min (1- a) 6 6 

Subject to 

aST x) 

B > Foe 

0 = Iq) 

a>p 

a2>zé 

Os a+Pt+eées3 


(12) 


(13) 


(14) 


x = 0, integer. 
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5 The Algorithms for Solving Neutrosophic inte- 
ger Programming Problem (NIPP) 


5.1 Neutrosophic Cutting Plane Algorithm 


Step 1: Convert neutrosophic integer programming problem 
to its crisp model by using the following method: 

By defining a method to compare any two single valued triangular 
neutrosophic numbers which is based on the score function and the 
accuracy function. Let @ = ((a,,b,,c, ),Wg,Ua, Va ) be a single 
valued triangular neutrosophic number, then 


S(a@) =< [atb+c]x(2+Hq —Vq 
and 
A(@) = lat b+ c]x(2 + wa — va + Aa) 


— Aa) (15) 


(16) 


is called the score and accuracy degrees of @, respectively. The 
neutrosophic integer programming NIP can be represented by crisp 
programming model using truth membership, indeterminacy 
membership, and falsity membership functions and the score and 
accuracy degrees of a, at equations (15) or (16). 


Step 2: Create the decision set which include the highest 
degree of truth-membership and the least degree of falsity 
and indeterminacy memberships. 


Step 3: Solve the problem as a linear programming problem 
and ignore integrality. 


Step 4: If the optimal solution is integer, then it’s right. 
Otherwise, go to the next step. 


Step 5: Generate a constraint which is satisfied by all inte- 
ger solutions and add this constraint to the problem. 


Step 6: Go to step 1. 


5.2 Neutrosophic Branch and Bound Algorithm 


Step 1: Convert neutrosophic integer programming problem 
to its crisp model by using the following method: 
By defining a method to compare any two single valued triangular 
neutrosophic numbers which is based on the score function and the 
accuracy function. Let @ = ((a,,b;,c, ),Wq,Ua, Va ) be a single 
valued triangular neutrosophic number, then 

S@) == [a+b +c]x(2 + ua — va — Aa) (15) 
and 

A(@) = lat b+ c]x(2 + wa — va + Aa) (16) 
is called the score and accuracy degrees of @, respectively. The 
neutrosophic integer programming NIP can be represented by crisp 
programming model using truth membership, indeterminacy 
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membership, and falsity membership functions and the score and 
accuracy degrees of a, at equations (15) or (16). 


Step 2: Create the decision set which include the highest 
degree of truth-membership and the least degree of falsity 
and indeterminacy memberships. 


Step 3: At the first node let the solution of linear program- 
ming model with integer restriction as an upper bound and 
the rounded-down integer solution as a lower bound. 


Step 4: For branching process, we select the variable with 
the largest fractional part. Two constrains are obtained after 
the branching process, one for< and the other is = con- 
straint. 


Step 5: Create two nodes for the two new constraints. 


Step 6: Solve the model again, after adding new constraints 
at each node. 


Step 7: The optimal integer solution has been reached, if the 
feasible integer solution has the largest upper bound value 
of any ending node. Otherwise return to step 4. 


The previous algorithm is for a maximization model. For a 
minimization model, the solution of linear programming 
problem with integer restrictions are rounded up and upper 
and lower bounds are reversed. 


6 Numerical Examples 


To measure the efficiency of our proposed model we 
solved many numerical examples. 


6.1 Illustrative Example #1 


max 5x, + 3x, 
4x, + 3x, < 12 
ix, + 3x, <6 
X4,X2 = 0 and integer 


subject to 


where 

= ((4,5,6 ), 0.8, 0.6, 0.4) 

= ((2.5,3,3.5 ), 0.75, 0.5, 0.3 ) 
= ((3.5,4,4.1 ), 1, 0.5, 0.0) 

= ((2.5,3,3.5 ), 0.75, 0.5, 0.25 ) 
= ((0,1,2 ),1,0.5,0) 

= ((2.8,3,3.2 ), 0.75, 0.5, 0.25 ) 
12 = ((11,12,13 ),1,0.5,0) 

= ((5.5,6,7.5 ), 0.8, 0.6, 0.4 ) 


Wr Rr Gr Br Gor UTR 


Then the neutrosophic model converted to the crisp model 
by using Eq.15 , Eq.16.as follows : 
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max 5.6875x, + 3.5968x, 

4.3125x, + 3.625x, < 14.375 

0.2815x, + 3.925x, < 7.6375 
X1,X2 = 0 and integer 


subject to 


The optimal solution of the problem is x* = (3,0) with 
optimal objective value 17.06250. 


6.2 Illustrative Example #2 

max 25x, + 48x, 

15x, + 30x, < 45000 
24x, + 6X2 < 24000 
21x, + 14x, < 28000 

X1,Xz = Oand integer 


subject to 


where 
25 = ((19,25,33 ), 0.8,0.5,0 ); 
48 = ((44,48,54 ), 0.9,0.5,0 ) 


Then the neutrosophic model converted to the crisp model 
as : 
max 27.8875x1 + 55.3x, 
15x, + 30x, < 45000 
24x, + 6X2 < 24000 
21x, + 14x, < 28000 
X1,X_ = 0 and integer 


subject to 


The optimal solution of the problem is x* = (500,1250) 
with optimal objective value 83068.75. 
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7 Conclusions and Future Work 


In this paper, we proposed an integer programming 
model based on neutrosophic environment, simultaneously 
considering the degrees of acceptance, indeterminacy and 
rejection of objectives, by proposed model for solving 
neutrosophic integer programming problems (NIPP). In the 
model, we maximize the degrees of acceptance and 
minimize indeterminacy and rejection of objectives. NIPP 
was transformed into a crisp programming model using 
truth membership, indeterminacy membership, falsity 
membership and score functions. We also give numerical 
examples to show the efficiency of the proposed method. 
Future research directs to studying the duality theory of 
integer programming problems based on Neutrosophic. 
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Abstract: We introduce now for the first time the 
neutrosophic modal logic. The Neutrosophic Modal Logic 
includes the neutrosophic operators that express the 
modalities. It is an extension of neutrosophic predicate 
logic and of neutrosophic propositional logic. 


Applications of neutrosophic modal logic are to 
neutrosophic modal metaphysics. Similarly to classical 
modal logic, there is a plethora of neutrosophic modal 
logics. Neutrosophic modal logics is governed by a set of 
neutrosophic axioms and neutrosophic rules. 


Keywords: neutrosophic operators, neutrosophic predicate logic, neutrosophic propositional logic, neutrosophic epistemology, 


neutrosophic mereology. 


1 Introduction. 


The paper extends the fuzzy modal logic [1, 2, and 
4], fuzzy environment [3] and neutrosophic sets, 
numbers and operators [5 — 12], together with the last 
developments of the neutrosophic environment 
{including (t, i, f)-neutrosophic algebraic structures, 
neutrosophic triplet structures, and neutrosophic 
overset / underset / offset} [13 - 15] passing through 
the symbolic neutrosophic logic [16], ultimately to 
neutrosophic modal logic. 

All definitions, sections, and notions introduced in 
this paper were never done before, neither in my 
previous work nor in other researchers’. 

Therefore, we introduce now the Neutrosophic 
Modal Logic and the Refined Neutrosophic Modal 
Logic. 

Then we can extend them to Symbolic 
Neutrosophic Modal Logic and Refined Symbolic 
Neutrosophic Modal Logic, using labels instead of 
numerical values. 

There is a large variety of neutrosophic modal 
logics, as actually happens in classical modal logic too. 
Similarly, the neutrosophic accessibility relation and 
possible neutrosophic worlds have many 
interpretations, depending on_ each particular 
application. Several neutrosophic modal applications 
are also listed. 

Due to numerous applications of neutrosophic 
modal logic (see the examples throughout the paper), 
the introduction of the neutrosophic modal logic was 
needed. 


Neutrosophic Modal Logic is a logic where some 
neutrosophic modalities have been included. 


Let P be a neutrosophic proposition. We have the 
following types of neutrosophic modalities: 


A) Neutrosophic Alethic Modalities (related to 
truth) has three neutrosophic operators: 

i. Neutrosophic Possibility: It is neutrosophic- 
ally possible that P. 

ii. Neutrosophic Necessity: It is neutrosophic- 
ally necessary that P. 

ii. Neutrosophic Impossibility: It is neutrosoph- 
ically impossible that P. 

B) Neutrosophic Temporal Modalities (related 
to time) 

It was the neutrosophic case that P. 

It will neutrosophically be that P. 

And similarly: 

It has always neutrosophically been that P. 

It will always neutrosophically be that P. 

C) Neutrosophic Epistemic Modalities (related 
to knowledge): 

It is neutrosophically known that P. 

D) Neutrosophic Doxastic Modalities (related 
to belief): 
It is neutrosophically believed that P. 

E)  Neutrosophic Deontic Modalities: 
It is neutrosophically obligatory that P. 
It is neutrosophically permissible that P. 


2 Neutrosophic Alethic Modal Operators 


The modalities used in classical (alethic) modal 
logic can be neutrosophicated by inserting the indeter- 
minacy. We insert the degrees of possibility and 
degrees of necessity, as refinement of classical modal 
operators. 


3  Neutrosophic Possibility Operator 


The classical Possibility Modal Operator «% P» 
meaning «It is possible that P» is extended to 
Neutrosophic Possibility Operator: 0, P meaning 
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«lt is (4 i, f)-possible that P », using Neutrosophic 
Probability, where «(t, i, f)-possible» means ¢t % 
possible (chance that P occurs), i % indeterminate 
(indeterminate-chance that P occurs), and f % 
impossible (chance that P does not occur). 

If P (ti, iy, fo) is a neutrosophic proposition, with 
tp, tp, fp Subsets of [0, 1], then the neutrosophic truth- 
value of the neutrosophic possibility operator is: 


oy P = (sup(¢,),inf(ip),inf(f)), 


which means that if a proposition P is ty true, i, 
indeterminate, and f, false, then the value of the 
neutrosophic possibility operator Oy P is: sup(t,) 
possibility, inf(i,) indeterminate-possibility, and 
inf(f,) impossibility. 


For example. 


Let P = «lt will be snowing tomorrow». 


According to the meteorological center, the 
neutrosophic truth-value of P is: 

P([0.5, 0.6], (0.2, 0.4), {0.3, 0.5}), 
ie. [0.5,0.6] true, (0.2,0.4) indeterminate, and 


{0.3, 0.5} false. 
Then the neutrosophic possibility operator is: 


On P = 
(sup[0.5, 0.6], inf(0.2, 0.4), inf{0.3, 0.5}) = 
(0.6, 0.2, 0.3), 


i.e. 0.6 possible, 0.2 indeterminate-possibility, and 0.3 
impossible. 


4 Neutrosophic Necessity Operator 


The classical Necessity Modal Operator « OP » 
meaning «It is necessary that P» is extended to 
Neutrosophic Necessity Operator: Oy? meaning «lt 
is (4 i, f)-necessary that P », using again the 
Neutrosophic Probability, where similarly «(t, i, f)- 
necessity» means ¢t % necessary (surety that P occurs), 
i% indeterminate (indeterminate-surety that P occurs), 
and f% unnecessary (unsurely that P occurs). 

If P (ty: ly, tx) is a neutrosophic proposition, with 
tyrty, fh subsets of [0, 1], then the neutrosophic truth 
value of the neutrosophic necessity operator is: 


OyP = (inf(t,), sup(ip), sup(fp)); 


which means that if a proposition P is t, true, i, 
indeterminate, and f,, false, then the value of the 
neutrosophic necessity operator OyP is: inf(ty ) 
necessary, sup(ip) indeterminate-necessity, and 
sup is) unnecessary. 


Taking the previous example: 
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with 
the 


P = «lt will be snowing tomorrow», 
P([0.5, 0.6], (0.2, 0.4), {0.3,0.5}) , then 
neutrosophic necessity operator is: 

OwP = 
(inf[0.5, 0.6], sup(0.2, 0.4), sup{0.3, 0.5}) = 
(0.5, 0.4, 0.5), 


i.e. 0.5 necessary, 0.4 indeterminate-necessity, and 
0.5 unnecessary. 


5 Connection between Neutrosophic 
Possibility Operator and Neutrosophic 
Necessity Operator. 


In classical modal logic, a modal operator is 
equivalent to the negation of the other: 


0 P @ =0-P, 
oP @~ =0-P. 


In neutrosophic logic one has a class of 
neutrosophic negation operators. The most used one is: 


yPt.if) = P(f1- i,t), 
where ¢, i, fare real subsets of the interval [0, 1]. 


Let’s check what’s happening in the neutrosophic 
modal logic, using the previous example. 


One had: 
P([0.5, 0.6], (0.2, 0.4), {0.3, 0.5}), 
then 


nP = P({0.3, 0.5}, 1 — (0.2, 0.4), [0.5, 0.6]) = 
P({0.3, 0.5}, 1 — (0.2, 0.4), [0.5, 0.6]) = 
P({0.3, 0.5}, (0.6, 0.8), [0.5, 0.6]). 


Therefore, denoting by - the neutrosophic equiv- 
alence, one has: 
107 
NNN 
o 


N 
not be snowing tomorrow» 


P([0.5, 0.6], (0.2, 0.4), {0.3, 05) y 


It is not neutrosophically necessary that «It will 


ie It is not neutrosophically necessary that 
P ({0.3, 0.5}, (0.6, 0.8), [0.5, 0.6]) 


: It is neutrosophically possible that 
nP({0.3, 0.5}, (0.6, 0.8), [0.5, 0.6]) 


* Itis neutrosophically possible that 


P([0.5, 0.6], 1 — (0.6, 0.8), {0.3, 0.5}) 


2 SS 


It is neutrosophically possible that 
P((0.5, 0.6], (0.2, 0.4), {0.3, 0.5}) 


rs Plo, 0.6], (0.2, 0.4), {0.3, 0.5}) = 
(0.6, 0.2, 0.3). 
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Let’s check the second neutrosophic equivalence. 


197 


NN? (10-5, 0.6}, (0.2, 0.4), (0.3, 05) 


x It is not neutrosophically possible that «It will 


not be snowing tomorrow» 
* It is not neutrosophically possible that 
P ({0.3, 0.5}, (0.6, 0.8), [0.5, 0.6]) 


[ It is neutrosophically necessary that 


nP({0.3, 0.53, (0.6, 0.8), [0.5, 0.6]) 


y It is neutrosophically necessary that 
P([0.5, 0.6], 1 — (0.6, 0.8), {0.3, 0.5}) 


* Itis neutrosophically necessary that 
P((0.5, 0.6], (0.2, 0.4), {0.3, 0.5}) 


ny yPUlo-5: 0.6], (0.2, 0.4), (0.3, 0.5}) = 
(0.6, 0.2, 0.3). 


6 Neutrosophic Modal Equivalences 


Neutrosophic Modal Equivalences hold within a 
certain accuracy, depending on the definitions of 
neutrosophic possibility operator and neutrosophic 
necessity operator, as well as on the definition of the 
neutrosophic negation — employed by the experts 
depending on each application. Under these conditions, 
one may have the following neutrosophic modal 
equivalences: 


oe71o7 


On Pty, in fo) y NNNP (Ep: tp fo) 


eng4 


OyP(tp, ip fo) y Nyyn? (tp ip fp) 


For example, other definitions for the neutrosophic 
modal operators may be: 


On Pty; ips fy) = (sup(t, Ji sup(iy), inf(f,)), or 
Ow PCtostp fo) = (suplty), + intlp)) 


while 
OvP(ty, bade) = eatin or 
( [0,1] | sup(f,)) 


etc., 


OvP(t 
etc. 


p bitte) a inf(t,), 2ty 


7 Neutrosophic Truth Threshold 


In neutrosophic logic, first we have to introduce a 
neutrosophic truth threshold, TH = (T;y, [in Fin), 
where Typ, Itn, Fen are subsets of [0, 1]. We use upper- 
case letters (T, I, F) in order to distinguish the 
neutrosophic components of the threshold from those 
of a proposition in general. 
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We can say that the proposition P(tp, lp, fo) is 
neutrosophically true if: 


inf(ty) > inf(T,,) and sup(t,) > sup(Tin); 
inf(i,) < inf(/,,,) and sup(ty) < sup(tn); 
inf(f,) < inf(F,,,) and sup(fp) < sup(F;;,)- 


For the particular case when all Typ, In, Fen and 
ty lp, fo are single-valued numbers from the interval 
[0, 1], then one has: 


The proposition PGs, lp, fo) is neutrosophically 
true if: 


2 Tin; 


in S = Tens 
hak 


The neutrosophic truth threshold is established by 
experts in accordance to each applications. 


8 Neutrosophic Semantics 


Neutrosophic Semantics of the Neutrosophic 
Modal Logic is formed by a neutrosophic frame Gy, 
which is a non-empty neutrosophic set, whose 
elements are called possible neutrosophic worlds, 
and a neutrosophic binary relation Ry , called 
neutrosophic accesibility relation, between the 
possible neutrosophic worlds. By notation, one has: 


(Gy, Ry). 


A neutrosophic world w’y that is neutrosophically 
accessible from the neutrosophic world wy is 
symbolized as: 


Wy RnW' y- 


In a neutrosophic model each neutrosophic 
proposition P has a neutrosophic truth-value 
Ca ey ee respectively to each neutrosophic 
world wy € Gy, where ty, twa» fwy are subsets of [0, 


1]. 


A neutrosophic actual world can be similarly 
noted as in classical modal logic as wy * 


Formalization. 

Let Sy be a set of neutrosophic propositional 
variables. 
9 Neutrosophic Formulas 


1) Every neutrosophic propositional variable 
P € Sy is aneutrosophic formula. 


a If A, B are neutrosophic formulas, then WA. 
i) 


ANB, ANB, ANB. AWB. and Ne wae are also 
hic formulas, wher yc aan 
neutrosophic formulas, where a) . NN? N° N’ 
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o F : : 
yn fepresent the neutrosophic negation, neutrosophic 


intersection, neutrosophic union, neutrosophic 
implication, neutrosophic equivalence, = and 
neutrosophic possibility operator, neutrosophic 


necessity operator respectively. 


10 Accesibility Relation in a Neutrosophic 
Theory 


Let Gy be a set of neutrosophic worlds wy such that 
each wy chracterizes the propositions (formulas) of a 
given neutrosophic theory T. 


We say that the neutrosophic world w’y is accesible 
from the neutrosophic world wy, and we write: 
WyRyw'y or Ry(Wy,W'y), if for any proposition 
(formula) P € wy, meaning the neutrosophic truth- 
value of P with respect to wy is 


rae, sige tos ds 
one has the neutrophic truth-value of P with respect to 
w'w 

P(t tp a 
where 

inf(t;"") = inf(t,’”) 
sup(c¥") 


inf(i,"") < inf(i,”") and sup(i,"”) < sup(i,™); 


and sup(t,’”) > 


. wi . Ww wi 
inf(f N\< inf(f, ") and sup(f, N\< 
WwW 

sup(f,'”) 

(in fe general case when an x Le NS o and 
i Ne i Nr a " are subsets of the interval [0, 1]). 

But in the instant of t N. i N. a and 
ty", i, ™, fy ™ as single-values in [0, 1], the above 


inequalities become: 


WIN WN 
St, 


«WIN «WN 
i, Sty”, 


WIN WN 
fp Sin 


11 Applications 


If the neutrosophic theory t is the Neutrosophic 
Mereology, or Neutrosophic Gnosisology, or 
Neutrosophic Epistemology etc., the neutrosophic 
accesibility relation is defined as above. 


12 Neutrosophic n-ary Accesibility Relation 


We can also extend the classical binary accesibility 
relation R to a neutrosophic n-ary accesibility 
relation 


R, for n integer > 2. 
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Instead of the classical R(w, w’), which means that 
the world w’ is accesible from the world w, we 
generalize it to: 


(n) etal 
Ry (Ways Ways» Ways Wur)> 


which means that the neutrosophic world wy is 
accesible from the neutrosophic — worlds 
Wingy Wayr es Way all together. 


13 Neutrosophic Kripke Frame 


ky =(Gy,Ry) is a neutrosophic Kripke frame, 
since: 

i. Gy is an arbitrary non-empty neutrosophic set of 
neutrosophic worlds, or neutrosophic states, or 
neutrosophic situations. 

ii. Ry © GyXGy is a neutrosophic accesibility 
relation of the neutrosophic Kripke frame. Actually, 
one has a degree of accesibility, degree of 
indeterminacy, and a degree of non-accesibility. 


14 Neutrosophic (t, i, f)-Assignement 


The Neutrosophic (t, i, 
neutrosophic mapping 


vy: SvXGy — [0,1] x [0,1] x [0,1] 


f)-Assignement is a 


where, for any neutrosophic proposition P € Sy and 
for any neutrosophic world wy, one defines: 


vy(P wy) = (tp, in fo”) € [0,1] * [0,1] [0,1] 
which is the neutrosophical logical truth value of the 
neutrosophic proposition P in the neutrosophic world 
Wy. 

15 Neutrosophic Deducibility 


We say that the neutrosophic formula P is 
neutrosophically deducible from the neutrosophic 
Kripke frame ky, the neutrosophic (¢, i, f) — assignment 
Vy, and the neutrosophic world wy, and we write as: 


E 
ky, Vy, W, P. 
nr Un Wy yy 
Let’s make the notation: 
ay (P; ky, Vy» Wy) 


that denotes the neutrosophic logical value that the 
formula P takes with respect to the neutrosophic 
Kripke frame ky, the neutrosophic (¢, i, f)-assignement 
Vy, and the neutrosphic world wy. 


We define ay by neutrosophic induction: 


1. an (P; ky, Vy, Wy) der vy (P, wy) if P € Sy and 


Wn E Gn. 
=| d =I 
2. an (Wei ky, Vy, Wy) flay (P; ky, Vy, Wy) I. 


3. an (PQ; ky, Pn, Ww) eis 


[ay (Ps ky, vy Ww) vlan (Q: key, Pn, Wd] 
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4. ay (PQ: kw. Yw Ww) sig 


Lay (P; key, Pn, WI lew (Q; ky, Vy, Ww )] 


> d 
5. ay (P YO: kw, vw.wy) A 
+ 
Lan (P; ky, Uw» Ww )] yp Law (Q: ky, Vy, Wy)| 
0 d 
6. ay ar key, Yn, Wy) o 


(sup, inf, inf){ay(P; ky, vy,wW'y),w’ € Gy and wyRyw' y}. 


Te an Ge ky, Un, Ww ) ae. 


(inf, sup, sup) {ay (P; ky, Vy, W'y),Wy € Gy and wy Ryw' y}- 


8. P if and only if Wy *& P (a formula P is 


neutrosophically deducible if and only if P is 
neutrosophically deducible in the actual neutrosophic 
world). 

We should remark that ay has a degree of truth 
(Coe). a degree of indeterminacy Gale and a degree 
of falsehood (Es): which are in the general case 
subsets of the interval [0, 1]. 

Applying (sup,inf,inf) to ay is equivalent to 
calculating: 


(sup(tay ), igs); inf(foy ))s 
and similarly 


(inf, sup, sup)a@y = 
(inf(tey), sup(igy), sup (fec)) 


16 Refined Neutrosophic Modal Single- 
Valued Logic 


Using neutrosophic (¢, i, f) - thresholds, we refine 
for the first time the neutrosophic modal logic as: 


a) Refined Neutrosophic Possibility Operator. 


1 

N 
possibility t,) that P», corresponding to the threshold 
(t,i.f,),ie OS tst,i2t, f = fi, fort, avery 
little number in [0, 1]; 


Pf) = «It is very little possible (degree of 


9» 
N 
possibility t,) that P», corresponding to the threshold 


(tz, i2, fo), ie.) <tSh,i2zn >, fefhr>h:; 


Pip) = «It is little possible (degree of 


and so on; 


Ym 

N 
possibility t,,) that P», corresponding to the threshold 
(tintin fin)> Le. tm-1 <t Sty, ti Zim > im-1,f = 
fn > fm-t- 


b) Refined Neutrosophic Necessity Operator. 


Pi) = «It is possible (with a degree of 


Oy 
N 
necessity tm4 ) that P», Le. th <tStm41, 12 


im+1 2 lms f 2 fist > fn 


Pci) = «It is a small necessity (degree of 
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Op 
N . 
necessity ty 42) that P», Le. ta, <tStma2,12 


im+2 > lms. f 2 fms2 > fmt; 


Pir) = «ltis a little bigger necessity (degree of 


and so on; 
Ox 


N 
necessity tyn4,) that P», Le. tony <t Stmax = 1, 


iz im+tk > lm+k-1> vA 2 fin+k > fin+k-1- 


Piri) = «lt is a very high necessity (degree of 


17 Application of the Neutrosophic 
Threshold 


We have introduced the term of (¢, i, f)-physical law, 
meaning that a physical law has a degree of truth (4), a 
degree of indeterminacy (i), and a degree of falsehood 
(f). A physical law is 100% true, 0% indeterminate, 
and 0% false in perfect (ideal) conditions only, maybe 
in laboratory. 

But our actual world (wy *) is not perfect and not 
steady, but continously changing, varying, fluctuating. 

For example, there are physicists that have proved a 
universal constant (c) is not quite universal (i.e. there 
are special conditions where it does not apply, or its 
value varies between (c — €,c + €), for ¢ > 0 that can 
be a tiny or even a bigger number). 

Thus, we can say that a proposition P is 
neutrosophically nomological necessary, if P is 
neutrosophically true at all possible neutrosophic 
worlds that obey the (¢, 7, f)-physical laws of the actual 
neutrosophic world wy *. 

In other words, at each possible neutrosophic world 
Wy, heutrosophically accesible from wy *, one has: 


Pe, et 2S Pe lato 


: WN »-WN WN 
Le.tp” 27th, tp” Sen, and fy © = Ftn- 


18 Neutrosophic Mereology 


Neutrosophic Mereology means the theory of the 
neutrosophic relations among the parts of a whole, and 
the neutrosophic relations between the parts and the 
whole. 

A neutrosophic relation between two parts, and 
similarly a neutrosophic relation between a part and 
the whole, has a degree of connectibility (4), a degree 
of indeterminacy (i), and a degree of disconnectibility 


(f). 


19 Neutrosophic Mereological Threshold 


Neutrosophic Mereological Threshold is defined 
as: 


TH ,, = (min(¢,, ),max(i,, ),max( fy, )) 
where ty is the set of all degrees of connectibility 


between the parts, and between the parts and the 
whole; 
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iy is the set of all degrees of indeterminacy between 
the parts, and between the parts and the whole; 


fu is the set of all degrees of disconnectibility 


between the parts, and between the parts and the whole. 


We have considered all degrees as single-valued 
numbers. 


20 Neutrosophic Gnosisology 


Neutrosophic Gnosisology is the theory of (¢ i, f)- 
knowledge, because in many cases we are not able to 
completely (100%) find whole knowledge, but only a 
part of it (¢ %), another part remaining unknown (f%), 
and a third part indeterminate (unclear, vague, 
contradictory) (i %), where ¢, i, f are subsets of the 
interval [0, 1]. 


21 Neutrosophic Gnosisological Threshold 


Neutrosophic Gnosisological Threshold is 


defined, similarly, as: 
TH , = (min(t, ),max(i; ),max( f; )) » 


where tg is the set of all degrees of knowledge of all 
theories, ideas, propositions etc., 
ig is the set of all degrees of indeterminate-knowledge 
of all theories, ideas, propositions etc., 
fg is the set of all degrees of non-knowledge of all 
theories, ideas, propositions etc. 

We have considered all degrees as single-valued 
numbers. 


22 Neutrosophic Epistemology 


And Neutrosophic Epistemology, as part of the 
Neutrosophic Gnosisology, is the theory of (4 i, f)- 
scientific knowledge. 


Science is infinite. We know only a small part of it 
(t %), another big part is yet to be discovered (f%), and 
a third part indeterminate (unclear, vague, 
contradictort) (i %). 


Of course, ¢, i, fare subsets of [0, 1]. 


23 Neutrosophic Epistemological Threshold 
It is defined as: 
TH , =(muin(¢, ),max(i, ),max( f;, )) 


where tg is the set of all degrees of scientific 
knowledge of all scientific theories, ideas, propositions 
etc., 
ig is the set of all degrees of indeterminate scientific 
knowledge of all scientific theories, ideas, propositions 
etc., 
fz is the set of all degrees of non-scientific knowledge 
of all scientific theories, ideas, propositions etc. 

We have considered all degrees as single-valued 
numbers. 
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24 Conclusions 


We have introduced for the 
Neutrosophic Modal Logic and 
Neutrosophic Modal Logic. 

Symbolic Neutrosophic Logic can be connected to 
the neutrosophic modal logic too, where instead of 
numbers we may use labels, or instead of quantitative 
neutrosophic logic we may have a quantitative 
neutrosophic logic. As an extension, we may introduce 
Symbolic Neutrosophic Modal Logic and Refined 
Symbolic Neutrosophic Modal Logic, where the 
symbolic neutrosophic modal operators (and the 
symbolic neutrosophic accessibility relation) have 
qualitative values (labels) instead on numerical values 
(subsets of the interval [0, 1]). 

Applications of neutrosophic modal logic are to 
neutrosophic modal metaphysics. Similarly to classical 
modal logic, there is a plethora of neutrosophic modal 
logics. Neutrosophic modal logics is governed by a set 
of neutrosophic axioms and neutrosophic rules. The 
neutrosophic accessibility relation has various 
interpretations, depending on the applications. 
Similarly, the notion of possible neutrosophic worlds 
has many interpretations, as part of possible 
neutrosophic semantics. 


first time the 
the Refined 
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Uniform Single Valued Neutrosophic Graphs 


S. Broumi, A. Dey, A. Bakali, M. Talea, F. Smarandache, H. Son, D. Koley 


S. Broumi, A. Dey, A. Bakali, M. Talea, F. Smarandache, L. H. Son, D. Koley (2017). 
Uniform Single Valued Neutrosophic Graphs. Neutrosophic Sets and Systems 17, 42-49 


Abstract. In this paper, we propose a new concept named the 
uniform single valued neutrosophic graph. An illustrative examp- 
le and some properties are examined. Next, we develop an algo- 
rithmic approach for computing the complement of the single va- 


lued neutrosophic graph. A numerical example is demonstrated 
for computing the complement of single valued neutrosophic 
graphs and uniform single valued neutrosophic graph. 


Keywords: Single valued neutrosophic sets; Uniform single valued neutrosophic graph; Complement operators 


1 Introduction 


In 1965, Zadeh [7] originally introduced the concept 
of fuzzy set(FSs) which is characterized by a membership 
degree in [0, 1] for each element in the dataset. It may not 
always be true that the degree of non-membership of an 
element in a fuzzy set is equal to 1 minus the truth- mem- 
bership degree because there is some kind of hesitation 
degree. On the basis of fuzzy sets, Atanassov [4] added a 
non-membership in the definition of intuitionistic fuzzy 
sets (IFSs) and later Smarandache [2] introduced the neut- 
rosophic sets (NSs) with the appearance of the truth- 
membership degree (T), the falsehood-membership degree 
(F), and the indeterminacy degree (I). Wang et al. [3] pro- 
posed various set theoretical operators and linked to single 
valued neutrosophic sets The concept of neutrosophic sets 
have been successfully applied to many fields [16]. 


Fuzzy graph has been studied extensively in the past 
years [5,8,9]. Later on, Smarandache [1] proposed neutro- 
sophic graphs in some special types such as neutrosophic 
offgraph, neutrosophic bipolar/tripolar/ multipolar graph. 
Presently, works on neutrosophic vertex-edge graphs and 
neutrosophic edge graphs are progressing rapidly. Broumi 
et al.[13] introduced certain types of single valued neutro- 
sophic graphs ( in short SVNG) such as strong single va- 
lued neutrosophic graph, constant single valued neutroso- 
phic graph, complete single valued neutrosophic graph 
with their properties and examples. Neighborhood degree 
of a vertex and closed neighborhood degree of vertex in 
single valued neutrosophic graph were introduced in [15]. 
The necessary and sufficient condition for a single valued 
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neutrosophic graph to be an isolated single valued 
neutrosophic graph has been presented in [10]. Other ex- 
tensions of the neutrosophic graph have been described in 
[11,12, 14]. 

Up to now, to the best of our knowledge, there has 
been no study on the uniform single valued neutrosophic 
graph. Thus, we propose in this paper a new concept na- 
med the uniform single valued neutrosophic graph. An il- 
lustrative example and some properties are examined. Next, 
we develop an algorithmic approach for computing the 
complement of the single valued neutrosophic graph. 


The remainder of this paper is organized as follows. In 
Section 2, we present the basic definitions. In section 3, we 
introduce the concept of uniform single valued neutroso- 
phic graph and investigate its properties. Section 4 introdu- 
ces an algorithm for computing the complement of single 
valued neutrosophic graphs. A numerical example is pre- 
sented in Section 5. Finally, Section 6 outlines the conclu- 
sion of this paper and suggests several directions for future 
research. 


2 Preliminaries 


In this section, we have present the basic definitions 
of fuzzy sets, neutrosophic sets, single valued neutrosophic 
sets, fuzzy graphs, uniform fuzzy graphs, complement of 
single valued neutrosophic graph which will be useful to 
our main work in the next sections. 

Definition 1[1]. Let X be the universe of discourse 
and its elements denoted by x. In fuzzy theory, a fuzzy set 
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A of universe X is defined by the function T,(x), called 
the membership function of set A. 


T,:X—[0, 1] (1) 


For any element x of universe X,7,4(x) equals the 
degree, between 0 and 1, to which x is an element of set A, 
This degree represents the membership value or degree of 
membership of element x in set A. 


Definition 2[1]. Let X bea space of points and let x 
€ X. A neutrosophic set A in X is characterized by a truth 
membership function T, an indeterminacy membership 
function I, and a falsehood membership function F which 
are real standard or nonstandard subsets of |—0,1+[, and T, 
I, F: X—]-0,1+[. The neutrosophic set can be represented 
as, 

A={(x, Ta@), Ia), Fa(x)):x © X} (4) 


There is no restriction on the sum of T, I, F, So 


“OST, (x)+ Ig (x) +Fa(x)S 3”, (5) 

From philosophical point of view, the neutrosophic 
set takes the value from real standard or non-standard sub- 
sets of ].0,17[. Thus it is necessary to take the interval [0,1] 
instead of ]0,1"[. For practical applications, it is difficult 
to apply] 0,1°[ in the real life applications such as enginee- 
ring and scientific problems. 


Definition 3[3]. Let X be a space of objects with ge- 
neric elements in X denoted by x. A single valued neutro- 
sophic set A (SVNS) is characterized by truth-membership 
function T,(x), an indeterminate-membership function 
I,(x), and a falsehood-membership function F,(x). For 
each point x in X, Ta(x), I,(X), Fa(XE[0, 1]. ASVNS A 
can be written as, 


A={(x, Ta (x), In (&), Fa(x)): x € X} (6) 


Definition 4 [5]. A fuzzy graph is a pair of functions 
G = (6, 1) where o is a fuzzy subset of a non empty set V 
and is a symmetric fuzzy relation ono. ie o: V > [ 
0,1] and uw: VxV-[0,1] such that p(uv) < o(u) A o(v) for 
all u, v € V where uv denotes the edge between u and v 
and o(u) A o(v) denotes the minimum of o(u) and o(v). o 
is called the fuzzy vertex set of V and uw is called the fuzzy 
edge set of E. 
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0.1 0.3 


& : 


0.1 
0.1 


0.1 
0.4 a 


Fig.1. Fuzzy graph 


Remark: The crisp graph G* = (V, E) is a special ca- 
se of the fuzzy graph G with each vertex and edge of ( V, 
E) having degree of membership | (Fig. 1). 

Definition5[6,8]. The complement of a fuzzy graph 
G = (6, uw) is a fuzzy graph G = (G, 1) where & =o and 
H(u,v) = o(u)Ao(v)-p(u,Vv), V uv € V. 

Definition 6[6,8]. Let G = (o, 1) be a fuzzy graph on 
a crisp graph G* = (V, E). Let o*={x€ V | o(x)> 0}.Then 
G is called a uniform fuzzy graph of level kif u (x,y) =k,V 
(x,y) € (o* X o*) and o(x) = k where kisa positive real 
such that 0 <k, <1. 


Definition 7[15].Let G = (V, E) be a single valued 
neutrosophic graph, then the degree of a vertexx ; is defi- 
ned by dg (x ;)=dg (x) =(dr(x).d(x) dr (x)), dg(% i) = 
(xey Te (XY), YDixsy Ip y), Yesy In(&y)). 


Definition 8[15].Let G = (V, E) be a single valued 
neutrosophic graph, then the total degree of a vertex x ; is 
defined by tdg(x ;) =dg(x) =( tdr(x) , td;(x) , tdp(x) ), 
tdg (xj) = Qixey Te & y) + Ta(X), Uxsy Ip y) + 
Ts (*), Lay Ip y) + Fa(x) )- 


Definition 9[13]. Let G = (V, E) be a single valued 
neutrosophic graph, then the complement of single valued 
neutrosophic graph is defined as 
1.V =V 
2.T, (x)=Ta(x), I4(x) = I(x), Fax) =F q(x) for all x€V. 
3.Ta(% y)= min [Ta (x), TY] — Ta y) 

Ig(x, y= max [14 (x), I4(y)] — Ip (, y)and 
Fy (x,y)= max [ F(x), Fa(y)] — Fg(%y), for all (x,y) € E 


Definition 10[13]. Let G = (V, E) be a single valued 
neutrosophic graph. If dg(x ;)= (ky, kz, k3) for all x; € 
V, then the single valued neutrosophic graph is called re- 
gular SVNG of degree (k,, kz, k3) 
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Definition 11[13]. Let G = (V, E) be a single valued 
neutrosophic graph. If tdg(x ,)= (ky, k2,k3) for allx; € 
V, then the single valued neutrosophic graph is called To- 
tally regular SVNG of degree (k,, kz, k3) 


Ill. Uniform Single Valued Neutrosophic Graph 


In this section, we define the concept of uniform sing- 
le valued neutrosophic graphs( in short USVNGs). 


Definition 8. Let G = (A, B) be a single valued neut- 
rosophic graph where A =(T), [,, F,) is a single valued 
neutrosophic vertex of G and B is a single valued neutro- 
sophic edge set of G. Let A={x€ V| T,(x)> 0,44(x)> 0 
and F,(x) > 0}.Then G is called Uniform single valued 
neutrosophic graph of level (k,, kz, k3) if Tg (x,y) = 
ky,1,(«)=kzand Fp (x,y) = k3V (x,y) € (VX V) and T,(x) = 
k,,14(x) = k,and F,(x) = kz where k,, k2and k3 are some 
positive real such that 0 <k,,kz,k3 <1. 


Example 1. Consider an USVNG G= (A,B) on 


V={V1,V1,V3,V4} as shown in Fig.2. 


(0.3. 0.4. 0.6) 
(0.3. 0.4. 0.6) 


(0.3. 0.4. 0.6) 


(0.3, 0.4, 0.6) 
(0.3, 0.4, 0.6) 


(0.3. 0.4. 0.6) 


(0.3. 0.4. 0.6) (0.3. 0.4. 0.6) 


Fig. 2. USVNG. 


Remark: The complement of an uniform single va- 
lued neutrosophic graph is always an empty graph. 


Theorem1. If G = (A, B) is an uniform single valued 
neutrosophic graph of level (k,, kz, k3) then G is a regu- 
lar-USVNG. 

Proof. Let A={x € V|T,(x) > 0, 1,(x) > 0 and 
F,(x) > 0}. Suppose that G is a uniform single valued 
neutrosophic graph. Then Tp (x, y) = ky,Jg (x, y) = kz and 
Fp (xy) = k3V (x,y) € Eand T,(z) = k,, I,(z) = kz and 
F,(z) = k3V¥ z€ V for some real k,,k,and k3 where 0 
<ky,kz,k3 <1. 

Let x € V. Now dg (x)=(d7(x),d;(x), dp(x)) 


de)=(). Tay) leGey),) Fa(ey)) 
xty x#ty xty 
=Dxzy ky, Yixxy kp, Yixey k3) 
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=((n-1) ky, (n-1) kz, (n-1) ks) 
dg (x)=((n-1) ky, (n-1) ky, (9-1) k3) VX EV 


Therefore, G is regular uniform single valued neutro- 
sophic graph. 


Theorem 2. If G = (A, B) is a uniform single valued 
neutrosophic graph of level (k,, kz, k3) then G is a totally 
regular- USVNG. 


Proof. Let A={x € V|T,(x) > 0,1,(x) > 0 and 
F,(x) > 0}. Suppose that G is a uniform single valued 
neutrosophic graph. Then Tp (x, y) = ky ,Ip (x, y) = kz and 
Fp (x,y) = k3V (xy) € Eand T,(z) = k, , I4(z) = kz and 
F,(z) = k3¥z€ V for some real k,, kz andk3 where 0 
<k,,k2,k3 <1.Let x € V. Now, 
tdg(x)=(dr (x) + Ta(x),d (x) + In). de (x) + Fax)) 


ide) =(D) Te &Y +TAX) Yo) 


+140), )) Fe &¥) + CD) 


=(Oixey ky) +k, Oxey ky) + kp, Oxey k3) + k3) 
=((n-1) ky+k,, (n-1) k2+k, (n-1) k3+k3) 
tdg(x)=(nk,,nk2,nk3)VxeEV. 


Therefore, G is totally-regular uniform single valued 
neutrosophic graph. 


Theorem 3. If G = (A, B) is a uniform single valued 
neutrosophic graph of level (k,, kz, k3) on G*=(V, E), then 
the order of G is O(G)= (nk,, nk2,nk3). 


Proof: Let A={x €V|T,(x) > 0,4(x«) > 0 and 
F,(x) > 0}. Suppose that G is a uniform single valued 
neutrosophic graph. Then Tp (x, y) = Kk, ,Ip (x, y) = kz and 
Fp(x,y) = k3V (xy) € Eand T,(z) = k, , I4(Z) = kz and 
F,(z) = k3V¥z€ V for some real k,;, k2 andk3 where 0 
<k,,k2,k3 <1.Let x € V. Now 

0(G)=(07(G),0;(G),07(G)) 


0G) =), TOD), 40D.) fa) 


=(Uxev k1,Lxev ko, Uxev ks) 
Then,O(G)=(nk,, n k,n k3). 


=(dxev ky , yxev k, yxev k3) 
Then,O(G)=(nk,, n k,n k3). 


Theorem 4.The uniform single valued neutrosophic 
graph is a generalization of uniform fuzzy graph. 


Proof: Straightforward. 
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IV. Computing Complement of Single Valued Neu- 
trosophic Graph 


In this section, we present in the last paper, a peudo- 
code of an algorithm computing the complement of single 
valued neutrosophic graph. This algorithm has the ability 
of computing the complement of fuzzy graphs, strong in- 
tuitionistic fuzzy graphs, uniform fuzzy graphs and also 
uniform single valued neutrosophic graphs. 

The following flowchart demonstrates the algorithm 
to compute the complement operator is presented in 
Fig.3V.Numerical Example 
In this section, we present an example to compute the 
complements of the uniform single valued neutrosophic 
graph. Consider a graph in Fig.4. 


(0.4, 0.2, 0.3) 
(0.4, 0.2, 0.3) 


(0.4, 0.2, 0.3) 


(0.4, 0.2, 0.3) 
(0.4, 0.2, 0.3) 


(0.4, 0.2, 0.3) 


(0.4, 0.2, 0.3) (0.4, 0.2, 0.3) 


Fig. 4.A uniform single valued neutrosophic graph 


Using the above pseudo code, the output result for the 
complement of a uniform single valued neutrosophic graph 
is in Fig. 5. 


c\ C:\Documents and Settings\said\Bureau\code of single valued n 


enter no of vertex 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 


values of vertex: 
values of 
values of 
ship values of vertex: 
the edges (x to y>:1 2 
<T,1,F>membership values of edge:@. 
the edges (x to y):2 3 
<T,1,F>membership values of edge:@. 
the edges «x to y):3 4 
<T,1.F>membership values of edge: 
the edges <x to y>):4 1 
<T,1,F>membership values of edge: 
the edges <x to y>:4 2 
<T,1,F>membership values of edge: 
enter the edges <x to y>:1 3 
enter (T,.1I,F)membership values of edge:@.4 @.2 @.3 
complement of Single valued neutrosophic graphs : 
edge membership value= 6.600000 6.600006 6.000000 
edge 6.006006 4.000006 G 
edge value= 6.660006 6.990006 6.990000 
edge value= 6.666006 6.900006 6.900006 
edge value= 6.666006 6.900006 6.900000 
6 8 
a 8 
a a 
a 8 


So 8 8 8 #4 
NS N nN N eooo 


S 8 8 8&8 NNNN 
wo wow WwW WwW SEog 


value= - 996000 


edge value= 6.660066 6.606006 6.600000 
edge value= 6.666006 6.600000 6.000000 
edge value= 6.660066 6.000006 4.600000 
edge membership value= 6.000000 6.000000 6.000000 


DANE POE PWN 


Pitre itt 


Fig. 5. The outputs 
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Example 2 Consider a fuzzy graph as shown in Fig.6 
0.1 0.3 
0.1 


0.1 
0.1 


0.4 0.1 0.1 


Fig. 6.Fuzzy graph 
Using the above pseudo code, the output result for the 
complement of fuzzy graph is as follows: 


vertex 4 
values of 
values of 
«T,F> values of 
€T,F> values of 
the edges ‘x to 
<T.F> values of 
the edges (x to 
CT, F> values of 
the edges ¢x to 
<T,F> values of 
the edges <x to 
<T,F> values of 
the edges <x to 
€T,F> values of 
enter the edges (x to 
enter (T.F> values of 
membership values of complement 
edge membership value= 6.660000 
edge membership value= 6.160000 6.000000 
edge membership value= 6.660006 6.660000 
edge membership value= 6.660000 6.600000 
edge membership value= 6.660000 6.000000 
edge membership value= 6.660000 6.000000 
edge membership value= 6.160000 6.000000 
edge membership value= 6.660000 6.000000 
edge membership value= 6.660000 6.000000 


no of 
<T,F> 
«T,F> 


enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 


vertex:8 


vertex:@. 
vertex:6. 


eoaog 


Se eo 8 8 8&8 ARWE 


of IFG are 
4.990000 


ANE AOE Aw 


Example 3 Consider an uniform intuitionistic 
graph as shown in Fig.7 


fuzzy 


(0.3, 0.6) 
(0.3 , 0.6) 


(0.3, 0.6) 


(0.3, 0.6) 
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Fig.7. Uniform Intuitionistic fuzzy graph 


Using the above pseudo code, the output result for the 
complement of uniform intuitionistic fuzzy graph is as fol- 
lows 


c< C:\Documents and Settings\said\Bureau\dey article... Be 


enter no of vertex 4 
enter (T.F> values of 
enter (T.F> values of 
enter (T.F> values of 
enter (T.F> values of 
enter the edges (x to 
enter (T,F> values of 
enter the edges <x to 
enter (T,.F> values of 
enter the edges ‘x to 
enter (T,.F> values of 
enter the edges ‘x to 
enter (T.F> values of 
enter the edges (x to 
enter (T,.F> values of 
enter the edges (x to 
enter (T,F> values of 
membership values of complement 
edge membership value= 6.660000 
edge membership value= 6.660000 
edge membership value= 6.600006 
edge membership value= 6.600006 
edge membership value= 6.660066 
edge membership value= 6.666600 
8 
8 
8 


AAnH 


nn nnn eooaggd 


edge membership value= 6.666066 
edge membership value= 6.666000 
edge membership -666666 6.666606 


ANE AWE Boo 


value= 


VI. CONCLUSION 


In this paper, we propose a new uniform single va- 
lued neutrosophic graph and an algorithm for computing 
its complement. Some theorems of the uniform single va- 
lued neutrosophic graph have been examined. The algo- 
rithm in this research also enables us to compute the com- 
plement of uniform single valued neutrosophic graph. In 
the future, we plan to extended this algorithm for compu- 
ting the complement of others variants of single valued 
neutrosophic graphs. 
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Appendix 


#include<stdio.h> 

#include<conio.h> 

#define max 100 

typedef struct { 

float 
Truth_membership,Indterminate_membership,False_mem 
bership; 

}fuzzy; 

fuzzy 
element[max][max],compliment[max][max]://element sto- 
re the membership value of vertex.Compliment store the 
value of complimented graph. 

int vertex;//store total number of vertex. 
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float vertex_membership[max]|[6];//store membership va- 
lue of vertex. 
void input() 
{ 
int i,origin,destiny;//origin & destiny store the no. of ver- 
tex.And i for iteration. 

printf("Please enter no of vertex:"); 

scanf("%d",&vertex); 

for(i=0;i<vertex;it++) 

{ 

printf("Please enter (T,I,F)menbership values of 
vertex:"); 

scanf("%f%f%f" ,&vertex_membership[i][0],&ver 
tex_membership[i][1],&vertex_membership[i][2]);//store 
the membership value of vertex 

if(vertex_membership[i][0]+vertex_membership[i 
][{1]+vertex_membership[i][2 ]>=3&&(vertex_membership 
[i][0]<=3 & &vertex_membership[i][1]&&vertex_members 
hip[i][2])) 

{ 

printf("Error Invalid input\n"); 

i--; 

} 

} 

for(i=0;i<vertex*(vertex-1)/2;i++) 

{ 

printf("Please enter the edges (x to y):"); 

scanf("%d%d" ,&origin,&destiny); 


if(origin>vertex||destiny>vertex||origin<=0||destin 
y<=0||destiny==origin) 
{ 
printf("Error! Invalid input\n"); 
I; 


else 

{ 

printf("Please enter (T,I,F)membership values of 
edge:"); 
scanf("%f%of%f" ,&element[origin- 1 ][destiny- 
1].Truth_membership, &element[origin- 1 ][destiny- 
1].Indterminate_membership,&element[origin-1 ][destiny- 
1].False_membership);//store th membership value of ed- 


ge. 
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1].Truth_membership;//store the truth-membership value 
of edge. 

element[destiny- 1 ][origin- 
1].Indterminate_membership=element[origin-1 ][destiny- 
1].Indterminate_membership;//store the 
membership value of edge. 
element[destiny-1 ][origin- 
1].False_membership=element[origin- 1 ][destiny- 
1].False_membership;//store the False-membership value 
of edge. 


indterminate- 


if(element[origin- 1 ][destiny- 
1].Truth_membership+elementf[origin- 1 ][destiny- 
1].Indterminate_membership+element[origin-1 ][destiny- 
1].False_membership>3)//store the membership value of 
edge. 

{ 

printf("Error! Invalid input\n"); 

1--; 


} 


void output() 
{ 

int i,j; 

float maximum,minimum,maximuma; 

printf("The complement of Single valued neutro- 
sophic graphs is:\n"); 

forGi=0;i<vertex;it++) 


{ 

forG=0;j<vertex;j++) 
{ 

ifG==j) 

I+; 


if(vertex_membership|[i][0]>vertex_membership|[j][0]) 
minimum=vertex_membership[j][0]://find minimum value 
between two vertex. 

else 

minimum=vertex_membership[i][0];//find minimum value 
between two vertex. 
if(vertex_membership[1][1]>vertex_membership|j][1]) 
maximum=vertex_membership[i][1];//find maximum va- 
lue between two vertex. 

else 

maximum=vertex_membership[j][1];//find maximum va- 
lue between two vertex. 
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if(vertex_membership[i][2]>vertex_membership|[j][2]) 
maximuma=vertex_membership[i][2];//find maximum va- 
lue between two vertex. 

else 

maximuma=vertex_membership[j][2]://find maximum va- 
lue between two vertex. 
compliment[i][j].Truth_membership=minimum- 
element[i][j].Truth_membership://calculating compliment. 
compliment(i][j].Indterminate_membership=maximum- 
element|[i][j].Indterminate_membership://calculating 
compliment. 
compliment[i][j].False_membership=maximuma- 
element[i][j].False_membership;//calculating compliment. 


} 
} 
for(i=0;i<vertex-1;i++) 
{ 
for(j=0;j<vertex;j++) 
{ 


if(i==j) 
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its 
printf("Y%od - Y%d edge membership value= “%f “%f “%f 
\n" i+ 1,j+1,compliment[i][j].Truth_membership,complime 
nt[i][j].Indterminate_membership,compliment[i][j].False_ 


membership);//printing complimented graph. 


} 

} 

} 

void main() 

{ 
input(); 
output(); 
getch(); 

} 
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Extension of Crisp Functions on Neutrosophic Sets 


Sabu Sebastian, Florentin Smarandache 


Sabu Sebastian, Florentin Smarandache (2017). Extension of Crisp Functions on Neutrosophic Sets. 


Neutrosophic Sets and Systems 17, 88-92 


Abstract. In this paper, we generalize the definition of 
Neutrosophic sets and present a method for extending 


Keywords: Neutrosophic set, Multi-fuzzy set, Bridge function.. 


1 Introduction 


L-fuzzy sets constitute a generalization of the notion of 
Zadeh's [26] fuzzy sets and were introduced by Goguen [8] 
in 1967, later Atanassov introduced the notion of the intui- 
tionistic fuzzy sets [1] Gau and Buehrer [7] defined vague 
sets. Bustince and Burillo [2] showed that the notion of 
vague sets is the same as that of intuitionistic fuzzy sets. 
Deschrijver and Kerre [5] established the interrelationship 
between the theories of fuzzy sets, L-fuzzy sets, interval val- 
ued fuzzy sets, intuitionistic fuzzy sets, intuitionistic L- 
fuzzy sets, interval valued intuitionistic fuzzy sets, vague 
sets and gray sets [4]. 


2 Preliminaries 


Definition 2.1. [26] Let X be a nonempty set. 
A fuzzy set A of X isa mapping A: X — [0, 1], 
that is, 

A = {(a, wa(x)) : w(x) is the grade of member- 


ship of x in A, x € X}. The set of all the fuzzy 
sets on X is denoted by F(X). 


Definition 2.2. [8] Let X be a nonempty 
ordinary set, L a complete lattice. An [-fuzzy set 
on X isa mapping A: X > JL, that is the family 
of all the L-fuzzy sets on X is just L* consisting of 
all the mappings from X to L. 

Definition 2.3. [1] An Intuitionistic Fuzzy Set 
on X is aset 

A= {(t, Ha), va(x)) : 2 € X}, 
where w(x) € [0, 1] denotes the membership 
degree and vyg(x) € [0, 1] denotes the non- 


membership degree of x in A and 
wa(x) +va4(x) <1,Va eX. 
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crisp functions on Neutrosophic sets and study some prop- 
erties of such extended functions. 


The neutrosophic set (NS) was introduced by F. 
Smarandache [22] who introduced the degree of indetermi- 
nacy (i) as independent component in his manuscripts that 
was published in 1998. 


Multi-fuzzy sets [12, 13, 16] was proposed in 2009 by 
Sabu Sebastian as an extension of fuzzy sets [8, 26] in terms 
of multi membership functions. In this paper we generalize 
the definition of neutrosophic sets and introduce extension 
of crisp functions on neutrosophic sets. 


Definition 2.4. [22)A Neutrosophic Set on X isa 
set 

A= {(x,T a(x), I(x), Fa(x)) : 2 € Xf, 
where Ty(xz) € [0, 1] denotes the truth 
membership degree, [4(x) € [0, 1] denotes the 
indetermi-nancy membership degree and F'4(x) € 
(0, 1] denotes the falsity membership degree of x 
in A respectively and 

0< Ta(x) + I4(x) + Fa(x) < 3,Va € X. 

For single valued neutrosophic logic (T, I, F’), 
the sum of the components is: 0 < T+/+F < 3 
when all three components are independent; 0 < T 
+ 1+ F< 2 when two components are dependent, 
while the third one is independent from them; 0 < 
T+ 1+ F< 1 when all three components are 
dependent. 


Definition 2.5. [12, 13, 16]Let X be a nonempty 
set, J be an indexing set and {L;: j € J} a family 
of partially ordered sets. A multi-fuzzy set A in 


X isaset: 


A= {(z, (uj (2)) jer) :GE X, My € Ls, iS J}. 
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The indexing set J may be uncountable. The 
function ja = ([4; ) jeyis called the membership 


function of the multi-fuzzy set A and 
I] je y Lj is called the value domain. 
If J = {1, 2, ..., n} or the set of all natural numbers, 


then the membership function a = (41, [2, ...) is 
a sequence. 


In particular, if the sequence of the membership 
function having precisely n-terms and L; = (0, 
1], for J = {1, 2, ..., n}, then n is called the 
dimension and M™FS(X) denotes the set of all 


multi-fuzzy sets in X. 


Properties of multi-fuzzy sets, relations on 
multi-fuzzy sets and multi-fuzzy extensions of 
crisp functions are depend on the order relations 
defined in the membership functions. Most of the 
results in the initial papers [12, 13, 15, 16, 18] are 
based on product order in the membership 
functions. The paper [21] discussed other order 
relations like dictionary order, reverse dictionary 
order on their membership functions. 


Let {L;: 7 € J} bea family of partially ordered 
sets, and 


A={(c, (1; (0))jes) 12 EX, 

[jE tare € J} and B= {(a, (Vj (£))jer) 2 2 E 
X, uz € L , J € J} be multi-fuzzy sets in a 
nonempty set X. Note that, if the order relation 
in their membership functions are either product 
order, dictionary order or reverse dictionary 
order|16, 21], then; 

e A=Bifand only if u(x) =v; (x), Vx € X and 
for all 7 € J 

e AUB= {(a, (uj(x) Vj ¥;(@)) jer) «© X} and 
e ANB= {(x, (uj (x) Aj 4; (@))jes) 1 2 € X}, 
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where V; and \;are the supremum and infimum 
defined in L; with partial order relation <;. Set 
inclusion defined as follows: 


e In product order, A C B if and only if ju; (aw) < 
Vv; (x), Va € X and for all j € J. 


e In dictionary order, A C Bifand only if 4(a) < 
v1(a) or if i(x) = (a) and 
fio(x) < Vo(x), Va eX. 


Definition 2.6. Let L be a lattice. A mapping’: 
L > L is called an order reversing involution [25], 
if for alla,be L: 

Peep <a 
PGE Ge 

Definition 2.7. [23] Let’: M—> Mand’: L > L 
be order reversing involutions. A mapping h : M 
— IL is called an order homomorphism, if it 
satisfies the conditions: 

1. h(Ow) = Oz; 
2 ti Vai) = Vinay): 
3. h-*(b') = (A*(0))', 

where h~! : L + M is defined by, for every b € L, 

h-+(b) = Vfae M: h(a) < bd}. 


Generalized Zadeh extension of crisp functions 
[24] have prime importance in the study of fuzzy 
mappings. Sabu Sebastian [16, 13]generalized this 
concept as multi-fuzzy extension of crisp 
functions and it is useful to map a multi-fuzzy set 
into another multi-fuzzy set. In the case of a crisp 
function, there exists infinitely many multi-fuzzy 
extensions, even though the domain and range of 


multi-fuzzy extensions are same. 


Definition 2.8. [16] Let f: X > Y andh: [[M; > [[ ZL; be a functions. The multi-fuzzy 
extension of f and the inverse of the extension are f : [| M* — J] LY and f-*:[] LY > T] Mx 


defined by 


FAY) = Vo RA) 


y=f (x) 


and 


f-'(B)(a) = h-"(B(F (2) 


), Ae] M*, yeY 


), Be][L, ce x; 


where h~! is the upper adjoint [23] of h. The function h : [] M; > J] Z; is called the bridge 


function of the multi-fuzzy extension of f. 
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Remark 2.9. In particular, the multi-fuzzy 
extension of a crisp function f : X — Y based on 
the bridge function h : I* > I” can be written as f: 
MKFS(X) > M™FS(Y ) and f-!: M®FS(Y ) > 
MFS(X), where 


F(A)(y) = sup. h(Aa)), Ae MEFS(X), ye ¥ 
y=f (ax 


and 


f-1(B)(x) = h7!(B(f(z))), BE M®FS(Y), x € X. 


In the following section []M; =|] L;= T°. 
Remark 2.10. There exists infinitely many 

bridge functions. Lattice homomorphism, order 

homomorphism, lattice valued fuzzy lattices and 


strong L-fuzzy lattices are examples of bridge 


functions. 
Definition 2.11. [10] A function t : [0, 1] x [0, 
1] — [0, 1] is a t-norm if Va, b, c € [0, 1]:(1) t(a, 1) 


=a; 
(2) t(a,b) = t(b, a); 

(3) t(a, t(b, c)) = t(t(a, b), ©); 

(4) b<c implies t(a, b) < t(a,c). 

Similarly, a t-conorm (s-norm) is a commutative, 
associative and non-decreasing mapping s :[0, 1] 


x [0, 1] — [0, 1] that satisfies the boundary 


condition: 
s(a,0) =a, for all a € [0, 1]. 


Definition 2.12. [9] A function c: [0, 1] > (0, 1] 
is called a complement (fuzzy) operation, if it 
satisfies the following conditions: 


(1) c(0) =1 and c(1) = 0, 
(2) for all a,b € [0,1], if a < b, then c(a) > c(b). 
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Definition 2.13. [9] A t-norm t and a t-conorm 
s are dual with respect to a fuzzy complement 
operation c if and only if 

c(t(a, b)) = s(c(a), e(b)) 
and 

c(s(a, b)) = t(c(a), e(b)), 
for all a,b € [0,1]. 

Definition 2.14. [9] Let n be an integer greater 
than or equal to 2. A function m: [0, 1]” — [0, 1] 
is said to be an aggregation operation for fuzzy 
sets, if it satisfies the following conditions: 

1. m is continuous; 
2. m is monotonic increasing in all its arguments; 
3. 40(05 O:c003 0) = 0; 
Aspe Vs We cee es 


3 Neutrosophic Sets 


In this section, we generalize the definition of 
neutrosophic sets on [0, 1]. Throughout the fol- 
lowing sections Xis the universe of discourse and 
A € M3FS(X) means A is a multi-fuzzy sets of 
dimension 3 with value domain J?, where J? = (0, 
1] x [0, 1] x [0, 1]. That is, A € (1°)*. 


Definition 3.1. Let X be a nonempty crisp set 
and0<a<3. A multi-fuzzy set A € M3FS(X)is 
called a neutrosophic set of order a, if 

A= {(z, Ta(2), Ia(x), Fa(z)) : 2 € X, 
0< Ta(x) + I4(x) + Fa(x) < a}. 

Definition 3.2. Let A, B be neutrosophic sets 
in X of order 3 and let t, s,m, c be the t-norm, s- 
norm, aggregation operation and complement 
Then the 


intersection and complement are given by 


operation respectively. union, 


1. AUB = {(2, s(Za(@), Ta(x)), ma (a), Ip()), tFa(a), Fa (x))) : @ © X}; 


2. A(\B= {(a,t(Ta(x), Ta(«)), mUa(@), [a (w)), 8(Fa(@), Fa (a))) : © © XY}; 


B.A = {(e.cCPa(«)),. cd ala)),.clFaGe))) see XL 
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4 Extension of crisp functions on neutrosophic 
set using order homomorphism as bridge 
function 


Theorem 4.1. If an order homomorphism h : J? 
— I is the bridge function for the multi-fuzzy 
extension of a crisp function f: X > Y, then for 
every k € K neutrosophic sets A,in X and B,in Y 
of order 3; 


1. A, © Ag implies f(A) C f (Aa); 


2. f(UAR) = Uf (Ag); 
3. f(A) COF(AR); 


4. B, C By implies f~!(B,) C f7!(Ba); 
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= V{h(ArexAp(x)) 20 € X, y = f(x)} 
< V{h(Ag(x)): 2 € X, y= f(x)}, 
for each k € kK. Hence 
S(O Ak) (y) S Arex V {h(Ag(x)) : 2 © X, 
= f(x)} = Arex f(Ar)(y), 
thus f(A) C Of (Ax). 


4. B,C Byimplies Bi(y) < Bo(y), Vy € Y. 


Hence 
f-"(Bi)(a) = h-(Bi(f(a))) < h-(Bo(f(@))) = 
f-1(Bo)(x), Va € X. 


Therefore, f~'(B,) C f7!(Ba). 


5. For every x € X, we have 


5. f~'(UBg) = Uf (Br); fOM(UB (a) = bo ((UBg)(F(#))) = h~*(sup By(f(2))) 
6. f—' (Bg) = Of" (Br); = sup h-'(B,(f(x))) = sup f-*(Bg)(2) 
kek kek 

7. (f-'(B)yY = f*(B)); = (Uf *(Br))(2). 

8. AC f-(f(A)); Hence f~!(UB,) = Uf7!(Bx). 

9. f(f-(B)) CB. 6. For every x € X, we have 
eee FMB (a) = A*(MBA) (a) = Ain, BeCFC@)) 
1. A, C Agimplies Aj(x) < Ao(x), Vx € X = nae h~*(Br(f(«))) = ae f-*(Br)(«) 

Ge aie = (FB) (@), 

AY) SOC) EE Hence f~'(NBe) =Nf~!(Br). 


Hence 
V{h(Aq(x)): 2 € X, 


= f(r) } < V{h(Ag(a)) x € X, 
= f(x)} and f(A1)(y) < f(A2)(y), 
Vy € Y. That is, f(A1) C f(Ag). 
2. For every y € Y, 


f(UAR)(y) = V{h((UAg)(@)) 2 @ EX, 
y = f(x)} 


V{h(VAz(x)) : cE X, y= fl(x)} 
= V{Veckh(Ap(x)): 2 € X, y= f(z)} 
Vick V {h(Ax(x)) 2 EX, y= f(x)} 
Vek f (Ak) (y), 
thus f(UA,) = Uf (Ag). 
3. For every y € Y, 

F(NAK)(y) = V{R((NAg)(@)) 2 EX, 

y = f(x)} 
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7. For every x € X, 
f \(BY(a) =h"(B (f(z) = h-'(BUf(@)))'= 
(F-1(B))'(e), since f-1(B)(#) = h-(B(f(@))). 


That is, f-'(BY) = (f-(B)y’. 
8. For every 29 € X, 


A(ao) < V{A(x):2€ X, xe f-'(f(xo)} 
< A (A(V{A(az) 22 © X, x f*(F(ao)})) 
= h'(V{h(A(a)) se X, we € fo"(F(@0))}) 
= h*(f(A)(f(a0))) 
= f(F(A))(@o): 

9. For every y€ Y 
f(f-*(B))y) = sup h(f-*(B)(2)) 
y=f(2) 
= sup h(h“(B(f(«)))) 
y=f(2) 
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Hence f(f~!(B)) C B. 


Proposition 4.2. If an order homomorphism 
h: I? Pis the bridge function for the extension 
of a crisp function f: X > Y, then for any k € kK 
neutrosophic sets A;in X and BinY: 


1. f(Ox) = Oy; 
2. f(UAK) = Uf (Ax); and 


3. (fF (B))' = f-"(B)), 


that is, the extension map f is an order 
homomorphism. 
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Computing Operational Matrices in Neutrosophic 
Environments: A Matlab Toolbox 
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Ganeshsree Selvachandran 
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Ganeshsree Selvachandran (2017). Computing Operational Matrices in Neutrosophic 
Envioraments: A Matlab Toolbox. Neutrosophic Sets and Systems 18, 58-66 


Abstract.Neutrosophic set is a generalization of classical set, 
fuzzy set, and intuitionistic fuzzy set by employing a degree of 
truth (T), a degree of indeterminacy (I), and a degree of 
falsehood (F) associated with an element of the dataset. One of 
the most essential problems is studying set-theoretic operators in 
order to be applied to practical applications. Developing Matlab 
toolboxes for computing the operational matrices in neutrosophic 
environments is essential to gain more widely-used of 
neutrosophic algorithms. In this paper, we propose some 
computing procedures in Matlab for neutrosophic operational 


matrices, especially 1) computing the single-valued neutrosophic 


matrix; ii) determining complement of a_ single-valued 
neutrosophic matrix; iii) computing max-min-min and min-max- 
max of two single-valued neutrosophic matrices; v) computing 
power of a single-valued neutrosophic matrix; vi) computing 
additional operation and subtraction of two single-valued 
neutrosophic matrices; and ix) computing transpose of a single- 
valued neutrosophic matrix. Numerical examples are given to 


illustrate their applicability. 


Keywords: Matlab toolbox; Neutrosophic set; Single valued neutrosophic matrices; Set-theoretic operators 


1 Introduction 


There are many evidences in complex systems that an 
event or phenomenon cannot be modeled by a classical set 
[11,18]. For instance, the Schrédinger’s Cat Theory says 
that the quantum state of a photoncan basically be in more 
than one place in the same time, which means that an 
element (quantum state) belongs and does not belong to a 
set (one place) inthe same time; or an element (quantum 
state) belongs to two different sets (two different places)in 
the same time [24]. Again, it is hard to judge the truth- 
value of a metaphor, or of an ambiguous statement, or of a 
social phenomenon which is positive from a standpoint and 
negative from another standpoint [24]. The classical 
mathematics does not practice any kind ofuncertainty in its 
tools, excluding possibly the case of probability, where it 
can handle a particular kind of uncertainty called 
randomness [ll]. Therefore new techniques and 
modification of classical tools arerequired to model such 
uncertain phenomena [9]. Neutrosophic set (NS) [33] is a 
generalization of classical set, fuzzy set, and intuitionistic 
fuzzy set by employing a degree of truth (T), a degree of 
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indeterminacy (I), and a degree of falsehood (F) associated 
with an element of the dataset proposed in 1998 by 
Smarandache. It has been successfully applied to many 
fields such as control theory[1], databases [4,5], medical 
diagnosis [7], decision making [23],topology [27]and 
graph theory [12-21]. 

NS has many advantages over other preceding sets. 
Specifically, triangular fuzzy numbers (TFNs) and 
neutrosophic numbers (NNs) are both generalizations of 
fuzzy numbers that are each characterized by three 
components [33]. TFNs and NNs have been widely used to 
represent uncertain and vague information in various areas 
such as engineering, medicine, communication science and 
decision science. However, NNs are far more accurate and 
convenient to be used to represent the uncertainty and 
hesitancy that exists in information, as compared to TFNs. 
NNs are characterized by three components, each of which 
clearly represents the degree of truth membership, 
indeterminacy membership and falsity membership of a 
NN with respect to an attribute. Therefore, we are able to 
tell the belongingness of the NN to the set of attributes that 
are being studied, by just looking at its structure. This 
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provides a clear, concise and comprehensive method of 
representation of the different components of the 
membership of the number. This is in contrast to the 
structure of the TFN which only provides us with the 
maximum, minimum and initial values of the TFN, all of 
which can only tell us the path of the TFN, but does not 
tell us anything about the degree of non-belongingness of 
the TFN with respect to the set of attributes that are being 
studied. Furthermore, the structure of the TFN is not able 
to capture the hesitancy that naturally exists within the user 
in the process of assigning membership values. These 
reasons clearly show the advantages of NNs compared to 
TFNs. 

One of the most essential problems in NS is studying set- 
theoretic operators (or operational matrices) in order to be 
applied to practical applications. Smarandache [33] and 
Wang et al.[4l]proposed the concept of single-valued 
neutrosophic set and provided its set-theoretic operations 
and properties. Broumi and Smarandache [10] proposed 
some operations on interval neutrosophic sets (INSs) and 
studied their properties. Ye [43] defined the similarity 
measures between INSs on the basis of the hamming and 
Euclidean distances. Some set theoretic operations such as 
union, intersection and complement have also been 
proposed by Wang et al. [42].Broumi and Smarandache [8] 
also defined the correlation coefficient of interval 
neutrosophic set.Liu and Tang [26] presented some new 
operational laws for interval neutrosophic sets and studied 
their properties. More recent works on operational law and 


applications can be retrieved in [9, 24-26, 34, 44-45,47-50]. 


In practical point of view, developing Matlab toolboxes for 
computing the operational matrices in neutrosophic 
environments is essential to gain more widely-used of 
neutrosophic algorithms and methods. Zahariev [46] 
presented a new software package for fuzzy calculus in 
MATLAB environment whose main feature is solving 
fuzzy linear systems of equations and inequalities in fuzzy 
algebra. Peeva and Kyosev[30] developed a library for 
fuzzy relational calculus over the fuzzy algebra([0,1], 
max,min). The library includes various operations and 
compositions with fuzzy relation and intuitionistic fuzzy 
solving direct and inverse problem. Recently, Mumtaz et al. 
[3] implemented some functions in MATLAB for 
computing algebraic neutrosophic measures in medical 
diagnosis. Ashbacher [6] analyzed and developed some 
computing procedures for neutrosophic operations.Albeanu 
[2] described some neutrosophic computational models in 
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order to identify a set of requirement for software 
implementation. Salama et al. [32] developed an Excel 
package for calculating neutrosophic data and analyzed 
them. Karunambigai and Kalaivani [22] developed a 
MATLAB program for computing power of an 
intuitionistic fuzzy matrix, strength of connectedness and 
index matrix of intuitionistic fuzzy graphs with suitable 
examples. 

However, the existing Fuzzy Toolboxes in MATLAB does 
not propose options to evaluate the operations in 
neutrosophic environments. Thus, in this paper, we 
propose some computing procedures in Matlab for 
neutrosophic operational matrices, especially 1) computing 
the single-valued neutrosophic matrix; 1i) determining 
complement of a single-valued neutrosophic matrix; iii) 
computing max-min-min of two _ single-valued 
neutrosophic matrices; iv) computing min-max-max of two 
single-valued neutrosophic matrices; v) computing power 
of a single-valued neutrosophic matrix; vi) computing 
additional operation of two single-valued neutrosophic 
matrices; vil) computing subtraction of two single-valued 
neutrosophic matrices; and viii) computing transpose of a 
single-valued neutrosophic matrix. In order to illustrate 
their applicability, numerical examples are given and 
discussed. 

The rest of this paper is organized as follows. Section 2 
recalls some basic concepts of Neutrosophic Set. Section 3 
presents the computing procedures in Matlab. Section 4 
describes the numerical examples. Section 5 delineates 
conclusions and further studies of this research. 


2 Fundamental and Basic Concepts 
Definition 1[31]. Neutrosophic Set(NS) 


Let X be a space of points and let xZX . A 


neutrosophic set S in X is characterized by a truth 
membership function q. , an indeterminacy membership 


function /;, and a falsehood membership function Fz . le, 
I, and Fy are real standard or non-standard subsets of 


| 0° at b. The neutrosophic set can be represented as 


S=mtx, T. +e plist pfx au Z XY 
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The sum of Ti ,,/;+¥, and Flot, is 
0° of tx ,. Igtx,. Fete 03°. 
To use neutrosophic set in the real life 


applications such as engineering and scientific problems, it 


is necessary to consider the interval 10,1 instead of 


| 0° Al b for technical applications. 


Definition 2 [31].Let 4, =(Zj,1,,R) and 4, =(%,1,,F) 


betwo single-valued neutrosophicnumbers. Then, the 


operations for NNs are defined as below: 

(i) 4, ® 4, =(7 +7, 077,11, 5) 

(ii) 4,@A, =(FF,1,. 1,011,,—. F,0 RF) 

(iii) 0A =(1-(107)°),17,F°) 

(iv) 47 =(77,10 (10 1,)°,10 (10 F)°) where o AO 


Definition3[31]. Let A =(7,1,,F,) be a single-valued 
neutrosophic number. Then, the score function s(A), the 
accuracy function a(A) and the certainty function c(A) of 
SVNN are defined as follows: 

() (4) - BA 


(ii) a(A)=T,-F, 
(iii) (A) = 7; 


Definition 4[31].Let 4,=(7,,1,,F,) and 4, =(%,1,,F) 
betwo single-valued neutrosophic numbers then 

(i) A x A,ifs(A,) <s(A,) 

(ii) A, > A, if s(A,) > s(4)) 

(iii) A, = A, if s(4,) = s(Ay) 


Definition 5 [31]. The unit 0, is defined by one of the 
four types: 

(0,) Type 1.0, = {? x,(0,0,1) Ax ZX} 

(0,) Type 2.0, ={? x,(0,L1I) Ax ZX} 

(0;) Type 3.0, = {? x,(0,10) Ax ZX} 

(0,) Type 4.0, = {? x,(0,0,0) Ax ZX} 


Definition 6 [31]. The unit |, is defined by one of the four 


types: 
(1,) Type 1.1, = {? x,0,0,0) Ax 2X} 


(1,) Type 2.1, ={? x,(L0,D Ax ZX} 
(1,) Type 3.1, = {? x,0,1,0) Ax ZX} 
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(1,) Type 4.1, = {? x, (11,1) Ax ZX} 
lll. Computing procedures for set-theoretic opera- 
tions 


For the sake of brevity, we use the following 
notations to denote the following types of matrices: 


# a.m: Membership matrix. 
# a.1: Indeterminacy membership matrix. 
# a.n: Non-membership matrix. 


3.1.Computing the single-valued neutrosophic matrix 


The procedure is described as follows. 


Function nm_out=nm(varargin); %*single 
valued neutrosophic matrix class con- 
SEEUCEOr, 


SA = nm(Am,Ai,An) creates a single val- 
ued neutrosophic matrix 


% with membership degrees from matrix 
Am 


fo) 


% indeterminate membership degrees from 
matrix Ai 


% and non-membership degrees from Ma- 
trix An. 


ol? 


f the new matrix is not neutrosophic 
i.e. Am(i,j)+Ai (i, j+An (i,j) >3 
% appears warning message, 
object will be constructed. 


but the new 


rt 


length (varargin) ==3 


Am = varargin{1l}; % Cell array indexing 
Ai = varargin{2}; 

An = varargin{3}; 

end 


nm_.m=Am; 


nm 


_ .i=Ai; 
nm_.n=An; 
nm_out=class(nm_,'im'); 


if ~checknm(nm_out) 
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disp('Warning! The created new object 
is NOT a Single valued neutrosophic ma- 
trix') 


end 


3.2. Determining complement of a single-valued 
neutrosophic matrix 


In the literature, there are two definitions of complement of 
neutrosophic sets. They are implemented in this extended 
software package. To obtain the complement of a type | 
and type 2 of a single-valued neutrosophic matrix, simple 
call of the function named “complement!.m” or “comple- 
ment2.m”. 


% maxminmin of two single valued neu- 
trosophic matrix A and B 


& "A" have to be single valued neutro- 
sophic matrix - "nm" object: 


S"B" have to be single valued neutro- 
sophic matrix - "nm" object: 


a.m=max(A.m,B.m); 


a.i=min(A.i,B.i); 


a.n=min(A.n,B.n); 


At=nm(a.m,a.i,a.n); 


Function At=complement1 (A) ; 


fo) 


% complement of typel single valued 
neutrosophic matrix A 


fo) 


& "A" have to be single valued neutro- 
sophic matrix - "nm" object: 


a.m=A.n; 
a.i=A.i; 
a.n=A.m; 


At=nm(a.m,a.i,a.n); 


3.4. Computing min-max-max of two single-valued neu- 
trosophic matrices 

To obtain the min-max max of two single-valued neutro- 
sophic matrices, simple call of the following function 


named “minmaxmax.m” is needed: 


Function At=complement2 (A) ; 


Q 


% complement of type2 single valued 
neutrosophic matrix A 


Q 


& "A" have to be single valued neutro- 
sophic matrix - "nm" object: 


a.m=1-A.m; 
a.i=1-A.i; 
a.n=1-A.n; 


At=nm(a.m,a.i,a.n); 


Function At=minmaxmax (A,B); 


% minmaxmax of two single valued neu- 
trosophic matrix A and B 


& "A" have to be single valued neutro- 
sophic matrix - "nm" object: 


S"B" have to be single valued neutro- 
sophic matrix - "nm" object: 


a.m=min(A.m,B.m); 


a.i=max(A.i,B.i); 


a.n=max(A.n,B.n); 


At=nm(a.m,a.i,a.n); 


3.3. Computing max-min-min of two single-valued neu- 
trosophic matrices 

To obtain the max-min min of two single-valued neutro- 
sophic matrices, simple call of the following function 


named “maxminmin.m” is needed: 


3.5. Computing power of a single-valued neutrosophic 
matrix 

To obtain the power of single-valued neutrosophic matrix, 
simple call of the following function named “power.m” is 


needed: 


Function At=power (A,k); 


Function At=maxminmin (A,B); 


332 


Florentin Smarandache (author and editor) 


Collected Papers, XII 


spower of single valued neutrosophic 
matrix A 


& "A" have to be single valued neutro- 


sophie matrix — "nm" object: 
for i =2 :k 

a.m=(A.m) .*k; 

a.i=(A.i) .%k; 

a.m=(A.m) .*k; 


At=nm(a.m,a.i,a.m); 


end 


& "A" have to be single valued neutro- 
sophic matrix - "nm" object: 


a.m=min(A.m,B.n); 


a.i=(A.i+B.i)/2; 


a.n=max(A.n,B.m); 


At=nm(a.m,a.i,a.n); 


3.6. Computing additional operation of two single- 
valued neutrosophic matrices 

To obtain the additional operation of two single-valued 
neutrosophic soft matrices, simple call of the following 


function named “softadd.m’” is needed: 


3.8. Computing transpose of a single-valued neutro- 
sophic matrix 

To obtain the power of single-valued neutrosophic matrix, 
simple call of the following function named “transpose.m” 


is needed: 


Function At=softadd(A,B)j; 


% addition operations of two single 
valued neutrosophic soft matrix A and 
B 


& "A" have to be single valued neutro- 
sophic matrix —- "nm" object: 


a.m=max (A.m,B.m)j; 


a.i=(A.it+B.i)/2; 


a.n=min(A.n,B.n); 


At=nm(a.m,a.i,a.n); 


Function At=transpose (A); 


% transpose Single valued neutrosophic 
matrix A 


% "A" have to be single valued neutro- 
sophic matrix - "nm" object: 


a.m=(A.m) '; 
a.i=(A.i)'; 
a.n=(A.n)'; 


At=nm(a.m,a.i,a.n); 


3.7. Computing subtraction of two single-valued neu- 
trosophic matrices 

To obtain the subtraction operation of two single-valued 
neutrosophic soft matrices, simple call of the following 


function named “softsub.m”’ is needed: 


VI. NUMERICAL EXAMPLES 


In this section, we give several examples to illustrate solv- 
ing some operations of the single-valued neutrosophic ma- 
trices. 

Example 1. Input a neutrosophic matrix by a given struc- 
ture in the toolbox. 


%Enter the degree of membership of A in the variable a.m 


>>am=[0.5 .55.30.15.3.10;.1 2.1]; 


Function At=softsub (A,B); 


& function st=disp_intui (A); 


%Enter the degree of indterminate-membership of A in 
the variable a.i 


% substraction operations of two single 
valued neutrosophic soft matrix A and 
B 


>>a.i=[1.3.2331.4:.1.515.1.5.7]; 


%Enter the degree of non-membership of A in the variable 
an 
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>>an=[0.2 .33.40.5;.6.10; 3.5.5]; 
%Enter the degree of membership of Bin the variable b.m 
>>b.m = [0 4.25.40 .15.3.20; 3.3.1]; 


%Enter the degree of indterminate-membership of Bin the 
variable b.i 


>>b.i=[0.5.4:30.558.10;.3.2.4]; 


%Enter the degree of non-membership of Bin the variable 
b.n 


>>b.n= [0.5 45.30 .55.8.10; 3.2.4]; 
>>A=nm(a.m,a.i,a.n) 

%This command returns a matrix A with degree of mem- 
bership a.m,degree of indeterminate-membership a.i and 
degree of non-membership a.n% 

A= 

<0.00, 1.00, 0.00><0.50, 0.30, 0.20><0.50, 0.20, 0.30> 
<0.30, 0.30, 0.40><0.00, 1.00, 0.00><0.10, 0.40, 0.50> 
<0.30, 0.10, 0.60><0.10, 0.50, 0.10><0.00, 1.00, 0.00> 
<0.10, 0.10, 0.30><0.20, 0.50, 0.50><0.10, 0.70, 0.50> 
>>B=nm(b.m,b.i,b.n) 

%This command returns a N matrix B with degree of 
membership b.m, degree of indeterminate-membership b.i 
and degree of non- membership b.n % 

B- 

<0.00, 0.00, 0.10><0.40, 0.50, 0.40><0.20, 0.40, 0.30> 
<0.40, 0.30, 0.30><0.00, 0.00, 1.00><0.10, 0.50, 0.40> 
<0.30, 0.80, 0.10><0.20, 0.10, 0.60><0.00, 0.00, 1.00> 


<0.30, 0.30, 0.10><0.30, 0.20, 0.30><0.10, 0.40, 0.60> 
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>>complement1(A) 


% This command returns the complementlof N matrices A 


ans = 

<0.00, 1.00, 0.00><0.20, 0.30, 0.50><0.30, 0.20, 0.50> 
<0.40, 0.30, 0.30><0.00, 1.00, 0.00><0.50, 0.40, 0.10> 
<0.60, 0.10, 0.30><0.10, 0.50, 0.10><0.00, 1.00, 0.00> 


<0.30, 0.10, 0.10><0.50, 0.50, 0.20><0.50, 0.70, 0.10> 


Example 3. Evaluate the complement type 2 of matrix 
above 


>>complement2(A) 


% This command returns the complement2 

ans = 

<1.00, 0.00, 1.00><0.50, 0.70, 0.80><0.50, 0.80, 0.70> 
<0.70, 0.70, 0.60><1.00, 0.00, 1.00><0.90, 0.60, 0.50> 
<0.70, 0.90, 0.40><0.90, 0.50, 0.90><1.00, 0.00, 1.00> 


<0.90, 0.90, 0.70><0.80, 0.50, 0.50><0.90, 0.30, 0.50> 


Example 2. Evaluate the complement type | of the follow- 


ing matrix: 


A= 


< 0.00, 1.00, 0.00 > 
< 0.40, 0.30, 0.30 > 
< 0.60, 0.10, 0.30 > 
< 0.30, 0.10, 0.10 > 


< 0.20,0.30,0.50 > 
< 0.00, 1.00, 0.00 > 
< 0.10, 0.50,0.10 > 
< 0.50, 0.50, 0.20 > 


< 0.30, 0.20, 0.50 > 
< 0.50, 0.40, 0.10 > 
< 0.00, 1.00, 0.00 > 
< 0.50, 0.70, 0.10 > 


Example 4. Evaluate the min-max-max and max-min-min 
of these matrices: 


A= 
< 0.00, 1.00, 0.00 > 
< 0.40, 0.30, 0.30 > 
< 0.60, 0.10, 0.30 > 
< 0.30, 0.10, 0.10 > 


< 0.20,0.30,0.50 > 
< 0.00, 1.00, 0.00 > 
< 0.10,0.50,0.10 > 
< 0.50, 0.50,0.20 > 


< 0.30, 0.20,0.50 > 
< 0.50, 0.40, 0.10 > 
< 0.00, 1.00, 0.00 > 
< 0.50, 0.70, 0.10 > 


B= 


< 0.00, 0.00, 0.10 > 
< 0.40, 0.30, 0.30 > 
< 0.30, 0.80, 0.10 > 
< 0.30, 0.30,0.10 > 


< 0.40, 0.50, 0.40 > 
< 0.00, 0.00, 1.00 > 
< 0.20, 0.10, 0.60 > 
< 0.30, 0.20,0.30 > 


< 0.20, 0.40, 0.30 > 
< 0.10, 0.50, 0.40 > 
< 0.00, 0.00, 1.00 > 
< 0.10, 0.40, 0.60 > 


>>minmaxmax(A,B) 
% This command returns the min-max-max 


ans = 
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<0.00, 1.00, 0.10><0.40, 0.50, 0.40><0.20, 0.40, 0.30> 
<0.30, 0.30, 0.40><0.00, 1.00, 1.00><0.10, 0.50, 0.50> 
<0.30, 0.80, 0.60><0.10, 0.50, 0.60><0.00, 1.00, 1.00> 


<0.10, 0.30, 0.30><0.20, 0.50, 0.50><0.10, 0.70, 0.60> 


>>maxminmin(A,B) 

% This command returns the max-min-min 

ans = 

<0.00, 0.00, 0.00><0.50, 0.30, 0.20><0.50, 0.20, 0.30> 
<0.40, 0.30, 0.30><0.00, 0.00, 0.00><0.10, 0.40, 0.40> 
<0.30, 0.10, 0.10><0.20, 0.10, 0.10><0.00, 0.00, 0.00> 


<0.30, 0.10, 0.10><0.30, 0.20, 0.30><0.10, 0.40, 0.50> 


<0.10, 0.45, 0.60><0.10, 0.30, 0.20><0.00, 0.50, 0.00> 


<0.10, 0.20, 0.30><0.20, 0.35, 0.50><0.10, 0.55, 0.50> 


Example 6. Return the transpose of the matrix below: 
A= 


< 0.00, 1.00, 0.00 > 
< 0.40, 0.30,0.30 > 
< 0.60, 0.10, 0.30 > 
< 0.30,0.10,0.10 > 


< 0.20, 0.30,0.50 > 
< 0.00, 1.00, 0.00 > 
< 0.10, 0.50, 0.10 > 
< 0.50, 0.50, 0.20 > 


< 0.30,0.20,0.50 > 
< 0.50, 0.40, 0.10 > 
< 0.00, 1.00, 0.00 > 
< 0.50, 0.70, 0.10 > 


Example 5. Evaluate the additional and subtraction opera- 
tions of the matrices in Example 


>>transpose(A) 

% This command returns the power of matrix A . 

ans = 

<0.00, 1.00, 0.00><0.30, 0.30, 0.40><0.30, 0.10, 0.60><0.10, 0.10, 0.30> 


<0.50, 0.30, 0.20><0.00, 1.00, 0.00><0.10, 0.50, 0.10><0.20, 0.50, 0.50> 


<0.50, 0.20, 0.30><0.10, 0.40, 0.50><0.00, 1.00, 0.00><0.10, 0.70, 0.50 


>>softadd(A,B) 


% This command returns the addition of two neutrosophic 
matrices A and B 


ans = 

<0.00, 0.50, 0.00><0.50, 0.40, 0.20><0.50, 0.30, 0.30> 
<0.40, 0.30, 0.30><0.00, 0.50, 0.00><0.10, 0.45, 0.40> 
<0.30, 0.45, 0.10><0.20, 0.30, 0.10><0.00, 0.50, 0.00> 


<0.30, 0.20, 0.10><0.30, 0.35, 0.30><0.10, 0.55, 0.50> 


>>softsub(A,B) 


% This command returns the substraction of two neutro- 
sophic matrices A and B 


ans = 
<0.00, 0.50, 0.00><0.40, 0.40, 0.40><0.30, 0.30, 0.30> 


<0.30, 0.30, 0.40><0.00, 0.50, 0.00><0.10, 0.45, 0.50> 
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Note: The functions described above enables us to com- 
pute the operations on fuzzy matrices and intuitionistic 
fuzzy matrices 


Fuzzy matrix: 


<05,0,0> <0.2,0,.0> <04,0,0> 
fe ie <0.3,0,0> <0.3,0,0> <08,0,0> 
Se \ 204,0,0> <0.6,0,0> <1,0,0> 
<0.6,0,0> <0.5,0,.0> <0.2,0,0> 
Intuitionisticfuzzy matrix: 
Alrs= 
<0.5,0,02> <0.2,0,01> <0.4,0,0.4> 
<0.3,0,0.2> <0.3,0,04> <0.8,0,0.3 > 
<0.4,0,03> <0.6,0,08> <0.3,0,0.5 > 
<0.6,0,05> <0.5,0,09> <0.2,0,0.2 > 
CONCLUSION 


This paper aimed to propose some new computing 
procedures in Matlab forset-theoretic operations in the 
neutrosophic set. The toolbox consists of 8 operations 
including forming the single-valued neutrosophic matrix, 
computing complement, power and transpose of a single- 
valued neutrosophic matrix, calculating the max-min-min, 
min-max-max, additional and subtraction operations of two 
single-valued neutrosophic matrices.The neutrosophic 
software package gives the ability for easy calculation of 
operations in associated problems.The high level of user- 
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friendliness of the programs and functions also makes it 
very convenient to be used, and gives it a higher level of 
computational efficiency compared to the existing software 
packages for fuzzy calculus. We hope that they will 
support researches who are working in the field of 
neutrosophic decision making and neutrosophic graph 
theory. 
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Abstract. Neutrosophic (over, off, under) set and logic were defined for the first time in 1995 by 
Florentin Smarandache, and presented during 1995-2018 to various national and international 
conferences and seminars. The (over, off, under) neutrosophic geometric programming was put forward 
by Huda et al. in (2016) [8], in an attempt to define a new type of geometric programming using (over, 
off, under) neutrosophic less than or equal to. This paper completes the basic notions of (over, off, 
under) neutrosophic geometric programming illustrating its convexity condition, and _ its 
decomposition 

theorems. The definitions of (a, 6, y) — cut and strong (a, B, y) — cut are introduced, and some of 
their important properties are proved. 


Keyword: Neutrosophic Set (NS), Neutrosophic Geometric Programming (NGP), (Over, Off, Under) 
Neutrosophic Convex Set, (sleeves, neut-sleeves, anti-sleeves) of Neutrosophic Sets, Ideal Sleeves, 
(a, B, y) — cut, Strong (a, B, y) — cut , Excluded Middle Law, Decomposition Theorems; 


Introduction 

B. Y. Cao set up the mathematical fundamentals of fuzzy geometric programming (FGP) [1], and 
introduced it at the second IFSA conference, in 1987, in (Tokyo). The formulation and uniqueness of 
the maximum solution of fuzzy neutrosophic geometric programming in the type of relational equations 
were firstly introduced by H.E. Khalid [14], later there was a novel method for finding the minimum 
solution in the same fuzzy neutrosophic relational equations on geometric programming presented on 
2016 [15]. The most important paper which related with the basic role of this paper which regarded as 
the first attempt to present the notion of (over, off, under) neutrosophic less than or equal in geometric 
programming was established by Florentin S. and Huda E. [8]. The NGP method has been admitted by 
specialists and created a new branch of neutrosophic mathematics. Inspired by Smarai«lache 
neutrosophic sets theory and (over, off, under) neutrosophic set theory [2, 5, 6], neutrosophic geometric 
programming emerges from the combination of neutrosophic sets with geometric programming. The 
present paper intends to discuss the (over, off, under) convexity in neutrosophic sets, introducing a new 
definition for convexity, and graphing the geometrical representations for (over, off, under) convexity 
property. Neutrosophic sleeves, neutrosophic neut-sleeves and neutrosophic anti-sleeves are also 
introduced in this research. Because each neutrosophic set can uniquely be represented by the family of 
all its (@, B, y) — cut, it is useful to enunciate the definition of (@, 8, y) — cut and prove some ofts 
properties, similarly talking for strong(a, 8, y) — cut. Any neutrosophic mathematical programming 
cannot be generated from the womb of fuzzy mathematical programming without the passage through 
intuitionistic fuzzy mathematical programming [17, 18], so we should be familiar with all aspects of 
intuitionistic mathematical programming fundamentals from the point of view of K. T. Atanassov [13, 
16]. 


1 (Over, Off, Under) Convexity Property in Neutrosophic Sets 


In this section, a new convexity behavior of the neutrosophic set will be given. Let X be an ordinary 
set whose generic elements are denoted by x. N(X) is the set of all neutrosophic sets included in X. 
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1.1 Definition [19] 

A neutrosophic set A € N(x) is defined as A= {< p(x), 0,(X), Va(x) >: x € X} where 
Ua (x), 6, (x), Va(X) represent the membership function, the indeterminacy function, the non- 
membership function respectively. 


1.2 Definition [4] 

A mapping A:X > [0,1], x > ua(x), x > og(X),xX > vax) is called a collection of 
neutrosophic elements, where U4 a membership x corresponding to a neutrosophic set A, o,(x) an 
indeterminacy membership x corresponding to a neutrosophic set A, vq(x) a non-membership x 
corresponding to a neutrosophic set A. 


1.3 Definition 
Suppose A € N(x). If Vx,,X2 € X, we call that A is an (over, off, under) convex neutrosophic set, 
iff the following conditions hold together: 


1- pa (Ax, + (1 —A)x2) > min(Ha (x1), Ha (Xp) WX1,X2 € X. 
2- Let o,(x) = Ua(X) N Va(X) and 
a- 0,(X) satisfies the convex condition, 
ie. O4(A X, + (1 —A )x2) > min(o,4(K,),04(K2) for some x,,x> E€ X. 
b- 06,(X) satisfies the concave condition, 
i.e.0,(A xX, + (1 —A)x2) < max(o,(x 1), O4(X2)) for some x,, x2 E€ X. 
c- 06,(x) is neither convex nor concave at t, € X, where t; =A x, + (1 —A )x,, andA = 0.5, 
(i.e. Og (X) = O4(X2) = o4(t,) = 0). 
3-  va(Ax, + (1 —A)x2) < max(va(X1), Va(Kz)) VX1,X2 € X. 


For more details, see Figures 1, 2, and 3. 


2 Geometrical Representation 


This section illustrates the geometrical representation of the (over, off, under) convexity 
behavior in neutrosophic sets. Figures 1,2 and 3 illustrate the given notion as follow: 


Ha(X2) 


Ha(o) 


Ha(X4) 


Figure 1: The convex condition of the truth membership function [, (x). 


Here, pa(t) > min(U, (x1), Ua(K2) , where t = (Ax, + (1 —A )x2); A € [0,1], satisfying the condition 
for all x,,X2 EX. 
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Figure 2: The concave condition of the falsehood membership function v, (x) 


Here, va(t) < max (va(x,),Vq(X2)), where t= (Ax, +(1—A)x2);A€[0,1] the condition is 
happening for all x,,x2 € X. 


N(X) 


x4 t, X2 


Figure 3: Here the indeterminate function is constructed from the intersection between the truth and 
falsehood membership functions; i.e. 04(x) = U4(x) N v4(x). In this figure, the dashed point lines (i.e. 
shaded with green points represent the indeterminate region, here o4(x) is neither convex nor concave 
at 04(x,) = 64(X2) = o4(t,) = 0, where t; = Ax, + (1 —A)x,, and A= 0.5. 


3 Neutrosophic Sleeves, Neutrosophic Anti-sleeves, Neutrosophic Neut-sleeves 


This section introduces for the first time the notion of neutrosophic sleeves, its contradiction and its 
neutrality. Together with the definitions of the neutrosophic sleeve, neutrosophic anti-sleeve, 
neutrosophic unit-sleeve, we provided graphs; however, the graphs are imprecise, offering an illustration 
of the meaning of composite sleeves. 
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If a set-valued mapping H: [0,1] > N(x) satisfies Va,,a, € [0,1], a, <a, > H(a,) 2 H(a,), then 
H is called a collection neutrosophic sleeve on X . A set composed of all the collections of neutrosophic 


sleeves on X is written as (X) . The ideal sleeve occurs when H(a,) = H(a@z). 


N(x) 


0 X 
ay a2 1 


Figure 4: Neutrosophic sleeve 


N(x) 


H(a,) = H(a,) 


ay a : 


Figure 5: Neutrosophic ideal sleeve 


3.2 Definition 


If a set-valued mapping H:[0,1] > N(x) satisfies V a@,,@2,2a,-—a, €[0,1],a,<2a,-a, > 
H(a@z) 2 H(2a2 — a), then H is called a collection of neutrosophic anti-sleeves on X. A set composed 
of all the collection of neutrosophic anti-sleeves on X is written as anti U(X). The ideal neutrosophic 


anti-sleeve on X occures when H(a,) = H(2a, — a). 
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Figure 6: Neutrosophic anti-sleeve 


N(x) 


ay a> 2a a ay 


Figure 7: Neutrosophic ideal anti-sleeve 


3.3 Definition 

If a set-valued mapping H: [0,1] > N(x) satisfies V a1, @2,2a, —a, € [0,1],a, <a, <2a,-a,> 
H(a,) AH(2az — a@,) = min{ H(a@,),H(2a, — a@,)} = H(az), then H is called a collection of 
neutrosophic neut-sleeves on X . A set composed of all the collection of neutrosophic neut-sleeves on X 
is written as neut U(X). The ideal neutrosophic neut-sleeve on X occurs in the case of 0 < a, < az < 
2a, -—a,<1>H(a,) =H(az) = H(2a,-a,). 
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Note that: 


The ideal case of neutrosophic neut-sleeve is composed from the ideal case of the neutrosophic sleeve 
combined with the ideal case of the neutrosophic anti-sleeve. 


H(a,) H(2a,—a,) 


dj 


N(x) 


ay a> 2a, a ay 


Figure 8: Neutrosophic neut-sleeve 


H(a,) = H(a,) = H(2a, — ay) 


ay a> 2a,—a, 1 


Figure 9: Neutrosophic ideal neut-sleeve 


Note that: 


All figures from 4 to 9 are just indicative graphs employed to understand the meaning of neutrosophic 
sleeves, neutrosophic anti-sleeves and neutrosophic neut-sleeves, but are not necessary accurate. 
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4 A new insight of the excluded-middle law in neutrosophic theory 
4.1 The excluded-middle law in classical and fuzzy logics 


In classical dialectics, the excluded middle law is the third of the three classic laws of thought. 
It states that for any proposal, either that proposal is true, or its contradictory is true. The earliest known 
formulation was in Aristotle’s discussion of the principle of non-contradiction, where he said that of two 
contradictory suggestions, one of them must be true, and the other is false. Aristotle 384 BC, said that it 
is necessary for every claim there are two opposite parts, either confirm or deny and it is unattainable 
that there should be anything between the two parts of an opposition. We point out that fuzzy logic, 
intuitionistic fuzzy logic and neutrosophic logic no longer satisfy the excluded-middle law [3]. 
Let X be an ordinary fuzzy set, whose generic elements are denoted by x, a mapping A:X > 
[0,1], x > u,(x) called a fuzzy set A, and let the complement of A be A° with its membership function 
meaning yc(x) = 1 — w,4(x), then it is obvious that the excluded-middle law is not satisfied. u4(x) U 
Mac(x) #X (1) 
Ma(x) N Mac(x) # @ (2) 


Example: 


Let X = [0,1], u4(x) = x, then wyc(x) = 1 — x, while 


1 
1-x x< 2 
(Ua U Mac) (x) = 1 (3) 
x x> 2 
1 
x x< 2 
(a O Hae) = ‘ (4) 
45 = 
x x> 5 
Hence 
Ha U Uae #X & Ua Ng #0 
Especially, 
1 1 1 
(ia U tae) (5) = Ca Ota) (5) = 5 (5) 


A fuzzy set operation does not satisfy the excluded-middle law, which complicates the study of 
fuzzy sets. The fuzzy sets can provide more objective properties than the classical sets [1]. 


4.2 The excluded middle law with the perspective of (over, off, under) neutrosophic 
geometric programming 


In the two-valued logic, all the designated values as types of truth and all the anti-designated values 
as types of untruth with gaps between truth-value (or falsehood-value). In the neutrosophic theory, one 
specifies the non-designated values as types of indeterminacy and thus, each neutrosophic consequences 
have degrees of designated, non-designated, and anti-designated values. However, the excluded middle 
law in the neutrosophic system does no longer work [7]. 

Even more, Smarandache (2014) [3] generalized the Law of Included Middle to the Law of Included 
Multiple-Middles, showing that in refined neutrosophic logic (2013), between truth (7) and falsehood 
(F) there are multiple types of sub-indeterminacies (/;, Jz, ...) [10,11,12]. 

In upcoming definitions, the authors affirm that “4(x) MN “yc(x) # @ in neutrosophic environment; for 
example but not limited to, the nonlinear neutrosophic programming ( i.e. example of neutrosophic 
geometric programming (NGP)). 
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4.2.1 Definition 


Let N(X) be the set of all neutrosophic variable vectors x;,i=1,2,..,m, ie. N(X) = 
Cere cme 28 a | x; € X}. The function g(x): N(X) — RUT is said to be neutrosophic GP function of 


x, where g(x) = cs Ce Wie oat Cy = 0 is aconstant , y,; being an arbitrary real number. 


4.2.2 Definition 


Let g(x) be a neutrosophic geometric function in any neutrosophic geometric programming, and let Ag 
be the neutrosophic set for all functions g(x) that are neutrosophically less than or equal to one. 


Ap = {x EX: g(x) <N1}= {xj EX: g(x) < 1, anti( g(x)) > 1,neut( g(x)) = 1} (6) 
4.2.3 Definition 


Let g(x) be any neutrosophic geometric function written as a constraint in any neutrosophic geometric 
programming (NGP), where x; € X = [0,1] U[0,nJ] and x = (x, %2,...,Xm)? is an m-dimensional 
neutrosophic variable vector. 
Call the inequality 
g(x) <N1 (7) 
where " < N" denotes the neutrosophied version of " <" with the linguistic interpretation being "less 
than (the original claimed), greater than (the anti-claim of the original less than), or equal (neither the 
original claim nor the anti-claim)" 
The constraint (7) can be redefined into three constraints as follow:- 
g(x) <1 
anti (g(x)) >1 (8) 
neut( g(x)) =1 


4.2.4 Definition 
Let Ap be the set of all neutrosophic geometric functions that neutrosophically less than or equal to one, 
ie. Ap = {x EX G(X) <NISSOA= {x; € X: g(x) <1, anti( g(x)) > 1,neut( g(x)) = 1} 


It is significant to define the following membership functions: 


1 ; 0<g(x) <1 
x))= eas - Slant = 9 
Ha,( 9(x)) (cate Dy pajanti(g@))-D _ 1), Lene dos (9) 
0 ; O0<sg@)<1 
i = st anti x))- st x) 
eg f pag OC) oo gag a) 1—d,In0.5 < g(x) <1+d, Sa 
It is clear that u,,(neut( g(x))) consists from the intersection of the following functions: 
5(9(x)-1) 5 (anti g(x))-1) 
edo , 1—edo 
Le. 
Een 
—(anti( g(x))-1) 
1 — edo ; 1< g(x) <1-d,In05 
a, (neut( g(x))) = ye ° (11) 


-1 
pag tert) ,1—d,In0.5 < g(x) <1+d, 
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Note that d, > 0 is a constant expressing a limit of the admissible violation of the neutrosophic geometric 
function g(x). 


Consequently, 
Ha, ( g(x)) N Ha, (anti( g(x))) #0, 


Here pia, ( 9(%)) Ha, (anti( g(x))) = Ha, (neut( g(x))). 
5 (a,B,y) — cut and strong (a,B,y) — cut of Neutrosophic sets 


We put the following definitions as an initial step to prepare to prove the properties of 
(a, B, y) — cut and strong (a, B,y) — cut of neutrosophic sets. 


5.1 Definition 


Let A € N(x),V (a, 6,7) € [0,1] , written Aig gy) = (x: Ua(X) 2 @,04(x) = B,V4(xX) SV}, Ava py 
is said to be an (a, 8, y) — cut set of a neutrosophic set A . Again, we write 

Aa py = {%: Max) > a, o4(x) > Bv4(X) < Y}, Acagyyt is Said to be a strong (a, 6, y) — cut set of 
a neutrosophic set A, (a, 6, y) are confidence levels anda+B+y <3. 


5.2 Definition 


Let A € N(x), written A(oo y+ = {%: Ha(x) > 0,04(x) > 0, v4(x) < 1} = supp A, A(oo1)+ is called a 
support of a neutrosophic set A. Again, ker A = {x:u,(x) = 1,0,(x) = 0, v,4(x) = 0} is called a kernel 
of neutrosophic set A, and A is a normal neutrosophic set for kerA + Q. 


5.3 Definition 


fed € NCO), wut AUB (x, max (1,(0),14,(9), 
max(o, (x), og (x)), min(v, (x), vp (x))): x € X}, the union of A&B 
ANB= (x, min (140), u5(x)) ; min(o,(x), o9(x)), max(v,(x), vg(x))): x € X}, the 


intersection of A&B. 


5.4 Theorem 


We have the following properties for (a, B, y) — cut and strong (a, B, y) — cut neutrosophic sets: 
1- ACB => AcaBy) Cc BraB,y) 
2- (AUB)agy 2 Acapy Y Bragy equality holds ifa + B + y = 3. 
(AN B)(apy) = A@py) 1 Brgy): 
3- (AUB)egyt 2 Acagyt YU Brgy, equality holds ifa+ B+ y = 3. 
(AN B)agy+ = Away 1 Boag 
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Proof 


1- Letx € Awa gy > uy) = @04(x) = B, v4(x) Sy 
But BDA > u,(x) = u,() = @, o2(x) = o4(x) = B, vg (x) S vax) SY 
=> up(x) 2 a, 03 (x) a B ,Vp(X) Ss V 


>xeE Bra,B,y) ; therefore A(a,B,y) Cc Bra,8,y) 


2- (AUB) apy 2 A@By Y Beg) 
Since A & (AUB), B & (AUB) and from 1 above, we have: 


Acapy) S AY B)agy (12) 
Brapy) S AY B)agy (13) 
Combine (12) with (13). The proof of property 2 is complete, i.e. 

(AUB) agy 2 A@py) Y Brag) (14) 


Ifa+ 6 +y = 3, we show that (A U B)agy) = Acapy YU Brag) 

Let x € (AU B)agy) > Ha(X) U Mp (X) 2 @, 04(X) U Og (x) = B,V4(x) Up (x) SY 

if u,(x) 2 a and o4(x) = B then vy(x) $< 3-a-—B=y >x € Aagy FS Awapy Y Bapy 

also if Up(x) 2 a and og(x) 2B thenvg(x) $3 -a-—BP=y >xX E Bagy SF Acapy Y Bapy 
=x € Away U Boagy) 

and so (A U B)agy) S Acap,y) YU Brag,y) (15) 
From (14) and (15), we get 

(AU B)vo8,y) = Acapy) Y Brapy) 

We still need to prove that (AN B)cagy) = Acapy) 9 Bragy) 

Proof 

Since ANBEGCA andANBCB 

= (AN B)apy) S Aapy) & ANB) apy S Bagy (16) 
Let x € Avapy) 9 Bragy) 

=>x € Awagy & x © Bagy) 

> a(x) 2 a, 04(x) 2 B,v4(x) Sy and pg(X) 2 a, 0g (x) = B,Vg(x) SY 

> Ha(X) N Up (X) 2 a, 04(x) N OR(x) = B, V(x) U vg (x) SY 

>x € (ANB)agy 

= A@py) 1 Bagy SAN B)apy (17) 
From (16) and (17), we have 

(AN B)(o,8,y) = A(a.8,y) 9 Brag.) 

Note that: 

The same technique that used for proving 2 will be employed to prove the properties of strong 
(a,B,y)-cut in 3. 


6 Representations of neutrosophic sets 


The decomposition theorems of neutrosophic sets is a bridge between neutrosophic sets and ordinary 
ones. The principal feature of (a, 8, y) — cut and strong (a, 8, y) — cut sets in neutrosophic set theory is 
the capability to represent neutrosophic sets. We show in this section that each neutrosophic set can 
uniquely be represented by either the family of all its (a, B,y) — cuts or the family of all its strong 
(a, B, y) — cuts. 

We can convert each of (a,B,y) — cut and strong (a, B, y) — cut to special neutrosophic sets denoted 


by (agy4 and (a,p,y)4, as follows: 


for a, B, y € [0,1] witha+B+y <3, we have: 
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(a, B,y) if x € Avagy) 


(a.py)4 = Van if x € Acagy) 7 
(a, B, y) ifxeAa - 

(apy = sh i 
y (0,0,1) if x € Awa pyyt 


The representation of an arbitrary neutrosophic set A in terms of the special neutrosophic sets 
(a,gy)4 > which are defined in terms of the (a, B,y) — cuts of A by (18), is usually referred to as 
decomposition of A. In the following, we formulate and prove two basic decomposition theorems of 
neutrosophic sets. 


6.1 First Decomposition theorem of neutrosophic set (NS) 


U ; 
For every A € N(x),A = a, B,y € [0,1] (apy4 » where (gg yA is defined by (18) and U denotes the 


standard neutrosophic union. 

Proof 

For each particular x € X, let 

LMa(x) = a,o,4(x) = b, v4(x) = c. Then, 


U _ (sup p,(x), sup 0,4(x), infv,(x) 
ts B,y € [0,1] en) CaS ( E (0,1) Be [0.1] ye oa) 


= (oe Ha(x), sup o,4(x), inf =) ey Ha(x), sup o,(x), inf a) 
7 E[0,a]) BeE[01] ye[01]/’ a€(a,1] BeE[01] ye [0,1] 


For each a € (a, 1], we have ua(x) = a < a@ and, therefore, (4A = (0,0,1). On the other hand, for 
each a € [0,a], we have a(x) = a 2 a, therefore, (4g yA = (a,8,y). 

The second step of the prove is to complete the maximum value for the second component 
(ie: He) 


B€ [0 ;) as follow: 


ts ie [0,1] (apA) (x) 


_ sup M,(x), supo,(x), infv4(x)\ /supu,(x), sup o,(x), infv,(x) 
ae ( e[0,al Be [0b] ye fou)’ E[0,a] fe(b1] ye fox) 


For each f € (b, 1], we have o4(x) = b < f and, therefore, (¢,g yA = (0,0,1). On the other hand, for 
each B € [0,b], we have o4(x) = b = B, therefore, (4g yA = (a,8,y). 

_ ee Ha(x), sup o4(X), pe 

—\ae[0,a] Be [0,b] y € [0,1] 


inf v4 4 


The final step of the proof is to complete the maximum value for the third component ( i.e. y € [0,1] 


(a, B, — [0,1] apy) (x) 


ee alters fae sup d4(x), eae oe Ha (x), sup o4(x), inf v4 (x) ) 
- ] BE[0,b] y € [0,c) a € [0,a] B € [0,b] y € [c,1] 


For each y € [c, - we have v,4(x) = c <j, therefore, (ap,y)4 = (a, B,y). On the other hand, for each 
y € [0,c), we have v4(x) = c > y, therefore, (4 yyA = (0,0,1). 


Consequently, 
U _ (sup Ua(x) ,sup oy(x), infvy(x)\ _ _ 
(a By € [0,1] «svA) Gs C E (0, al Be (0, b] ye ie 1) eee) 
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Since the same argument is valid for each x € X, the theorem is proved. 
6.2 Second Decomposition Theorem of Neutrosophic Set (NS) 


Let X be any non-empty set. For a neutrosophic subset A € N(X), 


U 
Bos By € [0,1] (apy , where (apy is defined by (19) ,and U denotes the standard 


neutrosophic union. 


Proof: 
For each particular x € X, let u,(x) = a,0,(x) = b, v,(x) = c. Then 


U 7 _ (suppua(x), supo,(x), infv,(x) 
a B,y € [0,1] caps) Oe ( a e [0,1] B € [0,1] ye aa) 


arr (ee Ha(x), Sup o4(x), a) ( Ha(x), sup a4 (x), oa 
aeé[0,a) B € [0,1] y € [0,1] 7’ aéf[a1] Be[01] ye [0,1] 
For each a € [a, 1], we have u(x) = a < a and, therefore, (ap.yy4 = (0,0,1). On the other 
hand, for each a € [0, a), we have u(x) =a > a, therefore, (apy = (a,B, y) the second step of the 
sup 04(x) 
Be a 


proof is to complete the maximum value for the second component ( i.e. 


Again, 


(6 bye [0,1] ps4) (x) 


ae (es a(x), sup ae ee a(x), supo,(x), infv, | 
aeé[0,a) BE [0,b) y € [0,1]/’ aeéla1] Be [b,1] ye [0,1] 

For each B € [b, 1], we have o,4(x) = b < B and, therefore, (apy = (0,0,1). On the other hand, for 
each B € [0,b), we have o,(x) = b > £, therefore, (apy = (a, B,y). 

( U +A) (oe fas a(x), sup 0,(x), oe) 

a By € [0,1] “Bsy aé[0a) BE[0,b) ye[o,1] 

sup 0, (x) 

Be fo 


The final step of the proof is to complete the maximum value for the third component ( i.e. 


Finally, 


U + 
( BY = [0,1] yA) (x) 
= lee Ma(x), sup o,4(x), infv, ) ‘es Ma(x), supo4(x), infv, 7) 
—™Max\\ @e[0,a) BE [0,b) y €[0,c]/’ a€[0,a) BE[0,b) yE(c1] 
For each y € (c, 1], we have v,4(x) = c < y, therefore, (apy = (a,B,y). On the other hand, for each 
y € [0,c], we have v4(x) = c = B, therefore, (a yA = (0,0,1). 


Consequently, 
U < _ (sup py(x), sup o,(x), infvg(x)\ _ = 
(., By € [0,1] (ap )4) @®) = fe E100) feb) VE i) hOB) SN) 


Since the same argument is valid for each x € X, therefore the theorem is proved. 
i 
Conclusion 
Neutrosophic geometric programming (NGP) can find many application areas, such as power 
engineering, postal services, look for exemplars for eliminating waste-water in a power plant, or 
determining the power equipping radius in the electrical transformers. All the above-mentioned 
applications require building a strong neutrosophic theory for neutrosophic geometric programming 
(NGP), these aims lead the authors to present the (over, off, under) convexity condition in neutrosophic 
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geometric functions. The needed of establishing the aspects of sleeves, neut sleeves and anti-sleeves were 
necessary. Furthermore, the basic concept of (a,B,y)-cut and strong (a,B,y)-cut of neutrosophic sets have 
been given. By strong definitions and given example, the authors proved that the excluded middle law 
has no longer satisfied in neutrosophic theory, this proof has been made by neutrosophic geometrical 
programming. 
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Energy and Spectrum Analysis of Interval Valued 
Neutrosophic Graph using MATLAB 


Said Broumi, Mohamed Talea, Assia Bakali, Prem Kumar Singh, Florentin Smarandache 


Said Broumi, Mohamed Talea, Assia Bakali, Prem Kumar Singh, Florentin Smarandache 
(2019). Energy and Spectrum Analysis of Interval Valued Neutrosophic Graph using MATLAB. 
Neutrosophic Sets and Systems 24, 46-60 


Abstract. In recent time graphical analytics of uncertainty and indeterminacy has become major concern for data analytics re- 
searchers. In this direction, the mathematical algebra of neutrosophic graph is extended to interval-valued neutrosophic graph. 
However, building the interval-valued neutrosophic graphs, its spectrum and energy computation is addressed as another issues 
by research community of neutrosophic environment. To resolve this issue the current paper proposed some related mathemat- 
ical notations to compute the spectrum and energy of interval-valued neutrosophic graph using the MATAB. 


Keywords: Interval valued neutrosophic graphs. Adjacency matrix. Spectrum of IVNG. Energy of IVNG. Complete-IVNG. 


1 Introduction 


The handling uncertainty in the given data set is considered as one of the major issues for the research com- 
munities. To deal with this issue the mathematical algebra of neutrosophic set is introduced [1]. The calculus of 
neutrosophic sets (NSs)[1, 2] given a way to represent the uncertainty based on acceptation, rejection and uncer- 
tain part, independently. It is nothing but just an extension of fuzzy set [3], intuitionistic fuzzy set [4-6], and in- 
terval valued fuzzy sets [7] beyond the unipolar fuzzy space. It characterizes the uncertainty based on a truth- 
membership function (T), an indeterminate-membership function (I) and a falsity-membership function(F) inde- 
pendently of a defined neutrosophic set via real a standard or non-standard unit interval]-0, 1*[. One of the best 
suitable example is for the neutrosophic logic is win/loss and draw of a match, opinion of people towards an 
event is based on its acceptance, rejection and uncertain values. These properties of neutrosophic set differentiate 
it from any of the available approaches in fuzzy set theory while measuring the indeterminacy. Due to which 
mathematics of single valued neutrosophic sets (abbr. SVNS) [8] as well as interval valued neutrosophic sets 
(abbr. IVNS) [9-10] is introduced for precise analysis of indeterminacy in the given interval. The IVNS repre- 
sents the acceptance, rejection and uncertain membership functions in the unit interval [0, 1] which helped a lot 
for knowledge processing tasks using different classifier [11], similarity method [12-14] as well as multi- 
decision making process [15-17] at user defined weighted method [18-24]. In this process a problem is ad- 
dressed while drawing the interval-valued neutrosophic graph, its spectrum and energy analysis. To achieve this 
goal, the current paper tried to focus on introducing these related properties and its analysis using MATLAB. 


2 Literature Review 


There are several applications of graph theory which is a mathematical tool provides a way to visualize the 
given data sets for its precise analysis. It is utilized for solving several mathematical problems. In this process, a 
problem is addressed while representing the uncertainty and vagueness exists in any given attributes (i.e. verti- 
ces) and their corresponding relationship i.e edges. To deal with this problem, the properties of fuzzy graph [25- 
26] theory is extended to intuitionistic fuzzy graph [28-30], interval valued fuzzy graphs [31] is studied with ap- 
plications [32—33]. In this case a problem is addressed while measuring with indeterminacy and its situation. 
Hence, the neutrosophic graphs and its properties is introduced by Smaranadache [34-37] to characterizes them 
using their truth, falsity, and indeterminacy membership-values (T, I, F) with its applications [38-40]. Broumi et 
al. [41] introduced neutrosophic graph theory considering (T, I, F) for vertices and edges in the graph specially 
termed as “Single valued neutrosophic graph theory (abbr. SVNG)” with its other properties [42-44]. Afterwards 
several researchers studied the neutrosophic graphs and its applications [65, 68]. Broumi et al. [50] utilized the 
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SVNGs to find the shortest path in the given network subsequently other researchers used it in different fields 
[51-53, 59-60, 65]. To measure the partial ignorance, Broumi et al. [45] introduced interval valued-neutrosophic 
graphs and its related operations [46-48] with its application in decision making process in various extensions[49, 
54, 57 61, 62, 64,73-84]. 


Some other researchers introduced antipodal single valued neutrosophic graphs [63, 65], single valued neu- 
trosophic digraph [68] for solving multi-criteria decision making. Naz et al.[69] discussed the concept of energy 
and laplacian energy of SVNGs. This given a major thrust to introduce it into interval-valued neutrosophic graph 
and its matrix. The matrix is a very useful tool in representing the graphs to computers, matrix representation of 
SVNG, some researchers study adjacency matrix and incident matrix of SVNG. Varol et al. [70] introduced sin- 
gle valued neutrosophic matrix as a generalization of fuzzy matrix, intuitionistic fuzzy matrix and investigated 
some of its algebraic operations including subtraction, addition, product, transposition. Uma et al. [66] proposed 
a determinant theory for fuzzy neutrosophic soft matrices. Hamidiand Saeid [72 ] proposed the concept of acces- 
sible single-valued neutrosophic graphs. 


It is observed that, few literature have shown the study on energy of IVNG. Hence this paper, introduces 
some basic concept related to the interval valued neutrosophic graphs are developed with an interesting proper- 
ties and its illustration for its various applications in several research field. 


3 Preliminaries 


This section consists some of the elementary concepts related to the neutrosophic sets, single valued neutro- 
sophic sets, interval-valued neutrosophic sets, single valued neutrosophic graphs and adjacency matrix for estab- 
lishing the new mathematical properties of interval-valued neutrosophic graphs. Readers can refer to following 
references for more detail about basics of these sets and their mathematical representations [1, 8, 41]. 

Definition 3.1:[1] Suppose ~ be a nonempty set. A neutrosophic set (abbr.NS) N in€is an object taking the 
form Nys= {<x: Ty (Kk), In (kK), Fy(k)>, ke &} (1) 

Where Ty (k):€ >]0,1°[ , Ty (K):€ > FOUL Fy (k):€ >]°0,1°[. are known as truth-membership function, in- 
determinate -membership function and false-membership unction, respectively. The neutrosophic sets is subject 
to the following condition: 

“0 S Ty (K)4tIy (kK) +Fy(k) < 37 (2) 


Definition 3.2:[8]Suppose € be a nonempty set. A single valued neutrosophic sets N (abbr. SVNs) iné is an 
object taking the form: 


Nsvns={<k:Ty (kK), Iv Ck), Fu (k)>, KE &} (3) 
where Ty (kK), Ivy (kK), Fy(k) € [0, 1] are mappings. Ty (k)denote the truth-membership function of an element 
x € €, Iy(k)denote the indeterminate -membership function of an element k € &.Fy(k)denote the false— 
membership function of an element k € €. The SVNs subject to condition 
0 < Ty (k)+Iy (k)+Fy(k) < 3 (4) 
Example 3.3: Let us consider following example to understand the indeterminacy and neutrosophic logic: 


In a given mobile phone suppose 100 calls came at end of the day. 


1. 60 calls were received truly among them 50 numbers are saved and 10 were unsaved in mobile. In this case 
these 60 calls will be considered as truth membership i.e. 0.6. 


2. 30 calls were not-received by mobile holder. Among them 20 calls which are saved in mobile contacts were 
not received due to driving, meeting, or phone left in home, car or bag and 10 were not received due to uncertain 
numbers. In this case all 30 not received numbers by any cause (i.e. driving, meeting or phone left at home) will 
be considered as Indeterminacy membership i.e. 0.3. 


3. 10 calls were those number which was rejected calls intentionally by mobile holder due to behavior of 
those saved numbers, not useful calls, marketing numbers or other cases for that he/she do not want to pick or 


may be blocked numbers. In all cases these calls can be considered as false i.e. 0.1 membership value. 


The above situation can be represented as (0.6, 0.3, 0.1) as neutrosophic set. 
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Definition 3.4: [10] Suppose & be a nonempty set. An interval valued neutrosophic sets N (abbr.IVNs) in 
Zis an object taking the form: 


Niyws={<k:Ty(k), fy (k).Fy(k)>,ke >} (5) 


Where Ty (kK), [y(kK),Fy(k) S int[0,1] are mappings. Ty(k)=[T#(k), T)/(k)] denote the interval truth- 
membership function of an element ké &.Jy(k)=[I} (x), [4 (k)] denote the interval indeterminate-membership 
function of an element k€ &.Fy(k)=[F#(k), Fy (k)] denote the false-membership function of an element k€ €. 


Definition 3.4: [10]For every two interval valued-neutrosophic sets A and B in €, we define 
(N U M) (kK) ([72 (8), Te (K)], [16 (8), Ie (KD), [ FE (8), Fe’ (k)] ) for allke § (6) 
Where 
TE(kK)= Ty(k) V TH(K), Te’ (K)= Ty (K)V Ty (k) 
IE (K)= In (KA Ig (k), TE (K)= In (KA I (k) 
FE (K)= FR(K)A Fiy(k), Fe’ (k)= Fry (K)A Fxg (k) 


Definition 3.5: [41]A pair G=(V,E) is known as single valued neutrosophic graph (abbr.SVNG) if the following 
holds: 
1. V= {k;:i=1,..,.n} such as T,:V— [0,1] is the truth-membership degree, [,:V—[0,1] is the indeterminate — 
membership degree and F,:V-—[0,1]is the false membership degree of k; € V subject to condition 
OST (k)th(ki)th (ki) <3 (7) 


2. E={(kji, kj): (ki, kj) € V X V} such as T2:V x V — [0,1] is the truth-memebership degree, [,:V x V > 
[0,1] is the indeterminate -membership degree and F,:V x V — [0,1] is the false-memebership degree of 
(k;,k;) € E defined as 


T2(kj kj )S Ty (Ki) AT; (kj) (8) 
I,(kj, kj) 2 (ki) V (k) (9) 
F (kj, kj) 2 Fy (ki) V Fi (kj) (10) 


Subject to condition OS Tz (Kjk2) +h (ky kg) +Fo (kik) $3 V (ki, kj) EE. C1) 
The Fig. 1 shows an illustration of SVNG. 


(0.5, 0.1 ,0.4) 
(0.6, 0.3 ,0.2) 


(0.5, 0.4 ,0.5) 


(0.2, 0.3 ,0.4) 


(0.4, 0.3 ,0.6) 


(0.2, 0.4 ,0.5) 
(0.4, 0.2 ,0.5) (0.2, 0.3 ,0.4) 


Fig. 1. An illustration of single valued neutrosophic graph 
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Definition 3.6[41]. A single valued neutrosophic graph G=(N, M) of G*= (V, E) is termed _ strong single 
valued neutrosophic graph if the following holds: 


Ty (kikj)= Ty (Ki) A Ty (Kj) (12) 
Ty (kik) = Ty (Ki) V In (Ki) (13) 
Fry (kik; )= Fry (ki) V Fv (kj) (14) 
V (k; kj) €B. 


Where the operator Adenote minimum and the operator Vdenote the maximum 


Definition 3.8[41]. A single valued neutrosophic graph G=(N, M) of G*= (V, E) is termed complete single 
valued neutrosophic graph if the following holds: 


Ty (kikj)= Ty (Ki) A Ty (Kj) (15) 
Iu (kik) = Iv kd) V In ki) (16) 
Fry (kik; )= Fy (ki) V Fry (kj) (17) 
Vk; ey kj EV. 


Definition 3.9:[70] The Eigen value of a graph G are the Eigen values of its adjacency matrix. 
Definition 3.10:[70 ]The spectrum of a graph is the set of all Eigen values of its adjacency matrix 


[te ey (18) 


Definition 3.11:[70]The energy of the graph G is defined as the sum of the absolute values of its eigenvalues 
and denoted it by E(G): 


E(G)=Yinal4i| (19) 


4.Some Basic Concepts of Interval Valued Neutrosophic Graphs 


Throughout this paper, we abbreviate G*=(V, E) as a crisp graph, and G=(N, M) an interval valued neutro- 
sophic graph.In this section we have defined some basic concepts of interval valued neutrosophic graphs and 
discuses some of their properties. 

Definition 4.1:[45] A pair G=(V,E) is called an interval valued neutrosophic graph (abbr.IVNG) if the fol- 
lowing holds: 

1. V= {kj:i=1,...n} such as T{:V— [0,1] is the lower truth-membership degree,T/:V— [0,1] is the upper 
truth-membership degree,J/:V— [0,1] is the lower indeterminate-membership degree,’ :V— [0,1] is the 
upper indterminate-membership degree, and F/:V- [0,1] is the lower false-membership degree,F:V—> 
[0,1] is the upper false-membership degree,of v; € V subject to condition 


OS TY (ki) Hy (ki)+Fy (ki) $3 (20) 


2. E={(kj,k;): (ki, kj) €V XV} such as T/:V x V > [0,1] is the lower truth-memebership degree, as 


T?:V x V > [0,1] is the upper truth-memebership degree, [4:V x V > [0,1] is the lower indeterminate- 
memebership degree, IY :V x V > [0,1] is the upper indeterminate-memebership degree and F/:V x 
V = [0,1] is the lower false-memebership degree, FY:V x V > [0,1] is the upper false-memebership de- 
gree of (k;,k;) € Edefined as 


TY (k; KS Ty (ki) ATL (kj) Ty (ki. k)S TY (Ki) AT (kj) (21) 
Iy(ki k= Up (ki) VIE (k;) ki k= 1 (ki) V A (kj) (22) 
Fx(kikj)= FU (ki) V Ft (kj) Fo (kik) = FY (ki) V Fy (kj) (23) 
Subject to condition 0 < Ty (kikz)+1y (ki k2)+Fy (kikj) S$ 3.V (ki, kj) EE. (24) 
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Example 4.2.Consider a crisp graph G* such that V= {k,, kz, k3}, E={kyk2, kok3, k3k,}. Suppose N be an 
interval valued neutrosophic subset of V and suppose M an interval valued neutrosophic subset of E denoted by: 


ky | kp k3 kik, kk kk, 
TH | 0.3 | 0.2 0.1 Tf 0.1 0.1 0.1 
TY | 0.5 | 0.3 0.3 Th 0.2 0.3 0.2 
Te | 02 |'0.2 0.2 iy 0.3 0.4 0.3 
Iy | 03 | 0.3 0.4 iy 0.4 0.5 0.5 
Fx | 0.3 | 0.1 0.3 Fi 0.4 0.4 0.4 
Fy | 04 | 0.4 0.5 Fu 0.5 0.5 0.6 


<[0.2, 0.3],[ 0.2, 0.3],[0.1, 0.4]> 
<[0.3, 0.5],[ 0.2, 0.3],[0.3, 0.4]> 


<[0.1, 0.2],[ 0.3, 0.4],[0.4, 0.5]> 


<[0.1, 0.2],[ 0.3, 0.5],[0.4, 0.6]> <[0.1, 0.3],[ 0.4, 0.5],[0.4, 0.5]> 


<[0.1, 0.3],[ 0.2, 0.4],[0.3, 0.5]> 


Fig. 2.Example of an interval valued neutrosophic graph 


Definition 4.3A graph G=(N , M) is termed simple interval valued neutrosophic graph if it has neither self 
lops nor parallel edges in an interval valued neutrosophic graph. 


Definition 4.4The degree d(k) of any vertex k of an interval valued neutrosophic graph G=(N, M) is defined 
as follow: 


d(v)= [ de (k),dz (k) 1 [dy (k).d/ (k) 1 [de (k).dp (k)] (25) 
Where 
dh (k)= Leith; TE (k;k;) known as the degree of lower truth-membership vertex 


du (k)= Lith; TY (k;k;) known as the degree of upper truth-membership vertex 
d'(k)= Likiek; Ih (k;k;) known as the degree of lower indterminate-membership vertex 
d¥(k)= Likjek; hy (k;k;) known as the degree of upperindeterminate-membership vertex 
dk(k)=>y jek; Fi (k,k;) known as the degree of lower false-membership vertex 
d’(kK)=y, kjekj Fu (k;k;) known as the degree of upperfalse-membership vertex 


Example 4.5 Consider an IVNG G=(N, M) presented in Fig. 4 with vertices set V={k;:i = 1,..,4} and 
edges set E={k,k, ,kk3, k3kz,k2k,}. 
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<[0.4, 0.6],[ 0.1, 0.2],[0.2, 0.3]> 
<[0.4, 0.5],[ 0.1, 0.3],[0.1, 0.4]> <{0.2, 0.31{ 0.2, 0.5),[0.2, 0.4 , 


A A 
ia r 
Ss Ss 
el vw 
S = 
< in 
s Ss 
pe op 
s — 
s S 
a <[0.2, 0.3],[ 0.3, 0.4],[0.2, 0.4]> of 
S Ss 
~ v 
<[0.3, 0.6],[ 0.2, 0.3],[0.2, 0.3]> <[0.2, 0.3],[ 0.2, 0.4],[0.1, 0.2]> 


Fig. 4.Illutstrationof an interval valued neutrosophic graph 
The degree of each vertex k;is given as follows: 
d(k,)= ([0.3, 0.6], [0.5, 0.9], [0.5, 0.9]), 
d(kz)= ([0.4, 0.6], [0.5, 1.0], [0.4, 0.8]), 
d(k3)= ([0.4, 0.6], [0.6, 0.9], [0.4, 0.8]), 
d(k,)= ([0.3, 0.6], [0.6, 0.8], [0.5, 0.9]). 


Definition 4.6. A graph G=(N, M) is termed regular interval valued neutrosophic graph if d(k)=r=([r,,, 


Yul, [fat faul, [fu Psu), Vk € V. 
(i.e.) if each vertex has same degree r, then G is said to be a regular interval valued neutrosophic graph of de- 
gree r. 


Definition 4.7. A graph G=(N,M) is termed irregular interval valued neutrosophic graph if the degree of 
some vertices are different than other. 


Example 4.8 Let us Suppose, G is a regular interval-valued neutrosophic graph as portrayed in Fig. 5 having 
vertex set V={k,, kz, Kz, k,} and edge sets E={k,k,,kk3, k3k, ,k,k, } as follows. 


<[0.4, 0.6],[ 0.1, 0.21,[0.2, 0.3]> 
<[0.4, 0.5}. 0.1, 0.3),[0.1, 0.4]> <[0.2, 0.31, 0.2, 0.5],[0.2, 0.4]> : 


A A 
7 7 
s s 
at ve 
S J 
in in 
4 s 
a a 
s s 
s s 
a <[0.2, 0.3],[ 0.2, 0.5],[0.2, 0.4]> a 
= Ss 
a v 
<[0.3, 0.6],[ 0.2, 0.3],[0.2, 0.3]> <[0.2, 0.3],[ 0.2, 0.4],[0.1, 0.2]> 


Fig.5 .Regular IVN-graph. 
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In the Fig. 5. All adjacent vertices kyky , kgk3 , k3k2 , k2k, have the same degree equal 
<[0.4,0.6],[0.4,1],[0.4,0.8]>. Hence, the graph G is a regular interval valued neutrosophic graph. 


Definition 4.9 A graph G= (N, M) on G*is termed strong interval valued neutrosophic graph if the following 
holds: 


Tig (Ky, kj) = Ty(ki)A Thy (ky) 

Ti (Ki, kj) = Ty(kiA Ty (kj) 

Tin (Ki, kj) = Ty (kV Thy (Kj) 

I (Ki, kj) =n (ki Ty (ky) 

Fry (kj, kj) = Fy(kpVv Fry(k) 

Fy (ki, kj) = FN(kaV Fy (kj) V (kj kj JE E (26) 


Example 4.10.Consider the strong interval valued neutrosophic graph G=(N, M) in Fig. 6 with vertex set N 
={k,, kz, k3, ky }and edge set M={k,k2, kok3, k3kq, k4k,} as follows: 


ky k, ks yk, kk kk, 
ate 0.3 02] O1 TE 0.2 0.1 0.1 
Tu 0.5 03] 03 TU 0.3 0.3 0.3 
ik 0.2 02-|— 02 t 0.2 0.2 0.2 
i 0.3 03] 04 wu 0.3 0.4 0.4 
FL 0.3 01] 03 FL 0.3 0.3 03 
FU 0.4 04] 05 FU 0.4 0.4 0.5 


<[0.2, 0.3],[ 0.2, 0.3],[0.1, 0.4]> 
<[0.3, 0.5],[ 0.2, 0.3],[0.3, 0.4]> 


<[0.2, 0.3],[ 0.2, 0.3],[0.3, 0.4]> 


<[0.1, 0.3],[ 0.2, 0.4],[0.3, 0.5]> <[0.1, 0.3],[ 0.2, 0.4],[0.3, 0.4]> 


<[0.1, 0.3],[ 0.2, 0.4],[0.3, 0.5]> 


Fig.6.Illustration of strong IVNG 


Proposition 4.11For everyk;,k; € V, we have 


Tig (kj, kj) =T iy (kj, ki)and Ty (k;, kj) =T iy (kj, ki) 
Thy (Ki, ej) =Wig (key, kiand I (Ki, kj) =I (key, ki) 
Fig (kj, kj) =Fry (kj, k;,)and Fy (kj, kj) =Fig (kj, ki) (27) 
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Proof. Suppose G =(N, M) be an interval valued neutrosophic graph, suppose k; is a neigbourhood of k; in 
G.Then , we have 


Ty (ki, kj) =min [ Ty(k,), Ty(Kj)] and Ty (ki, kj) =min [ Ty(k,), Ty (ky) 
Tks kj) =max [ Ik (k;), Ty (kj)] and We (k;, kj) =max[ IN(k;), Ty (kj)] 
FU, k;) =max [ Fk (k;), Fy (k;)] and FU (ki k;) =max [ FUCK), Fy(k,)] 
Similarly we have also for 
Thy (k;, kj) =min [ Th(k;), Th (k,)] and Ty (ky, k,) =min [ Ty(k;), TY (k,)] 
Ty (kj, k;) =max [ Ty (kj), Ik (k,)] and In (kj, k;) =max[ Ty (kj), IN (k;)] 
Fhy (kj, kj) =max [ Fy(kj), Fy(ki)] and Fy (kj, k,) =max [ Fy(ky), Fy (ki)] 
Thus 
L _TL U _7puU 

Ty (Ki kj) =T'y (Kj, kj)andT y (kj, kj) =Ty (kj, ki) 

Ty (ki kj) =Iy (kj, kj andy, (ki, k;) =Iy (kj, k;) 

FL (Ki k;) =F. (kj, k,andFY (kj, k) =FU (kj, kj) 


Definition 4.12 The graph G= (N, M) is termed an interval valued neutrosophic graph if the following holds 
Th (kj, kj) =min [ TK(K;), Ty(k;)] and Tu (ki, kj) =min [ T (Kj), Ty(kj)] 


Ti (ki kj) =max [ Tk (k;), Ty (kj)] and (Kis kj) =max[ IN (kj), Ty (k)] 
Fig (kj, kj) =max [ Fxy(k;), Fy(kj)] and Fy (k;,k;) =max [ Fy(k;), Fy(kj)] Wkik; © V (28) 


Example 4.13. Consider the complete interval valued neutrosophic graph G=(N, M) portrayed in Fig. 7 with 
vertex set A ={k,, kz, Kz, k, }and edge set E={k,k,,k, kz ,k2k3, k, ky, k3k, .K,k, }as follows 


<[0.4, 0.6],[ 0.1, 0.2],[0.2, 0.3]> 
<[0.4, 0.5],[ 0.1, 0.3],[0.1, 0.4]> » 0.6),[ 0.1, 0.2],[0.2, 
(0.4, 0.5}[ 0.1, 0-31, ] <[0.4, 0.5],[ 0.1, 0.3],[0.2, 0.4]> 


<[0.2, 0.3],[ 0.2, 0.4],[0.1, 0.4]> 


4 A 
x rl 

~ s 
a A 
Ss q 
= — 
- + 
Ss s 
av a 
s s 
= <[0.2, 0.6],[ 0.2, 0.3],[0.2, 0.3]> Ss 
oj a 
S Ss 
v v 

<[0.2, 0.3],[ 0.2, 0.4],[0.2, 0.3]> 
<[0.3, 0.6],[ 0.2, 0.3],[0.2, 0.3]> <[0.2, 0.3],[ 0.2, 0.4],[0.1, 0.2]> 


Fig.7 .lllustration of complete IVN-graph 
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In the following based on the extension of the adjacency matrix of SVNG [69], we defined the concept of ad- 
jacency matrix of IVNG as follow: 


Definition 4.14:The adjacency matrix M(G) of IVNG G= (N, M) is defined as a square matrix M(G)=[a; il; 
with a;j=<Ty (k;, kj ).lh (ki, kj) .Fiu (ki, kj )>, where 

Ty (ki, kj )= [tee (ki, kj).T" (kis kj)I denote the strength of relationship 

ly (ki, kj )= [I (ki, kj).1 i (ki, kj)I denote the strength of undecided relationship 

Fur (k;, kj )=[Fi (ki, k;).Fa (k;, k;)I denote the strength of non-relationship between k; and k; (29) 


The adjacency matrix of an IVNG can be expressed as sixth matrices, first matrix contain the entries as lower 
truth-membership values, second contain upper truth-membership values, third contain lower indeterminacy- 
membership values, forth contain upper indeterminacy-membership, fifth contains lower non-membership values 
and the sixth contain the upper non-membership values, i.e., 


M(G)=<[Ti (ki, kj), TH (kis ky) Ute (ki kj) ki I). LF (ki ky) Fig (ki kj) >, (30) 


From the Fig. 1, the adjacency matrix of IVNG is defined as: 


0 < [0.1,0.2],[0.3,0.4],[0.4,0.5]> <[0.1,0.2],[0.3,0.5],[0.4,0.6] > 
Mg = |< [0.1,0.2], [0.3 ,0.4], [0.4 ,0.5] > 0 < [0.1,0.3],[0.4,0.5],[0.4,0.5] > 
< [0.1,0.2], [0.3 ,0.5],[0.4,0.6]> <[0.1,0.3], [0.4,0.5],[0.4,0.5] > 0 


In the literature, there is no Matlab toolbox deals with neutrosophic matrix such as adjacency matrix and so 
on. Recently Broumi et al [58] developed a Matlab toolbox for computing operations on interval valued neutro- 
sophicmatrices.So, we can inputted the adjacency matrix of IVNG in the workspace Matlab as portrayed in Fig. 
8. 


1 a! New Variable Analyze Code FG) Preferences [0 
e+) od J (5) Find Files & Ug * 2 Mt) om 2 w® 7) (Communit 
Lp Open Variable» > Run and Time (5 Set Path 
New New Open Compare Import Save Simink Layout Add-Ons Help _°) Request Suppor 
oe) Data Workspace Clear Workspace |) Clear Commands. ¥ vy jPacity yy 


FILE VARIABLE CODE SIMULNK ENVIRONMENT RESOURCES 


em [e P| | >> Program files » MATLAB > R2016a > toolbox > interval neutrosophic matrices » interval neutrosophic matrices calc > 


g >> a.ml= [0 0.10.1 7 0.1.0 0.1; 0.1 0.1 0); % this command input lower membership values of IVN-matrix’ 

e a.mu = [0 0.2 0.27 0.2 0 0.3; 0.2 0.3 0]; % this command input Upper membership values of IVN-matrix% 

g a.il = [0 0.3 0.37 0.3 0 0.4; 0.3 0.4 0]; % this command input lower indeterminate -membership values of IVN-matrix3 
© alu = [0 0.4 0.57 0.40 0.5; 0.5 0.5 0]; % this command input Up € -membership values of IVN-matrix% 
3 a.nl = [0 0.4 0.47 0.40 0.4; 0.4 0.4 0]; % this command input 1 1 f IVN-mat 

c a.nu=[0 0.5 0.6; 0.5 0 0.5; 0.6 0.5 0]; % this command input Upper false- membership values of IVN-matrix? 

5 A=ivnm(a.ml,a.mu,a.il,a.iu,a.nl, a.nu) % this command return the IVN-matrix3 

a 

Q 


<[0.00, 0.00], [0.00, 0.00], [0.00, 0.00]> <[0.10, 0.20], [0.30, 0.40], [0.40, 0.50]> <[0.10, 0.20],[0.30, 0.50], [0.40, 0.60]> 
<[0.10, 0.20],[0.30, 0.40], [0.40, 0.50]> <[0.00, 0.00], [0.00, 0.00], [0.00, 0.00]> <[0.10, 0.30],[0.40, 0.50], [0.40, 0.50]> 
<[0.10, 0.20], [0.30, 0.50], [0.40, 0.60]> <[0.10, 0.30], [0.40, 0.50], [0.40, 0.50]> <[0.00, 0.00],[0.00, 0.00], [0.00, 0.00]> 


Fig. .8 Screen shot of Workspace MATLAB 
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Definition 4.15:The spectrum of adjacency matrix of an IVNG M(G) is defined as 
<R, $,Q>=<[R",R"1,[S",571,<[Q".Q" > (31) 


Where R“is_ the set of eigenvalues of M(Ti (ki, k; j))s RY is the set of eigenvalues of M(T Y (ki, k; Ds S" is the 
set of eigenvalues of M(Ii, (ki, k; aye SY is the set of eigenvalues of 

May (ki, kj)) Q is the set of eigenvalues of M(Fi (k;, k;)) and QY is the set of eigenvalue of 
M(FR (ki, k; respectively. 


Definition 4.16: The energy of an IVNG G= (N,M) is defined as 
E(G)=<E(T (kj, k;)),E iy (ki, kj) E Fin (ke kj))> (32) 
Where 


E(Ty (kj, kj) = (ETE (kik; )) ECTS (kik, )1=Do" a1 (41, DP ina [AP 


AbeRL AveRU 
E(Iu (ki, kj) = [EH (kik; )), BUM (kikj DIFLe" a1 16; |, Dr i= 4“ [Se | 
st eSh td egU 
E(Fuu (ki, kj) = [ECF (kik; )) ECS (kikj))1 =e" ins 1G) Dae 7 
ae oYequ 


Definition 4.17:Two interval valued neutrosophic graphsG, and G, are termed equienergetic, if they have the 
same number of vertices and the same energy. 


Proposition4.18:If an interval valued neutrosophic G is both regular and totally regular, then the eigen values 
are balanced on the energy. 


~ 1 tAj= 0, LE +47'= 0, Yi +6; = 0, LL, +67'= 0, D1 +G, = 0 andy, +G7'= 0. (33) 
4.19. MATLAB program for findingspectrum of an interval valued neutrosophic graph 


To generate the MATLAB program for finding the spectrum of interval valued neutrosophic graph. The program 
termed “Spec.m” is written as follow: 


Function SG=Spec(A); 
% Spectrum of an interval valued neutrosophic matrix A 
% "A" have to be an interval valued neutrosophic matrix - "ivnm" object: 


a.ml=eig(A.ml); % eigenvalues of lower membership of ivnm% 
a.mu=eig(A.mu); % eigenvalues of upper membership of ivnam% 

a.il=eig(A.il); % eigenvalues of lower rindeterminate-membership of ivnm% 
a.iu=eig(A.iu); % eigenvalues of upper indterminate- membership of ivnam% 
a.nl=eig(A.nl); % eigenvalues of lower false-membership of ivam% 
a.nu=eig(A.nu); % eigenvalues of upper false-membership of ivam% 


SG=ivnm(a.ml,a.mu,a.il,a.iu,a.nl,a.nu); 


4.20. MATLAB program for finding energy of an interval valued neutrosophic graph 
To generate the MATLAB program for finding the energy of interval valued neutrosophic graph. The program 
termed “ENG.m’iswritten as follow: 
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function EG=ENG (A); 

% energy of an interval valued neutrosophic matrix A 

% "A" have to be an interval lwalued neutrosophic matrix - "“ivnm" object: 
a.ml=sum (abs (eig(A.ml))); 

a.mu=sum (abs (eig(A.mu) )); 

a.il=sum(abs (eig(A.il))); 

a.iu=sum(abs(eig(A.iu))); 

a.nl=sum (abs (eig(A-.nl))); 

a.nu=sum (abs (eig(A.nu))); 

EG=ivnm(a.ml,a.mu,a.il,a.iu,a.nl,a.nu); 


Example4.21: The spectrum and the energy of an IVNG, illustrated in Fig. 6, are given below: 


Spec(Tm (kik; ))={ -0.10, -0.10,0.20}, Spec(Tw (kik; ))={-0.30,-0.17,0.47} 
Spec( Ih (k:k; ))={-0.40,-0.27,0.67}, Spec(Ii (kik; ))={-0.53,-0.40,0.93]} 
Spec(F (k;k;))={-0.40,-0.40,0.80}, Spec(Fu (kik; ))={ -0.60,-0.47,1.07} 


Hence, 

Spec(G)={<[-0.10, -0.30], [-0.40, -0.53 ],[-0.40, -0.60 ]>, <[-0.10, -0.17], [-0.27, -0.40 ],[-0.40, -0.47 ]>, <[0.20, 
0.47], [0.67, 0.93 ],[0.80, 1.07 ]>} 

Now, 

E(Th (k;k;))=0.40, E(Ty (k;k;))=0.94 


E(Ihy (kik; ))=1.34, ECM (kik; ))=1.87 

E(Fx (kik; ))=1.60, ECF (kik; ))=2.14 
Therefore 

E(G)= <[0.40, 0.94],[1.34, 1.87], [1.60, 2.14]> 


Based on toolbox MATLAB developed in [58], the readers can run the program termed “Spec.m’”, for computing 
the spectrum of graph, by writing in command window “Spec (A)” as described below: 


>> Spec(A) % this command return the spectrum of IVN-matrix% 
Warning! The created new object is NOT an interval valued neutrosophic matrix 


<[-0.10, -0.30],[-0.40, -0.53], [-0.40, -0.60]> 
<[-0.10, -0.17],[-0.27, -0.40], [-0.40, -0.47]> 
<[0.20, 0.47],[0.67, 0.93], [0.80, 1.07]> 


Similarly, the readers can also run the program termed “ENG.m”, for computing the energy of graph, by writing 
in command window “ENG (A) as described below: 


>> ENG(A) % this command return the Energy of IVN-matrix% 
Warning! The created new object is NOT an interval valued neutrosophic matrix 


<[0.40, 0.94],[1.34, 1.87], [1.60, 2.14]> 
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In term of the number of vertices and the sum of interval truth-membership, interval indeterminate-membership 
and interval false-membership, we define the upper and lower bounds on energy of an IVNG. 


Proposition 4.22. Suppose G= (N, M) be an IVNG on n vertices and the adjacency matrix of G.then 


[2dneien( TE Cakgy)? + men AQITEP Ms < BCH (kik;)) < | 2n Yasijen(Tu(ikj)). (34) 


pe Vieyenly (Kjk;))° +n(n—DI|TY|/n < E(Tu(kik;)) < en Dinjally (jkj))” (35) 


| 2 Lasijsn(lia(kiky)) + n(n — 14 //" < BCU (kik;)) < | an Dasijen(Ii(kikj)) (36) 


pe Vizigeny (kik;))” + n(n - Le] /w Ss E(In(kik;)) s en Sia): (37) 


pe Sicwes(FRCak)- +n(n—1)|FL|/N < ERE; (kik;)) < en Sis eC) (38) 


pe Siziicn FL Cake) +n(n-D|FY|/v < E(Fu(kik;)) < en Sidijenl FE GD) (39) 


Where |T"|,|T"|,|4|,|17|,|F land |F2| are the determinant of M(Thy (ki, k;)), M(Th (ki k;)), MU (Ki k;)), 
Mm (ki k;)), M(Fiy (Ki, k;)) andM (Fy, (k;, k;)).respectively. 


Proof: proof is similar as in Theorem 3.2 [69] 


Conclusion 


This paper introduces some basic operations on interval-valued neutrosophic set to increase its utility in vari- 
ous fields for multi-decision process. To achieve this goal, a new mathematical algebra of interval-valued neu- 
trosophic graphs, its energy as well as spectral computation is discussed with mathematical proof using 
MATLAB. In the near future, we plan to extend our research to interval valued neutrosophic digraphs and devel- 
oped the concept of domination in interval valued-neutrosophic graphs. Same time the author will focus on han- 
dling its necessity for knowledge representation and processing tasks [85-87]. 
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Abstract. The Sinos River watershed is one of the most polluted water basins in Brazil with great efforts for its recovery 
through integral management. PESTEL is an analysis for the study of the external variables with influence in the efficiency of 
the organization or project. This paper presents a model to address problems encountered in the measurement and evaluation 
process of PESTEL analysis taking into account interdependencies among sub-factors and modeling uncertainty and 
indeterminacy in Sinos river basin. A Neutrosophic Cognitive Maps was used for modeling the integrated structure of PESTEL 
sub-factors. A quantitative analysis was developed based on static analysis and neutrosophic numbers. To demonstrate the 
applicability of the proposal in the Sinos river external factor analysis a case study is developed. Interdependencies among sub- 
factors were includes and uncertainty and indeterminacy were modeled in a practical way. Sub-factor was ranked and reduced, 
with Ecological, Technological and Social are the top three factors. The paper ends with a conclusion and future work 
recommendations. 


Keywords: Sinos River Basin; PESTEL; Neutrosophy; Neutrosophic Cognitive Maps; Static Analysis 


1 Introduction 


PEST is an analysis for the study of the external variables with influence in the efficiency of the organization or project. 
These variables involved in the business environment are grouped in Political, Economical, Social, and Technological 
aspects [1]. 

The conceptual structure and nature of PEST require an integrated approach for considering importance and 
interrelation. The standard technical framework of the PEST approach mainly provides a general idea about macro 
conditions and the situation of an organization, so it is inadequate. Therefore, PEST analysis lacks a quantitative approach 
to the measurement of the interrelation between its factors. When the environment and legal factors are included, it is 
named PESTEL (Political, Economic, Socio-cultural, Technological, Environment, and Legal) analysis [2]. Political 
variables refer to the regulatory aspects that directly affect the enterprise. Here enter the taxes rules or business incentives 
in specific sectors, regulations on employment, the promotion of foreign trade, government stability, the system of 
government, international treaties or the existence of internal conflicts or with other current or future countries — also the 
way in which the different local, regional and national administrations are organized [3]. Economic variables relate to 
macroeconomic data, Gross domestic product (GDP) evolution, interest rates, inflation, unemployment rate, income level, 
exchange rates, access to resources, level of development, economic cycles. Current and future economic scenarios and 
economic policies should also be investigated. 

Social variables take into account are demographic evolution, social mobility and changes in lifestyle — also the 
educational level and other cultural patterns, religion, beliefs, gender roles, tastes, fashions and consumption habits of 
society. In short, the social trends that may affect the enterprise business [3]. Technological variables are somewhat more 
complicated to analyze due to the high speed of the changes in this area. It is necessary to know the public investment in 
research and the promotion of technological development, the technology diffusion, the degree of obsolescence, the level 
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of coverage, the digital device, the funds destined to R & D + I, as well as the trends in the use of new technologies. 
Ecological variables are the main factors to be analyzed aware of the conservation of the environment, environmental 
legislation, climate change, and temperature variations, natural risks, recycling levels, energy regulation and possible 
regulatory changes in this area[4]. Legal variables refer to legislation that is directly associated with the organization 
functions, information on licenses, labor legislation, intellectual property, health laws, and regulated sectors[5]. 

PESTEL analysis has deficiencies for a quantitative approach to the measurement of interrelation among factors are 
generally ignored [6]. Fuzzy cognitive maps (FCM) is a tool for modeling and analyzing interrelations [7]. Connections in 
FCMs are just numeric ones: the relationship of two events should be linear. 

The Neutrosophy can operate with indeterminate and inconsistent information, while fuzzy sets and intuitionistic fuzzy 
sets do not describe them appropriately [4]. Neutrosophic cognitive maps (NCM) is an extension of FCM where was 
included the concept indeterminacy [8]. The concept of fuzzy cognitive maps fails to deal with the indeterminate relation 
[1]. 

In this paper, a PESTEL analysis based on neutrosophic cognitive maps is presented proposal methodological support 
and make possible of dealing with interdependence, feedback, and indeterminacy. Additionally, the new approach makes 
conceivable to category and to reduce factors. 

This paper continues as follows: Section 2 reviews some essential concepts about the PESTEL analysis framework, 
NCM, and fuzzy numbers. In Section 3, a framework for the PESTEL shows a static analysis based on NCM. Section 4, 
displays a case study of the proposed model applied to social-environmental management of a river basin. The paper 
finishes with conclusions and additional work recommendations. 


2. Case Study 


The Sinos River Basin is one of the most contaminated water basins in Brazil [9] which leads to great efforts 
for its recovery through integral management. Due to the complex nature of the interrelations between the different 
factors involved in environmental quality management becomes intricate and therefore requires the use of tools 
that facilitate decision making[10]. Through a participatory exercise with stakeholder members of the 
COMITESINOS, external variables were identified and a diffuse cognitive map was constructed representing the 
relationships among the variables. This process of identifying PESTEL variables was carried out with the members 
of the committee, for which work sessions were held in the coordination meetings. To elaborate on the NCM, 
Mental Modeler tool of the website http://www.mentalmodeler.org/ was used. 

Initially, factors and sub-factors were identified for Sinos river basin management as follows: 


I. Relevant Political-Legal Aspects 

In the political dimension, the following variables were identified: 

1. Influence of the federal government in the watersheds management (N1) 
2. Importance of the state government in the management of the basin (N2) 
3. Control of the municipal government in the watershed management (N3) 
4. Impact of bureaucracy on management (N4) 

5. Corruption impact (N5) 


II. Relevant economic and socio-economic aspects 

In the socioeconomic dimension, the following variables were identified: 
1. Poverty (N6) 

2. Per capita income(N7) 

3. Quality of solid waste collecting services (N8) 

4. Quality liquid waste service (N9) 

5. Water supply service (N10) 

6. The quality of public health (N11) 

7. Quality of sewage and sewage services (N12) 


III. Relevant social aspects 

In the social dimension, the variables identified were: 
1. Public education (N13) 

2. Population access to food (N14) 

3. Access to the housing (N15) 


IV. Relevant sociocultural aspects 
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In the sociocultural dimension, the variables identified were: 

1. Perception of the environmental relevance in the local culture (N16) 
2. Knowledge of environmental risk (N17) 

3. Understanding of environmental awareness ( N18) 


V. Relevant technological aspects 

The variables identified in the technical dimension were: 
1. Innovation(N19) 

2. Cleaner production(N20) 

3. Eco-efficiency (N21) 


For the ecological dimension was possible to identify the following variables: 
Water quality index (WQI)(N22) 

Air Quality index (AQT) (N23) 

Landscape change and urban planning(N24) 

Variations in the biodiversity index of ecosystems value (N25) 

Climate Change (N31) 

Soil Quality index (N32) 


aoe 


Legal dimension includes the following factors 
Environmental Laws (N26) 

Education regulation (27) 

Health regulations (28 

Environmental law (29) 

Employment Laws (N30) 

Consumer Law (33) 


Oy Ore eho 


Interdependencies are identified and modeled using an NCM (Figure 1), with whose weighs represented in 
Table 1. 
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Figure 1: Fuzzy Neutrosophic Cognitive Maps of PESTEL factors. 


2 Materials and Methods 
2.1 Preliminaries 


This article offers a first brief review by PESTEL analysis and the factors’ interdependency. The following is 
a review of the basic concepts of NCM. 


368 


Florentin Smarandache (author and editor) Collected Papers, XIl 


2.1.1 PESTEL Analysis 


The PESTEL method is a prerequisite analysis with a network function to identify the characteristics of the 
environment in which an organization or project operates, provides data and information so that the organization 
can make predictions about new situations and circumstances and act accordingly. [12, 13]. The variables analyzed 
in PESTEL are identified and evaluated independently. [2] not taking into account interdependency. In [14] this 
approach based on fuzzy decision maps is presented taking into account the ambiguity, the uncertainty in their 
interrelationships. 

This study presents a model to address the problems encountered in the PEST measurement and evaluation 
process, taking into account the interdependencies between the subfactors. NCM modeled the integrated structure 
of the PESTEL subfactor, and the quantitative analysis is developed from a static analysis that allows to classify 
and reduce the factors in line with the proposals presented in [15]. 


2.1.2 Neutrosophic Cognitive Maps. 


The Neutrosophic Logic (NL) like a generalization of the fuzzy logic was introduced in 1995 [16]. According 
to this theory, a logical proposition P is characterized by three components: 

NL (P) =(T,LF) (1) 

Where the neutrosophic component T is the degree of truth, F the degree of falsehood, and I is the degree of 
indeterminacy [7]. Neutrosophic set (NS) was introduced by F. Smarandache who introduced the degree of 
indeterminacy (i) as an independent component[11] . 

A neutrosophic matrix content where the elements are a = (aij) have been replaced by elements in (RUI). A 
neutrosophic graphic has at least one edge is a neutrosophic edge . If the indetermination is found in the cognitive 
map, it is called the neutrosophic cognitive map (NCM) [20]. NCM is based on neutrosophic logic to represent 
uncertainty and indeterminacy in cognitive maps [12]. An NCM is a directed graph in which at least one edge is 
an indeterminate border and is indicated by dashed lines [2] (Figure 2). 


Figure 2: Fuzzy Neutrosophic Cognitive Maps example. 
In [9] a static analysis of an NCM 1s presented. 


2.1.3 Neutrosophic numbers 


The result of the static analysis is in the form of neutrosophic numbers (at+bI, where I = indeterminacy) A de- 
neutrosification process as proposed by Salmeron and Smarandache could be applied giving final ranking value 
[13]. 

A neutrosophic number is a number as follows [14] : 


N=d+I (2) 
Where d is the determinacy part, and i is the indeterminate part. For example s: a=5 +1 si 1€ [5,5.4] is equivalent 
to a€[5,5.4]. 


Let Ni=ait+b; I and N2=a2t+b2 I be two neutrosophic numbers then the following operational relation of 
neutrosophic numbers are defined as follows [8]: 

Nit No=ai+al+(bi+bz2) I; 

Ni- No=ai-ai+(b1-b2) I 


2.2 Proposed Framework 


The aim was to develop and further detail a framework based on PESTEL and NCM [25]. The model was 
made in five steps (graphically, figure 3). 
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the Modelling Calculate Factors Factors 
factors and interdepende centrality classification rankin 
ncies measures 8 


sub-factors 


Figure 3: The proposed framework for PESTEL analysis [25] 


2.2.1 Factors and sub-factors identification in the PESTEL method 


In this step, the significant PESTEL factors and sub-factors were recognized. Identify factors and subfactors 
to form a hierarchical structure of the PESTEL model. Sub-factors are categorized according to the literature [2]. 


2.2.2 Modeling interdependencies 


In this step causal interdependencies between PESTEL sub-factors are modeled, consists in the construction 
of NCM subfactors following the point views of an expert or expert team. 

When a selection of experts (k) participates, the adjacency matrix of the collective MCD is calculated as 
follows: 

E=w (E1,E2,...,Ex ) (3) 

The operator is usually the arithmetic mean [13]. 


2.2.3 Calculate centrality measures 


Centrality measures are calculated [7] with absolute values of the NCM adjacency matrix [15]: 
1. Outdegree od(vi) is the summation of the row of absolute values of a variable in the neutrosophic adjacency 
matrix, and It shows the cumulative strengths of connections (cj) exiting the variable. 


od(v;) = Yh ci (4) 


2. Indegree id(v_i) is the summation of the column of absolute values of a variable, and it shows the cumulative 
strength of variables come in the variable. 


id(v) = Yi cn (5) 


3. The centrality degree (total degree td(vi)), of a variable is the sum of its indegree and outdegree 
td(v;) = od(v;) + id(v;) (6) 


2.2.4 Factors classification and ranking 


The factors were categorized according to the next rules: 

The variables are a Transmitter (T) when having a positive or indeterminacy outdegree, od(v;) and zero 
indegree, id(vi). 

The variables give a Receiver (R) when having a positive indegree or indeterminacy, id(vi)., and zero 
outdegree, od(vi). 

Variables receive the Ordinary (O) name when they have a non-zero degree, and these Ordinary variables can 
be considered more or less as receiving variables or transmitting variables, depending on the relation of their 
indegrees and outdegrees. 

The de-neutrosophication process provides a range of numbers for centrality using as a ground the maximum 
& minimum values of I. A neutrosophic value is switched in an interval with these two values. €[0,1]. 

The contribution of a variable in an NCM can be known by calculating its degree of centrality, which shows 
how the variable is connected to other variables and what is the accumulated force of these connections. The 
median of the extreme values as proposed by Merigo [29] is used to give a centrality value : 


A([ay, a2) = 9% (7) 
Then 
A>Be Bi > ah (8) 


Finally, a ranking of variables could be given. 
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2.2.5 Factor prioritization 


The numerical value obtained in the previous step is used for sub-factor prioritization and/or reduction. 
Threshold values may be set to 1.5 % of the total sum of total degree measures for subfactor reduction. 
Additionally, sub-factor could be grouped by parent factor and to extend the analysis to political, economic, social 
and technological general factor. 


3 Results and Discussion 


Case of study result. 
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Tabla 1: Neutrosophic Adjacency Matrix 
Nodes are initially classified (Table 2) 
Nl T N10 R N19 O N28 T 
N2 O N11 R N20 O N29 T 
N3 O N12 O N21 O N30 T 
N4 T N13 O N22 O N31 O 
N5 T N14 R N23 O N32 O 
N6 O N15 R N24 O N33 R 
N7 O N16 R N25 R 
N8 O N17 R N26 R 
N9 O N18 R N27 T 
Tabla 2: Nodes classification 
Neutrosophic Sets and Systems, SPECIAL — ISSUE | 2019 
Total degree (Eq. 5) was calculated. Results are shown in Table 3. 
Nl 0,28 N9 0.7241 N17 i N25 0.64 N33 0.36 
N2_ 0.56+i N10 0.5 NI82i N26 0.42 
N3 1.78421 N11 0.64 N19 ~~ 0.75 N27 0.47 
N4 I N12 0.5 N20 0.36+3i N28 0.36 
NS 2i N13 1.17+31 N21 0.47 + 31 N29 125 
N6 — 1.83+2i N14 i N22 2.37+2i N30 Iti 
N7 1.36 N15 0.67+1 N23. 0.78+21 N31 1.31421 
N8 1.03 N16 0.28 N24 21 N32 1.06+41 


Tabla 3: Total degree 
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“The next step is the de-neutrosophication process as proposes by Salmeron and Smarandache. I €[0,1] is 


replaced by both maximum and minimum values” [33]. In Table 4 are presented as interval values. 
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NI 0,28 NO (0.72, 1.72] N17 _ [0,1] N25 0.64 N33 0.36 
N2 (0.56, 1.56] N10 0.5 N18 [0,2] N26. 0.42 
N3 _ [1.78, 2.78] N11 0.64 N19 0.75 N27 ‘(0.47 
N4 [0,1] N12. 0.5 N20 [0.36, 3,36] N28 0.36 
N5 [0,2] N13 [1.17, 4.17] N21 [0.47, 3.47] N29 1.25 
N6  [1.83,3.83] N14 [0,1] N22 [2.37, 4.37] N30 [1,2] 
N7 1.36 N15 — [0.67, 1.67] N23 [0.78, 2.78] N31 (1.31, 3.31] 
N8 1.03 N16 0.28 N24 [0,2] N32 [1.06, 5.06] 
Tabla 4: De-neutrosophication, total degree values 
Finally, we work with the median of the extreme values (Table 5) [29]. 
NI 0.28 N9 1.22 N17 0.5 N25 0.64 N33 _ 0.36 
N2 1.06 NIO O05 N18 1 N26 0.42 
N3 2.28 NIl 0.64 N19 0.75 N27 0.47 
N4 05 N12 O58 N20 1.86 N28 0.36 
N5 1 N13 2.67, N21 1.97 N29 1.25 
N6 2.83 N14 0.55 N22 3.37 N30 1.5 
N7 1.36 NI5 1.17 N23 1.75 N31 2.31 
N8& 1.03 N16 0.28 N24 1 N32 3.06 


Tabla 5: Total degree using the median of the extreme values 


Top 6 nodes according to centrality are represented in table 6. 


Tabla 6: Top 6 nodes 


Water quality index, Soil Quality index and Poverty are the top three factors. Centrality measures of subfactor 


N22 
N32 
N6 
N13 
N31 
N3 


were grouped according to their parent factors (Figure 4). 


3,37 
3,06 
2,83 
2,67 
2,31 
2,28 


Technological Sociocultural 


Figure 4: Aggregated total centrality values by factors 


When the average is used as aggregation’s operator, the result is represented in Figure 5. Ecological, 


11% 


Technological and Social are the top three factors. 
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Sociocultural 
aspects ; 0.59 


Figure 5: Average of total centrality values by factors 


Factors with a little incidence of less than 1.5 % (0.606) are reduced for further analysis. In this case, we found 
nodes like N1, N4, N10, N14, N16, N17, N26, N27, N28 and N33. 

After the application, in this case, study the model was found practical to use. The NCM gives high flexibility 
and takes into account interdependencies PESTEL analysis. 


Conclusion 


This study presents a model to address problems encountered in the measurement evaluation process of 
PESTEL analysis taking into account interdependencies among sub-factors and modeling uncertainty and 
indeterminacy in Sinos river basin. NCM modeled the integrated structure of PESTEL sub-factors, and quantitative 
analysis was developed based on static analysis and neutrosophic numbers. 

To demonstrate the applicability of the proposal in the Sinos river external factor analysis a case study is 
developed. Sub-factor was ranked and reduced with Ecological, Technological, Social are the top three factors. 

NCM modeled the integrated structure of PESTEL of factors and sub-factors. Our approach has many 
applications in complex decision problem that include interdependencies among criteria, and such as complex 
strategic decision support in river basin management. 

Further works will concentrate on extending the model for dealing scenario analysis in conjunction with a 
multicriteria environment. Another area of future work is the development of a software tool. 
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Neutrosophic General Finite Automata 


J. Kavikumar, D. Nagarajan, Said Broumi, F. Smarandache, M. Lathamaheswari, Nur Ain Ebas 


J. Kavikumar, D. Nagarajan, Said Broumi, F. Smarandache, M. Lathamaheswari, Nur Ain Ebas 
(2019). Neutrosophic General Finite Automata. Neutrosophic Sets and Systems 27, 17-36 


Abstract: The constructions of finite switchboard state automata is known to be an extension of finite automata in the 
view of commutative and switching automata. In this research, the idea of a neutrosophic is incorporated in the general 
fuzzy finite automata and general fuzzy finite switchboard automata to introduce neutrosophic general finite automata 
and neutrosophic general finite switchboard automata. Moreover, we define the notion of the neutrosophic subsystem 
and strong neutrosophic subsystem for both structures. We also establish the relationship between the neutrosophic 
subsystem and neutrosophic strong subsystem. 


Keywords: Neutrosophic set, General fuzzy automata; switchboard; subsystems. 


1 Introduction 


It is well-known that the simplest and most important type of automata is finite automata. After the introduction 
of fuzzy set theory by [47] Zadeh in 1965, the first mathematical formulation of fuzzy automata was proposed 
by[46] Wee in 1967, considered as a generalization of fuzzy automata theory. Consequently, numerous works 
have been contributed towards the generalization of finite automata by many authors such as Cao and Ezawac 
[9], Jin et al [18], Jun [20], Li and Qiu [27], Qiu [34], Sato and Kuroki [36], Srivastava and Tiwari [41], 
Santos [35], Jun and Kavikumar [21], Kavikumar et al, [22, 23, 24] especially the simplest one by Mordeson 
and Malik [29]. In 2005, the theory of general fuzzy automata was firstly proposed by D oostfatemeh and 
Kermer [11] which is used to resolve the problem of assigning membership values to active states of the fuzzy 
automaton and its multi-membership. Subsequently, as a generalization, the concept of intuitionistic general 
fuzzy automata has been introduced and studied by Shamsizadeh and Zahedi [37], while Abolpour and Zahedi 
[6] proposed general fuzzy automata theory based on the complete residuated lattice-valued. As a further 
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extension, Kavikumar et al [25] studied the notions of general fuzzy switchboard automata. For more details 
see the recent literature as [5, 12, 13, 14, 15, 16, 17]. 

The notions of neutrosophic sets was proposed by Smarandache [38, 39], generalizing the existing ordinary 
fuzzy sets, intuitionistic fuzzy sets and interval-valued fuzzy set in which each element of the universe has the 
degrees of truth, indeterminacy and falsity and the membership values are lies in ]O~, 1*[, the nonstandard unit 
interval [40] it is an extension from standard interval [0,1]. It has been shown that fuzzy sets provides limited 
platform for computational complexity but neutrosophic sets is suitable for it. The neutrosophic sets is an 
appropriate mechanism for interpreting real-life philosophical problems but not for scientific problems since 
it is difficult to consolidate. In neutrosophic sets, the degree of indeterminacy can be defined independently 
since it is quantified explicitly which led to different from intuitionistic fuzzy sets. Single-valued neutrosophic 
set and interval neutrosophic set are the subclasses of the neutrosophic sets which was introduced by Wang et 
al. [44, 45] in order to examine kind of real-life and scientific problems. The applications of fuzzy sets have 
been found very useful in the domain of mathematics and elsewhere. A number of authors have been applied 
the concept of the neutrosophic set to many other structures especially in algebra [19, 28], decision-making 
[1, 2, 10, 30], medical [3, 4, 8], water quality management [33] and traffic control management [31, 32]. 


1.1 Motivation 


In view of exploiting neutrosophic sets, Tahir et al. [43] introduced and studied the concept of single val- 
ued Neutrosophic finite state machine and switchboard state machine. Moreover, the fuzzy finite switchboard 
state machine is introduced into the context of the interval neutrosophic set in [42]. However, the realm of 
general structure of fuzzy automata in the neutrosophic environment has not been studied yet in the literature 
so far. Hence, it is still open to many possibilities for innovative research work especially in the context of 
neutrosophic general automata and its switchboard automata. The fundamental advantage of incorporating 
neutrosophic sets into general fuzzy automata is the ability to bring indeterminacy membership and nonmem- 
bership in each transitions and active states which help us to overcome the uncertain situation at the time of 
predicting next active state. Motivated by the work of [11], [36] and [38] the concept of neutrosophic general 
automata and neutrosophic general switchboard automata are introduced in this paper. 


1.2. Main Contribution 


The purpose of this paper is to introduce the primary algebraic structure of neutrosophic general finite au- 
tomata and neutrosophic switchboard finite automata. The subsystem and strong subsystem of neutrosophic 
general finite automata and neutrosophic general finite switchboard f automata are exhibited. The relationship 
between these subsystems have been discussed and the characterizations of switching and commutative are 
discussed in the neutrosophic backdrop. We prove that the implication of a strong subsystem is a subsystem of 
neutrosophic general finite automata. The remainder of this paper is organised as follows. Section 2 provides 
the results and definitions concerning the general fuzzy automata. Section 3 describes the algebraic properties 
of the neutrosophic general finite automata. Finally, in section 4, the notion of the neutrosophic general finite 
switchboard automata is introduced. The paper concludes with Section 5. 


2 Preliminaries 


”For a nonempty set X, P (X) denotes the set of all fuzzy sets on X. 
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Definition 2.1. [11] A general fuzzy automaton (GFA) is an eight-tuple machine F= (2,2, R, Z, 6 ,W, Fy, Fy) 
where 

(a) Q isa finite set of states, Q = {q@, 42,°°* 5 Qn} 

(b) Sis a finite set of input symbols, © = {a1,@2,--+ ,am}, 

(c) Ris the set of fuzzy start states, Rc P(Q), 

(d) Z isa finite set of output symbols, Z = {bj, bo,--- , by}, 

(e) w: Q > Z is the non-fuzzy output function, 

(f) Fy : [0,1] x [0,1] — [0, 1] is the membership assignment function, 


(g) 6: (Q x [0,1])x Ux Q ey [0, 1] is the augmented transition function, 


(h) Fy : (0, 1]* — [0, 1] is a multi-membership resolution function. 


Noted that the function F)(ju, 6) has two parameters js and 6, where jz is the membership value of a pre- 
decessor and 0 is the weight of a transition. In this definition, the process that takes place upon the transition 
from state q; to q; on input a; is represented as: 


wa) = 6, 0G) 04,03) = Fe (@), OG, Ge, a). 


This means that the membership value of the state q; at time ¢ + 1 is computed by function F\ using both 
the membership value of q; at time ¢ and the weight of the transition. The usual options for the function 
Fu, 6) are max{y,d},min{j,d} and (w+ 6)/2. The multi-membership resolution function resolves the 
multi-membership active states and assigns a single membership value to them. 

Let Qace(t;) be the set of all active states at time t;, Vi > 0. We have Qace(to) = R, 


Qact (ti) = {(9, w"(@)) : Aa’ € Qact(ti-1), Ja € U, 6(q',a,q) € A}, Vi > 1. 


Since Qact(t;) is a fuzzy set, in order to show that a state gq belongs to Qaczt(t;) and T is a subset of Qace(ti), 
we should write: gq € Domain(Qac(t:)) and T C Domain(Qace(ti)). Hereafter, we simply denote them 
as: ¢ © Qac(t;) and T C Qact(t;). The combination of the operations of functions F and F> on a multi- 
membership state q; leads to the multi-membership resolution algorithm. 


Algorithm 2.2. [11] (Multi-membership resolution) If there are several simultaneous transitions to the active 
state q; at time ¢ + 1, the following algorithm will assign a unified membership value to it: 


1. Each transition weight 6(q;, ax, q;) together with ju’(q;), will be processed by the membership assignment 
function fF, and will produce a membership value. Call this v;, 


= 6( (gi, u°(G:)), ax, a3) = Filue(ai), 6(G, ak, G;))- 


2. These membership values are not necessarily equal. Hence, they need to be processed by the multi- 
membership resolution function F». 
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3. The result produced by F> will be assigned as the instantaneous membership value of the active state q;, 


eg) = eR lo] = hii" (a), 6(q, an, a))), 


where 
e nis the number of simultaneous transitions to the active state q; at time ¢ + 1. 
© 0(q;, 4x, q;) is the weight of a transition from gq; to q; upon input a,,. 
e ,i'(q;) is the membership value of q; at time ft. 


e y'**(q;) is the final membership value of q; at time t + 1. 


Definition 2.3. Let F = (Q, 4, R, Z, 6 ,wW, F\, Fy) be a general fuzzy automaton, which is defined in Definition 
2.1. The max-min general fuzzy automata is defined of the form: 


—? (Oy) Fe. Z, 6°, w, Fi, Fy), 
where Qact = {Qact(to), Qact(t1),--- } and for every i, i > 0: 


a Lo 
é*((q, w’*(q)), A, p) = { 0 ie 


and for every i, i > 1: d*((q, u-*(q)), wi, p) = 9((q, w"-*(q)), ui, D), 


5*((q, ue" (q)), witinasp) = Yo (qn (qd), wi) AS((d, ue ()), Uist, P)) 


d' €Qact (i) 


and recursively 


5°((q, n° (q)), tata tn, p) = \/{5((g, w?(q)), ta, Pr) A O((pr, we (pr), 2, p2) A+ A 
0 ((Pr— 1; a “"(Dy—1)); Uns P) (Dr € Qact(t1), P2 € Qact(t2), sty DPn-1 € O vata) bs; 


in which u; € &,V1 <i < nand assuming that the entered input at time t; be u;, V1 <7 <n—1. 


Definition 2.4. [13] Let F* be a max-min GFA, p € Q,q € Qact(ti),7 = 0 and 0 < a < 1. Then p is called a 
successor of q with threshold a if there exists x € }* such that 6*((q, "9 (q)),v,p) > a 


Definition 2.5. [13] Let F* be a max-min GFA, g € Qact(ti),7 > O and 0 < a < 1. Also let S,(q) denote the 
set of all successors of g with threshold a. If T C Q, then S,,(7) the set of all successors of T’ with threshold 
a is defined by S.(T) = U{Sa(q) : ¢ € Th. 


Definition 2.6. [38] Let X be an universe of discourse. The neutrosophic set is an object having the form 
A = {(x, 11(2), fe(x), u3(x))|Va € X} where the functions can be defined by 11, fu2, wg : X —]0,1[ and uy 
is the degree of membership or truth, v2 is the degree of indeterminacy and /13 is the degree of non-membership 
or false of the element x € X to the set A with the condition 0 < juy(x) + fo(x) + pg(ax) < 3.” 
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3  Neutrosophic General Finite Automata 


Definition 3.1. An eight-tuple machine F = (@), 3, RZ, 6,10, Fry F) is called neutrosophic general finite 
automata (NGFA for short), where 


1. 


2. 


Q is a finite set of states, Q = {q1,q2,°-: , Qn}, 


» is a finite set of input symbols, © = {u1,u2,--- , Um}, 


. R= {(q, v°(q), ve (q), u>(q))|q € R} is the set of fuzzy start states, R C P(Q), 


. Z isa finite set of output symbols, Z = {bj, bo,--- , by}, 


6: (Q x [0,1] x [0,1] x [0,1])) x ux QS gale [(0, 1] x [0,1] x [0,1] is the neutrosophic augmented 
transition function, 


w:(Q x [0,1] x [0,1] x [0,1]) - Z is the non-fuzzy output function, 


_ FB, = (FP, FPY, FY), where F/ : [0,1] x [0,1] — [0,1], FAY : [0,1] x [0,1] > (0, 1] and FY : [0,1] x 


D, 1] > (0, a are the truth, indeterminacy and false membership assignment functions, respectively, 

F)\(111, 01), FSY (112, 62) and FY (13, 63) are motivated by two parameters 11, 12, [13 and dy , d2, 63 where 
41, [lg and jug are the truth, indeterminacy and false membership value of a predecessor and 61, 02 and 03 
are the truth, indeterminacy and false membership value of a transition, 


. Fy = (FS, FYY, FY), where Fe : (0, 1]* > [0,1], FYYY : (0, 1]* > [0,1] and Fy” : [0, 1]* — [0, 1] are the 


truth, indeterminacy and false multi-membership resolution function. 


Remark 3.2. In Definition 3.1, the process that takes place upon the transition from the state q; to q; on an 
input wu, is represented by 


th4i 


ba ( 


where 


pr (qj) = Oi (gi Hi (di), Uk, Gj) = Fi (wi! (ds), 51(4i, Uns W)) = (ei (Gi), 614i; Us G5) 


a 


x *e(g;),60(G,Uk,@;)) if te < thy. 
; bo((q; :)), Uk, G3) = PIV (yee ;), 0a( di, tte, 0;)) = V (hs (ai), 214i, Uk, Wj k k 
qj) = 62((di, WS (Gi), Ue, 3) = FLY (u3* (Gi), 52(Gi, Uns 9) { Aha), balastingas)) Alt > tex 


a 


js (qj) = d3((qis M3! (qi), Ue, qj) = FY (3! (4); 63(dis Urs 4) = \V (ue (di), 53 (ais Wes Wy), 


5((qi-t' (Gi), es G) = (Or((Gis M4 (G:)), Was WG), 52((Gi, HS (a), Us I3), O3((Gis H5(Gi)), Ue» G3) and 


(Gi, Uk; qj) — (d1 (a, Uk) Gs 62(di; Uk; Ge) 63 (di, Uk; gq). 


Remark 3.3. The algorithm for truth, indeterminacy and false multi-membership resolution for transition 
function is same as Algorithm 2.2 but the computation depends (see Remark 3.2) on the truth, indeterminacy 


and fa 


Ise membership assignment function. 
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Definition 3.4. Let F = (Q,%, R, Z, 6, Fi F,) be a NGFA. We define the max-min neutrosophic general 
fuzzy automaton pie = (Q,», R, Z,6*,w, F,, Fy), where 6* : (Q x [0,1] x [0,1] x [0,1]) x &* x Q > 
[0,1] x [0,1] x [0, 1] and define neat set 0* = (0%, 0%, 6%) in (Q x [0,1] x [0,1] x [01]) x 5* x Q 
and for every 2,7 > 0: 


dt((q, uw“ (q)), A, p) = { : q=P 


» GFP? 
55((a.u(a)).A,P) = | : ae 
(COs eee 


and for every 2,7 > 1: 


01a (@)) tee) = l(a wh *(@)), ui,P), 05((q, w*(q)), ui, P) = do((g, u-*(q)), Ui, D) 
53((q, u*(q)), wi, D) = 3((g, HY (q)), Ui, P) 


and recursively, 


b7((q, H'° (q)), tata +++ Uns P) = \f {51((a; H'°(Q)), 1s D1) A 41 (Pi, (Pr); Ua, Ba) Avs A 
81((Pn—1s H!"-* (Pn—1))s Uns P)IPr © Qact(tr), P2 € Qact(ta),**+ ;Pn—1 © Qact(tn—1)}, 
83((q, H'° (q)), tata ++- Uns) = [\{50((a, #'°(@)), t1 P1) V 42((Pi, (Pi); Ua, Ba) Vee V 
b2((Pn—1, "1 (Pn—1))s Uns P)IPr © Quact(tr), P2 € Qact(t2), +++ ;Pn—1 © Qact(tn—s)}, 
63((q, °° (q)), tata++- Uns) = /\{da((a, #'°(q)), ta, P1) V 43 (Pi, (Pi); Ua, Pa) Vee V 
b3((Pr—1, "1 (Pn—1))s Uns P) Pr © Qact(tr),P2 € Qact(t2),**+ ;Pn—1 © Qact(tn—1)}, 


in which u; € &,V1 <7 <n and assuming that the entered input at time ¢; be u;, V1 <2 <n—1. 


Example 3.5. Consider the NGFA in Figure | with several transition overlaps. Let F= (GQ), 35, R,Z, 6 ,W, Fy, Fy) 
where 


© Q = {G.U, &, 9; U4; I; 16; I7; Is, Io} be a set of states, 


y = {a, b} be a set of input symbols, 
e R= {(qo,0.7,0.5, 0.2), (qa, 0.6, 0.2, 0.45)}, set of initial states, 


e the operation of Fy‘, F'\Y and FY’ are according to Remark 3.2, 


Z = () and w are not applicable (output mapping is not of our interest in this paper), 


6: (Q x [0,1] x [0,1] x [0,1])))x Ux Q ge — +" [0,1] x [0,1] x [0,1], the neutrosophic augmented 
transition function. 


Assuming that F starts operating at time to and the next three inputs are a, b, b respectively (one at a time), 
active states and their membership values at each time step are as follows: 
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(b,0.2,0.4,0.6) 


(b,0.5,0.3,0.7) 


0.3,0.35,0.5 
(a,0.3,0.35,0.5) (a,0.3,0.4,0.5) 


(a,0.2,0.5,0.6) 


(b,0.4,0.1,0.3) 


(a,0.7,0.1,0.2) 


a 
(u(q4),0.6,0.2,0.45) 


(b,0.5,0.6,0.2) 


(a,0.8,0.2,0.3) 
(a,0.7,0.4,0.1) 


a,0.3,0.4,0.1) 
(b,0.1,0.3,0.6) 


(b,0.9,0.1,0.25) 


(a,0.3,0.6,0.5) 


(b,0.1,0.4,0.6) 


(a,0.3,0.1,0.2) 


u(q0),0.7,0.5,0.2 
(Xa) (b,0.5,0.3,0.45) 


(a,0.4,0.2,0.3) 


start 


Figure 1: The NGFA of Example 3.5 


e At time to: Qac(to) = R = {(qo, 0.7, 0.5, 0.2), (qu, 0.6, 0.2, 0.45) } 


e At time ¢,, input is a. Thus q;, qs and qg get activated. Then: 


“O(q) = ae (go), HS (qo), #3 (Go)), @ 41) 
= | Fu? (qo); 51 (qo, a, q1)), FY (us ( qo), 52(qo, @, q1)); Fi’ (3 (qo), 53(qo, a, q))| 


= [F/A(0. 7 0.4), F/Y (0.5, 0.2), FY (0.2, 0.3)] = (0.4, 0.2, 0.3), 


1" (qs) = 5( (qo; 4° (do); 149" (do); 143° (qo)); @, 4s) 
= [Fi(ui? (qo), 51 (qo, @, gs), FY (8 (do), 52(Go, a, ds), FY (43 (do); 63(Go, 4, 4s) 
= [F(0.7,0.7), F (0.5, 0.1), FY (0.2, 0.2)] = (0.7, 0.1, 0.2), 


but gs is multi-membership at ¢,. Then 


(qs) = 2 [File (ai), (ai, @, as) ]] 
Fy [F,[u"° (qo), 6(a0, @, 9s)], Fi[" (go), 5( a4, @, 9s)]] 
= Fy [F\[(0.7, 0.5, 0.2), (0.3, 0.4, 0.1)], Fi[(0.6, 0.2, 0.45), (0.4, 0.6, 0.5)]] 
= (FAF(0.7, 0.3), F*(0.6,0.4)], FAY LF)” (0.5, 0.4), F*” (0.2, 0.6)), 
FY [FY (0.2, 0.1), FY (0.45, 0.5)]) 


= (F}(0.3, 0.4), FP’ (0.4, 0.2), Fy (0.2, 0.5)) = (0.3, 0.2, 0.5). 
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Then we have: 


Qace(tr) = {(q1, H'" (41), (Qs, (G5)), (ds, He" (as) } 
= {(q,, 0.4, 0.2, 0.3), (gs, 0.3, 0.2, 0.5), (¢g, 0.7, 0.1, 0.2)}. 


e At ¢, input is b. qo, ds, Gg and gg get activated. Then 


Hw? (q5) = nee (a1), Ha (q1), H3' (41), 8, 45) 
Sil 


FY (uy (a1); 61m, 6, qs), FEY (us (a1); 42(@1; 0, qs), FY (us (a1); 53(d1, 6, q5)) | 
= (0: i 01) F™ 020-4) 2" (0-3,0:6)) = (0:10.22 0.6), 


1? (qe) = 5( (45, 1 (Gs); Ha (45), 13" (a5), , a6) 
LF) (ut (as); 61(95, 0, a6), FLY (us! (45), 62(d5, &, 6), Fi’ (5! (gs), 53(as, b, de) 
= [F* (0.3, 0.5), F)” (0.2, 0.6), FY (0.5, 0.2)) = (0.3, 0.2, 0.5), 

(qo) = 6((ds, Hi (qs); H5' (ds), 5" (ds), b, G9) 
LF i (ui (as); 51 (ds, &, 9), Fr” (45! (ds), 52(ds, &, a9), Fi’ (13! (ds); 3 (as; &, a9))] 
= [F/(0.7, 0.5), FY (0.1, 0.3), FY (0.2, 0.7)] = (0.5, 0.1, 0.7), 


but gz is multi-membership at ¢2. Then: 


Uw? (qo) = Pe _ File (ai), 6(ai, 6, a2)]] 


i=1& 


= Fy Fug 1), 9(d1; 8, a2)], File (ds); 6(4s, 6, @2)] 
= F, [F,[(0.4, 0.2, 0.3), (0.5, 0.3, 0.45)], Fi[(0.3, 0.2, 0.5), (0.1, 0.4, 0.6)]] 
= (FS(F/ (0.4, 0.5), F4 (0.3, 0.1)], FYY [FY (0.2, 0.3), F/Y (0.2, 0.4)], 
FY [FY (0.3, 0.45), Fy’ (0.5, 0.6)]) 
= (Fo (040.1). oY (0.2:0.2),.F 5103-05) (040.2505) 


Then we have: 


Qact(to) = {(42, H'? (G2); (a5, H? (45), (a6, He? (G6)), (a9, (G9) $ 
= {(q2,0.1, 0.2, 0.5), (qs, 0.1, 0.2, 0.6), (qg, 0.3, 0.2, 0.5), (qo, 0.5, 0.1, 0.7)}. 


e At ts input is b. qo, dg, G7 and go get activated and none of them is multi-membership. It is easy to verify 
that: 


Qact(ts) = {(a2, H (G2); (de, H? (G6), (ar, (ar), (a9, H? (G9) $ 
= {(q2,0.1, 0.1, 0.6), (gg, 0.1, 0.2, 0.6), (q7, 0.3, 0.1, 0.5), (qg, 0.3, 0.1, 0.5)}. 
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Proposition 3.6. Let F be a NGFA, if F* is a max-min NGFA, then for everyi > 1, 


(qu (@), cy.p)= VV [Oi ((p, nt (p)), 2,7) Adi((r, nr), 9.) 
rE Qact (ti 

aw @).2n0)= A [Bale.n'*@).2.7) V 55( 0). 9)] 
reQact(ti 7 

d5((q.n"(q)), 2y,p) = /\ 155 ((p, (P)), 2,7) V 85((r, wr), 9. | 
rE Qact (ti 


for all p,q € Q and x,y € &*. 


Proof. Since p,q € Q and x,y € &*, we prove the result by induction on |y| = n. First, we assume that n = 0, 
then y = A and so zy = cA = x. Thus, for all r © Qace(ti) 


V [dtp wh @), 2,7) AEH), ¥.@] = V [E((D wh), 2,7) A dE((r, WAC), AL) 
= bi((p, pi ‘®) xr) = 63((¢, w"(@)), 2y,P), 

A |55((p, H*(p)), 2,7) V 5((r, wh(r)), 9, @)| = Alisa! -*(p)), 57) V 55((r, wE*(r)), Ag) 
— = 63((p, ph )) x,r) = 63((¢, w"(@)), 2y,P), 

Aisle). 2.7) Vue), na] =A [Bslesa! =1(p)), 2,7) V 85((r, nh"(r), A, @)| 
= 63((p, w"(p)), @, 7) = 63((a, we" (q)), 2Y, P)- 


The result holds for n = 0. Now, continue the result is true for all uw € %* with |u| = n — 1, where n > 0. Let 
y = ua, where a € Sand u € &*. Then 


di((g, w"1(q)), ey, P) = OF ((¢, uw *(q)), eua, p) ~ nats CG (q)),2u,r) A 5i((r, n(r)),4,)) 

= reales sears 1(q)),, 8) A d1((s, w*(s)), u,7)) A di((r, HY (r)), a, p)) 

= ee. (51 ((g, w-(q)), @, 8) A dr ((s, w*(8)), ur) A di((r, #"(r)), a, p)) 

= ee i((q, "-"(q)), v8) A ae ‘(s)),u,r) A di((r, n"(r)),@,P)))) 

= ei ((q, #2(q)), #8) A d((s, we (r)), wa, p))) = oer “1(q)), v8) Adi((s, u(r), ¥,P))) 


63((q, w-1(q)), vy, p) = 93((g, we-*(q)), cua,p) = (52((a, u"*(q)), eu,r) V da((r, H*(r)), a,p)) 


reEQact (ti) 


= A ( A (50((q, u"-"(q)), 2, 8) V do((s, "-4(s)), u, 7) V da r,w"(r)), a, p)) 
TEQact (ti) s€Qace(ti) 


((q, u"*(q)),#, 5) V d2((s, u"4(s)), 17) V d9((r, u"(r)), a, P)) 


( 
= A (da(an*(q)),2,8)VC A (b2((s,u*41(s)), 4.7) V b2((r, nh" (r)), a, p)))) 
) 


I| 
> 
~ lee. 
Cnr 
bo 


8EQact (ti) rEQact (ti) 


= A (2((q, AG) aks) Vv da((s, u(r) , ua, p))) = A . (d2 Ca Ce s) Vv d2((s, u"(r)), ¥,P))), 
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03((q, w-*(q)), zy, p) = 63((q, u*4(q)), vua, p) = ae (4s((a, u-1(q)), cu, r) V 63((r, u(r), a,p)) 


= sed tay acct ag? p'(q)), #, 8) V d3((s, 2"1(s)), ur) V d3((r, w"(r)), @,p)) 

= voce GE): x, 8) V d3((s, w"(s)), ur) V d3((r, w"(r)), a, p)) 

= veo Sage a pw1(q)), @, 8) V "edunt). d3((s, n"*(s)), ur) V d3((r, u(r), a, p)))) 

= A (da((a,u%*(q)), 2, 8) V 3((s,H%(r)), ua,p))) = A (a((a. #**(@), #, 8) V 43((s, Hr), ¥, P))). 


8EQact (ti) 8EQact (ti) 


Hence the result is valid for |y| = n. This completes the proof. 


Definition 3.7. Let F* be a max-min NGFA, p € Q,q € Qact(ti),2 => Oand0 <a <1. Then p is called a 
successor of q with threshold a if there exists 1 € D* such that 6%((q, ’(q)), 7, p) > a, 08 ((q, 10 (q)), 2, p) < 


a and 63((q, ty (q)), 2.) < 


Definition 3.8. Let F* be a max-min NGFA, g € Qact (t;),2 > 0 and 0 <a <1. Also let S,(q) denote the set 
of all successors of g with threshold a. If T C Q, then S(T) the set of all successors of T with threshold a is 
defined by S.(T) = U{Sa(q) : q € TH. 


Definition 3.9. Let F* be a max-min NGFA. Let ju = (j11, /42, 43) and 6* = (d*, 05,63) in (Q x [0, 1] x [0, 1] x 

[0, 1]) x &* x Q be a neutrosophic set in Q. Then su is a neutrosophic subsystem of F™*, say 4 C F* if for every j, 
: t; Sx tj ty x tj tj Sk tj 

1 <j <k such that p1j’(p) > 0; ((q, Hy’ (@)), @ P)» Ha (P) < 63 (4, He (Q)), #, P), Hs (P) S 03((a, Hs (9), @, P). 

Va,p € Qandz € X*. 


Example 3.10. Let Q = ~~ {P, qh; De {a}. Let pp = ~~ (M1; Ha; 3) and O° _ = (0,63, 63) in in (Q x [0,1 ’ 
0, 1}) x E* x Q be a neutrosophic set in Q such that 1)’ (p p) = 0.8, pus’ (p) = 0.7, 1G ) = 05, aos 
113 (q) = 0.6, 3 (q) = 0.8, 61(g, 2, p) = 0.7, 62(g,2,p) = 0.9 and 53(g,2,p) = 0.7. Then 


: 53 ((q, HY (q)), 2, P) = FY (Hy (q), 51(¢, 2, p)) = min{0.5, 0.7} = 0.5 < py'(p), 
53((q, us! (q)), 2, p) = FY (us (q), 52(¢, 2, p)) = max{0.6,0.9} = 0.9 > pu) (p), (since t < t;) 
53((q, us (q)), @, p) = FY (wy (q), 53(q, 2, p)) = max{0.8, 0.7} = 0.8 > py (p). 


Hence su is a neutrosophic subsystem of F*. 


Theorem 3.11. Let F* be a NGFA and let ju = (11, [12, [13) and Ov = (6*, 0%, 6%) in (Q x [0,1] x [0,1] x 
[0, 1]) x &* x Q be a neutrosophic set in Q. Then 1 is a neutrosophic subsystem of F* if and only if (1) (p) > 


d¥((q, ui (@)), @,P)» HS (p) < 03((4, ws (@), 2.) We (P) < 63((g, uy (Q)), &, p), for all ¢ © Q(act)(ty), Pp € Q 
and x € &*. 


Proof. Suppose that ji is a neutrosophic subsystem of F*. Let q¢ € Qvact)(t;), p € Q and x € D*. The 
proof is by induction on Ie] = =n. Ifn = 0, then x = A. Now if g = p, then Ot ((p, Whi (p pen ®) = 
Fi) (ut (p), 61, A, p)) = 1 (), 63 ((p, #3'(p)), Ay) = FY (uo (p), 62(p, A, p) = 12 (P), 63 ((p, 43 (p)), AvP) = 
FY (3 (p), 63(p, A, p)) = 3 (p)- 
If q # p, then d7((q une 
FLY (u$ (q), 62(q, A,p)) = 1 
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Hence the result is true form = 0. For now, we assume that the result is valid for all y € &* with |y| = n—1, 
n > 0. For the y above, let x = u,--- uy, where u; € /,i = 1,2,---n. Then 


5i((a, ui (a)).2.P) = 5 (a. wi (q)), 11 ++ tnsp) = (Ba, Oe Ao NAEP" (Pn) UnsP)) 
< VV (55((rn-ay Hi" (Pn-1)); ts D) ae 1€ Q( (act titn )\< VV i (p) (p), 


53((a, w3 (a)),2,p) = 53((a, wi (@)), 11 +++ Uns) = JA (3((a, Hever) VV BR((rnts He" nt), ths P)) 
< [\ (55 (rat tf" n-t))s thes P)ltrnt € Qtaay tien) < \ HYP) = uF ©), 


53((a, w8 (a)),2,p) = 55((a, wi (@), t+ tmsp) = AA (5((, 28 (@), esr) Vere V a 
< A\ (85 rar HS" (on-r))s tan P)IPn—a € Qtact(tuan)) < A 08! (0) = Hf), 


where ry © Q(act) (tit1)***Tn-1 € Q(acty(tizn)- Hence pi! (p) > ¢((g, m4’ ()), 2, P), Ha (P) < 43 ((a, es (@)), 2D), 
us (p) < 6%((q, us (q)), x, p). The converse is trivial. This proof is completed. 


Definition 3.12. Let F* be a NGFA. Let pi = (j11, fiz, fg) and d* = (dt, 03, 03) in (Q x [0, 1] x (0, 1] x [0, 1]) x 

u* x @ be a neutrosophic set in @. Then yu is a neutrosophic strong subsystem of F™, say fu C F*, if for 

every i, 1 < i < k such that p € S,(q), then for g,p € Q and « € S, w(p) > uh (a), p(y) < pd), 
Ly iba é 

Ls (p) S Ms (q), for every 1 <j <k. 


Theorem 3.13. Let F* be a NGFA and let ju = (11, [l2, 13) and 6* = (d%,08,0%) in (Q x [0,1] x [0,1] x 
[(0, 1]) x U* x Q be a neutrosophic set in Q. Then 1 is a strong neutrosophic subsystem of F* if and only 
if there exists « € * such that p € Sq(q), then y)(p) > pi (9), Hs (p) < 13 (q), HS (P) < 13 (q), for all 
Te Qawali; a ped). 


Proof. Suppose that jz is a strong neutrosophic subsystem of F*. Let q € Qact)(tj), p € Q and x € d*. 
The proof is by induction on |a| = n. If n = 0, then x = A. Now if g = p, then d*((p, uii(p)), A,p) = 
7 53((p, #2 (p)), A,p) = 0, 53 ((p, H3 (P )),A,p) = 0 and yi'(p) = 1'(p), 1 (p) = = (p); 13 (p) 
13 (p). If q & p, then d3((q, 4(q)),A,p) = FM(ui (a ),61(g,A,p)) = ¢ S my (p), 63((4, #3 (@)), ASP) 


tj 


FY (uz (q),62(4,A,p)) = 4 > 3 (p), 63((a, 43 (@), A.) = FY(u3'(q), 63(G,A,p)) = € = my (p). Hence 
the result is true for n = 0. For now, we assume that the result is valid for all wu € &* with |u| = n — 1, 


n > 0. For the u above, let x = i - Un Where u; € X*,i = 1,2,---n. Suppose that 5*((q, pi'(q)),x,p) > 


53 ((q, wii (q) sta + Uns) aah 53 ((q, wii (@)), taspr) A+++ A 5E((Paaas Hi?" (Pat) stn P) f > 6, 

53((q. (aq). ++ nsw) = [A {55 ((a, 18 (a), 11 Pr) V+ V 53a HE" Pa), tens) b < 

53((a, 08 (a), t+ tens) = AA £55((a, 04 (@), 1,21) Set eg ea < €, 
where p1 € Qacty (ti), >>> ;Pn—1 © Q(acty(titn)- 
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On (Pa typlat (Pack) agp) SG 33 ((q, u5'(q)), U1, Pi) < 


This implies that di ((4, u(q)), 41, P1) > € 6 

d, sla. ta, Pa) SS cae , 03 3((Pn— 1; ae "(Pn—1)); Un»P) < 
a; 
(q 


a 
d,-++ ,63((Pr— 1H" *(Drei))3 Uns P) < 
Hence fy '(p) = yt lc eer Be 2 Hy 

a" *(Pn—2),**; » Ha (br) S 42 (9), Hs'(P) S Hs 
Thus j1;’(p) > p1y’(q)> Hs (p) < wy (a), Hy (P) < He (@ 


+5 Ha (Pa) = pe (a) 13 (p) S py "(Pn—a); 13*"(p) 
Pai), Hit"(P) SWE (Dna), (Ps) < HB (). 
). The converse is trivial. The proof is completed. 


fa 


4 Neutrosophic General Finite Switchboard Automata 


Definition 4.1. Let F* be a max-min NGPA. Let ju = (j11, [i2, 13) and 6* = (0%, 03, 0%) be a neutrosophic set 
in (Q x [0, 1] x [0,1] x [0,1]) x U x Qin Q. Then 


1. F* is switching, if it satisfies VPs q € Q, a € & and for every 7, 7 > 0, 


oF ((q, '(q)),@,P) = ot ((p, 1'(P)),4,4), 63((q, u3(q)), 4.) = 93((p, U5 (p)), a9), 
63((q, 5 (@)), a, D) = 3((p, 5 (p)), a, @). 


2. F* is commutative, if it satisfies Vp,q € Q, a,b € XB and for every i, i > 1, 0*((q, wi'1(q)), ab, p) = 


or((q, yy ‘(q)), ba,p), 93 ((q, ua a )), ab, p) = 03((q, ws *(q)), ba, p), 
63((q, U3" '(q)), ab, p) = 43((q, Hs (q)), ba, D). 


3. F* is Neutrosophic General Finite Switchboard Automata (NGFSA, for short), if F* satisfies both 
switching and commutative. 


Proposition 4.2. Let F be a NGFA, if F* is a commutative NGFSA, then for everyi > 1, 


for all qd © Qact(ti_-1), p € Sc(q), a € Nand x € X*. 


Proof. Since p € S.(q) then g € Qact(ti-1) and |x| = n. If n = 0, then x = A. Thus 
O*((q, Wy (q)), va, p) = 9k ((q, WY *(q)), Aa, p) = OF ((¢, WY *(@)), @ p) = 
53((q, Hy 1(q)), 2a, p) = 3((g, uy *(q)), Aa, p) = 63((g, 3° *(@)), 4, Pp) = 


63((q, #3 (q)), 2a, p) = 43((¢, #3 1(q)), Aa, p) = 63((¢, M3 (@)), 4, P) = 
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Suppose the result is true for all w € &* with |u| =n — 1, where n > 0. Let x = ub, where b € /. Then 


63((q, #4 *(@)), 2a, P) = Oy ((q, wa (gq), uba,p) = \f — "(q)), usr) A di((r, wi (r)), ba, )) 
rE Qact (ti) 


re Qact tj 


b1((q, ey *(q)), au, r) A d1(r, phi (r)),b .p)) = 04 ((q, uy" (q)), aud, p) = d7((q, ny""(q)), a2, p), 


re Qact tj 


53((4,03*(q)),2a, p) = 53((g, w8"(@)), uba,p) = (2((a, 3 *(@)), 4.7) V Bal (7, WE (”)), ba, p)) 
rE Qact (ti) 


(2((a, w*(a)). 14.7) V ba((r. 45 (7)), ab. P)) = 83((g. 49" (@)), ad, p) 
= J (ba((@ #2 (a), war) V d2((r, H2 (r)),0,P)) 


b2((q, Hy *(q)), au, r) V d2((r, nS (r)), bp) ) = 05((q, ny (@)), aud, p) = 43 ((q, Hy" (q)), a2, D), 


63((q, #3 “(q)), va, p) = 63 (a, Hs "(@)), wba, p) = \ Blas @).a7) V d3((r, nf (r)), ba, p)) 


63((q, U3" (q)), uab, p) 


re Qact tj 


)= 
= J (6s(Ca,n5-"(@), 0a.) v bal (0. H§ (7). Bs) 
Ve 


= oN (ds((a, us}*(a)), ae, r) V da((r, 1 (7), b,P) 63((q, U3, *(q)), aub, p) = 43((q, Hs *(q)), aa, p)- 


re Qact tj 


This completes the proof. 


Proposition 4.3. Let F be a NGFA, if F* is a switching NGFSA, then for every i > 0, d*((q, Hi (q),@ p) = 


dt ((p, HY’ (p)), 2,9), 63((q, HS (q)), 2p) = 63((p, uS(p)), ©, 9), 03 ((q, WS'(@), &, D) = 63((p, HY (p)), 2, q), for 
all p,¢ © Qact(ti) and x € &*. 


Proof. Since p,q € Qact(ti) and x € X*, we prove the result by induction on |x| = n. First, we assume that 
Ew eneyer = OU  Ten welaye Or((q, ai '(q)),2,B) = 61((¢, 44 (9)); AvP) = OF((p, wi (p)), Ag) = 
5r((p, mi'(p)),« 9)» 83((q, uy (q)),2,P) = (C4, u(q)),A,p) = 83 2((p, Uz (p)),A,q) = 93((p, Hy (p)), 9) 


03((q, us (q)),@,p) = 03((4, Hs (a )), A,p) = 03((p, us (p)),.A,@) = 03((p, us (p)),,¢)- Thus, the theorem 
holds for x = A. Now, we assume that the results holds for all u € U* such that |u| = n — 1 and n > 0. Let 
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a € Sand x € &* be such that x = ua. Then 


di((q, Hi (@)), @P) = O4((q, Hi (q)), ua,p) = (Su((a, wi'(q)), usr) A dr((r, Hw (r)),a.?)) 

r€Qact (ti+1) 
= Vi (Ara), u) AKAM O).a,7)) = Yo (Bl, wi(P), 7) A(r,(), 0,9) 
r€Qact (ti) r€Qact(ti+1) 


= 51 ((p, i (p)), au, g) = dF ((p, wii (p)), wa, g) = OF ((p, HY (Pp), @, @), 


63((q, #3 (@)), @,p) = 03((q, 3 (q)), ua,p) = f\ (52((a, 13} (q)), 4,7) V da((r, 1S" (r)),a?)) 
r€Qact (ti+1) 


= A (dl H80),4.0) V bP, 0"),ar)) = A (2((@.28'(P)),4,7) V dol(r, u3"*(7)), 4, @)) 


r€Qact (ti) r€Qact (ti+1) 


= 63((p, 13 (p)), au, g) = 3((p, n3 (p)), ua, 7) = 03((p, u3'(p)), &, @), 


63((q, #3 (@)),@,p) = 63((q, HS (q)), ua,p) = f\ (5s((a. #5'(@)): ur) V d3((r, Hy" (r )).a,p)) 
r€Qact (ti+1) 
= \\ (5s((r, [ls (r)), U, q) V b3(p, jie (p)), a, r)) 74 \\ (5s((v. [ls (p)), a, r) V b3(r, “ae (r)), U, 0) 
r€Qact (ti) r€Qact(ti+1) 


= 03((p, u3 (p)), au, q) = 43((p, 13 (p)), ua, g) = 63((p, HS (p)), @, @)- 


Hence, the result is true for |u| = n. This completes the proof. 


P 5. Or (audi ()), 20D) = 
Oi ((p, 4 ‘(p)), yx, @), O3((g, us (q)), ey, P) = 03((p, Ws" (p)), ye, @), 6 “(aul +(q)), rY,p) = 
03((p, us '(p)), yx, @) for all p,q € Q and x,y € X*. 


roposition 4.4. Let F be a NGFA, if F* is a NGFSA, then for cen Loe 


Proof. Since p,q € Q and x,y € &*, we prove the result by induction on |x| = n. First, we assume that n = 0, 

then x = A. Thus - - 

di((q, yy (q)), yp) = O09, by Oj Oj | 

03((q, oe (q)), ty, P) = 43((g, Ma “(g)), 7A, p) = 03((9, Hy" (4)), Aw, p) = 92((9, Ha (Q)), YP) 

63((q, #3 (4), ey, p) = 63 7 53 ) = 63 ). 
Suppose that 7 7 

dF((a, Hy" (q)), ep) = 3i((p, my" (P)), we, a), 93((4g, Ha (Q)), 24, B) = 55((p, Ha" (P)), we, a), 

63((q, #3 '(g)), 7u, p) = 63((p, Hy *(p)), ua, q), for every u € E*. 


Now, continue the result is true for all u € * with |u| = n — 1, where n > 0. Let y = ua, where a € © 
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and u € &*. Then 
Bia ai (a) 2.7) = Bias), 200) = MV (Ba((aast*)), 20.7) Adri (e),0,7) 
= OM (la) 10,7) A 5u((r OD), 44,9)) 
vcodes (S((r, i"(r)), war, @) A 51((p, wh (P)), a7) 


= V__ (Ai((r,n' (0), a.) A di((r, Hi (7), wx, @)) 


I 
Q 
ae 


r€Qact (ti) 

= 04((p, py *(p)), aux, q) = “e | (il(p, i (p)), au, r) A dr((r, Hi(r)),2,@)) 
rEQact (ti 

= V (5p, (py, war) A51((r, 4 (7)), 2,4) 

r€Qact (ti) 


= dt ((p, wy 1(p)), wax, q) = 63((q, uy *(q)), wax, p) = O3((q, ui" (@)), yz); 


63((q, us *()), zy, P) = 03((a, Hy (q)), BUA, p) = ma ‘s (52((a. u*(q)), 20,7) V da((r, u3(r)), a,p)) 


= A (d2((q.H3""(@)), ue, r) V da((r, w(r)),4,)) 
rEQact (ti) 


= A (dal(7,#3*(7)), ux, 4) V 62((p, 03 (P)),4,7)) 


r€Qact(ti-1) 


A (da((p, 18 "(P)), 4,7) V a((r, wi{(r), ue, 4) 


r€Qact (ti) 
= S3((p,n3 Mp), aura) =A (Sale. n8"(P)), aur) A dal(r 9 (0), 4)) 
re act tj 
=f (G2((p, 33" (p)), wa,r) V da((r, ni (r)),@,@)) 
rE Qact (ti) 


= 63((p, uy" (p)), wax, q) = 63((g, wy *(q)), wax, p) = 63((q, u3*(4)), Ye, P), 


63((q, us '(@)), zy, P) = 03((q, Ms *(q)),zua,p) = (5s((a. u5'*(q)), 20,7) V ds((r, u4(r)),@,P)) 


Ll 

re€Qact (ti) 
= A (dal(q,u§*(q)), wx.) V 69((r, w§ (7), 4D) 
reQact (ti) 


(Ss((r, 3" (7), ux, @) V 83((P, HS (P)).@,7)) 
r€Qact(ti-1) 


= Ny (ballon) e057) v Fal(r 18 (0) ux 9) 


= 63((p, w3*(p)), aue,q) = Aes (4s((p, w3'*(p)), aur) A da((r, 29 (r)),2,4)) 
= A (ds(@n5"(P), wa,r) V 8((r, HS (7), 2.4) 


rE Qact (ti) 7 7 
= 63((p, 3 *(p)), wax, q) = 03((g, #3 (4), wax, p) = 43 ((4, w3"(@)), Ys P)- 
This completes the proof. 


Definition 4.5. Let F* be a GNFSA. Let ju = (p11, 12, 13) and 0* = (d*, 03, 0%) in (Q x [0,1]) x D* x Q be 
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a neutrosophic set in Q. Then ju is a neutrosophic switchboard subsystem of F* » Say i © FP", if for every 7, 


1 <j < k such that p/(p) > 45((¢, u7(@)), x, P), Hs (v) < 03((q, HS (@)), 2, D), Hy (P) < 5e((q, 113 (q)), 2, P)- 
Va,p € Qanda € &. 


Theorem 4.6. Let F* be a NGFSA and let js = (14, [12, [13) and 0* = (0*, 0%, 6%) in (Q x [0,1] x [0,1] x 

(0, 1]) x &* x Q be a neutrosophic set in Q. Then js is a neutrosophic switchboard subsystem of F* if and 
nbs pa tj tj Ri t; ty ox J 

only if wy (p) = O1((G, Hy (Q)), #P)» Me (P) S 93((a, He (@)), @,P)s Hs (P) S 43((, Hs! (Q)), #, p), for all q € 

Qiact)(t;), p € Q and x € X*. 


Proof. The proof of the theorem is similar to Theorem 3.11 and it is clear that y satisfies switching and 
commutative, since F’* is NGFSA. This proof is completed. 


Definition 4.7. Let F* be a NGFSA. Let ju = (j11, f42, 43) and 6* = (d*, 65, 63) in (Q x [0, 1] x [0, 1] x (0, 1)> x 

»* x Q be a neutrosophic set in Q. Then su is a neutrosophic strong switchboard subsystem of F*, say uw © 

if for every i, 1 <i < k such that p € S,(q), then for q,p € Q and x € ¥, py) (p) > 7 (q), ws (p) < we am 
t; t; : 

Ls (p) < Hs (q), for every 1 <j <k. 


Theorem 4.8. Let F* be a NGFA and let ps = ({1, [12, 13) and 0* = (6%, 0%, 6%) in (Q x [0, 1] x [0, 1] x (0, 1]) x 
* x Q be a neutrosophic set in Q. Then pis a strong neutrosophic switchboard subsystem of F* if and only 
if there exists x € D* such that p € S_(q), then w)(p) > Hy (q), Hs (p) < 5'(q), Hes (p) < 13 (q), for all 
d © Qeacty (tj), Pp € Q. 


Proof. The proof of the theorem is similar to Theorem 3.13 and it is clear that j1 satisfies switching and 
commutative, since F’* is NGFSA. The proof is completed. 


Theorem 4.9. Let F* be a NGFSA and let [. = (}1, [2, U3) be a neutrosophic subset of Q. If 1 is a neutrosohic 
switchboard subsystem of F*, then Lt is a strong neutrosophic switchboard subsystem of ris 


Proof. Assume that 4;((q, 14'(q)),@,P) > 0, 65((q, #5'(q)),@,p) < 1 and 63((q, u8(q)),2,p) < 1, for all 
x € &. Since p is a neutrosophic switchboard subsystem of F’*, we have 


ui (p) > O¥((q, ui'(q)),@,P), ws (p) < 03((a, we (@), 2,7), Hs (P) < 63((4, HE (@)), 2p): 


for all ¢ € Qiact)(t;), p € Q and x € &. As ju is switching, then we have 


Hy (p) = 9; ((g, 04 (4), ©. 2) = 6: ((P, HY (B)), #9) = 1 (9); 
ui3 (p) < 03((q, u3 (q)), ®,P) = 03 ((p, H3(P)), 4) = 13 (q), 
us (p) < 63((q, HY (q)), @, p) = 43((p, US (p)), 2.9) = Hs (@) 


390 


Florentin Smarandache (author and editor) Collected Papers, XII 


As j4 is commutative, then x = wv, we have 


uy (p) > or ((q, ni (@)), @,p) = Of ((G, ii (@), we, D) 
= oY q, by q)),U,7) A bt ((r, wat (r i Vv ,p)|r S QO (act) ( ti) 
),u, gq) Adi (( 


1 
= ee 


} ) 
'""(p)),v,7)r © Qr(acy (Hiss) } 
} I 

) 


OT P; ui (p)), v,7) Ao dF((r, uy (r ); U, gr S Qi (oct te4i 


“1(p)), vu, g) = Oi((p, wy" (p)), uv, @) = OF ((p, ui (p)), 2.) > Hi (Q), 


= 55 ((p, a 
13 (P) S 63((4, H3 (9), 2, P) = 83((g, 3 (q)), wr, D) 

= A {55a wk). 47) V (rE), 0. PII E Qryac) (tis) } 

= A {55((r, u(r), 4.0) V 55((D, HE"), 2.7) Ir € Qreaay( tess) $ 

=/\ { 53((p, us (p)),v,7) V O3((r, u(r), u, @) Ir © Qrace) (tins )} 

= 03((p, uy*"(p)), vu, @) = 63((p, H3""(p)), we, a) = 43((p, #2" (p)), 4) S 13 (a), 
3 (p) < 43 ((q, #3 (a), P) = 63 ((4, 13 (q)), we, D) 

= A {55 ((a. 088(a)). 1.7) V 55((r. 18" (7), 0.) Ir € Qacacy (tis) } 

= A {55((r, 18 (0), 0.0) V 55((D, WF" @)), 2.7) Ir € Qrraay(tiss)$ 

=/\ {53((p, us (p)),v,7) V O3((r, ue (r)), u, IPE Qu(act) (tigs )} 

= 5%((p, wk" (p)), vu, @) = 83((p, ui (p)), wv, g) = 65 ((p, ue" (p)), 2, @) < we (a). 


Hence 1 is a strong neutrosophic switchboard subsystem of F™. 


Theorem 4.10. Let F* be a NGFSA and let LL = (M1, [42, [3) be a neutrosophic subset of Q. If ws is a strong 
neutrosophic switchboard subsystem of F*, then Lt is a neutrosophic switchboard subsystem of F*. 


Proof. Let q,p € Q. Since p is a strong neutrosophic switchboard subsystem of F* and ji is switching, we 
have for all x € ©, since 67((q, i'(q)),2,p) > 0, 63((¢,u9(q)),@,p) < 1 and 63((q, 43'(q)),2,p) < 1 
Va € Xd, 7 
Hy (p) > Hy (a) > 07 ((p, Hy (p) 
lz (p) S My (q) S 83 ((p, uy (P)), 
3 (pb) < Hs (9) S 03 ((p, Ha (P)), 
It is clear that 4 is commutative. T 


O7((q, 44 (4), P); 

03((q, 3 (q)), 2), 

03((, 43 (@)), ©, P). ; 
us j4 is a neutrosophic switchboard subsystem of fF”. 


q 
@ 
rq 


5 Conclusions 
This paper attempt to develop and present a new general definition for neutrosophic finite automata. The 


general definition for (strong) subsystem also examined and discussed their properties. A comprehensive 
analysis and an appropriate methodology to manage the essential issues of output mapping in general fuzzy 


391 


Florentin Smarandache (author and editor) Collected Papers, XII 


automata were studied by Doostfatemen and Kremer [11]. Their approach is consistent with the output which 
is either associated with the states (Moore model) or with the transitions (Mealy model). Interval-valued fuzzy 
subsets have many applications in several areas. The concept of interval-valued fuzzy sets have been studied 
in various algebraic structures, see [7, 26]. On the basis [11] and [7], the future work will focus on general 
interval-valued neutrosophic finite automata with output respond to input strings. 
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Implementation of Neutrosophic Function 
Memberships Using MATLAB Program 


S. Broumi, D. Nagarajan, A. Bakali, M. Talea, F. Smarandache, M.Lathamaheswari, 
J. Kavikumar 


S. Broumi, D. Nagarajan, A. Bakali, M. Talea, F. Smarandache, M. Lathamaheswari, J. Kavikumar 
(2019). Implementation of Neutrosophic Function Memberships Using MATLAB Program. 
Neutrosophic Sets and Systems 27, 44-52 


Abstract. Membership function (MF) plays a key role for getting an output of a system and hence it influences system’s per- 
formance directly. Therefore choosing a MF is an essential task in fuzzy logic and neutrosophic logic as well. Uncertainty is 
usually represented by MFs. In this paper, a novel Matlab code is derived for trapezoidal neutrosophic function and the validity 
of the proposed code is proved with illustrative graphical representation 


Keywords: Membership function, Matlab code, Trapezoidal neutrosophic function, Graphical representation 


1 Introduction 


The membership function (MF) designs a structure of practical relationship to relational structure 
numerically where the elements lies between 0 and 1. By determining the MFs one can model the relationship 
between the cognitive and stimuli portrayal in fuzzy set theory [1]. The computed MF will provide a solution to 
the problem and the complete process can be observed as a training and acceptable approximation to the function 
from the behavior of the objects [2]. This kind of MFs can be utilized for the fuzzy implication appeared in the 


given rules to examine more examples [3]. 

The MFs of fuzzy logic is nothing but a stochastic representation and are used to determine a 
probability space and its value may be explained as probabilities. The stochastic representation will to know the 
reasoning and capability of fuzzy control [4]. MFs which are characterized in a single domain where the 
functions are in terms of single variable are playing a vital role in fuzzy logic system. FMFs determine the 
degree of membership (M/S) which is a crisp value. Generally MFs are considered as either triangular or 
trapezoidal as they are adequate, can be design easily and flexible [5]. 

MFs can be carried out using hardware [6]. MFs are taking part in most of the works done under fuzzy 
environment without checking their existence for sure and also in the connection between a studied characteristic 
for sure and its reference set won’t be problematic as it is a direct measurement [7]. It is adorable to have 
continuously differentiable MFs with less parameters [8]. MFs plays an important role in fuzzy classifier (FC). 
In traditional FC, the domain of every input variable is separated into various intervals. All these intervals is 
assumed to be a FS and a correlated MF is determined. Hence the input space is separated again into various sub 
regions which are all parallel in to input axes and a fuzzy rule is defined for all these sub regions if the input 
belongs to the sub region then it is also belongs to the associated class with the sub region. 

Further the degrees of M/S of an unidentified input for all the FSs are evaluated and the input is 
restricted into the class with maximum degree of M/S. Thus the MFs are directly control the performance of the 
fuzzy classifier [10]. If the position of the MF is changed then the direct methods maximize the understanding 
rate of the training data by calculating the total increase directly [11]. Estimation of the MF is usually based on 
the level of information gained with the experiment transferred by the numerical data [12]. Due to the important 
role of MFs, concepts of fuzzy logic have been applied in many of the control systems for controlling the robot, 
nuclear reactor, climate, speed of the car, power systems, memory device under fuzzy logic, aircraft flight, 
mobile robots and focus of a camcorder. 
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There has been a habit of restrain the MFs into a well-known formats like triangular, trapezoidal and 
standard Gaussian or sigmoid types [13]. In information systems the incomplete information can be designed by 
rough sets [20]. Neutrosophy has established the base for the entire family of novel mathematical theories which 
generalizes the counterparts of the conventional and fuzzy sets [21]. The success of an approach depends on the 
MFs and hence designing MFs is an important task for the process and the system. Theory of FSs contributes the 
way of handling impreciseness, uncertainty and vagueness in the software metrics. The uncertainty of the 
problem can be solved b considering MFs in an expert system under fuzzy setting. Triangular and trapezoidal 
MFs are flexible representation of domain expert knowledge and where the computational complexity is less. 
Hence the derivation of the MF is need to be clarified. 

The MFs are continuous and maps from any closed interval to [0,1]. Also which are all either 
monotonically decreasing or increasing or both [22]. A connectively flexible aggregation of crisp and imprecise 
knowledge is possible with the horizontal MFs which are capable of introducing uncertainty directly [23]. There 
are effective methods for calculating MFs of FSs connected with few multi criteria decision making problem 
[25]. Due to the possibility of having some degree of hesitation, one could not define the non-membership 
degree by subtracting membership degree from | [26]. The degree of the fuzzy sets will be determined by FMFs. 
[30] Crisp value is converted into fuzzy during fuzzification process. If uncertainty exists on the variable then 
becomes fuzzy and could be characterized by MFs. The degree of MF is determined by fuzzification. 

In the real world problems satisfaction of the decision maker is not possible at most of the time due to 
impreciseness and incompleteness of the information of the data. Fuzziness exist in the FS is identified by the 
MF [27]. he uncertainty measure is the possible MF of the FS and is interpreted individually. This is the 
advantage of MFs especially one needs to aggregate the data and human expert knowledge. Designing MFs vary 
according to the ambition of their use. Membership functions influence a quality of inference [31]. 

Neutrosophy is the connecting idea with its opposite idea also with non-committal idea to get the 
common parts with unknown things [36]. Artificial network, fuzzy clustering, genetic algorithm are some 
methods to determine the MFs and all these consume time with complexities. The MFs plays a vital role in 
getting the output. The methods are uncertain due to noisy data and difference of opinion of the people. The 
most suitable shape and widely used MFs in fuzzy systems are triangular and trapezoidal [37]. Properties and 
relations of multi FSs and its extension are depending on the order relations of the MFs [38]. FS is the class of 
elements with a continuum of grades of M/S [39]. 

The logic of neutrosophic concept is an explicit frame trying to calculate the truth, Indetrminacy and 
falsity. Smarandache observes the dissimilarity of intuitionistic fuzzy logic (IFL) and neutrosophic logic (NL). 
NL could differentiate absolute truth (AT) and relative truth (RT) by assigning 1* for AT and 1 for RT and is 
also applied in the field of philosophy. Hence the standard interval [0,1] used in IFS is extended to non- 
standard ]0,1*[ in NL. There is not condition on truth, indeterminacy and falsity which are all the subsets of non- 
standard unitary interval. This is the reason of considering “0 ~0 < inf 7 <inf J <inf F <supT <sup/ <sup F <3* and 
which is useful to characterize para consistent and incomplete information [40]. The generalized form of 


trapezoidal FNs, trapezoidal IFNs, triangular FN and TIFNs are the trapezoidal and triangular neutrosophic 
fuzzy number [48]. 


2 Review of Literature 


The authors of, [Zysno 1] presented a methodology to determine the MFs analytically. [Sebag and 
Schoenauer 2] Established algorithms to determine functions from examples. [Bergadano and Cutello 3] 
proposed an effective technique to learn MFs for fuzzy predicates. [Hansson 4] introduce a stochastic perception 
of the MFs based on fuzzy logic. [Kelly and Painter 5] proposed a methodology to define N-dimensional fuzzy 
MFs (FMFs) which is a generalized form of one dimensional MF generally used in fuzzy systems. [Peterson et al. 
6] presented a hardware implementation of MF. [Royo and Verdegay 7] examined about the characterization of 
the different cases where the endurance of the MF is assured. 

[Grauel and L. A. Ludwig 8] proposed a class of MFs for symmetrically and asymmetrically in 
exponential order and constructed a more adaptive MFs. [Straszecka 9] presented preliminaries and methodology 
to define the MFs of FSs and discussed about application of FS with its universe, certainty of MFs and format. 
[Abe 10] examined the influence of the MFs in fuzzy classifier. [Abe 11] proved that by adjusting the slopes and 
positions the performance of the fuzzy rule classification can be improved [Pedrycz and G. Vukovich 12] 
imposed on an influential issue of determining MF. [J. M. Garibaldi and R. I. John 13] focused more MFs which 
considered as the alternatives in fuzzy systems [T. J. Ross 14] established the methodology of MFs. 

[Brennan, E. Martin 15] proposed MFs for dimensional proximity. [Hachani et al. 16] Proposed a new 
incremental method to represent the MFs for linguistic terms. [Gasparovica et al. 17] examined about the 
suitable MF for data analysis in bioinformatics. [Zade and Ismayilova 18] investigated a class of MFs which 
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conclude the familiar types of MFs for FSs. [Bilgic 19] proposed a method of measuring MFs. [Broumi et al. 20] 
established rough neutrosophic sets and their properties. [Salama et al. 21] proposed a technique for constructing. 
[Yadava and Yadav 22] proposed an approach for constructing the MFs of software metrics. [Piegat and M. 
Landowski 23] proposed horizontal MFs to determine the FS instead of usual vertical MFs. [Mani 24] reviewed 
the relation between different meta theoretical concepts of probability and rough MFs critically. 

[Sularia 25] showed their interest of multi-criteria decision analysis under fuzzy environment. [Ali and 
F. Smarandache 26] Introduced complex NS. [Goyal et al. 27] proposed a circuit model for Gaussian MF. [Can 
and Ozguven 28] proposed fuzzy logic controller with neutrosophic MFs. [Ali et al. 29] introduced 6 -equalities 
and their properties of NSs. [Radhika and Parvathi 30] introduced different fuzzification methods for 
intuitionistic fuzzy environment. [Porebski and Straszecka 31] examined diagnosing rules for driving data which 
can be described by human experts. [Hong et al. 32] accumulated the concepts of fuzzy MFs using fuzzy c- 
means clustering method. 

[Kundu 33] proposed an improved method of approximation of piecewise linear MFs with the support 
of approximation of cut function obtained by sigmoid function. [Wang 34] proposed the operational laws of 
fuzzy ellipsoid numbers and straight connection between the MFs which are located on the junctions and edges. 
[Mani 35] studied the contemplation of theory of probability over rough MFs. [Christianto and Smarandache 36] 
offered a new perception at Liquid church and neutrosophic MF. [Asanka and A. S. Perera 37] introduced a new 
approach of using box plot to determine fuzzy Function with some conditions. [Sebastian and F. Smarandache 
38] generalized the concepts of NSs and its extension method. [Reddy 39] proposed a FS with two MFs such as 
Belief and Disbelief. [Lupianeza 40] determined NSs and Topology. 

[Zhang et al. 41] derived FMFs analytically. [Wang 42] framed a framework theoretically to construct 
MFs in a hierarchical order. [Germashev et al. 43] proposed convergence of series of FNs along with Unimodal 
membership. [Marlen and Dorzhigulov 44] implemented FMF with Memristor. [Ahmad et al. 45] introduced 
MFs and fuzzy rules for Harumanis examinations [Buhentala et al. 46] explained about the procedure and 
process of the Takagi-Sugeno fuzzy model. [Broumi et al. 47-55] proposed few concepts of NSs, triangular and 
trapezoidal NNs. 


From this literature study, to the best our knowledge there is no contribution of work on deriving membership 
function using Matlab under neutrosophic environment and hence it’s a motivation of the present work. 


3 Preliminaries 


Definition:A trapezoidal neutrosophic number a= ((a,b,c,d); wu, y,) is a special neutrosophic set on 


the real number set R, whose truth-membership, indeterminacy— membership and falsity-membership functions 
are defined as follows: 


=e , asx<b et of sees 
w , b<xK<e u . b<xK<e 
Hl) yy BA enats igees 
(aay » cSx<d (@=<) , ce<x<d 
0 , otherwise 1 , otherwise 


(b-x)+y,(x-a) eee 
(>-a) 
y » b<xe 
4,(%)= Gexebiy ley) 
a » cSxk<d 
(d-c) 
1 , otherwise 
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4. Proposed Matlab code to find Trapezoidal Neutrosophic Function 
In this section, trapezoidal neutrosophic function has been proposed using Matlab program and for the differennt 
membership values, pictorical representation is given and the Matlab code is designed as follows. 


Trapezoidal neutrosophic Function (trin) 
%x=45:70; 
%Ly,z]=trin(x,50,55,60,65, 0.6, 0.4,0.6)% 


U truth membership 
V indterminacy membership 
W :falsemembership 


function [y,z,t]=trin(x,a,b,c,d,u,v,w) 
y=zeros(1,length(x)); 
z=zeros(1,length(x)); 
t=zeros(1,length(x)); 
for j=1:length(x) 
if(x()<=a 

y(j)=0; 


elseif(x(j)>=a)&&(x(j)<=b) 
y(j)=u*(((x(G)-a)/(b-a))); 
Z(J)=(((b-x(j))+v*(xG)-a))/(b-a)); 
t@)=(((b-xQ))+w*(x()-a))/(b-a)); 
elseif(x(j)>=b)&&(x(j)<=c) 
y(j)=u; 
Z(j)=V; 
tQ)=w; 
elseif(x(j)>=c)&&(x(j)<=d) 
y(j)=u*(((d-xQ))/(d-c))); 
2(J)=(((xQ)-c)+v*(d-x(j)))/(d-c)); 
t@G)=(((xG)-c)+w*(d-x()))/(d-c)); 
elseif(x(j)>=d) 
y(j)=0; 
z2(j)=1; 
t@)=1; 
end 
end 
plot(x,y,x,z,x,t) 
legend('Membership function','indeterminate function',"Non-membership function’) 
end 


4.1 Example 
The figure 1 portrayed the pictorical representation of the trapezoidal neutrosophic function 


a= ((0.3,0.5,0.6,0.7);0.4,0.2,0.3) 


The line command to show this function in Matlab is written below: 


x=0:0.01:1; 
[y,z,t]=trin(x,0.3,0.5,0.6,0.7, 0.4, 0.2,0.3) 
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Figure 1: Trapezoidal neutrosophic function for example 4.1 


4.2 Example 


The figure 2 portrayed the trapezoidal neutrosophic function of a= ((50,55,60,65);0.6,0.4, 0.3) 


The line command to show this function in Matlab is written below: 


>> x=45:70; 
[y,z]=trin(x,50,55,60,65, 0.6, 


0.4,0.3) 


4.3 Example 


The figure 3 portrayed the triangular neutrosophic function of a= ((0.3,0.5,0.5,0.7);0.4,0.2,0.3) 


T 


——— Membership function 
indterminate function 


———— Non-membership function 


Figure 2: Trapezoidal neutrosophic function for example 4.2 


The line command to show this function in Matlab is written below: 


x= 0:0.01:1; 


[y,z,t]=trin(x,0.3, 0.5,0.5,0.7, 0.4, 0.2,0.3) 
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——— Membership function 
indterminate function 
Non-membership function 


Figure 3: Triangular neutrosophic function for example 3 


Remark: if b= c, the trapezoidal neutrosophic function degenerate to triangular neutrosophic function as 
protrayed in figure 3. 


5. Qualitative analysis of different types of graphs 


The following analysis helps to know the importance of the neutrosophic graph where 
the limitations are possible as mentioned in the table for fuzzy and intuitionistic fuzzy graphs. 


Types of graphs Advantages Limitations 
Graphs e Models of relations e Unable to han- 
e describing information involving dle fuzzy rela- 

relationship between objects tion (FR) 


e Objects are represented by verti- 
ces and relations by edges 

e Vertex and edge sets are crisp 

Fuzzy graphs (FGs) e Symmetric binary fuzzy relation e Not able to deal 
on a fuzzy subset interval data 

e Uncertainty exist in the descrip- 
tion of the objects or in the rela- 
tionships or in both 

e =©Able to handle FR with member- 
ship value 

e FGs models are more useful and 
practical in nature 


Interval valued FGs e Edge set of a graphs is a collec- e Unable to deal 
tion of intervals the case of non 
membership 
Intuitionistic fuzzy graphs e Gives more certainty into the e Unable to han- 
(IntFGs) problems dle interval da- 
e Minimize the cost of operation ta 


and enhance efficiency 

e Contributes a adjustable model 
to define uncertainty and vague- 
ness exists in decision making 

e Able to deal non membership of a 
relation 
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Interval valued IntFGs e Capable of dealing interval data e Unable to deal 
indeterminacy 


6. Conclusion 


Choosing a MF is an essential task of all the fuzzy and neutrosophic system (Control 
system or decision making process). Due to the simplicity (less computational complexity) 
and flexibility triangular and trapezoidal membership functions are widely used in many real 
world applications. In this paper, trapezoidal neutrosophic membership function is derived 
using Matlab with illustrative example. In future, this work may be extended to interval 
valued trapezoidal and triangular neutrosophic membership functions. 
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Application of Bipolar Neutrosophic Sets 
to Incidence Graphs 


Muhammad Akram, Nabeela Ishfaq, Florentin Smarandache, Said Broumi 


Muhammad Akram, Nabeela Ishfaq, Florentin Smarandache, Said Broumi (2019). Application 
of Bipolar Neutrosophic Sets to Incidence Graphs. Neutrosophic Sets and Systems 27, 
180-200 


Abstract: In this research paper, we apply the idea of bipolar neutrosophic sets to incidence graphs. We present some 
notions, including bipolar neutrosophic incidence graphs, bipolar neutrosophic incidence cycle and bipolar neutro- 
sophic incidence tree. We define strong path, strength and incidence strength of strongest path in bipolar neutrosophic 
incidence graphs. We investigate some properties of bipolar neutrosophic incidence graphs. We also describe an 
application of bipolar neutrosophic incidence graphs. 


Keywords: Bipolar neutrosophic incidence graphs; Bipolar neutrosophic incidence cycle; Bipolar neutrosophic 
incidence tree. 


1 Introduction 


Graph theory is a mathematical structure which is used to represent a relationship between objects. It has been 
very successful in engineering and natural sciences. Sometimes, in many cases, graph theoretical concepts 
may be imprecise. To handle such cases, in 1975, Rosenfeld [1] gave the idea of fuzzy graphs. He consid- 
ered fuzzy relations and proposed the structure of fuzzy graphs, obtaining analogs of several graph theoretical 
concepts. Bhutani and Rosenfeld [2] studied the strong edges in fuzzy graphs. By applying bipolar fuzzy sets 
[3] to graphs, Akram [4] introduced the notion of bipolar fuzzy graphs. He described the different methods to 
construct the bipolar fuzzy graphs and discussed the some of their properties. Broumi et al [5] introduced the 
single-valued neutrosophic graphs by applying the concept of single-valued neutrosophic sets to graphs. Later 
on, Akram and Sarwar [6] studied the novel multiple criteria decision making methods based on bipolar neu- 
trosophic sets and bipolar neutrosophic graphs. They developed the independent and dominating sets of bipolar 
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neutrosophic graphs. Ishfaq et al [13, 14] introduced the rough neutrosophic digraphs and their applications. 
Later Akram et al [15] introduced the decision making approach based on neutrsophic rough information. 
Dinesh [7, 8] studied the graph structures and introduced the fuzzy incidence graphs. Fuzzy incidence graphs 
not only give the limitation of the relation between elements contained in a set, but also give the influence or 
impact of an element to its relation pair. Fuzzy incidence graphs play an important role to interconnect the 
networks. Incidence relations have significant parts in human and natural made networks, including pipe, road, 
power and interconnection networks. Later Mathew and Mordeson [9] introduced the connectivity concepts 
in fuzzy incidence graphs and also introduced fuzzy influence graphs [10]. In this paper, we apply the idea 
of bipolar neutrosophic sets to incidence graphs and introduce a new concept, namely bipolar neutrosophic 
incidence graphs. 

Some of essential preliminaries from [7] and [11] are given below: 

Let V* be a non-empty set. Then G* = (V“*, E*, I*) is an incidence graph, where E* is a subset of V* x V* 
and /* is a subset of V* x E*. 

A fuzzy incidence graph on an incidence graph G* = (V*, E*, J*) is an ordered triplet G’ = (p1’, X’, w’), where 
tw is a fuzzy set on V*, X’ is a fuzzy relation on V* and w’ is a fuzzy set on V* x E* such that 


w'(y,yz) Sw (y) AN yz), Vy2EV™ 


A bipolar neutrosophic set on a non-empty set V* is an object having the form 


B= {(b, TY (0), Ly (), FY (), Ty (0), Ly (0), Fy (8) be V"}, 


where, 7," , [;', F,’ : V* — [0,1] and T, , J, , Fy : V* — [-1,0]. 
For other notations and applications, readers are referred to [15-21]. 


2 Bipolar Neutrosophic Incidence Graphs 


Definition 2.1. A bipolar neutrosophic incidence graphs (BNIG) on an incidence graph G* = (V*, E*, I*) is 
an ordered triplet G = (X,Y, Z), where 


(1) X is a bipolar neutrosophic set on V*. 

(2) Y is a bipolar neutrosophic relation on V*. 

(3) Z is a bipolar neutrosophic set on V* x E* such that 

Tz («, ry) <min{Ty(x),Ty(ry)}, Tz (x, cy) 2max{Ty (x), Ty (ry)}, 


Tz (x, ay) Smin{IX(x), fe (ay)}, Tz (w, ay) 2 max{ Ix (x), ly (xy)}, 
Fy (a, cy) >max{Fy(x), FY (2y)}, Fz («,cy) <min{ Fx (x), Fy (xy)}, Va,y eV". 


Example 2.2. Let G* = (V*, E*, I*) be an incidence graph, as shown in Fig. 1, where V* = {w, 2, y, z}, 
ES we, cy, 02.20 band T° = ftw, we), (ewe), (e399) 5 (Os ay), (G92) (ey 92), (2 32w), (ib, ew) b Let Xe 
be a bipolar neutrosophic set on V* given as 
X = {(w, 0.2, 0.4, 0.7, — 0.1,—0.2, — 0.4),(a, 0.3, 0.5, 0.9,-0.1, — 0.6,—0.7), 
(y, 0.4, 0.6, 0.9, — 0.1,—0.2, — 0.8),(z, 0.5, 0.6, 0.8,—0.2, — 0.8,—0.6)}. 
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Let Y be a bipolar neutrosophic relation on V* given as 


Y = {(wz, 0.1, 0.2, 0.8, —0.1, 
(yz, 0.1, 0.2, 0.8, —0.1, 


Let Z be a bipolar neutrosophic set on V* x E* given as 


Then G = 


Definition 2.3. Let G = 


(X,Y, Z) be a BNIG of G*. 


0.8;-02,=—0.2,—-0,9), 


(X, Y, Z) is a BNIG as shown in Fig. 2. 


Figure 1: G* = (V*, E*, I*) 


supp(G)=(supp(X ),supp(Y’ ),supp(Z)) such that 


supp(X) = {x € X|Ty (zx) > 0, 


supp(Y) = {xy € Y|T¥ (ay) > 


supp(Z) = {(a, cy) € Z|TZ (a, 


Definition 2.4. A sequence 


XO, (Xo, Cori), Lor, (@i, Loli) Lr Tess 


Ty (zy) <0, 


Ty (@, vy 


of vertices, edges and pairs in BNIG G is called walk. 
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—0.2, 0.9), (xy, 0.2, 0.4, 0.7, 0.2, —0.3, —0.9), 
=0:2;=0°9), (20.0.2, 03, 0:6,—04; =0.2, 30.7) }, 
, 0.8,—0.2, — 0.2,-0.9), ((x, wx), 0.1, 0.2, 0.8,—0.2, — 0.3, —0.9), 
, 0.8,—0.2, — 0.4,-0.9), ((y, zy), 0.1, 0.1, 0.8,—0.2, — 0.2, —0.9), 
0.7,-0.2, — 0.3,-0.9), ((z, yz), 0.1, 0.2, 0.7,—0.2, — 0. 3, 02), 
), ((w,zw), 


02,03; 05,03; 0,38, -0:8)3, 


(X,Y,Z) is denoted by 


Tn-1) (aig 1 In-10hn, (ous ee ie 6 In 
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Figure 2: BNIG G = (X,Y, Z) 


If %) = Xp, It is a close walk. 

If edges are distinct, it is a trail. 

If pairs are distinct, it is an incidence trail. 
If vertices are distinct, it is a path. 

If pairs are distinct, it is an incidence path. 


Example 2.5. In a BNIG G = (X, Y, Z) as shown in Fig.2, 


WwW, (w, wa), Wr, (x, awa), xz, ( xy), LY, (y, xy), Y, (y, yz), YZ, (z, yz), Zz, (z, zw), ZW, (w, zw), WwW, (w, wa), Wr, 
(x, wx), x ia a walk. It is not a path, trail and an incidence trail. 


WwW, (w, wes Wr, (x Wx); x, (es xy), XY, (y, Ly), Y; (y, cae YZ, (zy YZ), z 


is a path, trail and an incidence trail. 


Definition 2.6. The BNIG G = (X,Y, Z) is a cycle if and only if supp(G)=(suppCX ),supp(Y ),supp(Z)) is a 
cycle. 


Example 2.7. In a BNIG G = (X,Y, Z) as shown in Fig.2, consider a walk 


W, (w, wa), Wr, (& we), x, (2s xy), LY, (y, ty); Y, (y, yz), YZ, (z, G2); Zz, (zs zw), ZW, (w, zw), WwW. 


which is a cycle. SoG = (X,Y, Z) is a cycle. 
Definition 2.8. The BNIG G = (X, Y, Z) is a bipolar neutrosophic cycle if and only if 


supp(G) = (supp(X ), supp(Y), supp(Z)) 
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is a cycle and there exist at least two xy € supp(Y’) such that 


Ty (xy) = min{Ty (uv) |uv € supp(Y)}, 
I (xy) = min{I} (uv) |uv € supp(Y)}, 
F¥ (xy) = max{F¥ (uv)|uv € supp(Y)}, 
Ty (xy) = max{Ty (uv) |uv € supp(Y)}, 
Ty (ey) = max{Iy (uv) |uv € supp(Y)}, 
Fy (ay) = min{ Fy (uv) |uv € supp(Y)}. 
Example 2.9. In a BNIG G = (X, Y, Z) as shown in Fig.2, 
we have 
T}(we) = 0.1 =min{ Te (we), TE (ey), Tye), TE(2w)}, 
I}(w2) = 0.2=min{ I}(wx), (ey), IQ), H(ew)}, 
F¥(we) = 0.8=max{FE(we), Fi(cy), Bi (yz), FY (ew)}, 
Ty (we) = 0.1 = max{Ty (we), Ty (ey), Ty (yz), Te (20)}, 
I; (wa) = -0.2 = max{ I(wz), Ip(xy), Ip(y2), Ty(ew)}, 
Fy (wx) = —0.9 = min{ Fy (wa), Fy (zy), Fy (yz), Fy (zw)} 
Also 
Ty(yz)= 01=min{ Ty(w2), Ty (cy), TY (yz), Ty (zw)}, 
y(yz) = 0.2=min{ Iy(wa), I (zy), Ty (yz), Ly (zw)}, 
Y(yz) = 0.8 = max{Fy (wa), Fy (zy), Fy (yz), FY (zw)}, 
Ty (yz) = —0.1 = max{Ty (wa), Ty (zy), Ty (yz), Ty (zw)f, 
Ty (yz) = —0.2 = max{ Iy(wa), Iy (xy), Ty (yz), Ty (ew) }, 
FY (yz) = —0.9 = min{ Fy (wa), Fp (cy), Fy (yz), Fy (ew)} 


So G = (X,Y, Z) is a bipolar neutrosophic cycle. 


Definition 2.10. The BNIG G = (X,Y, Z) is a bipolar neutrosophic incidence cycle if and only if it is a 
bipolar neutrosophic cycle and there exist at least two (x, xy) € supp(Z) such that 


T? (x, ry) = min{T} (u, vw) |(u, vw) € supp(Z)}, 
I(x, ry) = min{I}(u,vw) |(u,vw) € supp(Z)}, 
FF (a, ry) = max{F3(u, vw)|(u, ew) € supp(Z)}, 
Tz (x, ry) = max{T7 (u, vw) |(u, ww) € supp(Z)}, 
TZ (a, xy) = max{I7(u, vw) |(u, vw) € supp(Z)}, 
Fy (a, cy) = min{F; (u, vw) |(u, vw) € supp(Z) } 


Example 2.11. Ina BNIGG = (X,Y, Z) as shown in Fig.2, 
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we have 
Ti (w,wr) = 0.1 = min{T}(u, vw) |(u, vw) € supp(Z)}, 
Ii(w,wr) = 0.1 =min{IZ(u,vw) |(u, vw) € supp(Z)}, 
FF(w,wr) = 0.8 = max{F}(u, vw)|(u, ew) € supp(Z)}, 
T; (w, wx) = —0.2 = max{Tz (u, vw) |(u, vw) € supp(Z)}, 
IZ (w, wr) = —0.2 = max{IZ(u, vw) |(u, vw) € supp(Z)}, 
FZ (w, wx) = —0.9 = min{ FZ (u, vw) |(u, vw) € supp(Z)} 
and 
Tycey) 0.1 = min{T7 (u, vw) |(u, vw) € supp(Z)}, 
Ie(y,cy) = 0.1 =min{I}(u,vw) |(u,vw) € supp(Z)}, 
Fry, cy) = 0.8 = max{F}(u,vw)|(u, ww) € supp(Z)}, 
Tz (y, ry) = —0.2 = max{T7 (u, vw) |(u, vw) € supp(Z)}, 
Ip (y, cy) = —0.2 = max{I7(u, vw) |(u, vw) € supp(Z)}, 
Fy (y, cy) = —0.9 = min{ FZ (u, vw) |(u, vw) € supp(Z) }. 


So G = (X,Y, Z) is a bipolar neutrosophic incidence cycle. 


Definition 2.12. If G = (X,Y, Z) is a BNIG, then H = (X*,Y%*, Z*) is a bipolar neutrosophic incidence 
subgraph of G if 
MER VY CVF CZ. 


H = (X*,Y*, Z*) isa spanning subgraph if X = X*. 


Definition 2.13. Strength of the strongest path from x to y in BNIG G = (X,Y, Z) is defined as 
k k k 
Ty (2, y) =\/ Fea), Ty (@,y) Sel ae): Fyo(Z,¥) =|\ Filz,y), 
i=1 i=1 i=1 


k k k 
i=l i=l i=1 


where p(x, y) is the strength of path from x to y such that 


T; (2, y)= A {Ty (xy) |vy € supp(Y)}, 
Tp (@,y) =A {ly (xy) |xy € supp(Y)}, 
FY (x, y)= V {Fy (xy)|xy € supp(Y )}, 
T; (t, y= V {Ty (xy) |zy € supp(Y) }, 
ey 
(Y)} 


oe (x,y) =V {Jy (zy) |xy € supp(yY 


Fy (2, y=" {Fy (ry) |zy € supp(Y 


d 
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Definition 2.14. Incidence strength of the strongest path from x to wy in BNIG G = (X,Y, Z) is defined as 


k 
Thu(w, wy) =\f TH (e, wy), Tyao(w, wy) 


k 
=|\\T;,(2, wy), 
i=1 i=1 
k k 
Theo (a, wy) = VLG wy), Wjoo(r, wy) = ig a wy), 
i=1 = 
k k 
Fi.(2,wy) =/\ Fi (a, wy), Fy. (x, wy) =\f Fy, (a, wy). 
i=l i=1 


where ~)(x, wy) is the incidence strength of path from x to wy such that 


Ty (@, wy)= A {Tz (x, wy) |(x, wy) € supp(Z)}, 
Ty (a, wy) =A {Iz (a, wy) |(«, wy) € supp(Z)}, 
Fy (x, wy)=V {Fz (a, wy)|(@, wy) € supp(Z) f, 
Ty (@, wy)= V {Tz (x, wy) |(x, wy) € supp(Z)}, 
Ty (@, wy) =V {Iz (a, wy) |(@, wy) € supp(Z) f, 
Fy (w, wy)= A {Fz (a, wy)|(a, wy) € supp} (Z). 


Example 2.15. Ina BNIG G = (X,Y, Z) as shown in Fig.3 
the strength of path w, (w, wy), wy, (y, wy), ¥; (Y, 42), Y%, (2, yz), zis 


w(0.2, 0.4, 0.6, 
—0.1, —0.2, —0.3) 


4 
L7276.1,0.2,0.8, 
y(0.1, 0.4, 0.9, @E4---=7--+- =~ =~ _ 


—0.3, —0.4, = 
—0.2, —0.3, —0.5) 


. (0.3, 0.4,0.5, 
~0. 
(01,0307 


—0.1, —0.2, —0.6) 


(0.1, 0.2, 0.6, 
—0.2, —0.4, —0.7) 


Figure 3: BNIG G = (X,Y, Z) 


(0.1, 0.1, 0.8, —0.3, —0.4, —0.9), 
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the strength of path w, (w, wx), wx, (x7, wx), x, (x, ry), ry, (y, ry), y, (y, yz), YZ, (2, yz), z IS 
(0.1, 0.2, 0.8, -0.1, —0.3, —0.9), 

the strength of the strongest path from w to z is 
(0.1, 0.2, 0.8, —0.3, 0.4, -0.9). 


Ina BNIG G = (X,Y, Z) as shown in Fig.3 
the incidence strength of the path w, (w, wy), wy, (y, wy), y, (Y, yz), yz IS 


(O1:0:1,0.50;02-09:=00), 

the incidence strength of the path w, (w, wx), wx, (x,wx), x, (x, ry), ry, (y, ry), y, (Y, yz), yz is 
(0.1, 0.1, 0.8, —0.2, —0.3, —0.9), 

the incidence strength of strongest path from w to yz is 


(O11; 0:8; =02. 03.0.0), 


Definition 2.16. BNIG G = (X, Y, Z) is called a tree if and only if supp(G)=(suppCX ),supp(Y ),supp(Z)) is a 
tree. 


Definition 2.17. G = (X, Y, Z) is a bipolar single-valued neutrosophic tree if and only if bipolar neutrosophic 
incidence spanning subgraph H = (X,Y*, Z*) of G = (X,Y, Z) is a tree such that 


Ty (zy) < Ty(x,y), Ty (ay)< Tf(2,y), Fy (ty) > Fye(2,y), 
Ty (xy) > Tyo(z,y), Ty (xy)> Ign(a,y), Fy (xy) < Pye(z,y), Vey € supp(Y)\supp(Y*). 


where ¢*(x, y) is the strength of strongest path from x to y in H = (X,Y*, Z*). 


Definition 2.18. G = (X,Y, Z) is a bipolar neutrosophic incidence tree if and only if bipolar neutrosophic 
incidence spanning subgraph H = (X,Y, Z*) of G = (X,Y, Z) is a tree such that 


Te aay) ST eye Tae 


Cy TRA ay): Ee, oy) = ae ey) 
LHP DY SE AD Tye Loe 7 


d 2: 
r) r) 


ry)> Tre (x, ry), Fy (x ry) < Fryoo(x, ty), V(x, ry) € supp(Z)\supp(Z*). 


where 7°°(x, xy) is the strength of strongest path from x to ry in H = (X,Y*, Z*). 


Example 2.19. G = (X, Y, Z) is a bipolar neutrosophic tree as shown in Fig.4 because a bipolar neutrosophic 
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incidence spanning subgraph H = (X,Y*, Z*) of G = (X,Y, Z) as shown in Fig.5 is a tree and 


y(wr)= O1< 02=Tj.(u,2), 
BS Gide — amd Ba o2= 1h. (wa), 
y(wz)= 0.9> 0.7 = Fy.(w,2), 
Ty (wr) = —0.1 >—0.2 = T;..(w, 2), 
Iy (wa) = —0.2 >-0.3 = 1 he a 
Fy (wx) = —0.9 <—0.8 = Fy. (w, x) 


—0.1, —0.2, —0.3) 


D 

oO 

1 

u(0.2, 0.4, 0.6, S 
\ 
N 
=) 

i 


09%99) 


v(0.3, 0.4, 0.5, 


1,09 4 : “3G 3 —0.1, —0.2, 0.6) 
y(0.1, 0.4, 0.9, Sn oe 
—0.2, —0.3, —0.5) aoe \ ‘g Fo.10b 0. : 
(0.1, 0.2,0.9, Oey <a 
a Or 
—0.3, —0.4, —0.9) ’ 


»w(0.6, 0.2, 0.9, 
—0.2, —0.2, —0.8) 


x(0.4, 0.3, 0.8, 
—0.1, —0.4, —0.5) Da a 
\ 


Figure 4: BNIG G = (X,Y, Z) 


Theorem 2.20. Let G = (X,Y, Z) be acycle. Then G = (X,Y, Z) is a bipolar neutrosophic cycle if and only 
if G = (X,Y, Z) is not a bipolar neutrosophic tree. 
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eo 
i=) 
1 
u(0.2, 0.4, 0.6, S 
—0.1, —0.2, -0.3) AQ) 
7 
i 
Let 
we \ 
i ° NS 
or 
acd Pt 
oO Oo 
Mee 4,092.9) 
xo) - o> 
a gd Lag v(0.3, 0.4, 0.5, 
fal a 
4 —0.1, —0.2, —0.6) 
y(0.1, 0.4, 0.9, 
—0.2, —0.3, —0.5)S. B 
(0.1, 0.2, 0.9, 
—0.3, —0.4, —0.9) 
0. 
-2, 0.9 
“No 
‘ 8) 
a w(0.6, 0.2, 0.9 
e& —0.2, —0.2, —0.8) 
x(0.4, 0.3, 0.8, “8, 
—0.1, —0.4, —0.5) 


Figure 5: H = (X, Y*, Z*) 


Proof. Let G = (X,Y, Z) be a bipolar neutrosophic cycle. So there exists wv, xy € supp(Y ) such that 


Ty (uv) =Ty (wy) = A {Ty (yz) yz © supp(Y)}, 
Ty (uv) =Iy (wy) = A {Ty (yz) |yz © supp(Y 
Fy (uv)=F¥ (xy)= V {F¥ (yz) |yz © supp 
Ty (uv) =Ty (xy) = V {Ty (yz) |yz © supp 
Ty (uv) =Iy (xy) = V {Ty (yz) |yz © supp(Y 
Fy (uv)=Fy (xy)= A {Fy (yz)lyz € supp(Y 


If H = (X, Y*, Z*) is aspanning bipolar neutrosophic incidence tree of G = (X,Y, Z), then supp(Y )\supp(Y*) = 
{yz} for some y, z € V because G = (X,Y, Z) is acycle. 
Hence there exists no path between y and z in H = (X, Y*, Z*) such that 


Thus, G = (X, Y, Z) is not a bipolar neutrosophic tree. 
Conversely, let G = (X,Y, Z) be not a bipolar neutrosophic tree. Because G = (X, Y, Z) is a cycle, so for all 
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yz © supp(Y), H = (X,Y~*, Z*) is spanning bipolar neutrosophic incidence tree in G = (X,Y, Z) such that 


where 


and 


Tit.(w)=T} (uv), Lf.(we) =LE (we), Ff. (wo)=Fit(w), 


Ty (yz)= A {Ty (xy) |zy € supp(Y)}, 
Ty (yz) =A { Ty (xy)|ry € supp(Y)}, 
FY (yz)= V {FY (xy) ly € supp(Y )}, 
Ty (yz)=V {Ty (xy)|zy € supp(Y) }, 
Ty (yz) =V { Fy (xy)|ry € supp(Y) }, 
Fy (yz)= A {Fy (xy)|xy € supp(Y) }. 


Thus, G = (X,Y, Z) is a bipolar neutrosophic cycle. 


Theorem 2.21. IfG = (X,Y, Z) is a bipolar neutrosophic tree and supp(G) = (supp(X), supp(Y ), supp(Z)) 
is not a tree, then there exists at least one edge xy € supp(Y ) such that 


Ty (zy)>Tio(z,y), Ty (ty) >Ljxm(z,y), Fy (zy)<Fx (2, y) 


where j°°(x, y) is the strength of strongest path between u and v in G = (X,Y, Z). 


Proof. Let G = (X,Y, Z) be a bipolar neutrosophic tree, then there exists a bipolar neutrosophic spanning 
subgraph H = (X,Y~*, Z*) that is tree and 


Ty (ty)>Thx(@,y), Ly (wy) >I (@,y), Fy (2y)< Foe (a, y), Vu € supp(Y )\supp(Y"). 


Also 
+ + + + + + 
Ts ) <T io ( oY ’ Tie .Y) <Tiice Y), Frise iY > Fico ) )s 
Too (X,Y) 2Tjco(,Y), Ljoo(t,y) 2Lieo(2,y), Pyoo(X,y) <i (2, y) 
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Thus, 


Ty (xy)<T jm (2, y), Ty (xy) alata, y), Fy (ay)> Fj (z Us 
Ty (xy) >T x (2 y), Ty (xy) > Tico (2, y), Fy (xy) <Fjx (x,y), Vuv € supp(Y )\supp(Y“) 


and by hypothesis there exists at least one edge xy € supp(Y). 


Theorem 2.22. Let G = (X,Y, Z) be acycle. Then G = (X,Y, Z) is a bipolar neutrosophic incidence cycle 
if and only if G = (X,Y, Z) is not a bipolar neutrosophic incidence tree. 


Proof. Let G = (X,Y, Z) be a bipolar neutrosophic incidence cycle. Then there exist at least two (x, wy) € 
supp(Z) such that 


T3 (x, yz) = min{T7 (u, vw) |(u, ew) € supp(Z)}, 
T(x, yz) = min{IZ(u, vw) |(u, ew) € supp(Z)}, 
FF (a, yz) = max{ FZ (u, vw)|(u, vw) € supp(Z)}, 
Tz (#,y2) = max{T;z(u, vw) |(u, vw) € supp(Z)}, 
Tp (x, yz) = max{I7(u, vw) |(u, vw) € supp(Z)}, 
Fy (a, yz) = min{F7 (u, vw) |(u, vw) € supp(Z) }. 


If H = (X, Y*, Z*) is aspanning bipolar neutrosophic incidence tree of G = (X,Y, Z), then supp(Z)\supp(Z*) = 
{(z, yz)} for some x € V yz € supp(Y). 
Hence there exists no path between x and yz in H = (X, Y*, Z*) such that 


Ppa (ea, IM aoye) <i a ye), Eee) kaa ees 

Ty (x, yz) >T ye (x, yz), I, (x, yz) >I (2, yz), Fy (x, YZ) < Prec (x, yz). 
Thus, G = (X, Y, Z) is not a bipolar neutrosophic incidence tree. 
Conversely, let G = (X,Y, Z) be not a bipolar neutrosophic incidence tree. Then for all (x, yz) € supp(Z), 
H = (X,Y%, Z*) is spanning bipolar neutrosophic incidence tree in G = (X,Y, Z) such that 


Tz (2, yz) >To (2, yz) 


wt 
—— 
< 
R 
Na 
W 
4 
gt 
< 
®R 
wa 
Si 
— 
er 
: 
) 
gt 
— 
°< 
R 
wa 


where 
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Hence, there exists more than one pair such that 


Tz (u, vw) =A {Tz («, yz)|(@, y2) € supp(Z)}, 
Iz (u,vw) =A { 17 (a, y2)|(x, yz) € supp(Z)}, 
Fz (u, ow)=V {Fz (a, y2)|(@, yz) € supp(Z) f, 
Tz (u, vw)=V {Tz (@, yz)|(@, y2) € supp(Z)}, 
Tz (u, vw) =V { Iz (a, y2)|(@, yz) € supp(Z) f, 
Fz (u,ow)=A {Fz (a, y2)|(@, yz) € supp(Z) }- 


Thus, G = (X, Y, Z) is a bipolar neutrosophic incidence cycle. 


Definition 2.23. Let G = (X,Y, Z) be a BNIG. An edge xy is called a strong edge if 


Te Gy eT): Telayy< 
Tay) 1S @y), dfGy) <1 2G), 
FY GS ke he) Py ay) = 


An edge xy is called a-strong if 


Ty (xy) >To (2, y) 
Ty (ay) >1& (a, 9), 


An edge xy is called 6-strong if 


Fy (zy)<Fa(2,y), Fy (ry) >Pe(z,y 

Ty (zy) =T% (2, y), Ty (xy =T x ( »Y)s 
I} (ay) =f (a, y); Ty (xy = Ijo( Y)s 
Fy (ay)=F2(2,y), Fy (zy) =Fx(2,y) 


where €*°(x, y) is the strength of strongest path between x and y. 


Definition 2.24. Let G = (X,Y, Z) be a BNIG. An edge wy is called a 6-edge if 


Ty} (2y)<TS(2,y), Ty (,y) >T2(2,y), 
I} (sy) <I(2,y), Iy(2,y) >Ie(z,y), 
Pe ayneh eget (a4) <a). 


Definition 2.25. Let G = (X,Y, Z) be a BNIG. A pair (w, ry) is called a strong pair if 


Tz (w, ry) >Tyoo(w, xy), Tz (w, ry) < 
I} (w, ey) >To(w, cy), IZ (w, ry) <I (w, cy), 
F7 (w, ty) <Fyo(w, zy), Fz (w, zy) > 
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A pair (w, xy) is called a-strong if 

Tz (w, cy) >The (w, ry 
TF (w, ey) >If (w, cy 
Fy (w, ry) < Fy (w, ry 


), Tz (w, xy) <Ty~(w, ey), 


A pair (w, xy) is called 3-strong if 
Tz (w,ry)=Tj~(w, cy), Tz (w, ry) = 
TF (w, ay) =[o (way), Ty (w; 
(wry), Fy (w, cy) =F, 


F7(w,ry)=F, 


where 7™°(w, xy) is incidence strength of strongest path between w and xy. 


Definition 2.26. Let G = (X,Y, Z) be a BNIG. A pair (w, ry) is called a 6-pair if 
Tz (w, cy) <T(w, zy), Tz (w, zy) >To (w, zy), 

Ty (w, ty) <Ijo(w, zy), Iz(w, xy) > Ijo(w, ry), 
20 (W, ry), Fy (w, ry) <F rise (w, ry). 


FZ (w,ty)>F, 


2(0.2, 0.2, 0.3, 
—0.6, —0.7, —0.1) /Z 
6 ) @ 


. 
Sy w(0.6, 0.2, 0.9, 
—0.2, —0.2, —0.8) 


2(0.4,0.3,0.8, > J 
Sin 
0.1, -0.4,-0.5) “9! 


Figure 6: BNIG G = (X,Y, Z) 
Example 2.27. In Fig.6 all edges except xw are strong. Indeed, wz and xz are a—strong edges. 
whereas, a pair (z, wz) is an a-strong pair and (w, rw) is a G-strong pair. 
Definition 2.28. A path P in G = (X,Y, Z) is called a strong path if all edges and pairs of P are strong 
If strong path is closed, then it is called a strong cycle. 


Example 2.29. In Fig.7 a path x, (x, ru), ru, (u, ru), u, (u, uw), uw, (w, ww), w is strong path. 
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(0.2, 0.2,0,7 " 5-08) 
x(0.4, 0.3, 0.8, —0.1, —0.4, —0.5) 4) 70.2, -03>~"_u(0.2, 0.2, 0.3, —0.6, —0.7, —0.8) 


> 


ey -—— 


0 TOT) 


> €0~ ‘Lo~< 


2 
50- 'F0— %0~‘¢-0 1-09) 


- 


~ 


ve 
1w(0.6, 0.2, 0.9, -0.2, -0.2, —0. - v(0.3, 0-4, 0.5, —0.1, —0.2, —0.6) 


Figure 7: BNIG G = (X,Y, Z) 


Theorem 2.30. Let G = (X,Y, Z) be a BNIG. A pair (w, xy) is strong if 


Tz (w, zy) = V{TzZ (u, vw) |(u, vw) € supp(Z)}, 
Tz (w, vy) = V{Iz(u, vw) |(u, vw) € supp(Z)}, 
FY (w, zy) = {FZ (u, vw)|(u, vw) € supp(Z)}, 
Tz (w, zy) = A{Tz (u, vw) |(u, vw) € supp(Z)}, 
Iz (w, zy) = A{Iz(u, vw) |(u, vw) € supp(Z)}, 
Fy (w, xy) = V{ Fz (u, vw)|(u, vw) € supp(Z)}. 


Proof. Let W*(w, xy) be an incidence strength of strongest path between w and xy in G = (X,Y, Z), then 
Tyo (w, cy) <T7 (w, zy), Tyo(w, ry) = 

Too (way) <1) (wi, ayy Tj (wu, ey) = ip, al) 
Fj (w, ry)>F7(w, zy), Fyo(w, ry) < 


If (w, xy) is only one pair such that 


Tz (w, zy) = V{TzZ (u, vw) |(u, vw) € supp(Z)}, 
Tz (w, zy) = V{IZ (u, vw) |(u, vw) € supp(Z)}, 
Fy (w, vy) = A{Fz (u, vw)|(u, vw) € supp(Z)}, 
Tz (w, ry) = A{Tz (u, vw) |(u, vw) € supp(Z)}, 
Iz (w, vy) = At; (u, vw) |(u, vw) € supp(Z)}, 
FZ (w, zy) = V{ Fz (u, vw)|(u, vw) € supp(Z) }. 
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then for every path between u and vw, we have 


Tyo (u, vw) <Tz (w, zy), Tyo(u, vw) >Tz (w, xy), 
Tjoo(u, vw) <IZ(w, ry), Ijo(u,vw) > Iz (w, cy), 


Fjo(u, vw) >Fz (w, zy), Fyo(u, vw) <Fz (w, ry). 
hence 


Tyo (w, ry)<Tz (w, ry), Tyo(w, ry) >Tz (w, xy), 
(w, xy) > Iz (w, zy), 
(w, xy) <F7Z (w, zy). 


Tyo (w, vy) <Iz(w, xy), Tyco 


Foo (w, ty) > Fz (w, zy), Fy 


Thus, (w, xy) is an a-strong pair. If (w, xy) is not unique, then 


Tz (w, cy) =Tyno(w, ty), Tz (w, ry) =Tyo(w, ry), 
IZ (w, ty) =I joo(w, xy), Iz(w,xy) = Iyo(w, ry), 
FF (w, ry)=Fyjo(w, zy), Fz (w, xy) =Fyo(w, ry). 


Hence (w, xy) is G-strong pair. 


Theorem 2.31. If G = (X,Y, Z) is a bipolar neutrosophic incidence tree and P is a strong path between any 
two vertices x and y. Then P have maximum strength between x and y. 


Proof. Let P be only one strong path between x and y. Because FP is strong, all edges and pairs of P are in 
the spanning bipolar neutrosophic incidence tree H of G. We prove that P is a path between x and y having 
maximum strength. 

Suppose, on contrary that P is not a path having maximum strength from x to y and P’ is such a path. Then P 
and P’ are not equal, hence P and and reversal of P’ form a cycle. Since H* is tree, so there exist no cycle in 
H, . Hence any edge z’y’ of P’ must not exist in H. 

By definition of G, we have 


Tey) =Total yd Ye) ee) Fee ay) 
Ty (zy) > Tyo(2',y'), Fy (vy)> Ign ley), Fy (ay) < Feeley’). 


It means there exist a path between 2’ and y’ in H and we can replace all edges x’y' of P’ which not exist in H 
by a path P* from x to y in H. Hence P* is at least as strong as P’. Hence P* and P cannot be equal. So, P 
and reversal of P* form a cycle in H, which is a contradiction to the fact that H™ is tree. 
Hence our assumption P is not a path having maximum strength from zx to y is wrong. 


3 Application to Illegal Migration 
Suppose Mr.Kamran wants to travel from Bangladesh to India illegally. For this he use all borders line be- 


tween Bangladesh and India. He have three ways, first one is a direct way, i.e. Bangladesh to India, second 
one is Bangladesh to Pakistan and Pakistan to India and the third one is Bangladesh to Bhutan, Bhutan to 
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Pakistan, Pakistan to Nepal and Nepal to India. Let V={Bangladesh(BGD), Bhutan(BT'N), Pakistan(PAK), 
Nepal(N PL), India] N D)} be the set of countries and FE = {(BG'D, BTN), (BTN, PAK), (PAK, NPL), 
(NPL,IND),(BGD, PAK),(PAK,IND),(BGD,IND)} asubset of V x V. 

Let X be the bipolar neutrosophic set on V, which is given as 


X = {(BGD,0.3,0.2, 0.6, —0.1, —0.2, —0.5), (BTN, 0.3, 0.6, 0.9, —0.2, —0.4, —0.6), 
(PAK, 0.4, 0.5, 0.6, —0.1, —0.3, —0.4), (NPL, 0.9, 0.7, 0.8, —0.4, —0.3, —0.4), 
(LN D056 30:9; 0.1. =0:1,=0.9. 03). 


Let Y be the bipolar neutrosophic relation on V, which is given as 


Y ={((BGD, BTN 


( 0:1,0.920:8;=20.0"=0. 3 077). (( BENG PARK), 02 05,009,039. —0.3,—07), 
(PAK, NPL 

( 

( 


) 
0.3, 0.4, 0.7, —0.2, —0.4, —0.5 ),((NPL, IND ), 0.5, 0.6, 0.7, —0.2, —0.3, —0.5), 
0.3, 0.1, 0.6, —0.2, —0.2, —0.6 ),((PAK, IND), 0.4, 0.4, 0.5, —0.1, —0.3, —0.5), 
0.2, 0.1, 0.5, —0.1, —0.3, —0.6)}. 


BGD, PAK 
BGD,IND 


Na Nae Ra RY 


Let Z be the bipolar neutrosophic set on V x F, which is given as 


Z = {((BGD, (BGD, BTN 
BGD, BTN 
BTN, PAK 


BTN, PAK 


01201207, 0.1, 20:35=08 5 
)), 0.1, 0.2, 0.8, —0.3, —0.3, 0.8 ) 
)), 0.2, 0.4, 0.8, —0.2, —0.3, —0.8 ) 
020408090407) 
PAK, NPL)),0.3, 0.3, 0.5, —0.1, —0.4, —0.5 ) 
PAK, NPL)),0.2, 0.3, 0.8, 0.2, —0.3, —0.6 ) 
NPL,IND)),0.4, 0.5, 0.7, —0.3, —0.3, —0.6 ) 
NPL,IND)),0.4,0.5,0.5, —0.1, —0.2, —0.7 ), 
,(BGD, PAK)),0.1,0.1,0.5, —0.2, 0.3, —0.7 ) 
,(BGD, PAK)),0.1,0.1, 0.5, —0.2, —0.2, —0.6 ) 
PAK, IND)),0.3,0.3, 0.5, —0.1, —0.3, —0.6 ) 
PAK, IND)),0.4,0.3, 0.4, —0.1, —0.3, —0.6 ) 
BGD,IND)),0.1,0.1, 0.4, —0.2, —0.2, —0.7 ) 
BGD, IND)), 0.1, 0.1, 0.5, —0.1, —0.3, —0.8)}. 
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Thus, G = (X,Y, Z) is a BNIG as shown in Fig.8. 
Lert - (u,v) represent the degree of protection for an illegal immigrant to use u as origin and come to a 
destination v. There are three paths from BGD to IND 


P, : BGD,(BGD,(BGD,IND)),(BGD,IND),(IND,(BGD,IND)),IND. 
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Figure 8: BNIG G = (X,Y, Z) 


P,: BGD,(BGD, (BGD, PAK)),(BGD, PAK), (PAK, (BGD, PAK)),PAK, 
(PAK,(PAK,IND )),(PAK,IND ),(IND,(PAK,IND )),IND. 
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p~(BGD,IND) is the strength of strongest path between BGD and I ND. This is the safest path between 
BGD and IND. To calculate the value of p*(BGD,I ND), we need the strength of paths P,, Py and P3, 
which is denoted by pp,(BGD,IND), pp,(BGD, IND) and pp,(BGD, IND), respectively. 

By calculation, we have 


pp,(BGD, IND) = (0.2,0.1,0.5, —0.1, —0.3, —0.6), 


pp,(BGD, IND) = (0.3, 0.1, 0.6, —0.1, —0.2, —0.6), 
pp,(BGD, IND) = (0.1, 0.2, 0.9, —0.2, —0.3, —0.7). 


p~(BGD, IND) =(0.3, 0.2, 0.5, —0.2, —0.3, —0.6). 
We see that 


T,.(BGD, IND) = T;,, (BGD, IND). 
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Hence P, is safest path for an illegal immigrant. 
We present proposed method in the following Algorithm 3.1. 


3.1 Algorithm 


1. Input the vertex set V*. 

2. Input the edge set E* C V* x V*. 

3. Input the bipolar neutrosophic set X on V*. 

4. Input the bipolar neutrosophic relation Y on V*. 
5. Input the bipolar neutrosophic set Z on V* x E*. 


6. Calculate the strength of path p(x, y) from x to y such that 


Ty (2, y= A {Ty (xy) |zy € supp(Y) 
Tt (@,y) =A (Uy (xy) zy € supp(Y) 
FY (x, y= V {Fy (xy) |zy € supp(Y) 
Ty (2, y= V {Ty (xy) |zy € supp(Y) 
(Y) 
(Y) 


I, (@,y) =V {ly (zy) |zy € supp(Y 
Fo (2,y)= A {Fy (xy)|xy € supp(Y 


7. Calculate the incidence strength p*(x, y) of strongest path from x to y such that 


k k 
Fay) =e NEE): Ley) = V ii(2,y) Fps(t,y) = F2GD, 


i=1 i=1 i=1 


Tea = /\T,, (2-9): GSN Ge): he Oa VV Fy (29): 


k 
8. The safest path is S(v,) = \V T(z, y). 


9. If v;, has more than one value then any path can be chosen. 


4 Conclusion 


Graph theory has become a branch of applied mathematics. Graph theory is considered as a mathematical 
tool for modeling and analyzing different mathematical structure, but it does not give the relationship between 
element and its relation pair. We have introduced BNIG which not only give the limitation of the relation 
between elements contained in a set, but also give the influence or impact of an element to its relation pair. We 
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have defined the bipolar neutrosophic incidence cycle and tree. An application to illegal migration is presented 
using strength of strongest path in BNIG. 
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Single Valued Neutrosophic Coloring 


A. Rohini, M. Venkatachalam, Said Broumi, Florentin Smarandache 


A. Rohini, M. Venkatachalam, Said Broumi, Florentin Smarandache (2019). Single Valued 
Neutrosophic Coloring. Neutrosophic Sets and Systems 28, 13-22 


Abstract: Neutrosophic set was introduced by Smarandache in 1998. Due to some real time 
situation, decision makers deal with uncertainty and inconsistency to identify the best result. 
Neutrosophic concept helps to investigate the vague or indeterminacy values. Graph structures 
used to reduce the complications in solving the system of equations for finding the decision of some 
real-life problems. In this research study, we introduced the single-valued neutrosophic coloring 
concept. We introduce various notions, single valued neutrosophic vertex coloring, single 
valued neutrosophic edge coloring, and single valued neutrosophic total coloring and support 
those definitions with some examples. 


Keywords: single-valued neutrosophic graphs; single-valued neutrosophic vertex coloring; 


single-valued neutrosophic edge coloring; single-valued neutrosophic total coloring. 


1. Introduction 


Graph theory plays a vital role in real time problems Graph represents the connection among the 
points by lines and is the useful tool to solve the network problems. It is applicable in many fields such 
as computer science, physical science, electrical communication engineering, economics and 
Operation Research etc. In 1852, Francis Guthrie’s four-color conjecture gave the sparkle for the new 
branch, graph coloring in graph theory. Graph coloring is assigning the color to the vertices or edges 
or both vertices and edges of the graph based on some conditions. After three decades got the solution 
to Guthrie’s conjecture. Graph coloring technique used in many areas like telecommunication, 
scheduling, computer networks etc. Sometime in real-life have to deal with imprecise data and 
uncertain relation between points, in that case fuzzy technique where came. In 1965, Fuzzy set theory 
was introduced by Zadeh [39] and further work on fuzzy graph theory developed by A. Rosenfeld 
[33] in 1975. The fuzzy chromatic number was introduced by Munoz et al. [36] in 2004 and extended 
by C.Eslahchi and B.N.Onagh [23] in 2006. In 2009, S.Lavanya and R.Sattanathan [30] introduced the 
concept fuzzy total coloring. In 2014, Anjaly Kishore, M.S.Sunitha [7] discussed the strong chromatic 


number of fuzzy graphs in their research paper. 
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Intuitionistic fuzzy sets are dealing membership and non-membership data. Kassimir 
T.Atanassov [13] introduced the concept of intuitionistic fuzzy sets in 1986 and intuitionistic fuzzy 
graph in 1999. Ismail and Rifayathali [28] discussed the coloring of intuitionaistic fuzzy graphs using 
(a, B) cuts in 2015, Rifayathali et al. [32] discussed intuitionistic fuzzy coloring and strong 
intuitionistic fuzzy coloring in 2017 and 2018. 

Vague set concept introduced by Gau and Buehrer [26] in 1993 and in 2014, Akram et al. [11] 
discussed vague graphs and further work extended by Borzooei et al. [14, 15], Vertex and Edge 
coloring of Vague graphs were introduced by Arindam Dey et al [12] in 2018. 

In all real-time cases, the membership and non-membership values are not enough to find the 
result. Sometimes the vague or indeterminacy qualities need to be considered for the decision 
making, in that case intuitionistic fuzzy logic insufficient to give the solution. This situation reasoned 
for to move the new concept, F.Smarandache came with a solution”Neutrosophic logic”. 
Neutrosophic logic play a vital role in several of the real valued problems like law, medicine, 
industry, finance, engineering, IT, etc. 

Neutrosophic set was introduced by F.Smarandache [35] in 1998, Neutrosophic set a 
generalisation of the intuitionistic fuzzy set. It consists truth value, indeterminacy value and false 
values.Wang et al. [38] worked on Single valued neutrosophic sets in 2010. Strong Neutrosophic 
graph and its properties were introduced and discussed by Dhavaseelan et al. [25] in 2015 and Single 
valued neutrosophic concept introduced in 2016 by Akram and Shahzadi [8, 9, 10]. Broumi et al. [16, 
17, 18, 19, 20, 21, 22] extended their works in Single valued neutrosophic graphs, Isolated single 
valued graphs, Uniform single valued graphs, Interval valued neutrosophic graphs (IVNG) and 
Bipolar neutrosophic graphs. Dhavaseelan et al. [24] in 2018, discussed Single valued co-neutrosophic 
graphs in their paper. Sinha et al. [34] extended the single valued work for signed digraphs in 2018 
and Vasile [37] proposed five penta-valued refined neutrosophic indexes representation in his work. 
In 2019, jan et al. in their paper [29] have reviewed the following definitions: Interval-Valued Fuzzy 
Graphs (IVFG), Interval-Valued Intuitionistic Fuzzy Graphs (IVIFG), Complement of IVFG, SVNG, 
IVNG and the complement of SVNG and IVNG. They have modified those definitions, supported 
with some examples. Neutrosophic graphs happen to play a vital role in the building of neutrosophic 
models. Also, these graphs can be used in networking, Computer technology, Communication, 
Genetics, Economics, Sociology, Linguistics, etc., when the concept of indeterminacy is present. 

Abdel-Basset et al. used Neutrosophic concept in their papers [1, 2, 3, 4, 5, 6, 31] to find the 
decisions for some real-life operation research and IoT-based enterprises in 2019. The above papers 
given the idea to interlink the graph coloring concept in SVNG when deal with vague or 
indeterminacy qualities. 

In this research paper, we introduced the concept of single valued neutrosophic vertex coloring, 
single valued neutrosophic edge coloring and single valued neutrosophic total coloring of single 
valued neutrosophic graph and also Strong and Complete Single valued neutrosophic graph coloring 


are discussed with examples. 


Definition 1.1. [35] 
Let X be a space of points(objects). A neutrosophic set A in X is characterized by truth- 
membership function t,(x), an indeterminacy-membership function i,(x) and a_ falsity- 


membership function f,(x). The functions t,(x), i,(x), and f,(x), are real standard or non-standard 
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subsets of ]0~,1*[. Thatis, t4(x):X > ]07,1*[,i,(x):X > ]0°,1*[ and f4(x):X > ]07,1*[ and 0" < 
ta(x) + ig(x) + fa(x) S 37. 
Definition 1.2. [9] 

A single-valued neutrosophic graphs (SVNG) G = (X, Y) is a pair where X: N — [0,1] is a single- 
valued neutrosophic set on N and Y: N x N — [0,1] is a single-valued neutrosophic relation on N 


such that 


ty(xy) S$ min{ty (x), ty(v)}, 
iy(xy) S minfix (x), ixQ)}, 


fray) S maxtfx (x), fr}, 


for all x,y € N. X and Y are called the single-valued neutrosophic vertex set of G and the single-valued 
neutrosophic edge set of G, respectively. A single-valued neutrosophic relation Y is said to be 
symmetric if ty(xy) = ty(yx), iy(xy) = iy(yx) and fy(xy) = fy(yx), for all xy € N. Single-valued 
neutrosophic be abbreviated here as SVN. 

Definition 1.3. [10] 


The complement of a SVNG G = (X, Y) is aSVNG G = (X,Y), where 


1.xX¥=xX 
VE) = Orie) HO) he) =O) for alxex 


min{ty(x), ty(y)} if ty(xy) =0 


3. ty(xy) = Cee —ty(xy) if ty(xy) > 0 


minf{ix (x), ix(y)} if iy@y) =0 


ix (xy) = reas iy (v)} - iy (xy) if iy(xy) >0 


ra = max{fy(x), fron} if fy(xy) = 0 
ee {maxt fe). FeO) — frlxy) if frlxy) > 0 
for all x,yEX. 
2. Single-Valued Neutrosophic Vertex Coloring (GSVNVC) 


In this section, we have developed SVNVC and this coloring has verified through some examples of 
SVNG, CSVNG and SSVNG. Also discussed some theorems. 
Definition 2.1. 
A family T = {/1, V2, +-,%} Of SVN fuzzy set is called ak-SVNVC of aSVNG G = (X, Y) if 
1. Vy;(x) =X, Vx EX 


3. For every incident vertices of edge xy of G, min{y,(m,(x)),vi(m(y))} = 0, 
minfy:(é,(0)),1i(4(9))} = 0 and max{yi(n40)).i(mO))} =. <is bo. 


This k-SVNVC of G is denoted by y,(G), is called the SVN chromatic number of the SVNG G. 


Example 2.2. 
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Consider the SVNG G = (X,E) with SVN vertex set X = {x,,%2,%3,X4,X5} and SVN edge set E = 
{X{X;|ij = 12,14,15,23,24,25,34,35,45} the membership functions defined as, 


(0.3,0.2,0.6) for i = 1,2 
(0.7,0.1,0.2) fori = 3 
(0.2,0.1,0.7) fori = 4 
(0.5,0.1,0.7) fori=5 


(my (x;), i: i), m1 (%)) = 


(0.3,0.2,0.6) for ij = 12 
. _ (0.2,0.1,0.7) for ij = 14,24,34,45 
( m2 (xix), fa (xx)), a(x) ~  (0,3,0.1,0.6) for ij = 15,23,25 
(0.5,0.1,0.7) for ij = 35 
Let T = {71, 72,73, ¥4} be a family of SVN fuzzy sets defined on X as follows: 


_ ((0.3,0.2,0.6) for i = 1,3 
YaG4) = { (0,0,1) for others 


(0.7,0.1,0.2) for i = 2 


va (ei) = (0,0,1) for others 


_ ((0.5,0.1,0.7) for i = 4 
vat) = { (0,0,1) for others 


(0.2,0.1,0.7) fori =5 


Ya) = (0,0,1) for others 


Hence the family T = {71, 72, Y3,¥4} fulfilled the conditions of SVNVC of the graph G. Any families 
below four points could not satisfy our definition. Hence the SVN chromatic number 7,(G) of the 


above example is 4. 
Definition 2.3. 
A SVNG G = (X, Y) is called complete single-valued neutrosophic graph (CSVNG) if the following 
conditions are satisfied: 
ty (xy) = min{ty(x), tyO)}, 
iy(xy) = minfix (x), ix}, 
fy ry) = maxtf (x), fr Os, 
for all x,y € X. 


Definition 2.4. 


A SVNG G = (X, Y) is called strong single-valued neutrosophic graph (SSVNG) if the following 


conditions are satisfied: 
ty(xy) = min{ty(x), tyQy)}, 


iy(xy) = min{iy (x), ixQ)}, 
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fr(axy) = maxtfx), fro}, 
for all (x,y) € Y. 


Example 2.5. 


Consider the SSVNG G = (X,Y) with SVN vertex set X = {x1,%2,%3,%4,X5} and SVN edge set Y = 
{x;x;|ij = 12,15,23,34,45} the membership functions defined as, 
(0.1,0.2,0.9) fori=1 
(0.6,0.7,0.4) for i = 2 
(m, (x), @), n,(x;)) = (0.3,0.3,0.7) fori = 3 
(0.7,0.8,0.2) for i = 4 
(0.5,0.5,0.6) fori=5 


(0.1,0.2,0.9) for ij = 12,15 
(m,(xix)), iz (x;ix;), no(x:x;)) = { (0.3,0.3,0.7) for ij = 23,34 
(0.5,0.5,0.6) for ij = 45 


Let T = {71, 72,73} be a family of SVN fuzzy sets defined on X as follows: 


(0.1,0.2,0.9) fori =1 
V1 (xi) = 4 (0.3,0.3,0.7) for i = 3 
(0,0,1) for others 


(0.6,0.7,0.4) for i = 2 
V2(x;) = 4 (0.7,0.8,0.2) for i = 4 
(0,0,1) for others 


_ ((0.5,0.5,0.6) fori =5 
Ya) = { (0,0,1) for others 


Hence the family T = {71,72,73} fulfilled the conditions of Strong SVNVC of the graph G. Any 
families below three points could not satisfy our definition. Hence the SSVN chromatic number 


Xvy(G) of the above example is 3. 
Example 2.6. 


Consider the CSVNG G = (X,Y) with SVN vertex set X = {x1,%2,%3,X4,%5} and SVN edge set Y = 
{x;x;|ij = 12,13,14,23,24,34} the membership functions defined as, 


(0.7,0.7,0.1) fori=1 
(0.6,0.7,0.3) for i = 2 
(0.3,0.3,0.7) for i =3 
(0.1,0.1,0.8) for i = 4 


(m,(x;), iy (x), 24 (%))) = 


(0.6,0.7,0.3) for ij = 12 
(m,(x:3)), iz (xix;),N2 (x:x;)) = (0.3,0.3,0.7) for ij = 13,23 
(0.1,0.1,0.8) for ij = 14,24,34 


Let T = {71, 72,73, V4} be a family of SVN fuzzy sets defined on X as follows: 
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_ ((0.7,0.7,0.1) fori=1 
neo (0,0,1) for others 

_ ((0.6,0.7,0.3) for i =2 
v2) = { (0,0,1) for others 

_ ((0.3,0.3,0.7) for i =3 
v3) = { (0,0,1) for others 


_ ((0.1,0.1,0.8) for i = 4 
Yau) = { (0,0,1) for others 


Hence the family T = {71, 72, 73,74} fulfilled the conditions of complete SVNVC of the graph G. Any 
families below four points could not satisfy our definition. Hence the SVN chromatic number 7,(G) 


of the above example is 4. 


Theorem 2.7. 
For any graph CSVNG with n vertices, y,(@) =n. 
Proof: 


By the definition of CSVNG, all the vertices are adjacent to each other. Each color class contains 
exactly one vertex with the value (ty(x), ty(x),tx(x))> 0, thus remaining vertices are with the value 


(tx (x), ty(x),ty(x)) = 0. Hence 7,(G) =n. 


Theorem 2.8. 


For any SSVNGG, then 7,(G) = y,(G). 
Proof. It is obvious. 


3. Single- Valued Neutrosophic Edge Coloring (SVNEC) 
In this section, we introduced and discussed SVNEC with an example and theorems. 


Definition 3.1. 


A family T = {71,Y2,+.,Y~} of SVN fuzzy set is called a k-SVNEC of aSVNG G = (X,Y) if 
1. Vyi(xy) = Y, Vxy EY 
2. V,Ay; =9 
3. For every strong edge xy of G, min{y;(m2(xy))} = 0, min{y;(i.(xy))} = 
0 and max{y;(n2(xy))} =1,1 <si<k). 
This k-SVNEC of G is denoted by, (G), is called the SVN chromatic number of the SVNG G. 
Example 3.2. 
Consider the SVNG G = (X,Y) with SVN vertex set X = {x1,%2,%3,x,} and SVN edge set Y = 
{x;x;|ij = 12,13,14,23,24,34} the membership functions defined as, 
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(0.3,0.1,0.6) fori =1 
(0.2,0.1,0.4) for i = 2 
(0.5,0.2,0.4) for i =3 
(0.4,0.1,0.4) fori = 4 


(m, (x), 6%), 21 (%)) = 


(0.2,0.1,0.4) for ij = 12,23,24 
(m, (x;x;), i, (x;x;),N2 (x:x;)) = (0.3,0.1,0.6) for ij = 13,14 
(0.4,0.1,0.4) for ij = 24 


Let T = {71, 72,73} be a family of SVN fuzzy sets defined on Y as follows: 


_ ((0.2,0.1,0.4) for i = 12,34 
¥1(%4%)) a { (0,0,1) for others 


ie = ((0.3,0.1,0.6)) for i = 14,23 
Vary (0,0,1) for others 


_ ((0.4,0.1,0.4) for i = 13,24 
Ys (xix) as { (0,0,1) for others 
Hence the family T = {71, 72,73} fulfills the conditions of SVNEC of SVNG. Any families below three 
members could not satisfy our definition. Hence, the SVN chromatic number y,(G) of the above 


example is 3. 


4. Single-Valued Neutrosophic Total Coloring (GS VNTC) 


In this section, we defined SVNTC supported by an example. 
Definition 4.1. 


A family T = (%,V2)+.,Y~} of SVN fuzzy sets on the SVN vertex set X is called a k-SVNTC of 

SVNG G = (X, Y) if 

1. Vyi(x) =X, Vx EX and Vy;(xy) =Y, Vxy €Y 

2.7, Ay; =9 

3. For every incident vertices of edge xy of G, min{y;(m,(x)),v:(mi(y))} = 0, 

min{y;(is(x)), vi(i:))} = 0 and max{y;(n1(x)), vi(m1(y))} =1,(1<i<k). For every strong 

edge xy of G, min{y;(m,(xy))} = 0, min{y; (i, (xy))} = 0 and max{y;(n2(xy))} =1,1 <i<k). 
This k-SVNTC of G is denoted by7,(G), is called the SVN chromatic number of the SVNG G. 
Example 4.2. 
Consider the SVNG G = (X,Y) with SVN vertex set X = {x1,%2,%3,X4,Xs} and SVN edge set Y = 
{x;x;|ij = 12,13,14,15,23,24,25,34,35,45} the membership functions defined as, 


(0.3,0.1,0.7) for i =1 

(0.5,0.3,0.5) fori = 2 

(m, (xi), i, (x), 24 (x4) - { (0.4,0.2,0.6) fori = 3 
(0.8,0.6,0.2) for i = 4 

(0.7,0.5,0.3) fori=5 


(0.3,0.1,0.7) for ij = 12,13,14,15 


(0.8,0.6,0.2) for ij = 45 
(2:44), fa(11%)), mCi) = (0.4,0.2,0.6) for ij = 23,24,25 
(0.5,0.3,0.5) for ij = 34,35 


Let T = {71, 72,73, V4, Ys} be a family of SVN fuzzy sets defined on Y as follows: 
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_ ((0.3,0.1,0.7) fori =1 
104) = { (0,0,1) for others 
_ ((0.5,0.3,0.5) for i = 2 
v2(%i) = (0,0,1) for others 
_ ((0.4,0.2,0.6) for i = 3 
v3) = { (0,0,1) for others 
_ ((0.8,0.6,0.2) for i = 4 
Yalu) = (0,0,1) for others 
_ ((0.7,0.5,0.3) fori =5 
¥s@ti) = { (0,0,1) for others 
(0.3,0.1,0.7) for i = 12 
¥1(x:x;) = 4 (0.5,0.3,0.5) for i = 35 
(0,0,1) for others 
(0.3,0.1,0.7) for i = 13 
Yo(xix;) = 4 (0.4,0.2,0.6) for i = 24 
(0,0,1) for others 
(0.3,0.1,0.7) for i = 14 
¥3(xix;) = 4 (0.4,0.2,0.6) for i = 25 
(0,0,1) for others 
(0.8,0.6,0.2) for i = 45 
Ya(x;x;) = 4 (0.4,0.2,0.6) for i = 23 
(0,0,1) for others 


(0.3,0.1,0.7) for i = 15 
¥s(x:x;) = 4 (0.5,0.3,0.5) for i = 34 
(0,0,1) for others 


Collected Papers, XIl 


Hence the family T = {/1,¥2, 3, Ya, Ys} fulfills the conditions of SVNTC of SVNG. Any families below 


five members could not satisfy our definition. Hence the SVN chromatic number y,(G) of the above 


example is 5. 


5. Conclusions 


Single Valued Neutrosophic Coloring concept introduced in this paper. Single valued neutrosophic 


vertex coloring, single valued neutrosophic edge coloring and single valued neutrosophic total 


coloring are defined. All thus definitions are developed and supported by some of the examples. In 


future, it will be extended to examine the theory of SVNC with the irregular colorings of graphs. 
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Machine learning in Neutrosophic Environment: A 
Survey 


Azeddine Elhassouny, Soufiane Idbrahim, Florentin Smarandache 


Azeddine Elhassouny, Soufiane Idbrahim, Florentin Smarandache (2019). Machine learning 
in Neutrosophic Environment: A Survey. Neutrosophic Sets and Systems 28, 58-68 


Abstract: Veracity in big data analytics is recognized as a complex issue in data preparation 
process, involving imperfection, imprecision and inconsistency. Single-valued Neutrosophic 
numbers (SVNs), have prodded a strong capacity to model such complex information. Many 
Data mining and big data techniques have been proposed to deal with these kind of dirty data in 
preprocessing stage. However, only few studies treat the imprecise and inconsistent information 
inherent in the modeling stage. However, this paper summarizes all works done about mapping 
machine learning algorithms from crisp number space to Neutrosophic environment. We discuss 
also contributions and hybridization of machine learning algorithms with Single-valued 
Neutrosophic numbers (SVNs) in modeling imperfect information, and then their impacts on 
resolving reel world prob-lems. In addition, we identify new trends for future research, then we 
introduce, for the first time, a taxonomy of Neutrosophic learning algorithms, clarifying what 
algorithms are already processed or not, which makes it easier for domain researchers. 


Keywords: Neutrosophic; Machine Learning; Single-valued Neutrosophic numbers; Neutrosophic 
simple linear regression; Neutrosophic-k-NN; Neutrosophic-SVM; Neutrosophic C-means; 
Neutrosophic Hierarchical Clustering. 


1. Introduction 


Although Machine learning algorithms have caught extensive attention in last decade, seen their 
abilities to solve a wide problems remained obscure for years. Most of these techniques work under 
the some hypotheses that data should be pure, perfect and complete information. As a result, for- 
mally if the learning problems are formulated under a set of indeterminate or inconsistent infor- 
mation, the machine learning system becomes unable to work and the data must treated in prepara- 
tion phase, which is make data science process very long, and impracticable. 

However, real learning problems are often involves imperfect information such as uncertainty, 
inconsistency, inaccuracy and incompleteness. If we can modeling the learning problem as it in real 
form, exploiting the information’s imperfections, we can reduce the data science process which is in 
many times come back from modeling that is the last step to preparation step that is the first step in 
the process of data science. 

Single-valued neutrosophic set (SVNs) aims to provide a framework to model imperfect infor- 
mation. In contrast to classical machine learning methods, single-valued neutrosophic learning algo- 
rithm manipulate information with imperfections to deal with learning problems modeling complex 
information. To improve the performance of existing learning algorithms and handle the imperfect 
information in real-world, many machine learning techniques has recently been mapped into Neu- 
trosophic Sets (NSs) environment. 
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Hence, the main notions and concepts of Neutrosophic are defined, also some achievements and 
its extensions on the NSs are undertaken. Thus, to manipulate indeterminacy, uncertainty, or incon- 
sistency in information, that often characterizes real situations, Smarandache [1 - 3], introduced Neu- 
trosophic set (NS), which consists of three elements, truth-membership, an indeterminacy member- 
ship, and a falsity-membership degrees independently. 


Every element of the NS's features has not only a certain degree of truth(T), but also a falsity 
degree (F) and indeterminacy degree(/). This concept is generated from many others such as crisp 
set, intuitionistic fuzzy set, fuzzy set, interval-valued fuzzy set, interval-valued intuitionistic fuzzy 
set, etc. 

Nonetheless, the NS as a philosophical concept is hard to apply in real applications. In order to 
overcome this situation, Smarandache and al. [4] concretize this concept introducing single-valued 
neutrosophic set (SVNS). SVNS can be applied quite well in real scientific and engineering fields to 
handle the uncertainty, imprecise, incomplete, and inconsistent information. Broumi and 
Smarandache [5, 6] studied basic properties of similarity and distances applied in Neutrosophic en- 
vironment using single valued neutrosophic set (SVN). 

Hybridization between Neutrosophic and machine learning algorithms, have also been studied, 
several papers [7- 11] on Neutrosophic Machine Learning (NML) have been published in the last few 
years. 

However, there is no survey papers summarize those new learning techniques and approaches, 
removing the barrier for researchers currently working in the area of Neutrosophic Machine Learn- 
ing. This has the twofold advantage of making such techniques more readily reachable by researchers 
and, conversely, avoid wasting time for to have idea which Machine learning approaches to be 
mapped to Neutrosophic. 

The rest of this paper is organized as follows. We discuss the origins of the connection between 
Neutrosophic and machine learning in Section 2. Next, in Section 3, we summarize a wide variety of 
hybrid Neutrosophic Machine Learning techniques. Research trends and outstanding issues are dis- 
cussed in Section 4.1. Then, in section 4.2, we introduce, for the first time, a taxonomy of Neutrosophic 
learning algorithms, clarifying what algorithms are already processed or not, which makes it easier 
for domain researchers. 


2. Origins of connection between Neutrosophic and Machine learning 


We cannot understand this connection without understanding how the Neutrosophic commu- 
nity works. In recent years there has been an augmenting passion from this community of neutro- 
sophic in working, in different directions, the use of Neutrosophic to treat imperfections information 
in many methods and domaines. This has led to the development of a new mathematic domaine 
called Neutrosophic, then the connections with many others areas, such as machine learning and 
artificial intelligence. In the early 1999s, the pioneer of the field Florentin Smarandache generalized 
the intuitionistic fuzzy set (IFS), paraconsistent set, and intuitionistic set to the neutrosophic set (NS), 
and he underlined the distinctions between NS and IFS by reel examples. With his biggest passion 
and faith, Florentin Smarandache, in a quiet small town in south U.S. called Gallup, start defend his 
theory of Neutrality and why the three elements truth-membership (T), indeterminacy (J), and false- 
hood-nonmembership (F) are over 1, reproducing the history of science by story as many concepts 
and theory that considered primitives, and then changed by new ones. 

In addition to several papers of the Neutrosophic science international association (NSIA) mem- 
bers, gathered in Encyclopedia Neutrosophic Researchers [12], much advances has been done. Today 
there are several fields of Neutrosophic to tackle a variety of problems, including Neutrosophic Com- 
puting and Machine Learning. These efforts are valued by launching a science international journal 
of Neutrosophic Computing and Machine Learning [13], which issued its 7th volume in 2019. In 
which, all published papers have wrote by NSIA’s researchers. 
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The international journal of Neutrosophic Computing and Machine Learning with its all vol- 
umes can be seen as broad overview of the field of machine learning in Neutrosophic provided by 
NSIA’s researchers. 

The main contributions of this paper: (1) summarizes research achievements on Neutrosophic 
Computing and Machine Learning from the point of view of non NSIA’s researchers. In a different 
way, try to collect the different articles on Neutrosophic machine learning papers published on sev- 
eral journals around the world other than those published in Neutrosophic Computing and Machine 
Learning journal, among it, each volume is can be considered a state of art. In order to present to 
researchers, the global state of art of advances research on Neutrosophic Machine Learning ap- 
proaches. (2) Try to taxonomy, cluster and identify differences Neutrosophic Machines learning ap- 
proaches. 


3. Literature review 


There are several Machine learning in Neutrosophic algorithms and approaches surveyed in this 
article. Then, a natural questions arise: how we can categorize all hybrid methods? 

Our view of the general relationship between the fields of machine learning and Neutrosophic 
is the re-searchers try to map the basic operations from crisp number to Neutrosophic environment, 
however they rewrite machine learning algorithm instead of using simple mathematical formulas, 
and they use Neutrosophic formulas. But the main question should the researchers in this hybrid 
field (Machine learning and Neutrosophic) respond is, does this hybridization make sense to tackle 
the real world issues or just a theoretical formulation? 

Before trying to respond this question, we synthesis all hybrid methods according to commonly 
used categories, summary all surveyed papers in a table 1. There are four categories of machine learn- 
ing algorithms, supervised learning with two subcategories classification and prediction, semi-su- 
pervised learning, unsupervised learning and reinforcement learning. 


3.1. Neutrosophic supervised learning 
3.1.1. Neutrosophic Classification 


Neutrosophic-k-NN Classifier [14]: K-Nearest Neighbor (K-NN) method isn’t a learning method, 
but based on saving the training examples (all training examples), at prediction time, it find the k 
training examples (%1,1),°**, (x, Vx) that are closest to the test example x, and then affect to the 
most frequent class among those y,’s. This initial version of K-NN suffers from slowness because to 
classify x, one need to loop over all training examples. Actually, some tricks to speed are intro- 
duced such as classes represented by medoid (Representative point), or centroid (central value), etc. 
The Neutrosophic K-NN method we present here is the mapping of method based on Centroid, in 
which we consider c; the center of cluster or class j, a constant m, regularization parameter 6, and 
(Tij, li, Fiz), where T;; denote truth, /;; indeterminacy and N;,; falsity membership values of point i 
for class j. 


2 
(xj-cj) "=P 


Ti; = 1 
J yee =p oe Eyal ( ) 
Lfes@i-cy) GaP + (xj-cimax) Ga=D 467 =D 
2 
F 5 m=D 
UT ea, ee De LS ey! (2) 
Dis (@i-¢) GAD + (j-Cimax) Ga=D 456-Ga=D) 
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2 
Aran =Gaat 
hj = (%i-Cimax) “M71 (3) 


2 2 2 y 
ES (i-cj) =D + (j-Cimax) MV +6 “—D 


At the time of prediction, the membership value of unknown point x,, to class j is defined by as 
follow: 


ny = Gu (4) 
With d; = ——- 
(xy-xj)t-* 
Then unknown point x, get the label of class maximizing max{x,, pia 12-€ }. 
The authors didn’t show the usefulness of the proposed method but they proposed an interesting 
idea to apply it on imbalanced data-set problems. 


Neutrosophic SVM (N-SVM) [15] : Let’s assume that (x;, yj) a set of training data, in which eve 


with f = 12,4 


ej) I 

t; = 1-—“_ 4" _ 

, maxx, eP||(xj—-C+)| ” 
ry x; belonging to class y; with a triple t;, fj, and i; as its Neutrosophic components. 

j-Cau)|| 

i= maxx,eP||(xj—Ca)ll’ (6) 
IIej-C—)Ih 

fi=1- J (7) 


maxx,eP||(xj—C_)||’ 


Where P and N represent the positive and negative samples subsets respectively, y; = +1 for all 
x; © P and y; = —1 for x; EN. 


bap -— terol 
: max x,en||(xj—-C-)||’ (8) 
Neca 
G — maxx en||(*j-Cau) ||’ ©) 
i—C. 
fete lol (10) 


maxx, en||(xj-C+)I’ 
- 1 1 = 1 
with C, = ay ake Xky C_ = Vigra Xe, and Coy = 5 (Cy + C_) 


We define g; as weighting function: 


gp=tit+i-f, (11) 
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The optimal hyper-plane problem in the reformulated SVM is the solution to: 


ee 1 
minimize gj = > - wry IiSir (12) 


Subject to 


yj(w, +b) >1-f, i=1,2--,n (13) 


N-SVM (Neutrosophic-Support Vector Machine) improves performance over standard SVM 
and reduces the effects of outliers in learning samples. 


3.1.2. Neutrosophic Regression 


Neutrosophic simple linear Regression: Salama and al. [16] studied and introduced Neutrosophic 
simple linear regression model with its possible utility to predict value of a dependent variable y 
according to predictor variable x. Below a pseudo code of Neutrosophic Linear Regression algo- 


rithm. 


Algorithm 1 Neutrosophic Simple Linear Regression 


Require: Training data (x;,y;),t,j = 1,2,-++,N 


A model define the relationship between input x and y, y = ax + b, where (a and b) represent esti- 
mated Neutrosophic (intercept and slope) coefficients, y estimated Neutrosophic output 


Define degree of membership, non-membership, and indeterminacy : 


(CHa (1), Aa 1), Va 1), Ha 1), A 1), VB 1), EF = 1,20, N 
Define cost function J (a, b) = (ax; + b — y;)? 
Repeat 

Calculate the gradients of J 

Update the weights a 


Repeat until the cost J(a, b) stops reducing, or some other predefined termination criteria is 
met 


3.2. Neutrosophic unsupervised learning 


3.2.1. Neutrosophic Clustering 


Neutrosophic C-means: In this method, authors [10] have given a meaning to the three basic Neu- 
trosophic components Tj; as membership values belonging to the determinate clusters J; as bound- 
ary regions, and N; noisy data set. 

= CyitCgi 

Cimax =, (14) 


We define p; and q; are the cluster numbers with the biggest and second biggest value of T re- 
spectively, and m is a constant. 


Di = A+ argmaxj=12..,c Ti), (15) 
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Gi = ATgMAXj+xp,01,2-,c Ti), (16) 
Membership Neutrosophic values are defined by follow formulas: 


2 
W203 (xj-¢j) m—P 


Tj = 2 Z Z 17) 
ES (ei-cj) =D 4 (j-Cimax) MV +8 “=D ( 
aca 
6 ‘m-1 
Ej = ee 
a eet cc mie racy Ce) 
dja i cj) +(Xi-Cimax) +6 
ge 
L;= @1W2(Xi-Cimax) “M71 : 
FSC 6) GD 4 (per. ED 48- GED (19) 
Lijar cj) +(Xi-Cimax) +6 
with i=1,2-:-,N 
ies Ty iti) xi 
5 SN wary’ (20) 
- 2 = = 2 
Inem( Fc) = ¥ @iTy)"™ i — G)° + YE (@2Fi)™" i — Cimax)* + 
t=1 ‘i t=1 (21) 
5° Yok)”, 
i= 


The separation between classes is performed by iteration optimizing objective function, that is 


based on updating the Neutrosophic membership values (T;;,F;, 1;), the centers cj , and Cimax accord- 
ing to the equations defined above. The loop stop when || ee 7 Le I< € with € is condition check 
and k is step. 

For nonlinear clustering problem an extended Method have been proposed called Kernel NCMA 
in which we use a function kernel K, K(x;, Z;) instead of(x; — z;), such as K(X;, Cimax) in place of x; — 


Cimax- Lhe NCMA can be summarized as follow : 


Algorithm 2 KNCM algorithm 


Assign each data into the class with the largest TM 
Choose kernel function and its parameters 

Initialize T© , F, [© , C,m, 6, €, @1, W2, W3 parameters 
(K+1) 
J 
Calculate the centers vectors c“? at k ste 


While || 7, Ti” I< € do 


Compute the Cimqx using the clusters centers with the largest and second largest value of 
Tj; 

Update Tj; (k) to Ti (k + 1), Fij(k) to Tyj(k + 1), and 1;;(K) to [ij(k + 1) 
End while 
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NCM and KNCM as mentioned by authors may handle veracity in data such as outliers and 


noise using their new objective function. And then possibility to deal with raw data in modeling 


phase instead while data cleaning phase. 


3.2.2. Neutrosophic Hierarchical Clustering 


Agglomerative Hierarchical Clustering Algorithm [17]: First, every SVNSs Ax with (k = 1,---,1) con- 


sidered as single cluster. In a loop, until we get a single cluster of size n, the SVNSs Ax the SVNS 


are then compared to each other and are merged into a single group based on the closest pair of 


groups (with the smallest distance), based on a weighted distance (Hamming distance or Euclidean 


distance). At each stage, only two clusters can be merged and they cannot be separated once 


merged. The center of each cluster is recalculated using the arithmetic mean of the SVNS offered to 


the cluster. The distance between the centers of each group is considered as the distance between 


two groups. 


Algorithm 3 Agglomerative Hierarchical Clustering algorithm 


Let us consider a collection of n SVNSs A; (k = 1,---, 7) 
Assign each of the n SVNSs Ax (k = 1,:+:,7) to a single cluster 


While All Ax clustered into a single cluster of size n do 


SVNSs A; (k = 1,-++,7) are then compared among themselves and are merged them into a 


single 


Cluster according to the closest (with smaller distance) pair of clusters, based on a weighted 


distance 


(Hamming distance or Euclidean distance) 


End while 


Table 1. List of major contributions on machine learning algorithms in Neutrosophic environment. 


Authors Title Reference Publisher 
Salama, A. A., Eisa, M., ELhafeez Review pirecommenses ne eaealle pails uulized in 18 Neutrosophic Sets and Sys- 
on, NA on7t : social networks based e-Learning systems neutro- ay on 
S.A., Lotfy, M. M. (2015) sophic system tems 8 : 32-40 
Ansari, A. Q., Biswas, R., : Caen F , Applied Soft Computing, 
Aggarwal, S. (2013) Neutrosophic classifier: An extension of fuzzy classifer 19 13(1), 563-573 
Zhang, M., Zhang, L., Cheng, H. D. A neutrosophic approach to image segmentation based 20 Signal Processing, 90(5), 
(2010) on watershed method 1510-1517 
Zhang, X., Bo, C., Smarandache, New inclusion relation of neutrosophic sets with appli- International Journal of Ma- 
F., Dai, J. (2018) cations and related lattice structure a1 chine Learning and 
a al Cybernetics, 9, 1753-1763 
Mondial, KA. Le Y- A. N.; Pramanik; Role of neutrosophic logic in data mining. New Trends Pons Editions, Brussels, 15- 
S.U.R.A.P.A. T. 1, Giri, B. C ; . siales 22. 
in Neutrosophic Theory and Application 23. 
(2016) 
P 2 fi Computer Vision and Image 
Sengur, A., Guo, Y. (2011) Color'texture image'segmentation based on neutro 23 Understanding,115(8), 1134- 
sophic set and wavelet transformation 1144 
Akbulut, Y., engr, A., Guo, Y., A novel neutrosophic weighted extreme learning ma- 
Smarandache, F. (2017) chine for imbalanced data set eo Symmetry, 9(8), 142 
In Third International Confer- 
Kraipeerapun, P., Fung, C. C., Ensemble neural networks using interval neutrosophic 25 ence on Natural 
Wong, K. W. (2007 August) sets and bagging Computation (ICNC 2007) 
(Vol. 1, pp. 386-390). IEEE 
. F An ensemble design of intrusion detection system for 2 
Kavitha, 'B.; Karthikeyan, S:, handling uncertainty using Neutrosophic Logic Classi- 26 Knowledge-Based Systems, 


Maybell, P. S(2012) 


fier 


28, 88-96 
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Single-valued neutrosophic minimum spanning tree 


Journal of intelligent Sys- 


Ye, J: (2014). and its clustering method 27 tems, 23(3), 311-324 
Neutrosophic recommender system for medical diagno- Gee 
Thanh, N. D., Ali, M. (2017, July) a based on algebraic similarity measure and cluster- 28 Systems (FUZZ-IEEE) (pp. 
9 1-6). IEEE 
Akbulut, Y., engr, A., Guo, Y., . i 3 Applied Soft Computing, 52, 
Polat, K. (2017) KNCM: Kernel neutrosophic c-means clustering 10 714-724 
Kraipeerapun, P., Fung, C. C., Multiclass classification using neural networks and in- World Scientific and 
Wong, K. W. (2006) terval neutrosophic sets 24 Engineering Academy and 
ear Society (WSEAS) 
Ali, M., Khan, M., Tung, N. T. Segmentation of dental X-ray images in medical imag- 30 Expert Systems with Appli- 
(2018) ing using neutrosophic orthogonal matrices cations, 91, 434-441 
Long, H. V., Ali, M., Khan, M., Tu, A novel approach for fuzzy clustering based on neutro- 31 Computers and Industrial 
D. N. (2019) sophic association matrix Engineering, 127, 687-697 
’ , F In 2008 2nd IEEE Interna- 
Kraipeerapun, P., Fung, C. C. Comparing performance of interval neutrosophic ches tional Conference on Digital 
and neural networks with support vector machines for 32 
(2008, February) binary classification problems Ecosystems and Technolo- 
ry p gies (pp. 34-37). IEEE 
‘ A novel clustering algorithm in a neutrosophic recom- Cognitive Computation, 9(4), 
Thanh, NBs, All; M-@017) mender system for medical diagnosis 33 526-544 
In 2015 37th Annual Interna- 
d tional Conference of the 
Gaber, Tes Ismail, G., Anter, A., Thermogram breast cancer prediction approach based IEEE Engineering in Medi- 
Soliman, M., Ali, M., Semary, N., hi df Igorith 34) P d Biol Soci 
Snasel, V. (2015, August) on Neutrosophic sets and fuzzy c-means algorithm cine and Biology Society 
aes : (EMBC) (pp. 4254-4257). 
IEEE 
Single-valued neutrosophic clustering algorithms based Journal of Classification, 
Ye, J. (2017) on similarity measures 35 34(1), 148-162 
Tuan, T. M., Chuan, P. M., Ali, M., Fuzzy and neutrosophic modeling for link prediction in F : 
Ngan, T. T., Mittal, M. (2018) social networks 36 Evolving Systems, 1-6 
Ju, W., Cheng, H. D. (2008, De- Discrimination of outer membrane proteins using refor- In 11th Joint International 
mulated support vector machine based on neutrosophic 37 Conference on Information 
cember) fi : 
set Sciences. Atlantis Press 
Shan, J., Cheng, H. D., Wang, Y. A novel segmentation method for breast ultrasound im- 38 Medical physics, 39(9), 
(2012) ages based on neutrosophic Imeans clustering 5669-5682 
In 2016 12th International 
Basha, S. H., Abdalla, A. S., Has- GNRCS: hybrid classification system based on neutro- 39 Computer Engineering 
sanien, A. E. (2016, December) sophic logic and genetic algorithm Conference (ICENCO) (pp. 
53-58). IEEE 
- Uncertainty assessment using neural networks and in- 2: 
Kraipeerapun, P., Fung, C. C., terval neutrosophic sets for multiclass classification 40 WSEAS Transactions on 
Wong, K. W. (2007) Computers, 6(3) 
problems 
Dhingra, G., Kumar, V., Joshi, H. D. A novel computer vision based neutrosophic approach c 
(2019) for leaf disease identification and classification ae Measurement, 135, 782-794 
Rashno, E., Akbari, A., Nasersharif, A Convolutional Neural Network model based on Neu- a2 arXiv preprint 


B. (2019) 


4. Discussions 


trosophy for Noisy Speech Recognition 


4.1. Research trends and open issues 


arXiv:1901.10629 


Hybridization between Neutrosophic and machine learning algorithms, have also been studied. 
In supervision learning, Akbulut and al. [14] introduced intuitive supervised learning method called 
Neutrosophic-k-NN Classifier K-Nearest Neighbor (K-NN). Due to its results as a powerful machine 
learning methods, several tries to map SVM in Neutrosophic, Ju and al. [15] proposed Neutrosophic- 
support vector machines (N-SVM). In [32], authors Compared performance of interval neutrosophic 
sets and neural networks with support vector machines for binary classification problems. Ju and al 
[37] reformulated SVM, based on neutrosophic set, to discriminate outer membrane proteins using 
reformulated support vector machine based on neutrosophic set. In recent years, Artificial neural 
networks (ANN) has recognized huge advances, which explain many attempts of hybridization be- 
tween ANN and Neutrosophic, Kraipeerapun and al. [40] demonstrated how to assess uncertainty 
using neural networks and interval neutrosophic sets for multi-class classification problems, then its 
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application on multi-class classification problems [29], afterward, for more robustness ensemble neu- 
ral networks using interval neutrosophic sets and bagging [25]. 

Likewise, in unsupervised learning, Alsmadi and al. [7] introduced a hybrid Fuzzy C-Means 
and Neutrosophic for jaw lesions segmentation. Inspired from fuzzy c-means and the neutrosophic 
set framework, Guo and al. [9] proposed a new clustering algorithm, neutrosophic c-means (NCM), 
for uncertain data cluster-ing. Akbulu and al. [10] developed KNCM: Kernel Neutrosophic c-Means 
Clustering, neutrosophic c-means (NCM), in order to alleviate the limitations of the popular fuzzy c- 
means (FCM) clustering algorithm by introducing a new objective function which contains two types 
of rejection. To deal with indeterminacy, Qureshi and al. [11] improved the Method for Image Seg- 
mentation Using K-Means Clustering with Neutrosophic Logic. Ye and al. [35] proposed Single-val- 
ued neutrosophic clustering algorithms based on similarity measures. Akhtar and al. [8] applied K- 
mean algorithm in Neutrosophics environment for Image Segmentation, Gaber and al. [34] to predict 
thermogram breast cancer, and Shan and al. [38] use neutrosophic l-means clustering to breast ultra- 
sound images based. 

Conversely, in reinforcement learning, we haven’t find any resources about mixture between 
the both approaches, because this type of algorithms of reinforcement is under development, to be 
subject of hybridization. 


4.2. Taxonomy of Neutrosophic Machine learning 


The trends also involve the question of where machine learning areas to apply Neutrosophic, 
whether to it is more appropriate to employ instead of crisp number the SVN numbers. Hence, we 
have classified different Neutrosophic machine learning algorithms. Below a summarizing of all 
Neutrosophic Learning Methods and algorithms, according to standard taxonomy of machine learn- 


ing. 
° : Supervised (inductive) learning (training data includes desired outputs) 
o Prediction : (Regression) to predict continuous values 
"  Neutrosophic simple linear regression 
o Classification (discrete labels) : predict categorical values 
* — Neutrosophic-k-NN [14] 
* — Neutrosophic-Support Vector Machines (N-SVM)[15], [32],[37] 
* — Neutrosophy-Artificial neural networks (N-ANN)[40], [29] 
* — Neutrosophy-Ensemble neural networks, Bagging [25] 


e Unsupervised learning (training data does not include desired outputs) 

o Clustering 
* — Neutrosophic C-Means (NCM) [7], [9], [11], [35], [8], [38], [34] 
* — Kernel Neutrosophic c-Means(KNCM) [10] 

o  Neutrosophic Hierarchical Clustering 
* — Neutrosophic Agglomerative Hierarchical Clustering [17] 
*  Neutrosophic Divisive Hierarchical Clustering 

o Finding association (in features) 


o Dimension reduction 
e Neutrosophic semi-supervised learning : Neutrosophic Semi-supervised learning (training data 
includes a few desired outputs 
e Neutrosophic Reinforcement learning : Learning from sequential data 


Q-Learning 
0 = State-Action-Reward-State-Action (SARSA) 
o Deep Q Network (DQN) 
o Deep Deterministic Policy Gradient (DDPG) 
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5. Conclusions 


In this paper, we have explored how Neutrosophic contributes to enhance machine learning 
algorithms generally and how to modeling and exploit information’s imperfection such as uncer- 
tainty as a source of information, not a kind of noises. We tried to cover hybrid approaches. However, 
it is still several machine learning algorithms to map to Neutrosophic environment, demonstrate the 
utility of Neutrosophic with machine learning to tackle real world challenges. 
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Neutrosophic Bipolar Vague Set and its Application 


to Neutrosophic Bipolar Vague Graphs 


S. Satham Hussain, R. Jahir Hussain , Young Bae Jun, Florentin Smarandache 


Azeddine Elhassouny, Soufiane Idbrahim, Florentin Smarandache (2019). Machine 
learning in Neutrosophic Environment: A Survey. Neutrosophic Sets and Systems 28, 
58-68 


Abstract: A bipolar model is a significant model wherein positive data revels the liked object, while 
negative data speaks the disliked object. The principle reason for analysing the vague graphs is to 
demonstrate the stability of few properties in a graph, characterized or to be characterized in using 
vagueness. In this present research article, the new concept of neutrosophic bipolar vague sets are 
initiated. Further, its application to neutrosophic bipolar vague graphs are introduced. Moreover, 
some remarkable properties of strong neutrosophic bipolar vague graphs, complete neutrosophic 
bipolar vague graphs and complement neutrosophic bipolar vague graphs are explored and the 
proposed ideas are outlined with an appropriate example 


Keywords: Neutrosophic bipolar vague set, Neutrosophic bipolar vague graphs, Complete 
neutrosophic bipolar vague graph, Strong neutrosophic bipolar vague graph. 


1. Introduction 


Fuzzy set theory richly contains progressive frameworks comprising of data with various degrees of 
accuracy. Vague sets are first investigated by Gau and Buehrer [30] which is an extension of fuzzy 
set theory. Various issues in real-life problems have fluctuations, one has to handle these 
vulnerabilities, vague set is introduced. Vague sets are regarded as a special case of context 
dependent fuzzy sets and it is applicable in real-time systems consisting of information with 
multiple levels of precision. So as to deal with the uncertain and conflicting data, the neutrosophic 
set is presented by the creator Smarandache and studied widely about it [13, 21, 28, 31, 41, 42, 4, 5, 43, 
44, 22, 23, 45]. Neutrosophic sets are the more generalized sets, one can manage with uncertain 
informations in a more successful way with a progressive manner when appeared differently in 
relation to fuzzy sets. It have the greater adaptability, accuracy and similarity to the framework 
when contrasted with past existing fuzzy models. The neutrosophic set has three completely 
independent parts, which are truth-membership degree, indeterminacy-membership degree and 
falsity-membership degree with the sum of these values lies between 0 and 3; therefore, it is 
applied to many different areas, such as algebra [32, 33] and decision-making problems (see [46] and 


references therein). 
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Bipolar fuzzy sets are extension of fuzzy sets whose membership degree ranges from [-—1,1]. 
Themembership degree (0,1] represents that an object satisfies a certain property whereas the 
membership degree [—1,0) represents that the element satisfies the implicit counter-property. The 
positive information indicates that the consideration to be possible and negative information 
indicates that the consideration is granted to be impossible. Notable that bipolar fuzzy sets and 
vague sets appear to be comparative, but they are completely different sets. Even though both sets 
handle with incomplete data, they will not adapt the indeterminate or inconsistent information 
which appears in many domains like decision support systems. Many researchers pay attention to 
the development of neutrosophic and bipolar neutrosophic graphs [39, 40]. For example, in [17], the 
authors studied neutrosophic soft topological K-algebras. In [48], complex neutrosophic graphs are 
developed. Bipolar single valued neutrosophic graphs are established in [25]. Bipolar neutrosophic 
sets and its application to incidence graphs are discussed in [15]. In [16], bipolar neutrosophic graphs 
are established. 

Recently, a variety of decision making problems are based on two-sided bipolar judgements 
on a positive side and a negative side. Nowadays bipolar fuzzy sets are playing a substantial role in 
chemistry, economics, computer science, engineering, medicine and decision making problems (for 
more details see [27, 28, 31, 34, 38, 46] and references therein). Akram [ 8] introduced bipolar fuzzy 
graphs and discuss its various properties and several new concepts on bipolar neutrosophic graphs 
and bipolar neutrosophic hypergraphs have been studied in [7] and references therein. In [4], he 
established the certain notions including strong neutrosophic soft graphs and complete 
neutrosophic soft graphs. The author Shawkat Alkhazaleh introduces the concept of neutrosophic 
vague set theory [6]. The authors [3] introduces the concept of neutrosophic vague soft expert set 
which is a combination of neutrosophic vague set and soft expert set to improve the reasonability of 
decision making in reality. It is remarkable that the Definition 2.6 in [37] has a flaw and it not defined 
in a proper manner. We focussed on to redefine that definition in a proper way and explained with 
an example and also we applied to neutrosophic bipolar vague graphs. Motivation of the mentioned 
works as earlier [10], we mainly contribute the definition of neutrosophic bipolar vague set is 
redefined. In addition, it is applied to neutrosophic bipolar vague graphs and strong neutrosophic 
bipolar vague graphs. The developed results will find an application in NBVGs and also in decision 
making. The objectives in this work as follows: 

¢ Newly defined the neutrosophic bipolar vague set 

¢ Introduce the operations like union and intersection with example in section 2. 

e In section 3, neutrosophic bipolar vague graphs are developed with an example. 
Further, the concepts of neutrosophic bipolar vague subgraph, adjacency, path, connectedness and 
degree of neutrosophic bipolar vague graph are evolved. 

e Further we presented some remarkable properties of strong neutrosophic bipolar 
vague graphs in section 5, followed by a remark by comparing other types of bipolar graphs. The 


obtained results will improve the existing result [37]. 
2. Preliminaries 


Definition 2.1 [18] A vague set A onanonempty set X isapair (Tg, F,), where T,:X —> [0,1] and F,:X > 


[0,1 ]are true membership and false membership functions, respectively, such that 
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0 < T(x) + Fy(y) <1 for any x eX. 
Let X and Y be two non-empty sets. A vague relation R of X to Y isa vague set R on X XY that 
is R = (Tp, Fp), where Tg: X x Y > [0,1], Fp: X x Y > [0,1] which satisfies the condition: 
0<Tp(%,y) + Fr(%, y) <1 forany x €X. 
Let G = (V,E) bea graph. A pair G = (/,K) is called a vague graph on G* or a vague graph where 
J = (7), F,)) is a vague set on V and K = (Tx, Fx) is a vague set on E © V XV such that for each 
xy €£, 
Te (XY) S (TX) AT{(y)) and Fy(xy) = (T)@) VFO). 
Definition 2.2 [4] A Neutrosophic set A is contained in another neutrosophic set B, (i.e) AS B if Vx € 
X,T,(x) S Tp (X), 14 (x) = Ip (x)and F,(x) = Fp(x). 
Definition 2.3 [27, 30] Let X be a space of points (objects), with a generic elements in X denoted by x. A 
single valued neutrosophic set (SVNS) A in X is characterized by truth-membership function T,(x), 
indeterminacy-membership function I,(x) and falsity-membership-function F,(x). 
For each point x in X, T,(x), F(x), Ia(x) € [0,1], A = {(x, Ta(x), Fax), a(X))} and 0S Ty(x) + 
I(x) + Fy(x) < 3. 
Definition 2.4 [9] A neutrosophic graph is defined as a pair G* = (V,E) where 
(i) V = {¥,,¥2,..,V,} such that T, =V > [0,1],  =V - [0,1] and F, =V > [0,1] denote 
the degree of truth-membership function, indeterminacy function and falsity-membership function, 
respectively and 
0<T7,(x) +1,(*) + Fy(x) $3 
(ii) ESV XV where T, = E > [0,1], I, = E > [0,1] and F, = E > [0,1] are such that 

T, (uv) S {T,(U) AT{(V)}, 

htuv) s {hw ALW)}, 

F,(uv) S$ {Fi(¥) V Fi (v)}, 

and 0 < T2(uv) + h(uv) + F2(uv) < 3,Vuv EE. 
Definition 2.5 [46] A bipolar neutrosophic set A in X is defined as an object of the form 
A = {< x,T?(x), 1° (x), FP (x), T% (x), IN (x), FN (x) >: x € X}, where T”,1?, F?:X > [0,1] and 

T',I‘,F™:X > [-1,0] The Positive membership degree T?(x),1?(x),F?(x) denotes the truth 
membership, indeterminate membership and false membership of an element x € X corresponding 
to a bipolar neutrosophic set A and the negative membership degree T(x), 1‘ (x), F% (x) denotes 
the truth membership, indeterminate membership and false membership of an element x € X to 
some implicit counter-property corresponding to a bipolar neutrosophic set A. 
Definition 2.6 [46] Let X be a _ non-empty set. Then we call A= 
{(x, T? (x), 1? (x), FP (x), T™ (x), 1% (x), FN (x)), x € X}a bipolar single valued neutrosophic relation on 
X such that TP(x,y) € [0,1], 1? (x,y) € [0,1], EPC, y) € [0,1] and TH(x,y) € [-1,0], IN (x,y) € 
[—1,0], Fa’ (x,y) € [-1,0]. 
Definition 2.7 [46] Let A = (TA, 1p, Fé, TH, 14, Fi) and B = (TRIB, FB,T,IR,FX) be bipolar single 
valued neutrosophic set on X. If B = (TP, 12, Fe, T#,1X, Fx) is a bipolar single valued neutrosophic relation 
On AH TS EFS Ted Pe) otnen 


Te (xy) S (Ta (X) ATA (y)), Te (xy) = (Ta) V Ta) 
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Ip (xy) = Ua) VIA), TB ey) S a) ATA) 
Fp (xy) = (Fa (x) V Fa (y)), Fa! (xy) S (Fal (x) A Fa") 

A bipolar single valued neutrosophic relation B on X is called symmetric if Tj (xy) = 
Te (yx), Ip (xy) = Ie (vx), Fe (xy) = Fe(yx) and Tl (xy) = Te! (yx), Te (xy) = Te (yx), Fe! (xy) = 
Fi (yx) for all xy € X. 

Definition 2.8 [6] A neutrosophic vague set Ayy (NVS in short) on the universe of discourse X written as 
Anv = (x, Tayy (x), Lay 2): Fayy (x)),x € X} whose truth-membership, indeterminacy membership 
and falsity-membership function is defined as Lo).= 

[T- (x), T*(x)], [P-@), PO], [Fo (), F* @)|,where T*(x) = 1- F-(x), F*(x) =1-T(x), and 0< 
T (x) +17 (4) + F(x) S 2. 

Definition 2.9 [20] The complement of NVS Any is denoted by Ajj and it is defined by 

Pe, (x) = [1-T*(),1-T7 (XD), 

Ky = [1 -1*(@),1- OO), 

Pe (x) = [1 — F*(x),1 — Fo) 1, 
Definition 2.10 [6] Let Ayy and Byy be two NVSs of the universe U. If for all u; €U, Tayy (Ui) = 
Ta yy Ua) Layy Ui) = Tayy (Ui), Payy Ui) = Feyy(ui) then the NVS Ayy are included by Byy, denoted 
by Any S Byy where 1<i<n. 


Definition 2.11 [6] The union of two NVSs Any and Byy is a NVSs, Cyy, written as Cyy = Ayy U Byv, 


whose truth membership function, indeterminacy-membership function and false-membership function are 
related to those of Any and Byy by 

Toyy 2) = [ayy 2) V Tiyy OD)» Tainy 0 V Thy 2) 

Foyy 2) = [Cay @) A Fy CD)» Cay A Foy ODD] 

Pony () = [Fay 2) A Fey (2): (Fany 0) A Fiyy ODD] 
Definition 2.12 [6] The intersection of two NVSs Any and Byy is a NVSs Cyy, written as Cyy = Any 
Byy, whose truth membership function, indeterminacy-membership function and false-membership function 
are related to those of Ayy and Byy by 

Toy) = [Pay 0) A Taiyy OD)» Taiyy 2) A Tiyy )] 

Fey) = [Cay @) V Fay CD)» Cay CO V Foy ODD] 

Pony () = [ayy 0) V Fey 2): (Fany 0) V Fiyy ODD] 
Definition 2.13 [39] Let G* = (V,E) be a graph. A pair G = UK) is called a neutrosophic vague graph 
(NVG) on G* or a neutrosophic graph where J = (T,,),F,) is a neutrosophic vague set on V and K = 
(Tx, fk, Fx) is a neutrosophic vague set E © V XV where 

(1)V = {1, v2,...,¥,} such that T7:V > [0,1],J;:V — [0,1], F7:V — [0,1] which satisfies the 
condition Fr = [1—T;*] 
TV > [0,1], U°:V > [0,1], F*:V — [0,1] which satisfies the condition Fj" = [1 —Ty] 
denotes the degree of truth membership function, indeterminacy membership and falsity 
membership of the element v; € V, and 
0sT (i) +I w)+F W@) S 2. 
0<Ti (vy) +I) + Fi) S 2. 
(2) ESV xV where 
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Tc:V XV > [01], iz:V xV > [0,1], Fe:V x V > [0,1] 
TeV XV [0,1], 1¢:V x V > [0,1], Ft:V x V > [0,1] 
denotes the degree of truth membership function, indeterminacy membership and _ falsity 
membership of the element v;,v; € E respectively and such that 
0<Tx (vi) + Ik i) + Fe (i) S 2. 
0<Ti(v,) + TIE) + Fe (v;) S 2. 


such that 
Tr (xy) S$ {T, AT; 0} 
Ik (xy) SU GAT O)} 
Fe (xy) S {Fy (®) V FF O)} 
similarly 


Te (xy) S {TAT OY} 
Ik (xy) $ UF @ ATO} 
FR (xy) S (F(x) V FF} 
Example 2.14 Consider a neutrosophic vague graph G = (J,K) such that J = {a,b,c} and K = {ab, bc, ca} 
defined by 
@ = T[0.5,0.6], 1[0.4,0.3], F[0.4,0.5], b = T[0.4,0.6], /[0.7,0.3], F[0.4,0.6], 
é = T[0.4,0.4], 1[0.5,0.3], F[0.6,0.6] 
a~ = (0.5,0.4,0.4), b~ = (0.4,0.7,0.4), c~ = (0.4,0.5,0.6) 
at = (0.6,0.3,0.5), b+ = (0.6,0.3,0.6),c* = (0.4,0.3,0.6) 


(0.5.0.4.0.4)~ 
(0.6.0.3,0.5)* 


(0.4.0.7,0.4)~ 


(0.4.0.5.0.6)~ 0.4.0.4.0.5)— 
) ¢ ) (0.6.0.3.0.6)* 


(0.4.0.3.0.6)* (0.4.0.3.0.5)* 


Figure 1neutrosophic vague graph 


3. Neutrosophic Bipolar Vague Set 

In this section, the definition of NBVS, complement of NBVS, operations like union, 
intersection are elaborated with an example. 
Definition 3.1 In a universe of discourse X, the neutrosophic bipolar vague set (NBVS), denoted as Aypys 


represented as, 


Ansv = {(x, Tic); Lean GOs FCO) Pies s(h), Ee) ae 08) Fed € x} 
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whose truth-membership, indeterminacy membership and falssity-membership function is 


expanded as 


Tinev) = (TY? (x), (T*)P OD yey) = LEY? 0), 7)? OD), Fayey OD = (FY), 7)? OD], 
where (T*)?(x) = 1 — (F)?(x), (F*)? (x) = 1- (17)? (x), and provided that, 
0<(T)P(x) + U7)? (x) + (F7)P (x) € 2. 

Also 

Trev) = (TX), TA) OD) Bye @) = [EI CO) avey OD = (CF) (x), (FF), 

where (T*)" (x) = —1- (F-)" (x), (F*)"(x) = -1- (T-)"(@), 
and provided that, 
0>(T)% (x) + UX (x) + (FS (x) & -2. 


Example 3.2 Let U = {x,,X2,x3} be a set of universe we define the NBV set Aypy as follows 
xy 
Anav = { 


[0.3,0.6]”, [0.5,0.5]?, [0.4,0.7]?, [—0.3, —0.5]%, [—0.4, —0.4]", [—0.5, —0.7]” 


x2 
[0.4,0.6]?, [0.4,0.6]?, [0.4,0.6]”, [—0.4, —0.4]", [—0.5, —0.5]", [—0.6, —0.6]®” 


x3 


[0.3,0.7]?, [0.6,0.4]”, [0.3,0.7]”, [—0.4, —0.6]", [—0.5, —0.6]%, [—0.4, 06)" 


Definition 3.3 IN NBVS, the complement of Angy be expanded as, 
C(O) SCT eps Ger Oy Lea yoy Sa ay Ela ap} 
ie OY Ht OG -7 OO) Gig CO" =tC1 -Peyy C1 =F oy") 
Oy H(t FG) ASF Oy p00) SLT PG) G16 2G))"} 
Example 3.4 Considering above example we have 
Anev = a 
[0.7,0.4]?, [0.5,0.5]?, [0.6,0.3]”, [—0.7, —0.5}", [—0.6, —0.6]", [—0.5, —0.3]" 
x2 
[0.6,0.4]?, [0.6,0.4]?, [0.6,0.4]?, [—0.6, —0.6]", [—0.5, —0.5]", [—0.4, —0.4]"” 
x3 
Definition 3.5 Two NBVSs Aypy and Bypy of the universe U are said to be equal, if for all u; € U, 
Canap) C4) = Caney) Gd: Cagay)’ 4) = Cagey) Gas Pansy) G@) = Conse)’ Gd 
and 
Tayev)’ Ua) = Peypy)” Ci), Caney)” Md = Coney)” Ud, Fanav)” Mi) = (Feyey)” Ua: 
Definition 3.6 In the Universe U, two NBVSs, Aypv, Bey be given as, 
Digay) Ct) S Caney) Ci) Cages) Ci) = Cie) Gd) Cine) @D= Caray) OO 
and 
Gags) GG) = Caey) Gi) Cagay) Ga) S Cbg) Ca) Cagag) C4) = Cage) Ga) 
then the NBVS (Ayay)’ are included by (Bygy)”, denoted by (Aypy)” S (Byav)’ where 1<i<n 


and (Angpy)” are included by (Byzy)”, denoted by (Aypy)” S (Bygy)” where 1 Si<n. 
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Definition 3.7 The union of two NVSs Aypy and Bypy is a NBVSs, Cypy, written as Cypgy = Ayay U 
Bypy, whose truth membership function, indeterminacy-membership function and false-membership function 
are related to those of Aygy and Bygy by 
Penny)’ @) = [(Taysy)” @) V Tiypy)” )) (Tayay)” COV (Tiyav)? 1 
Coe)? 2) = [(Cawev)” 0) A Caney)? 0), (Cavey)? CO A Cavey)? OD] 
(Fowpy)” (&) = [(Paney)? 0) A Fayey)? 0) (Faypy)” 6) A Féyey)” J], and 
(Ponpy)” (1) = (Taye) 2) A Taypy)™ 2)» (Taya) &) A (Titypy)” OD] 
Conny)" (2) = [Caney )” 2) V Uayey)” 2): (Cayey)” 2) ¥ Ube)” GI 
(Fenny) @) = [(CFayay)” @) V Fayey)” (2): (Favev)” OD V Fiyey)” OD] 
Definition 3.8 The intersection of two NVSs Aygy and Bygy isa NBVSs Cypy, written as Cypy = Anyev 
Bypv, whose truth membership function, indeterminacy-membership function and false-membership function 
are related to those of Aygy and Bypy by 
(Tonpy)’ (2) = [(Tanpy)” @) A (Taypy)” &)), (Tayay)” 2) A (Taypy)? 2) 
Coney)” &) = [(Caney)” ) V Caypy)? OD), (Cayey)” @) V Cbyay)” 1 
(Fewpy)’ (2) = [(Fayey)” @) V (Fave)? 0), (CFavay)” 2) V Fiyey)” (&))], and 
(Poway) (&) = [(Tayay)” &) V (Tayey)" 2)» (Taysy)” OD V (Téiypy)” YI 
Covey)” 2) = (Caney) 2) A Caney)” @)) (Caney) A Uyay)” CO] 
(Fowpy)” (2) = [(Fanay)” 2) A Fayey)” (&)), (CFayay)” 2) A Fiyey)" 2) 
Definition 3.9 Let U be aset of universe and let Aygy and Bygy be NBVSs, then the union Aypy 1 Bypy is 
defined as follows: 


x4 
Ane = lean Pin ee Id ie Le ee ee 
mee, ‘i03,0.6), [0.6,0.6]”, [0.4,0.7]?, [—0.4, —0.7]", [—0.6, —0.6], [—0.3, —0.6]% 
x2 
[0.4,0.6]”, [0.6,0.4]?, [0.4,0.6]?, [—0.5, —0.5], [—0.7, —0.3], [—0.5, —0.5]” 
x3 
[0.7,0.8]?, [0.6,0.6]”, [0.2,0.3]?, [—0.5, —0.4], [—0.5, —0.5], [—0.6, —0.5]% 


i 


x4 
[0.2,0.8]?, [0.5,0.4]?, [0.2,0.8]?, [—0.5, —0.7]%, [—0.7, —0.7]", [—0.3, —0.5]”’ 


Byev = { 


x2 
[0.3,0.8]?, [0.6,0.5]?, [0.2,0.7]?, [—0.5, —0.6]", [—0.4, —0.3]”, [—0.4, —0.5]%” 


x3 
[0.2,0.5]?, [0.5,0.2]?, [0.5,0.8]?, [—0.5, —0.5], [—0.4, —0.3]%, [—0.5, ~o58 


Ayev 9 Byav = Anev 
xy 
[0.2,0.6]?, [0.6,0.6]”, [0.4,0.8]”, [—0.4, —0.7]%, [—0.7, —0.7]%, [—0.3, -0.6]"”’ 


= 


x2 
[0.3,0.6]?, [0.6,0.5]?, [0.4,0.7]?, [—0.5, —0.5]%, [—0.7, —0.3]”, [—0.5, —0.5]%” 


452 


Florentin Smarandache (author and editor) Collected Papers, XIl 


x3 
[0.2,0.5]?, [0.6,0.6]?, [0.5,0.8]?, [—0.5, —0.4]%, [—0.5, —0.5]%, [—0.6, ~o5? 


4 Neutrosophic Bipolar Vague graphs 
In this section, neutrosophic bipolar vague graphs are defined. The concepts of 
neutrosophic bipolar vague subgraph, adjacency, path, connectedness and degree of neutrosophic 
bipolar vague graph are discussed. 
Definition 4.1 In a crisp graph G* = (V,E). A pair G = (J,K) is called a neutrosophic bipolar vague graph 
(NBVG) on G* or a neutrosophic bipolar vague graph where J is a neutrosophic bipolar vague set and K isa 
neutrosophic bipolar vague relation in G* such that J? = ((T,)”,()”, (F)"),J% = (7%, ED”, (FD) is a 
neutrosophic bipolar vague set on V and K? = ((Tx)?, fx)’, (Fx)?), KN = (Pa), A”, CFR) is a 
neutrosophic Bipolar vague set E © V x V where 
(1) V = {1%4,v2,...,¥,} such that 
(T;)?:V > [0,1], Up)?:V = [0,1], (FP: V = [0,1] 
which satisfies the condition (F,)” = [1 —(7;*)?] 
(T;)?:V > [0,1], Uj)": V = [0,1], (Fj)? V > [0,1] 
which satisfies the condition (F;*)? = [1 — (7, )"], and 
(T)*:V > [-1,0], Gp)": V > [-1,0], (F )*:V > [-1,0] 
which satisfies the condition (F,)" = [-1—- (T7*)"] 
(T;*)%:V > [-1,0], U')%:V > [-1,0], (F*)":V > [-1,0] which satisfies the condition 
(Fi*)” =[-1-(T,)"] denotes the degree of truth membership function, indeterminacy 
membership and falsity membership of the element v; € V, and 
0< (T°) +0) wi) + FY) S 2 
0< (77)? (@) + U7)? wi) + FY (i) S 2 
02 (7 )"@) + GI") + FP") 2 -2 
0s (TY) + GX wd + CF)" (@) 2 —2. 
(2) ESV xV where 
(T)?:V xV > [0,1], (iz)?:V x V > [0,1], (Fe)?:V x V = [0,1] 
(Te)?:V x V > [0,1], Ut)’: V x V > [0,1], (FE)P:V x V > [0,1Jand 
(T)%:V x V = [-1,0], Uz)" :V x V > [-1,0], (Fg )":V x V > [-1,0] 
(Te)":V x V > [-1,0], Ut)": V x V = [-1,0], (FD)":V x V > [-1,0] 
denotes the degree of truth membership function, indeterminacy membership and_ falsity 
membership of the element v;,v; € E respectively and such that 
0 < (Tr)? (iy) + Uk)? (ny) + Fr)? i Yj) S 2 
0 < (Te)? (i, %) + UE)? (oj) + FR)? i Yj) S 2 
02 (Tr)" wn 4) + Uk)" wn Yj) + Fe)“ i Yj) 2-2 
0= TR)" yy) + UE)" i vj) + CFE)" (p Y) 2 -2, 
such that 
(Tr) ay) S(T PO) AT YO} 
Ue)’ (ey) SGV OATG YOY 
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Fe)’ (xy) S$ {CF (x) v CF) 
(TE) (xy) S (TP) AT)? O)} 
ie)? xy) S {UC ACY} 
(Fe)? (xy) S (CF) (2) VF) 
and 
(Tr )" ry) = (CT )"@) VT)" O)} 
Cie)" (xy) 2 (UC) V ig) "O)3 
(Fi )" (xy) = (CF (0) A FY} 
(Te (xy) = (TF ) VT)" 3 
ie)" ey) = ("OV GD)" 
(Fie) cy) = (FN) A (CF) )}. 
Example 4.2 Consider a neutrosophic bipolar vague graph G = (J,K) such that J = {a,b,c} and K = 
{ab, bc, ca} defined by 
(a)? = T[0.5,0.6], 1[0.4,0.3], F[0.4,0.5], 
(b)? = T[0.4,0.6], 1[0.7,0.3], F[0.4,0.6], 
(€)? = T[0.4,0.4], 1[0.5,0.3], F[0.6,0.6] 
(a~)? = (0.5,0.4,0.4), (b~)” = (0.4,0.7,0.4), (c7)? = (0.4,0.5,0.6) 


(at)? = (0.6,0.3,0.5), (b+)? = (0.6,0.3,0.6), (ct)? = (0.4,0.3,0.6) 

(a)" = T[—0.6, —0.5], I[-0.3, —0.4], F[—0.5, —0.4], 

(b)" = T[-0.6, —0.4], I[—0.7, —0.3], F[—0.6, —0.4], 

(€)" = T[—-0.4, —0.4], [[-0.3, —0.5], F[—0.6, —0.6] 

(a~)% = (—0.6, —0.3, —0.5),(b~)" = (—0.6, —0.7, —0.6), (c~)" = (—0.4, —0.3, —0.6) 
(at) = (—0.5,—0.4, —0.4), (b*)? = (—0.4, —0.3, —0.4), (ct)? = (—0.4, 0.5, —0.6) 


[(0.5, 0.4, 0.4)~ (0.6, 0.3, 0.5)*]? 
[(-0.6,-0.3.-0.5)~ (-0.5,-0.4,-0.4)*]" 


[(0.4, 0.7, 0.4)~ (0.6, 0.3, 0.6)*]? 


0.4, 0.5, 0.6)~ (0.4, 0.3, 0.6)*]? 0.4, 0.5, 0.5)~ (0.4, 0.2, 0.2)*]? 
bee aap MLN ead atid sige MLA ae ge [(-0.6,-0.7,-0.6)~ (-0.4,-0.3,-0.4)*]* 


[(-0.4,-0.3,-0.6)~ (-0.4,-0.5,-0.6)*]" — [(-0.2,-0.2,-0.5)~ (-0.2,-0.2,-0.5)*]" 
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Figure 2 NEUTROSOPHIC BIPOLAR VAGUE GRAPH 
Definition 4.3 A neutrosophic bipolar vague graph H = (J'(x), K'(x)) is said to be a neutrosophic bipolar 
vague subgraph of the NVG G = (J,K) if J'(x) SJ(x) and K'(xy) & K' (xy), in other words, if 
(77)? (x) < (TF)? (x) 
(i)? x) s GE)? @) 
(Fy)? (x) < (FP (x) vx EV 
(Th)? (xy) S (Tx)? (xy) 
Cx)? (xy) S (fk)? (xy) 
(Fe)? (xy) S (Fx)? (xy), Vxy € E. 


Also, 
(T/)" (x) = (T)*() 
Hy" (x) = (x) 
Fi)" (x) = (B)" Go), vx EV 
and 


(Tr)* (xy) = (Te™ (xy) 
(li) Gey) = ie)" (xy) 
(Fe) (xy) = (Fa) (cy), Way € E. 
Definition 4.4 The two vertices are said to be adjacent in a neutrosophic bipolar vague graph G = (J,K) if 
(Tk)? (xy) = {T° (x) A(T)? 3 
(Ue)? (xy) = {GO ACY OY} 
(Fe )* (xy) = {CFP @) VF)? Oo) 
(TE)? (xy) = {TY CD A (TY) 
ig)? ey) = {GY COA GD OY} 
(Fe)? (xy) = {FY 0) V YO) 
(Tr )" xy) = (7 "@) VT "(3 
ie)" (xy) = {Up )"@) V Gi" O)} 
Fe)" (xy) = (FY) AF)" OY}, 
(TY Cy) = (TC) V TF)" O)} 
Cie) ay) = {GO VG)" OY} 
Fe)" cy) = (FY) A FY" O}, 

Here, x is the neighbour of y and vice versa, also (xy) is incident at x and y. 
Definition 4.5 In a neutrosophic bipolar vague graph G = (J,K), a path p is meant to be a sequence of 
different points Xo,X4,...,X» such an extent that 

(Te)? (Xi-1,%1) > 0, lie)” Xi-1,%1) > 0, (Fir)? (Xi-1, x1) > 0, 
(Te)? (Xi-1, 1) > 0, Ue)? (Xi-1,%1) > 0, (Fe)? (Xi-1, x1) > 0, 


(Te) (Xia %1) < 0, Tig)" Oia 1) < 0, Fie" (Xia 41) < 0, 
(Te (Xia X1) < 0, UE)" Oi 1) < 0, FR)" Xi 41) < 0, 
for every i lies between 0 and 1. n <1 is known as the path length.. A single vertex x; can 


represent as a path. 
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Definition 4.6 A neutrosophic bipolar vague graph G = (J,K), if every pair of vertices has at least one 
neutrosophic bipolar vague path between them is known as connected, otherwise it is disconnected. 
Definition 4.7 A vertex x; € V of neutrosophic bipolar vague graph G = (J,K) is said to be isolatedvertex if 
there is no effective edge incident at x;. 
Definition 4.8 A vertex in a neutrosophic bipolar vague graph G = (J,K) having exactly one neighbours is 
called a pendent vertex. Otherwise, it is called non-pendent vertex. An edge in a neutrosophic bipolar vague 
graph incident with a pendent vertex is called a pendent edge other words it is called non-pendent edge. A 
vertex in a neutrosophic bipolar vague graph adjacent to the pendent vertex is called an support of the pendent 
edge. 
Definition 4.9 A neutrosophic bipolar vague graph G = (J,K) that has neither self loops nor parallel edge is 
called simple neutrosophic bipolar vague graph. 
Definition 4.10 Let G = (J, K) be a neutrosophic bipolar vague graph. Then the degree of a vertex x € G isa 
sum of degree truth membership, sum of indeterminacy membership and sum of falsity membership of all those 
edges which are incident on vertex x denoted by 
(d(x))? = ([(dz, P(x), (a7,)" D1 di)? (2), 45)” I, [de )” ), dF)? COD 
(d(x))" = ([(dr,)N (x), de," )], [di)" @), 45)", [de )" OO), de)" COD 
where (d7,)?(*) = Lewy (Te)? (xy), (47,)? (Xx) = Levy (Te)? (xy) denotes the positive degree of 
truth membership vertex, (dj,)’ (x) = Lxsy (ik)? xy) , (dij)? @) = Lxey Ue)’ @y) denotes the 
positive degree of indeterminacy membership vertex, (dg,)’(x) = Lexy (Fe)? (xy), (di,)” (x) = 
Yxey (Fe )’ (xy) denotes the positive degree of falsity membership vertex for all x,y € J. 

Similarly, (d7 es (x) = Deey (Tr) (xy), (dt oe (x) = Yeszy (Te) (xy) denotes the negative 
degree of truth membership vertex, (d7,)” (x) = Yezy Uk)" (xy) , Ca (x) = Yeey Ue)” (xy) 
denotes the negative degree of indeterminacy membership _ vertex, (dz,)” (x) = 
deey (A (xy), (dz,)” (x) = Yzy (Fe) (xy) denotes the negative degree of falsity membership 
vertex for all x,y € J. 

Definition 4.11 A neutrosophic bipolar vague graph G = (J,K) is called constant if degree of each vertex is 
A = (Aj, A2,A3) that is d(x) = (A;,A2,A3) forall x € V. 


5 Strong Neutrosophic Bipolar Vague Graphs 
In this section, we presented some remarkable properties of strong neutrosophic bipolar 
vague graphs and a remark is provided by comparing other types of bipolar graphs. Finally 
conclusion is given. 
Definition 5.1 A neutrosophic bipolar vague graph G = (J,K) of G* = (V,E) is called strong neutrosophic 
bipolar vague graph if 
(Te) Y) = {TYCO AT YO} 
Ue)? (xy) = {GO ACY OY} 
(Fe )* (xy) = {CFP @) VF)? Oo) 
(Tie)? (xy) = {CDP (x) A (7)? 3 
ie)? ey) = {GY OA GD OY} 
(Fe)? (xy) = {FY 0) V FY) 
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(Tr) (xy) = {T"@) VT "3 
ie )™ ry) = {0 (2) V Ue)" (3 
(Fe )% cy) = {CF («) AF)" 03, 
(Te) (xy) = (TF @&) VT)" 3 
ie)" (xy) = {G7 ) V G)* 3 
(Fe) (xy) = (CF" x) A CF)" (3, V((xy) € K) 
Definition 5.2 The complement of neutrosophic bipolar vague graph G = UJ, K) on G* is a neutrosophic 
bipolar vague graph G° where 
© 0)? (x) = C1)? @) 
TY O= FY OG YR) = GVO. YY) = FY) forall x €V. 
8 TPYP R= OY GYR) = GPO. EY) = FY @) forall x €V. 
© Te Pay {GY OAT YO Tey ey) Ue Py) = POA GY? O)} - 
(ie)? (xy) 
(Fe)? (xy) = (CF)? @) V (Fr)? )} — Fie)? (xy) for all (xy) € E 
© (TE YP ay) (GY OAT Yo- Te? ay) EDP @y) = {GP @) A GD? O)} - 
(Ie )” (xy) 
(Fie)? Gey) = €CFY? @) V CY?) — (Fe)? (xy) for all (xy) € E 
© M(x) =D)" &) 
STNG) = YO), GFN) = GI"), FN) = FY @) forall x €V. 
2 TPN) = YY), GY) = GN), EPI") = (FY (@) for all x € V. 
© (Te YN xy) = {Tp @) V TOD} — (Te xy) 
(le YN xy) = CU "GD V UP") — Ce (xy) 
(Fe )" (xy) = (CF) () A (FF) 3 — (Fe) (xy) for all (xy) € E 
© (Te) xy) = (YC) VT)" O)} — (TY Gy) 
ChE)" (xy) = (NG) V GINO} — HE" (XY) 
(Fig YN Oxy) = (CF) A (FO) } — (Fe) xy) for all (xy) € E 
Remark 5.3 If G = (J, K) is a neutrosophic bipolar vague graph on G* then from above definition, it follows 
that G°° is given by the neutrosophic bipolar vague graph G“ = (J, K“) on G* where 
© (9) @) = 0)’ 
ST IVP CO) = TF POM IV) = GO). (EY? @) = (FY? (x) for all x € 


(ayy @) = Gy car yy’ Gy = Gy? @) CE @) = Gy’ @) for all'x € 


© (Te JD? (xy) = CTY?) ACT)? )} — (Te)? (x) 
(lie YD? (xy) = £0)? A UY?) — Ue)? @Y) 
(Fe )°)? (xy) = (CF?) V (Fp)? — Fie)? (xy) for all (xy) € E 
© (TE)? Cy) = TY?) A (TY? OD} — (TED? OY) 
(EDD? Gey) = (GY? CD A)? OD} — GED? ey) 
(CFE? Oey) = (CY?) VY? ()} — CFE)? (xy) for all (xy) € E 
© (ON) (x) = Ox)" 
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2 LY OEE LY OMG J) C= GY OG YN Oa EY @) fot all 
(yO) = Oy (G VY = GY" OE 9") SE" @) for all 


© (Te YN (xy) = (TV TO} — Te) (xy) 
(le) (xy) = ("GO VU "3 — ie" xy) 
(Fe) xy) = (CRY) A (FY) — Fe (xy) for all (xy) € E 
© TEV Gey) = (IN) V FP) — (TE CY) 
(EDS Cy) = (GY) V FN} — GE" xy) 
(CFE) (xy) = (EY (x) A (FN ()} — (FE (xy) for all (xy) € E. 
for any neutrosophic bipolar vague graph G,G° is strong neutrosophic bipolar vague graph and 
GGG*. 
Definition 5.4 Suppose G° is the complement of neutrosophic bipolar vague graph G. In a strong 
neutrosophic bipolar vague graph G, G = G° then it is called self-complementary. 
Proposition 5.5 Let G = (J, K) be a strong neutrosophic bipolar vague graph if 
(Te) @Y) = {TY COAT YO} 
ig)? ey) = (GY OAT) OY} 
(Fe)? (xy) = {CF CD Vv FO) 
(Tie)? (xy) = {CDP (x) A (7)? 3 
(ie)? (xy) = {GP @) A GO} 
(Fie)? (xy) = {CFP @) VFO) 
(Tie) xy) = (TI ) VT)" O)} 
Cig" ey) = {CG )"@) V Ue "OY 
Fi)" cy) = ("0 AF" 3, 
(Te )" xy) = ("OV (T)")} 
ie)" xy) = {G" CO) Vv GD" O)} 
(Fe )" (xy) = (FY) A FD" )}, V (xy) € K) 
Then G is self complementary. 
Proof. Let G = (J,K) be a strong neutrosophic bipolar vague graph such that 


1 


(Tr)? xy) = SIE)? AF)? OI 


NIP NI 


(he)? xy) = 51)? ) A (HY? OD] 
(Fe)? xy) = 1G)? @) VAY ONL 


and 


(Tr) (xy) = 51H)" @) vB)" OY] 


1 
2 
‘ ian ‘ 
Ca)" @y) = 5 1G)" CO VG)" 
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& 1. “ 
(Fe )" (xy) = 51)" AFD") 


for all xy €J then Gx G", implies G is self complementary. Hence proved 


Proposition 5.6 Assume that, G is a self complementary neutrosophic bipolar vague graph then 


se 1 a 1 
> Gon) =5 > (HYWOAHO 


x#yY : Fase ; : 
> oO) =5 > (GY OAH’ 
x#yY : ee ; ; 

>, Foren =5> (Fy Fy} 
ery ; oe : ; 

>, GEN =F > (GOV AON 
x#Y ; rai ; ; 

>. Go") =5 > ("OV GON} 
x#y : Rais ; : 

>, Go%en) =5 > (EY COAG" OD 
x#y x#yY 


Proof. Suppose that G be an self complementary neutrosophic bipolar vague graph, by its 
definition, we have isomorphism f:J, > J, satisfy 
(TPF) = HFC) =F)? 
GEYER) = Gy FC) = Gh)? 
Fry? FO) = (FF @) = F,)° 0) 
and 
(Te)? FC), FO)) = Pe)? FC FO) = Tie? @Y) 
Fe)? FC), FO) = Cie)? FCO. FO) = Ci,)? OY) 
(FE)? F(X), FOY) = Fr)? FO) FO) = Fr)? OY) 
we have (TK)? F(x), FO) = (CP?) A (TE?) = Tes)? FO), FO): 
Le, (Tk, )” Gey) = (FEY?) A TE? OD) — Fig)? FO), FO))- 
(Te)? Gey) = (BEY? Ge) A (FEY?) — Fe,” (ry), hence 
Laxey (Te,)? OY) + Lazy (Tey)? OY) = Lacey (CF)? 0) A (T,)? OD). 
Similarly, Laey (fk,)? ry) + Ley (le)? xy) = Leey (Gh)? AG)? OD) 
> bn + ean = > (Ey OV EOD 


x#ty x#y x#y 
2) (MPN => (HPOAG PLOY 
x#yY x#y 
2> hk, PeN= > GYOAGIYL OD 
x#y x#yY 
2> Fe PEN= > (EP OVE) OD 
x#yY x#yY 


Similarly one can prove for the negative condition, from the equation of the proposition (5.5) holds. 
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Proposition 5.7 Suppose G, and G2 is neutrosophic bipolar vague graph which is strong, G, ~ 
G,(isomorphism) 


Proof. Assume that G, and G, are isomorphic there exist a bijective map f:J, > J2 


satisfying, 

(7),)? (x) = (7)? F(X), 

(h,)? es) = 8)? F@)), 

(Fy)? (x) = (F,)? (fF (x)), for allx € J, 

(TIY@) =," FCO), 

"Cd = Gh)" FCO), 

(F,,)% (x) = (F,)" f(x), for allx € J, 
and 


(Ti)? (xy) = (Fr)? FO), FO) 
(Tc)? ry) = kn)” FC), FO) 
(Fi)? cy) = (Fan)? FO), fVxy € Ky 
(Tey) = Pe IX FC), FO) 
Tic," xy) = ie FO), FO) 
(Fi) cy) = (Fin FO), fF) Wxy € Ky 
by definition (5.2) we have 
(Te) ) = (T°) A(T.) )) = (Te)? Ov) 
= (7,)° fF OAT, FO) — Tr)? FOFO) 
= (Te) FOFO)) 
Ck)" ey) = (Gh) CD A)? O)) — Ue)? Coy) 
= (C,)° fA C,)° FO) - Ux)” FOFO)) 
= Uk)” FOFON 
(Fe)" ey) = (F,)° ) VF) OD) — Fe)? ey) 
= (FO V Fp)? FO) — Fe)? FCOFO) 
= (Fe) F@OFO)) 
Hence Gj ~ GS forall (xy) € Kk, 
Definition 5.8 A neutrosophic bipolar vague graph G = (J,K) is complete if 
(Tr)? (xy) = {Tp Pe) A(T) 3 
ie)" xy) = {07° CO AU} 
(Fe) (xy) = (CFP) Vv FPO) 
(Te)? ey) = (TP) A(T)? 3 
(ie)? (xy) = {GY COAG YOY 
(Fe)? (xy) = (CF) (2) v CF) Oo) 
(Te )" ry) = (CT) @) VT)" 3 
Ui)" (xy) = (07) @) V ie)" 
(Fe )" (xy) = (CF (0) AF" (3, 
(Te (xy) = (TF) @) VT)" 3 
ie)" ey) = {0 @) V GY" O)} 
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(Fey (xy) = (CN) A FFD" OD}, V(ry) ED) 
Remark 5.9 The complement of NBVGs are NBVGs provided the graph is strong. According to [9], 
the complement of Single-Valued Neutrosophic Graph (SVNG) is not a SVNG. By the same idea, we 
implement the definition for NBVGs to obtain the proposed concepts. For other type of bipolar 
graphs, the complement of Bipolar Fuzzy Graph (BFG) is BFG [6]. The complement of Bipolar Fuzzy 
Soft Graph (BFSG) and Bipolar Neutrosophic Graph (BNG) are BFSG and BNG, [14, 16] respectively, 
provided if the graph is strong. The complement of complete bipolar SVNG is bipolar SVFG [25]. 


Conclusion 


This present work characterised the new concept of neutrosophic bipolar vague sets and its 
application to NBVGs are introduced. Moreover, some remarkable properties of strong NBVGs, 
complete NBVGs and complement NBVGs have been investigated and the proposed concepts are 
illustrated with the examples. The obtained results are extended to interval neutrosophic bipolar 
vague sets. Further we can extend to investigate the domination number, regular and isomorphic 
properties of the proposed graph. 
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Selguk Topal, Said Broumi, Assia Bakali, Mohamed Talea, Florentin Smarandache (2019). 
A Python Tool for Implementations on Bipolar Neutrosophic Matrices. Neutrosophic Sets 
and Systems 28, 138-161 


Abstract: Bipolar neutrosophic matrices (BNM) are obtained by bipolar neutrosophic sets. Each 
bipolar neutrosophic number represents an element of the matrix. The matrices are representable 
multi-dimensional arrays (3D arrays). The arrays have nested list data type. Some operations, 
especially the composition is a challenging algorithm in terms of coding because there are so many 
nested lists to manipulate. This paper presents a Python tool for bipolar neutrosophic matrices. The 
advantage of this work, is that the proposed Python tool can be used also for fuzzy matrices, bipolar 
fuzzy matrices, intuitionistic fuzzy matrices, bipolar intuitionistic fuzzy matrices and single valued 


neutrosophic matrices. 


Keywords: Python; Neutrosophic sets; bipolar neutrosophic sets; matrix; composition operation 


1. Introduction 

Smarandache [1] gave the concept of neutrosophic set (NS) by considering the triplets 
independent components whose values belong to real standard or nonstandard unit interval] - 0, 1°[. 
Later on, Smarandache [1] gave single valued neutrosophic set (SVNS) to apply into the various 
engineering applications. The various properties of SVNS is being studied by Wang et al. [2]. Further, 
Zhang et al. [3] presented a concept of interval-valued NS (IVNS) where the different membership 
degrees are represented by interval. In [4] Deli et al. introduced the concept of bipolar neutrosophic 
sets and their applications based on multicriteria decision making problems. The same author [5] 
proposed the bipolar neutrosophic refined sets and their applications in medical diagnosis for more 
details about the applications and its sets, we refer to [6]. Since the existence of NS, various scholars 
have presented the approaches related to SVNS and bipolar neutrosophic sets into the different fields. 
For instance, Mumtaz et al. [7] developed the concept of bipolar neutrosophic soft sets that combines 
soft sets and bipolar neutrosophic sets. In [8, 9] Broumi et al. introduced the notion of bipolar single 
valued neutrosophic graph theory and its shortest path problem. Dey et al. [10] considered TOPSIS 
method for solving the decision making problem under bipolar neutrosophic environment. Akram 
et al. [11] described bipolar neutrosophic TOPSIS method and bipolar neutrosophic ELECTRE-I 
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method. Akram and Sarwar [12] studied the novel multiple criteria decision making methods based 
on bipolar neutrosophic sets and bipolar neutrosophic graphs. Akram and Sitara [13] introduced the 
concept of bipolar single-valued neutrosophic graph structures and discussed certain notions of 
bipolar single-valued neutrosophic graph structures with examples. Singh [14] introduced bipolar 
neutrosophic graph representation of concept lattice and it’s processing using granular computing. 
Mullai and Broumi [15] presented shortest path problem by minimal spanning tree algorithm using 
bipolar neutrosophic numbers. Ulugay et al. [16] defined similarity measures of bipolar neutrosophic 
sets and their application to multiple criteria decision making. Based on literal neutrosophic numbers, 
Mamouni et al. [17] defined the addition and multiplication of two neutrosophic fuzzy matrices. in 
the light of Fuzzy Neutrosophic soft sets, Arockiarani [18] present a new technique for handling 
decision making problems and proposed some new notions on matrix representation. Karaaslan and 
Hayat [19] introduced some novel operations on neutrosophic matrices. Uma et al. [20] introduced 
two types of fuzzy neutrosophic soft Matrices. The same authors in [21] decomposed fuzzy 
neutrosophic soft matrix by means of its section of fuzzy neutrosophic soft matrix of Type-I. Hassan 
et al. [22] defined some special types of bipolar single valued neutrosophic graphs. Akram and 
Siddique [23] discussed certain types of edge irregular bipolar neutrosophic graphs. Pramanik [24] 
developed cross entropy measures of bipolar neutrosophic sets and interval bipolar neutrosophic 
sets. Wang et al. [25] defined Frank operations of bipolar neutrosophic numbers (BNNs) and 
proposed Frank bipolar neutrosophic Choquet Bonferroni mean operators by combining Choquet 
integral operators and Bonferroni mean operators based on Frank operations of BNNs. In the same 
study, Akram and Nasir [26] introduced the concept of p-competition bipolar neutrosophic graphs. 
then they defined generalization of bipolar neutrosophic competition graphs called m-step bipolar 
neutrosophic competition graphs. AKRAM and SHUM [27] defined Bipolar Neutrosophic Planar 
Graphs. Hashim et al. [28] provide an application of neutrosophic bipolar fuzzy sets in daily life’s 
problem related with HOPE foundation that is planning to build a children hospital. Akram, and 
Luqman [29] generalized the concept of bipolar neutrosophic sets to hypergraphs. Das et al. [30] 
proposes an algorithmic approach for group decision making (GDM) problems using neutrosophic 
soft matrix (NSM) and relative weights of experts. 
Broumi et al. [31-34] applied the concept of IVNS on graph theory and studied some interesting 
results. Broumi et al. [35] developed a Matlab toolbox for computing operational matrices under the 
SVNS environments. Pramanik et al [36] developed a hybrid structure termed “rough bipolar 
neutrosophic set”. In [37] Pramanik et al. presented Bipolar neutrosophic projection based models for 
solving multi-attribute decision making problems. Broumi et al [38] developed the concept of 
bipolar complex neutrosophic sets and its application in decision making problem. Akram, et al.[39] 
applied the concept of bipolar neutrosophic sets to incidence graphs and studied some properties. 
For more details on the application of neutrosophic set theory, we refer the readers to [46-52]. 
Among all the above, matrices play a vital job in the expansion region of science and engineering. 
However, the classical matrix theory neglects the role of uncertainties during the analysis. Therefore, 
the decision process may contain a lot of uncertainties. Thus, the role of the fuzzy matrices and their 
extension including triangular fuzzy matrices, type-2 triangular fuzzy matrices, interval valued fuzzy 
matrices, intuitionistic fuzzy matrices, interval valued intuitionistic fuzzy matrices are studied deeply 


by several scholars. In [40] Zahariev, developed a Matlab software package to the fuzzy algebras. In 
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[41], authors solved intuitionistic fuzzy relational rational calculus problems using a fuzzy toolbox. 
Later on, in [42] Karunambigai and Kalaivani proposed some computing procedures in Matlab for 
intuitionistic fuzzy operational matrices with suitable examples. Uma et al. [43] studied determinant 
theory for fuzzy neutrosophic soft square matrices. Also, in [44] Uma et al. introduced the 
determinant and adjoint of a square Fuzzy Neutrosophic Soft Matrices (FNSMs) a defined the circular 


FNSM and study some relations on square FNSM such as reflexivity, transitivity and circularity. 


Recently few researchers [45] developed a Python programs for computing operations on 
neutrosophic numbers, but all these programs cannot deal with neutrosophic matrices, to do best of 
our knowledge, there is no work conducted on developing python codes to compute the operations 
on single valued neutrosophic matrices and bipolar neutrosophic matrices. Thus, there is a need to 
develop the work in that direction. For it, the presented paper discusses various operations of bipolar 
neutrosophic sets and their corresponding Python code for different metrics. To achieve it, rest of the 
manuscript is summarized as. In section 2, some concepts related to SVNS, BNS are presented. 
Section 3 deals with the generations of Python programs for bipolar neutrosophic matrices with a 


numerical example and lastly, conclusion is summarized in section 4. 


2.BACKGROUND AND BIPOLAR NEUTROSOPHIC SETS 


In this section, some basic concepts on SVNS, BNS are briefly presented over the universal set € [1, 
2, 4]. 
Definition 2.1 [1] A set A is said to be A neutrosophic set ‘A’ consists of three components namely 


truth, indeterminate and falsity denoted by Ty, I,(x) and F,(x) such that 


Ta(x), I4(x), Fy(x) €] ~0,1*[ and -0 < sup T,(x)+sup I(x) +sup Fg (x) S$ 3+ (1) 
Definition 2.2 [2] ASVNS ‘A’ on X is given as 
A={< x:T,(x),IA(%), Fa(x) > x € §} (2) 


where the functions T,(x), I4(x), Fa(x) € [0. 1] are named “degree of truth, indeterminacy and 
falsity membership of x in A”, such that 
O STM] (x)th (x) +Fy XS 3 (3) 


Definition 2.3[4]. A bipolar neutrosophic set A in ¢ is defined as an object of the form 


A={sx, (Ta (2) la 20) /Fa (20), Ta! (0) lal (20), Fa (x))>: xe & }, where Ty (x)1a («),Fa (x): € > [1, 0] and 
Ty (x),1, (x), Fa’ (x): € > [-1, 0]. The positive membership degree Tj (x),/i (x),F4 (x)enotes the truth 
membership, indeterminate membership and false membership of anelement < ¢ corresponding to 
a bipolar neutrosophic set whereas the negative membership degree Tj’ (x),11! (x),F4’ (x)denotes the 
truth membership, indeterminate membership and false membership of an element x- ¢ to some 
implicit counter-property corresponding to a bipolar neutrosophic set A. For convenience a bipolar 


neutrosophic number is represented by 
A= <(Tf AR FR TH Ay Fa (4) 


Definition 2.4 [4]. In order to make a comparison between two BNN. The score function is applied 
to compare the grades of BNS. This function shows that greater is the value, the greater is the bipolar 


neutrosophic sets and _ b usin this concept aths can be ranked. Suppose 
P 'y 8 pe p PP 
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A =<T? ase se ale) chal > be a bipolar neutrosophic number. Then, the score function 3(A ys 


accuracy function a(A )and certainty function c(A ) of a BNN are defined as follows: 


(i) sd )=(2)s{7? 4 PSR arg" FY | (5) 
Gi) a4 )=T =F 47" FE" (6) 
(iii) c(A)=T? — FN (7) 


Comparison of bipolar neutrosophic numbers 


Let 4 =<7?,1?,F’,7",0',R' > and A, =<T?,12,F?,7;',13,E > be two bipolar neutrosophic 


numbers then 
i. If s(A) > s(A,) , then A, is greater than A, , that is, A, is superior to A, , denoted by A > A, : 

ii, = If s(A) = s(A,) ,and a(A,) > a(A,) then A is greater than A, , that is, A, is superior to A, , 
denoted by A > Ay 

iii. =f (4) = s(4), a(A)) = a(A,), and c(A)) > c(A,) then A, is greater than A, , that is, A 
is superior to A, , denoted by A > Ay : 

iv. If s(4)=s(A,), a(4,)=a(A,),and c(4,)=c(4,) then A, is equal to 4,, thatis, Ais 
indifferent to A, , denoted by A = As 


Definition 2.5 [4]: A bipolar neutrosophic matrix (BNM) of order mx nis defined as 
PR P P N N N 
tir? Vjp Vijpr jp Vjp Tip 


is the positive membership value of element a;; in A. 


Apnu=|< ajj,a elites where 

is the negative membership value of element a;; in A. 

is the positive indeterminate-membership value of element aj; in A. 

is the negative indeterminate-membership value of element a,j in A. 

is the positive non- membership value of element aj; in A. 

is the negative non-membership value of element aj; in A. 
B P N N N 


a a 3 = P 
For simplicity, we write A as Apnm= [< Qijn Qijp Qijp) Qijp Qijp Qijp 2 ee A 
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3.COMPUTING THE BIPOLAR NEUTROSOPHIC MATRIX OPERATIONS USING PYTHON LANGUAGE 


To generate the Python program for inputting the single valued neutrosophic matrices. The 


procedure is described as follows: 
3.1 Checking the matrix is BNM or not 


To generate the Python program for deciding for a given the matrix is bipolar neutrosophic matrix 


or, simple call of the function BNMChecking () is defined as follow: 


# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 
BNM Checking 
#A1.shape and A2.shape returns (3, 3, 6) the dimension of A. (row, column, numbers of element 
(Bipolar Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 
# A.shape[1] =3 columns 
# A.shape[2] = Each bipolar neutrosophic number has 6 tuple as usual 
#One can use any matrices having arbitrary dimension 
import numpy as np 
#A1isaBNM 
Al=np.array([ —_ [[0.000, 0.001, 0.002, -0.003, -0.004, -0.005], [0.010, 0.011, 0.012, -0.013, -0.014, - 
0.015] , [0.020, 0.021, 0.022, -0.023, -0.024, -0.025] |], 
[[0.100,0.101,0.102,-0.103,-0.104, -0.105], [0.110,0.111,0.112,-0.113,-0.114,-0.115], [0.120,0.121,0.122,- 
0.123,-0.124,-0.125] ], 
[[0.200,0.201,0.202,-0.203,-0.204,-0.205], [0.210, 0.211,0.212,-0.213,-0.214,-0.215], [0.220,0.221,0.222,- 
0.223,-0.224,-0.225]  ]]) 
#A2 is not BNM 
A2=np.array([ — [[0.000, 0.001, 0.002, -0.003, -0.004, -0.005], [0.010, 0.011, 0.012, -0.013, -0.014, - 
0.015] , [0.020, 0.021, 0.022, -0.023, -0.024, -0.025] ], 
[[0.100,0.101,0.102,-0.103,-0.104, -0.105], [0.110,0.111,0.112,-0.113,-0.114,-0.115], 
[0.120,0.121,0.122,-0.123,-0.124,-0.125] J, 
[[0.200,0.201,0.202,-0.203, 0.204,-0.205], [0.210, 0.211,0.212,-0.213,-0.214,-0.215], 
[0.220,0.221,0.222,-0.223,-0.224,-0.225]  ]]) 
def BNMChecking (A): 
dimA=A.shape 
control=0 
counter = 0 
for iin range (0,dimA[0]): 
if counter == 1: 
break 
for j in range (0,dimA[0]): 
if counter == 1: 
break 
for din range (0, dimA[2]): 


if counter ==0: 
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if (d==0 or d=1 or d=2) : 
if not(0<= A[i][j][d] <=1): 


counter=1 


print (A[i][j], ' is not a bipolar neutrosophic number, so the matrix 
is not a BNM’) 
control=1 
break 
if (d==3 or d==4 or d==5): 
if not (-1<= Ali][j][d] <=0): 


counter=1 


print (A[i][j], ' is not a bipolar neutrosophic number, so the matrix 
is not a BNM’) 
control=1 
break 
else: 
print (A[i][j], ' is not a bipolar neutrosophic number, so the matrix is not a 
BNM'’) 
break 
if control==0: 
print (‘The matrix is a BNM’) 


Example 1. In this example we evaluate the checking the matrix C is BNM or not of order 4X4: 


C= 
<..5,.7,.2,—.7,—.3,-.6> <.4,.4,.5,—.7,—.8,—.4 > <.7,.7,.5,—.8,—.7,-.6 > <.1,.5,.7,—.5,—.2,—.8 > 
< .9,.7,.5,—.7,—.7,-1> <.7,.6,.8,—.7,—.5,-1> <.9,.4,.6,—.1,—.7,-5 > <.5,.2,.7,—.5,—.1,-.9 > 
< .9,.4,.2,—.6,—.3,—.7 > <.2,.2,.2,—.4,—.7,-4> <.9,.5,.5,—.6,—.5,-.2 > <.7,.5,.3,—.4,—.2,—-.2 > 
< .9,.7,.2,—.8,—.6,-.1> <.3,.5,.2,—.5,—-.5,-.2 > <.5,.4,.5,—.1,-.7,-.2 > <.2,.4,.8,—.5,—.5,-.6 > 
The bipolar neutrosophic matrix C can be inputted in Python environment like this: 
Shell » | Ast» | 


« 


>>> 
>>> C= np.array([ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [@.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-@.5,-0.2 
»-9.8]], 
[[0.9,0.7,0.5,-0.7,-@.7,-@.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0. 
5,-@.1,-0.9]], 
[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0 
-4,-0.2,-0.2]], | 
[[@.9,0.7,0.2,-@.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-@.5,-@.2], [0.5,0.4,0.5,-0.1,-@.7,-@.2], [0.2,0.4,0.8,-0| 
-5,-0.5,-0.6]] ]) 


>>> BNMChecking (C) 


The matrix is a BNM 


3.2. Determining complement of bipolar neutrosophic matrix 


For a given BNM A= [< T/,, Jf, Ff, THIN, FY > = the complement of A is defined as follow: 


A‘= [< {1} - TA Lid 1}- FAD ee i= i5,{- 1} = 


Ac [< Fj, (3 - IF, 77, FN, {-) - 1h, TH >] ug. 2) 


(8) 


Hiss 


To generate the Python program for finding complement of bipolar neutrosophic matrix, simple call 


of the function BNMCompelementOf() is defined as follow: 
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# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 
(8) 
import numpy as np 
A=np.array([_ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7]], 
[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22]], 
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] ] 
}) 
#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar 
Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 
# A.shape[1] = 2 columns 
# A.shape[2] = each bipolar neutrosophic number with 6 tuple as usual 
def BNMCompelementOf( A ): 


global Ac 
dimA=A.shape # Dimension of the matrix 
Ac= [] # Empty matrix with dimension of A to create complement of A 
for i in range (0,dimA[0)): # for rows, here 3 
H=[] 


for jin range (0,dimA[1]): # for columns, here 2 
H.extend([ [ 1-Afi]G][0L 1-AT GI 1-AG)GI2Z) -1-CAGIGIS), -1-CAGIGIAD, -1-- 
ATiGI5)) 11) 
Ac.append(H) 
print (‘A=', A) 


(CEES BIASES TSE EE SR EN NTE TE LENT EEE ESAS ELT ETE E ) 


print 


print('Ac= ', np.array(Ac)) 


The function BNMCompelementOf (A) the below returns the complement matrix of a given bipolar 


neutrosophic matrix A for (9). 


# BNM is representable by 3D Numpy Array ====> row, column and bipolar neutrosophic 
numbers having 6 tuples for (9) 
import numpy as np 
A=np.array([_ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] J, 
[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22] ], 
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] JJ) 
#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar 
Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 
# A.shape[1] = 2 columns 
# A.shape[2] = Each bipolar neutrosophic number with 6 tuple as usual 
def BNMCompelementOf( A ): 
global Ac 
dimA=A.shape # Dimension of the matrix 
Ac [J 
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for iin range (0,dimA[0]): # for rows, here 3 
H=[] 
for jin range (0,dimA[1]): # for columns, here 2 
Hoextend([[ Afi]§][2], 1-AL]G]M1), AMIGO] AGIGISL -1-CAWGI4), AGGIES] 1) 
Ac.append(H) 
print (‘A=', A) 
print (SESE Gea Ore emir rn eee aoe eee n ee onan eee) 


print ( NP RES OO Pee TIE een Lene EET Te Op ey Ee OOO LEP EE ee Re Ran aE nee) 


print('Ac= ', np.array(Ac)) 


The bipolar neutrosophic matrix A is a simple example, one can create his/her BNM and try it into 
the function BNMCompelementOf ( ): 


3.3. Determining the score, accuracy and certainty matrices of bipolar neutrosophic matrix 
To generate the python program for obtaining the score matrix, accuracy of bipolar neutrosophic 
matrix, simple call of the functions ScoreMatrix( ), AccuracyMatrix( ) and CertaintyMatrix( ) are 


defined as follow: 


# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for (5, 
6 and 7) 


import numpy as np 


A= np.array([ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] ] 
[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22] ] 
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] —_]]) 
def ScoreMatrix( A ): 
score=|] 
dimA=A.shape # Dimension of the matrix 
for i in range (0,dimA[0)): # for rows, here 3 
H=[] 
for j in range (0,dimA[1]): # for columns, here 2 


Hextend({ [ ( ALiJfI[0] + 1 - ALG] + 1 - ALIGN] + 1+ AGIGII) - ALIGILA - 
A[iJGI[5] )/6 1 1) 
score.append(H) 
print(‘Score Matrix= ', np.array(score)) 
def AccuracyMatrix ( A ): 
accuracy=[] 
dimA=A.shape # Dimension of the matrix 
for iin range (0,dimA[0]): # for rows, here 3 
H=[] 
for j in range (0,dimA[1]): # for columns, here 2 
Hextend({[ A[iJ[][0] - ALIGI2] + ANGI] - GIGI] 1) 
accuracy .append(H) 


print(‘Accuracy Matrix= ', np.array(accuracy)) 
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def CertaintyMatrix ( A ): 
certainty = [] 
dimA=A.shape # Dimension of the matrix 
for iin range (0,dimA[0]): # for rows, here 3 
H=[] 
for j in range (0,dimA[1]): # for columns, here 2 
Heextend([[ ALi]Gj][0] - ALIGIIS] 1) 
certainty.append(H) 
print(‘Certainty Matrix= ', np.array(certainty)) 


3.4. Computing union of two bipolar neutrosophic matrices 


The union of two bipolar neutrosophic matrices A and B is defined as follow: 


AUB=C=[< chp Chi Cig Che CN Cie | ee (10) 
where 

Chip = ij, ¥ Bitys Chip = ay, M bij, 

ci, = ai, A bij.) ch, = ayy, Vv by, 

Clin = aij. A ij, cy, = aly. Vv bi, 


To generate the python program for finding the union of two bipolar neutrosophic matrices, 


simple call of the following function Union( A, B ) is defined as follow: 


# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 
(10) 

import numpy as np 

A=np.array([_ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] J, 


[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22] ], 
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32]] J) 
B=np.array([_ [ [0.32,0.4,0.1,-0.25,-0.54,-0.4], [0.13,0.2,0.11,-0.55,-0.35,-0.72] J, 


[[0.17,0.19,0.66,-0.87,-0.64,-0.92], [0.25,0.36,0.88,-0.33,-0.54,-0.22] J, 
[ [0.15,0.28,0.67,-0.39,-0.27,-0.55],[0.24,0.73,0.28,-0.26,-0.53,-0.52] ] 
) 
#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar 
Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 
# A.shape[1] = 2 columns 
# A.shape[2] = each bipolar neutrosophic number with 6 tuple as usual 
union=[] 
def Union( A, B ): 
if A.shape == B.shape: 
dimA=A.shape 
for iin range (0,dimA[0]): # for rows, here 3 
H=[] 


for j in range (0,dimA[1]): # for columns, here 2 
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H.extend([[ max(A[i][j][0],BliG][0]) , min(AT GI) BHI), min(Afi§][2) 


BEG2), max(AL]H)S), BEG), min(Ali G4), Bu}G]4]), min(AL}G]S], BEIGIS)) |) 
union.append(H) 


print(‘union= ', np.array(union) 


Example 2. In this example we Evaluate the union of the two bipolar neutrosophic matrices C and 
D of order 4X4: 


C= 
< ..5,.7,.2,—.7,— .3,-.6 > <.4,.4,.5,-.7,-.8,-.4 > <.7,.7,.5,—-.8,—.7,-.6 > <.1,.5,.7,—.5,—.2,-.8> 
<.9,.7,.5,-.7,—.7,-1> <.7,.6,8,—.7,-.5,-1> <.9,.4,.6,-.1,-.7,-.5 > <.5,.2,.7,-.5,-.1,-.9 > 
< .9,.4,.2,-.6,—.3,-—.7 > <.2,.2,.2,—.4,-.7,-4> <.9,.5,.5,-.6,—-.5,-.2 > <.7,.5,.3,—.4,—.2,-.2 > 
< .9,.7,.2,—.8,-—.6,-1> <.3,.5,.2,—.5,-.5,-.2 > <.5,.4,.5,-.1,-.7,-.2> <.2,.4,.8,-.5,—.5,-.6 > 


The bipolar neutrosophic matrix C can be inputted in Python code like this: 


C= np.array({ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,- 
0.8]],[[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]], 
[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]], 
[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6]] ]) 


D= 
< .3,.4,.3,-.5,-.4,-.2 > <.1,.2,.7,-.5,-.2,-.3 > <.3,.2,.6,-.4,—.8,-.7 > <.2,.1,.3,-.2,-.4,-4> 
< .2,.2,.7,—.3,— .3,-5 > <.3,.5,.6,-.6,-.7,-4> <.6,.5,.4,-.3,-.6,-8> <.3,.4,.4,-.3,—-.5,-.3 > 
< .5,.3,.1,-.4,-.2,-4> <.5,.4,.3,-.3,-.8,-.2 > <.5,.8,.6,-.2,—.2,-4> <.4,.6,.5,—.1,—.6,-.5 > 
< .6,.1,.7,-—.7,-.4,-8> <.4,.6,.4,-.4,-.2,-5 > <.4,.9,.3,-.5,-.5,-3 > <.4,.5,.4,-.3,-.7,-4> 


The bipolar neutrosophic matrix D can be inputted in Python code like this: 


D= np.array({[[0.3,0.4, 0.3,-0.5,-0.4,-0.2], [0.1,0.2,0.7,-0.5,-0.2,-0.3], [0.3,0.2,0.6,-0.4,-0.8,-0.7], [0.2,0.1,0.3,-0.2,-0.4,- 
0.4]], [[0.2,0.2,0.7,-0.3,-0.3,-0.5], [0.3,0.5,0.6,-0.6,-0.7,-0.4], [0.6,0.5,0.4,-0.3,-0.6,-0.8], [0.3,0.4,0.4,-0.3,-0.5,-0.3]], 
[[0.5,0.3,0.1,-0.4,-0.2,-0.4], [0.5,0.4,0.3,-0.3,-0.8,-0.2], [0.5,0.8,0.6,-0.2,-0.2,-0.4], [0.4,0.6,0.5,-0.1,-0.6,-0.5]], 
[[0.6,0.1,0.7,-0.7,-0.4,-0.8], [0.4,0.6,0.4,-0.4,-0.2,-0.5], [0.4,0.9,0.3,-0.5,-0.5,-0.3], [0.4,0.5,0.4,-0.3,-0.7,-0.4]]]) 


So, the union matrix of two bipolar neutrosophic matrices is portrayed as follow 


Coens U Dens 


<.5,.4,.2,—.7,—.3,-.2 > <.4,.2,.5,—.7,—.2,-.3 > <.7,.2,.5,-.8,—.7,-.6> <.2,.1,.3,-.5,-.2,-4> 
_| <.9,.2,.5,-.7,—.3,-1> <.7,.5,.6,-—.7,-.5,-1> <.9,.4,.4,-.3,-.6,-.5 > <.5,.2,.4,—-.5,—-.1,-.3 > 
~\ <.9,.3,.1,-.6,-.2,-4> <.5,.2,.2,-4,-.7,-.2> <.9,.5,.5,-.6,-.2,-.2> <.7,.5,.3,—-.4,—.2,-.2 > 
<.9,.1,.2,-.8,-.4,-1> <.4,.5,.2,-.5,-.2,-2 > <.5,.4,.3,-5,-.5,-2> <.4,.4,.4,-.5,-.5,-4> 


pets 


The result of union matrix of two bipolar neutrosophic matrices C and D can be obtained by the call 
of the command Union (C, D): 
>>> Union(C, D) 
Union = 
[0.5 0.4 0.2 -0.7-0.3-0.2] [0.4 0.2 0.5 -0.7 -0.2-0.3][0.7 0.2 0.5-0.8-0.7-0.6] [0.2 0.1 0.3 -0.5 -0.2 -0.4]] 
[[0.9 0.2 0.5 -0.7-0.3-0.1] [0.7 0.5 0.6-0.7-0.5-0.1] [0.9 04 0.4-0.3 -0.6-0.5] [0.5 0.2 0.4 -0.5 -0.1 -0.3]] 
([0.9 0.3 0.1-0.6-0.2-0.4] [0.5 0.2 0.2-0.4-0.7-0.2] [0.9 0.5 0.5-0.6-0.2-0.2] [0.7 0.5 0.3 -0.4 -0.2 -0.2]] 
[[0.9 0.1 0.2-0.8-0.4-0.1] [04 0.5 0.2-0.5-0.2-0.2] [0.5 04 0.3-0.5-0.5-0.2] [04 04 0.4-0.5 -0.5 -0.4]]] 


3.5. Computing intersection of two bipolar neutrosophic matrices 
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The union of two bipolar neutrosophic matrices A and B is defined as follow: 


ANB=D=[< dj, dij, dij. di. dh, dN, I (11) 
Where 


Pas ee P P N _—_)N N 
Gin = ij \ Pijpr ije = Gijy V Dif 


Die 2 oP. P N _jN N 
dij, = ij, V Bij ij, = ij, A Dif, 
Pie AP P N _ AWN N 
Gije = Gijg V Dijgr Gijg = Vjp \ ij 
To generate the python program for finding the intersection of two bipolar neutrosophic matrices, 


simple call of the function Intersection ( A, B ) is defined as follow: 


# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 
(11) 


import numpy as np 


A=np.aarray([{_ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] L 
[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22] L 
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] 
1) 

B=np.array([_ [ [0.32,0.4,0.1,-0.25,-0.54,-0.4], [0.13,0.2,0.11,-0.55,-0.35,-0.72] L 
[ [0.17,0.19,0.66,-0.87,-0.64,-0.92], [0.25,0.36,0.88,-0.33,-0.54,-0.22] J, 
[ [0.15,0.28,0.67,-0.39,-0.27,-0.55],[0.24,0.73,0.28,-0.26,-0.53,-0.52] —_J]) 


#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar 
Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 
# A.shape[1] = 2 columns 
# A.shape[2] = each bipolar neutrosophic number with 6 tuple as usual 
intersection=[] 
def Intersection( A, B ): 
if A.shape == B.shape: 
dimA=A.shape 
for iin range (0,dimA[0)): # for rows, here 3 
H=[] 
for j in range (0,dimA[1]): # for columns, here 2 
H.extend([[ min(A[i][j][0]) BEJG][0]) , max(AfiJNL Bag), max(AG]l2), 
BEG2)), min(AL HIS) BEIGIS), max(AG] G4) BH GI4), max(Ali G5], BUIGIS) 11) 


intersection.append(H) 


print(‘Intersection= ', np.array(intersection)) 


Example 3. In this example we evaluate the intersection of the two bipolar neutrosophic matrices C 
and D of order 4X4: 


C= 
< .5,.7,.2,—.7,— .3,-.6 > <.4,.4,.5,—-.7,-.8,-.4> <.7,.7,.5,—-.8,—.7,-.6 > <.1,.5,.7,—-.5,—.2,-.8> 
< ..9,.7,.5,—.7,—.7,-1> <.7,.6,.8,—.7,-.5,-1> <.9,.4,.6,-.1,-.7,-5 > <.5,.2,.7,-.5,-.1,-.9 > 
< .9,.4,.2,-.6,—.3,-—.7 > <.2,.2,.2,—.4,-.7,-4> <.9,.5,.5,-.6,-.5,-.2 > <.7,.5,.3,—.4,—.2,-.2 > 
< .9,.7,.2,—-.8,-.6,-1> <.3,.5,.2,-—.5,-.5,-.2 > <.5,.4,.5,-.1,-.7,-.2 > <.2,.4,.8,—-.5,—.5,-.6 > 


The bipolar neutrosophic matrix C can be inputted in Python code like this: 
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C= np.array({ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,- 
0.8]], [[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]], 
[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]], 
[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6] ]) 


D= 
< .3,.4,.3,-.5,-.4,-.2 > <.1,.2,.7,-.5,-.2,-.3 > <.3,.2,.6,-.4,—.8,-.7 > <.2,.1,.3,-.2,-.4,-4> 
< .2,.2,.7,—.3,— .3,-.5 > <.3,.5,.6,-.6,-.7,-4> <.6,.5,.4,-.3,-.6,-8> <.3,.4,.4,-.3,—-.5,-.3 > 
< .5,.3,.1,-.4,-.2,-4> <.5,.4,.3,-.3,-.8,-.2> <.5,.8,.6,-.2,—.2,-4> <.4,.6,.5,—.1,—.6,-.5 > 
< .6,.1,.7,-—.7,—.4,-8> <.4,.6,.4,-.4,-.2,-5 > <.4,.9,.3,-.5,-.5,-3 > <.4,.5,.4,-.3,-.7,-4> 


The bipolar neutrosophic matrix D can be inputted in Python code like this: 


D= np.array({[[0.3, 0.4, 0.3,-0.5,-0.4,-0.2], [0.1,0.2,0.7,-0.5,-0.2,-0.3], [0.3,0.2,0.6,-0.4,-0.8,-0.7], [0.2,0.1,0.3,-0.2,-0.4,- 
0.4]], [[0.2,0.2,0.7,-0.3,-0.3,-0.5], [0.3,0.5,0.6,-0.6,-0.7,-0.4], [0.6,0.5,0.4,-0.3,-0.6,-0.8], [0.3,0.4,0.4,-0.3,-0.5,-0.3]], 


[[0.5,0.3,0.1,-0.4,-0.2,-0.4], [0.5,0.4,0.3,-0.3,-0.8,-0.2], [0.5,0.8,0.6,-0.2,-0.2,-0.4], [0.4,0.6,0.5,-0.1,-0.6,-0.5]], 
[[0.6,0.1,0.7,-0.7,-0.4,-0.8], [0.4,0.6,0.4,-0.4,-0.2,-0.5], [0.4,0.9,0.3,-0.5,-0.5,-0.3], [0.4,0.5,0.4,-0.3,-0.7,-0.4]]]) 
So, the intersection matrix of two bipolar neutrosophic matrices is portrayed as follow 


Cans 1 Dens 


< .3,.7,.3,-.5,-.4,-.6 > <.1,.4,.7,-.5,-.8,-4> <.3,.7,.6,-.4,—-.8,-.7 > <.1,.5,.7,—.2,—.4,-8> 
_| <.2,.7,.7,-.3,-.7,-5 > <.3,.6,.8,-.6,—.7,-—4> <.6,.5,.6,-.1,—.7,-.8> <.3,.4,.7,—-.3,—.5,-.9 > 
~\ <.5,.4,.2,-4,-.3,-.7> <.2,.4,.3,-3,-.7,-4> <.5,.8,.6,-.2,-.5,-4> <.4,.6,.5,-1,-.6,-5 > 
< .6,.7,.7,—.7,— .6,-.8 > <.3,.6,.4,-—4,-.5,-5 > <.4,.9,.5,-.1,-.7,-.3 > <.2,.5,.8,—.3,—.7,-.6 > 


The result of intersection matrix of two bipolar neutrosophic matrices C and D can be obtained by 
the call of the command Intersection (C, D): 

>>> Intersection (C, D) 

Intersection = 

[[[0.3 0.7 03-05-04-0.6] [01 04 0.7-05-08-0.4] [03 0.7 06-04-08-0.7] [01 05 0.7-0.2-0.4-0.8]] 
[0.2 0.7 0.7-0.3-0.7-0.5] [03 06 08-0.6-0.7-0.4] [0.6 05 06-0.1-0.7-08] [03 04 07-03-05 -0.9]] 
[0.5 0.4 0.2-0.4-0.3-0.7] [02 04 03-0.3-08-0.4] [0.5 08 06-0.2-05-04] [04 06 05-01 -0.6-0.5]] 
[0.6 0.7 0.7-0.7-0.6-0.8] [03 06 04-04-05-05] [04 09 05-01-0.7-0.3] [02 0.5 0.8-0.3-0.7 -0.6]]] 


3.6. Computing addition operation of two bipolar neutrosophic matrices. 


The addition of two bipolar neutrosophic matrices A and B is defined as follow: 


A ® B=S= I< Siijps Sify Stipe Stipe Slip Sip eh ce 2) 
Where 

Sip = Mir + Dip _ Di js Dijns Sir = — (arp. bivr) 

Si, = Mir bin Sih; = =a bij, — ay bit,) 

Slip = Bijp: bijar Slip = is gle bij, io ai bite) 


To generate the python program for obtaining the addition of two bipolar neutrosophic matrices, 


simple call of the function Addition (A, B) is defined as follow: 


# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 
(12) 
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import numpy as np 
A=np.array([  [[0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] ], 

[[0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22]], 

[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] ]]) 
B=np.array([ _ [[0.32,0.4,0.1,-0.25,-0.54,-0.4], [0.13,0.2,0.11,-0.55,-0.35,-0.72] ], 

[[0.17,0.19,0.66,-0.87,-0.64,-0.92], [0.25,0.36,0.88,-0.33,-0.54,-0.22] J, 

[[0.15,0.28,0.67,-0.39,-0.27,-0.55],[0.24,0.73,0.28,-0.26,-0.53,-0.52] JJ) 
#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar 
Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 
# A.shape[1] = 2 columns 
# A.shape[2] = each bipolar neutrosophic number with 6 tuples as usual 
addition=[] 
def Addition( A, B ): 

if A.shape == B.shape: 
dimA=A.shape 
for iin range (0,dimA[0]): # for rows, here 3 
H=[] 
for j in range (0,dimA[1]): # for columns, here 2 
Hextend [AG] GOH BEI GIO-AGIGOPBEGIOL, — ALIGIA* BEIGILL 
ALG BUIGIZ] CABG BLEIGIS), -<CALGIA-BEIEIA] ALG BEIGIAL), -CALIGIST 
BEGIS]-ALIGIS)BLIGI5)) 11) 
addition.append(H) 


print('Addition=', np.array(addition)) 


Example 4. In this example we evaluate the addition of the two bipolar neutrosophic matrices C 
and D of order 4X4: 


C= 
< ..5,.7,.2,—.7,— .3,-.6 > <.4,.4,.5,-.7,-.8,-.4 > <.7,.7,.5,—-.8,—.7,-.6 > <.1,.5,.7,—.5,—.2,-.8 > 
<..9,.7,.5,—.7,—.7,-1> <.7,.6,.8,—.7,-.5,-1> <.9,.4,.6,-.1,-.7,-.5 > <.5,.2,.7,-.5,—-.1,-.9 > 
< .9,.4,.2,-.6,—.3,-.7 > <.2,.2,.2,—.4,-.7,-4> <.9,.5,.5,-.6,-.5,-.2 > <.7,.5,.3,—-.4,—.2,-.2 > 
< ..9,.7,.2,-.8,-—.6,-1> <.3,.5,.2,-.5,-.5,-.2 > <.5,.4,.5,-.1,-.7,-.2 > <.2,.4,.8,—-.5,—.5,-.6 > 


The bipolar neutrosophic matrix C can be inputted in Python code like this: 


C= np.array({ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,- 
0.8]],[[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]], 


[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]], 


[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6]]]) 


D= 
< 3,.4,.3,-.5,-.4,-.2 > <.1,.2,.7,-.5,-.2,-.3 > <.3,.2,.6,-.4,-.8,-.7 > <.2,.1,.3,-.2,-.4,-4> 
< .2,.2,.7,—.3,— .3,-.5 > <.3,.5,.6,-.6,-.7,-4> <.6,.5,.4,-.3,-.6,-8> <.3,.4,.4,-.3,-.5,-.3 > 
< .5,.3,.1,-.4,-.2,-4> <.5,.4,.3,-.3,-.8,-.2 > <.5,.8,.6,-.2,—.2,-4> <.4,.6,.5,—.1,—.6,-.5 > 
< .6,.1,.7,—.7,—.4,-8> <.4,.6,.4,-—.4,-.2,-5 > <.4,.9,.3,-.5,-.5,-3 > <.4,.5,.4,-.3,-.7,-4> 
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The bipolar neutrosophic matrix D can be inputted in Python code like this: 


D= np.array/({[[0.3,0.4,0.3,-0.5,-0.4,-0.2], [0.1,0.2,0.7,-0.5,-0.2,-0.3], [0.3,0.2,0.6,-0.4,-0.8,-0.7], [0.2,0.1,0.3,-0.2,-0.4,- 
0.4]], [[0.2,0.2,0.7,-0.3,-0.3,-0.5], [0.3,0.5,0.6,-0.6,-0.7,-0.4], [0.6,0.5,0.4,-0.3,-0.6,-0.8], [0.3,0.4,0.4,-0.3,-0.5,-0.3]], 


[[0.5,0.3,0.1,-0.4,-0.2,-0.4], [0.5,0.4,0.3,-0.3,-0.8,-0.2], [0.5,0.8,0.6,-0.2,-0.2,-0.4], [0.4,0.6,0.5,-0.1,-0.6,-0.5]], 
[[0.6,0.1,0.7,-0.7,-0.4,-0.8], [0.4,0.6,0.4,-0.4,-0.2,-0.5], [0.4,0.9,0.3,-0.5,-0.5,-0.3], [0.4,0.5,0.4,-0.3,-0.7,-0.4]]]) 


So, the addition matrix of two bipolar neutrosophic matrices is portrayed as follow 


Cons ® Dens = 


< .65,.28,.06, —.35,— .58,—-.68 > <.46,.08,.35, —.35,—.84,-.58 > <.79,.14,.30,—.32,—.94,—.88 > <.28,.05,.21,—-.10,— .52,-.88 > 
< .92,.14,.35, -.21,—.79,-.55 > <.79,.30,.48,—.42,—.85,-.46 > < .96,.20,.24,—-.03,—.88,—.90 > <.65,.08,.28, —.15,— .55,-.93 > 
< .65,.12,.02, —.24,— .44,-.82 > < .60,.08,.06,—.12,—.94,-.52 > <.95,.40,.30,—.12,—.60,—.52 > <.82,.30,.15, —.04,— .68, -.60 > 
< .96,.07,.14, -.56, — .76,-.82 > <.58,.30,.08, —.20,—.60,—-.60 > <.70,.36,.15,—.05,—.85,—44 > <.52,.20,.32, -.15,— .85, -.76 > 


The result of addition matrix of two bipolar neutrosophic matrices C and D can be obtained by the 
call of the command addition (C, D): 
>>> Addition(C, D) 


Addition= 


[[[ 0.65 0.28 0.06 0.35 -0.58 -0.68] [0.46 0.08 0.35 0.35 -0.84 -0.58] [0.79 0.14 0.3 0.32 -0.94 -0.88] [ 
0.28 0.05 0.21 0.1 -0.52 -0.88]] 


[[0.92 0.14 0.35 0.21-0.79-0.55] [0.79 0.3 0.48 0.42-0.85-0.46] [0.96 0.2 0.24 0.03-0.88 - 
0.9] [0.65 0.08 0.28 0.15 -0.55 -0.93]] 


([ 0.95 0.12 0.02 0.24 -0.44-0.82] [0.6 0.08 0.06 0.12 -0.94-0.52] [0.95 0.4 03 0.12-0.6 - 
0.52] [0.82 0.3 0.15 0.04 -0.68 -0.6 ]] 


[[ 0.96 0.07 0.14 0.56 -0.76-0.82] [0.58 03 0.08 0.2 -0.6 -0.6] [0.7 0.36 0.15 0.05 -0.85 - 
0.44] [052 0.2 0.32 0.15 -0.85 -0.76]]] 


3.7. Computing product of two bipolar neutrosophic matrices 


The product of two bipolar neutrosophic matrices A and B is defined as follow: 


— p= PP 1P »N NN 

AOB =R= |< Vie Vip Vip tie tip Vie a ae (13) 
Where 

P= @P. P N —_(~—qN — pN —@QqN_.pN 
“ip = Gig: Dijys “ip = ( Gijp bij ay Din) 

P — qP. P o_o @P. pP. N —~_(qN  pN 
Vij, = Giz, + bij, Gijy dij “i (ah. bh) 

P= q@P. Po _@P. pP. N = (qn pN 
“ij = Vijp + bij, Cijp- Dif gs “ip (ai, bi.) 


To generate the python program for finding the product operation of two bipolar neutrosophic 


matrices, simple call of the function Product (A, B) is defined as follow: 


# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 
(13) 
import numpy as np 
A=np.array([_ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] I; 

[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22] L 

[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] —_]) 
B=np.array([_ [ [0.32,0.4,0.1,-0.25,-0.54,-0.4], [0.13,0.2,0.11,-0.55,-0.35,-0.72] L 
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[ [0.17,0.19,0.66,-0.87,-0.64,-0.92], [0.25,0.36,0.88,-0.33,-0.54,-0.22] ] 
[ [0.15,0.28,0.67,-0.39,-0.27,-0.55],[0.24,0.73,0.28,-0.26,-0.53,-0.52] —_]]) 
#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar 
Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 
# A.shape[1] = 2 columns 
# A.shape[2] = each bipolar neutrosophic number with 6 tuple as usual 
product=[] 
def Product( A, B ): 
if A.shape == B.shape: 
dimA=A.shape 
for iin range (0,dimA[0]): # for rows, here 3 
H=[] 
for j in range (0,dimA[1]): # for columns, here 2 
H.extend([[ Afi] ][0)*BE}G]0]), AWGN BHIGIM]- AGI P BEGIN), 
AGHMZ2F BRIG (AMBIZFBEIGIZD, -CATIGIIS)-BEIGIS- ATM HIS"BRIGIS]), (AGIGIAY 
BRGIL4)), ~AWIGIS)* BEIGIS) 11) 
product.append(H) 


print(' Product =', np.array(product)) 


Example 5. In this example we evaluate the product of the two bipolar neutrosophic matrices C and 
D of order 4X4: 


C= 
< ..5,.7,.2,—.7,— .3,-.6 > <.4,.4,.5,-.7,-.8,-.4 > <.7,.7,.5,—-.8,—.7,-.6 > <.1,.5,.7,-.5,—.2,-.8> 
< ..9,.7,.5,—.7,—.7,-1> <.7,.6,.8,—.7,-.5,-1> <.9,.4,.6,-.1,-.7,-.5 > <.5,.2,.7,-.5,-.1,-.9 > 
< ..9,.4,.2,-.6,—.3,-.7 > <.2,.2,.2,—.4,-.7,-4> <.9,.5,.5,-.6,-.5,-.2 > <.7,.5,.3,—.4,—.2,-.2 > 
< ..9,.7,.2,—.8,-.6,-1> <.3,.5,.2,-—.5,-.5,-.2> <.5,.4,.5,-.1,-.7,-.2 > <.2,.4,.8,—.5,—.5,-.6 > 


The bipolar neutrosophic matrix C can be inputted in Python code like this: 


C= np.array({ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,- 
0.8], [[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]], 
[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]], 
[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6]] ]) 


< .3,.4,.3,-.5,-.4,-.2 > <.1,.2,.7,—.5,—.2,-.3 > <.3,.2,.6,—.4,—.8,—.7 > <.2,.1,.3,-.2,—.4,-4> 
of: 2,.2,.7,—.3,— .3,-.5 > <.3,.5,.6,-.6,—.7,-.4> <.6,.5,.4,—.3,-.6,-8> <.3,.4,.4,—.3,— ae 

<.5,.3,.1,-.4,-.2,-4> <.5,.4,.3,-.3,-.8,-.2 > <.5,.8,.6,—.2,-.2,-4> <.4,.6,.5,—.1,—.6,-.5 > 

<.6,.1,.7,—.7,-.4,-8> <.4,.6,.4,—.4,—.2,-5 > <.4,.9,.3,—5,-.5,—3> <.4,.5,.4,—.3,-.7,-4> 


The bipolar neutrosophic matrix D can be inputted in Python code like this: 


D= np.array/({[[0.3,0.4,0.3,-0.5,-0.4,-0.2], [0.1,0.2,0.7,-0.5,-0.2,-0.3], [0.3,0.2,0.6,-0.4,-0.8,-0.7], [0.2,0.1,0.3,-0.2,-0.4,- 
0.4]], [[0.2,0.2,0.7,-0.3,-0.3,-0.5], [0.3,0.5,0.6,-0.6,-0.7,-0.4], [0.6,0.5,0.4,-0.3,-0.6,-0.8], [0.3,0.4,0.4,-0.3,-0.5,-0.3]], 


[[0.5,0.3,0.1,-0.4,-0.2,-0.4], [0.5,0.4,0.3,-0.3,-0.8,-0.2], [0.5,0.8,0.6,-0.2,-0.2,-0.4], [0.4,0.6,0.5,-0.1,-0.6,-0.5]], 


[[0.6,0.1,0.7,-0.7,-0.4,-0.8], [0.4,0.6,0.4,-0.4,-0.2,-0.5], [0.4,0.9,0.3,-0.5,-0.5,-0.3], [0.4,0.5,0.4,-0.3,-0.7,-0.4]]]) 
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So, the product matrix of two bipolar neutrosophic matrices is portrayed as follow 


CensODens= 


<.15,.82,.44,—-.85,—.12,-.12 > <.04,.52,.85,—.85,-—1.16,-.12 > <.21,.76,.80,—-.88,—.56,—.42 >  < .02,.55,.79, -.60, — .008, — .32 > 
< .18,.76,.85, —.79,—.21,-.05 > <.21,.80,.92,—.88,—.35,-.04 > <.54,.70,.76,—.37,—.42,-0.40 >  <.15,.52,.82, -.65, — .05,—.27 > 
< 45, .58,.28, —.76,—.06,—.28 > <.10,.52,.44,-.58,—.56,-.08 >  <.45,.90,.80,—.68,—.10,-.08 > << .28,.80,.65, —.46, — .12,-.10 > 
< .54,.73,.76, —.94, — .24,-.08 > <.12,.80,.52,—.70,—.10,-.10 > < .20,.94,.65,—.55,—.35,-.06 > < .08,.70,.88,—.65,— .35,—.24> 


The result of product matrix of two bipolar neutrosophic matrices C and D can be obtained by the 
call of the command Product (C, D): 
>>> Product(C, D) 
Product= 
[[[ 0.15 0.82 0.44 -0.85 -0.12-0.12] [0.04 0.52 0.85 -0.85 -0.16-0.12] [0.21 0.76 0.8 -0.88 - 
0.56 -0.42] [0.02 0.55 0.79-0.6 -0.08 -0.32]] 

[[ 0.18 0.76 0.85 -0.79 -0.21 -0.05] [0.21 0.8 0.92 -0.88 -0.35-0.04] [0.54 0.7 0.76 -0.37- 
0.42-0.4] [0.15 0.52 0.82 -0.65 -0.05 -0.27]] 

[[0.45 0.58 0.28 -0.76 -0.06 -0.28] [0.1 0.52 0.44-0.58 -0.56-0.08] [045 0.9 0.8 -0.68 - 
0.1 -0.08] [0.28 0.8 0.65 -0.46 -0.12 -0.1 ]] 

[[ 0.54 0.73 0.76 -0.94 -0.24 -0.08] [0.12 0.8 0.52-0.7 -0.1 -0.1][0.2 0.94 0.65 -0.55 -0.35 - 
0.06] [0.08 0.7 0.88 -0.65 -0.35 -0.24]]] 


3.8. Computing transpose of bipolar neutrosophic matrix 
To generate the python program for finding the transpose of bipolar neutrosophic matrix, simple 


call of the function Transpose (A) is defined as follow: 


# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 
transpose 
import numpy as np 
A=np.array([[ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] J, 
[ [0.1,0.12,0,-0.27,-0.44,-0.92],[0.5,0.33,0.58,-0.33,-0.24,-0.22]], 
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32]] ]) 

#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar 
Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 
# A.shape[1] = 2 columns 
# A.shape[2] = each bipolar neutrosophic number with 6 tuple as usual 
def Transpose( A ): 

DimA= A. shape 

print (' the matrix ', DimA[0],’ x ', DimA[1], ' dimension’) 

trA = A.transpose() 

DimtrA= trA. shape 

print (‘\n’) 

print (‘its transpose ', DimtrA[1],' x ', DimtrA[2], ' dimension’) 


print (‘\n' ) 


print(’ Transpose = ', trA) 
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Example 6. In this example we evaluate the transpose of the bipolar neutrosophic matrix C of order 
4X4: 


C= 
< .5,.7,.2,—.7,— .3,-.6 > <.4,.4,.5,-.7,-.8,-.4 > <.7,.7,.5,—-.8,—.7,-.6 > <.1,.5,.7,—.5,—.2,-.8> 
< ..9,.7,.5,—.7,—.7,-1> <.7,.6,.8,—.7,-.5,-1> <.9,.4,.6,-.1,-.7,-.5 > <.5,.2,.7,-.5,-.1,-.9 > 
< .9,.4,.2,-.6,—.3,-.7 > <.2,.2,.2,—.4,-.7,-4> <.9,.5,.5,-.6,-.5,-.2 > <.7,.5,.3,—.4,—.2,-.2 > 
< .9,.7,.2,—.8,-.6,-1> <.3,.5,.2,-—.5,-.5,-.2 > <.5,.4,.5,-.1,-.7,-.2 > <.2,.4,.8,-.5,—.5,-.6 > 


The bipolar neutrosophic matrix C can be inputted in Python code like this: 


C= np.array({ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,- 
0.8], [[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]], 


[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]], 
[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6]] ]) 


So, the transpose matrix of bipolar neutrosophic matrices is portrayed as follow 


<0.50, 0.70, 0.20,-0.70, -0.30, -0.60>  <0.90, 0.70, 0.50,-0.70, -0.70, -0.10> <0.30, 0.40, 0.20,-0.60, -0.30, -0.70> <0.90, 0.70, 0.20,-0.80, -0.60, -0.10> 
<0.40, 0.40, 0.50,-0.70, -0.80, -0.40> <0.70, 0.60, 0.80,-0.70, -0.50, -0.10> <0.20, 0.20, 0.20,-0.40, -0.70, -0.40> <0.30, 0.50, 0.20,-0.50, -0.50, -0.20> 
<0.70, 0.70, 0.50,-0.80, -0.70, -0.60> <0.90, 0.40, 0.60,-0.10, -0.70, -0.50> <0.90, 0.50, 0.50,-0.60, -0.50, -0.20> <0.50, 0.40, 0.50,-0.10, -0.70, -0.20> 


<0.10, 0.50, 0.70,-0.50, -0.20, -0.80> <0.50, 0.20, 0.70,-0.50, -0.10, -0.90> <0.70, 0.50, 0.30,-0.40, -0.20, -0.20> <0.20, 0.40, 0.80,-0.50, -0.50, -0.60> 


>>> Transpose(C) 
The matrix 4 x4 dimension 


Its transpose 4 x 4 dimension 


Transpose = 

[[[0.5 0.9 0.9 0.9][04 0.7 0.2 0.3] [0.7 09 0.9 O05)[0.1 0.5 0.7 0.2] 
([0.7 0.7 04 O.7][04 06 02 O05)[0.7 04 05 O4][0.5 0.2 05 0.4]] 
[[0.2 0.5 0.2 0.2][05 0.8 0.2 0.2][05 06 0.5 O5)[0.7 0.7 0.3 0.8] 
[[-0.7 -0.7 -0.6 -0.8] —_[-0.7 -0.7 -0.4 -0.5] [-0.8 -0.1 -0.6 -0.1] [-0.5 -0.5 -0.4 -0.5]] 
[[-0.3 -0.7 -0.3 -0.6] [-0.8 -0.5 -0.7 -0.5] [-0.7 -0.7 -0.5 -0.7] [-0.2 -0.1 -0.2 -0.5]] 
[[-0.6 -0.1 -0.7-0.1] [-0.4-0.1-0.4-0.2]  [-0.6-0.5-0.2 -0.2] — [-0.8 -0.9 -0.2 -0.6]]] 


3.9 Computing composition of two bipolar neutrosophic matrices 
To generate the python program for finding the composition of two bipolar neutrosophic 


matrices, simple call of the function Composition () is defined as follow: 


# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 
Composition 

#A.shape and B.shape returns (3, 3, 6) the dimension of A. (row, column, numbers of element 
(Bipolar Neutrosophic Number, 6 elements) ) 

# A.shape[0] =3 rows 

# A.shape[1] =3 columns 

# A.shape[2] = Each bipolar neutrosophic number has 6 tuple as usual 

#One can use matrices with any dimensions but dimensions of two matrices must be the same and 


nxn 
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import math 
import numpy as np 
A= np.array( [ [ [0.3, 0.6, 1, -0.2, -0.54, -0.4], [0.1, 0.2, 0.8, -0.5, -0.34, -0.7], [0.020,0.021,0.022,-0.023,- 
0.024,-0.025] J, 
[ [0.17,0.19,0.66,-0.87,-0.64,-0.92], [0.25,0.36,0.88,-0.33,-0.54,-0.22], [0.120,0.121,0.122,-0.123,-0.124,- 
0.125] ], 
[ [0.15,0.28,0.67,-0.39,-0.27,-0.55],[0.24,0.73,0.28,-0.26,-0.53,-0.52], [0.220,0.221,0.222,-0.223,-0.224,- 
0.225] |] ]) 
B=np.array([ [0.11,0.22,0.6,-0.29,-0.24,-0.52], [0.32,0.4,0.1,-0.25,-0.54,-0.4], [0.13,0.2,0.11,-0.55,-0.35,- 
0.72] |, 
[ [0.100,0.101,0.102,-0.103,-0.104,-0.105], [1,0.111,0.112,-0.113,-0.114,-0.115], [0.720,0.821,0.152,- 
0.143,-0.194,-0.1] J, 
[ [0,0.73,0.202,-0.203,-0.204,-0.205], [0.22,0.63,0.88,-0.28,-0.54,-0.32], [0.3,0,0.47,-0.223,-0.254,-0.295] 
11) 
def Composition( A, B ): 
global composition 
composition=[] 
dimA = A.shape 
H=| | 
if A.shape == B.shape and dimA[0] == dimA[1]: 
for iin range (0,dimA[0)): 
for j in range (0,dimA[0]): 
counter0=0 
for d in range (0, dimA[0)): 
if counter0 ==0: 
maxtt = — [ Afi][d][0],B[d]{j][0] ] 
maxT = min(maxtt) 
minii= [A[i][d][1], Bld] [jf] 
minI= max(minii) 
minff = [ A[i][d][2],B[d]f[2]] 
minF = max( minff) 
minntt=[ — A[i][d][3],B[d][j][3} ] 
minNT = max (minntt) 
maxnii =[ A[i][d][4],B[d][][4] ] 
maxNI= min(maxnii_) 
maxnff=[ — A[i}[4][5],Bld][j][5] | 
maxNF = min (maxnff) 


counter0 =1 


else: 
maxT'l =[ ALi}4][OLB[a]f][0] |] 
maxT11 = min(maxT1) 
maxT112 =[ maxT11, maxT ] 


481 


Collected Papers, XIl 


Florentin Smarandache (author and editor) 


Collected Papers, XII 


maxT = max(maxT112) 
mint1 = [AGM@IOLB a] GH) J 
minl11 = max(minI1) 
minl112 =[ minI11, minl ] 
minl =min( minI112) 
minF1 = [AGI[4]2), Bia] G2) J 
minF11 = max(minF1) 
minF112 = [ minF11, minF] 
minF = min(minF112 ) 
minNT1 = [ A[4][3])Bid]§][3] 
minNT11 = max(minNT1_) 
minNT112 =  [minNT11, minNT ] 
minNT = min(minNT112_ ) 
maxNI1 =[ Afi}[4][4], Bld] G14] ] 
maxNI11 =min( maxNIl _) 
maxNI112 =[ maxNI11,maxNI |] 
maxNI = max(maxNI112) 
maxNF1 = [ALM4]5) Bla] HI[5] |] 
maxNFll = min(maxNF1) 
maxNF112= [ maxNF11, maxNF ] 
maxNF = max( maxNF112 ) 
H.append( [maxT, minl, minF, minNT, maxNI, maxNF] ) 
composition.extend(H) 
global nested 
nested=[ ] 
for k in range( int(math.sqrt(len(composition))) ): 
nested.append(composition[k:kt+int(math.sqrt(len(composition))) ] ) 
print('Composition= ', np.array(nested)) 


] 


Example 7. In this example we evaluate the composition of the two bipolar neutrosophic matrices C 


and D of order 4X4: 

C= 
< .5,.7,.2,-.7,-— .3,-.6> <.4,.4,.5,-.7,-.8,-.4 > <.7,.7,.5,—.8,—.7,—-.6 > 
< .9,.7,.5,-.7,-—.7,-.1> <.7,.6,.8,-.7,-.5,-1> <.9,.4,.6,—-.1,—-.7,-.5 > 
< .9,.4,.2,-.6,— .3,-.7 > <.2,.2,.2,-.4,-.7,-4> <.9,.5,.5,—-.6,—.5,—-.2 > 
< .9,.7,.2,-.8,-.6,-.1> <.3,.5,.2,-.5,-.5,-.2 > <.5,.4,.5,-.1,-.7,-.2 > 


The bipolar neutrosophic matrix C can be inputted in Python code like this: 


< .1,.5,.7,-.5, — .2,-.8 > 
615) 2)4/; =) .1,59 > 
<.7,.5,.3,—.4,—.2,-.2 > 
< .2,.4,.8,—.5, — .5,-.6 > 


C= np.array({ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,- 
0.8]], [[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]], 
[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]], 
[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6]] ]) 


D= 
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< .3,.4,.3,-.5,-.4,-.2 > <.1,.2,.7,-.5,-.2,-.3 > <.3,.2,.6,-.4,—.8,-.7 > <.2,.1,.3,-.2,-.4,-4> 
< .2,.2,.7,—.3,—.3,-5 > <.3,.5,.6,-.6,-.7,-4> <.6,.5,.4,-.3,-.6,-8> <.3,.4,.4,-.3,-.5,-.3 > 
< .5,.3,.1,-.4,-.2,-4> <.5,.4,.3,-.3,-.8,-.2> <.5,.8,.6,-.2,—.2,-4> <.4,.6,.5,—.1,—.6,-.5 > 
< .6,.1,.7,—.7,-.4,-8> <.4,.6,.4,-—.4,-.2,-5 > <.4,.9,.3,-.5,-.5,-3 > <.4,.5,.4,-.3,-.7,-4> 


The bipolar neutrosophic matrix D can be inputted in Python code like this: 


D= np.array({[[0.3,0.4,0.3,-0.5,-0.4,-0.2], [0.1,0.2,0.7,-0.5,-0.2,-0.3], [0.3,0.2,0.6,-0.4,-0.8,-0.7], [0.2,0.1,0.3,-0.2,-0.4,- 
0.4], [[0.2,0.2,0.7,-0.3,-0.3,-0.5], [0.3,0.5,0.6,-0.6,-0.7,-0.4], [0.6,0.5,0.4,-0.3,-0.6,-0.8], [0.3,0.4,0.4,-0.3,-0.5,-0.3]], 
[[0.5,0.3,0.1,-0.4,-0.2,-0.4], [0.5,0.4,0.3,-0.3,-0.8,-0.2], [0.5,0.8,0.6,-0.2,-0.2,-0.4], [0.4,0.6,0.5,-0.1,-0.6,-0.5]], 
[[0.6,0.1,0.7,-0.7,-0.4,-0.8], [0.4,0.6,0.4,-0.4,-0.2,-0.5], [0.4,0.9,0.3,-0.5,-0.5,-0.3], [0.4,0.5,0.4,-0.3,-0.7,-0.4]]]) 


So, the composition matrix of two bipolar neutrosophic matrices is portrayed as follow 


CensODens= 


The result of composition t matrix of two bipolar neutrosophic matrices C and D can be obtained by the call of 


the command Composition (C, D): 

>>> Composition(C, D) 

Composition= 

([[ 0.5 0.4 0.3 -0.5 -0.4-0.5][0.5 0.5 0.5 -0.6 -0.2 -0.4][0.5 0.5 0.5 -0.5 -0.5 -0.6] [0.4 0.4 0.3 -0.3 -0.4 -0.4]] 
([0.5 0.5 0.5 -0.6 -0.2 -0.4][0.5 0.5 0.5 -0.5 -0.5 -0.6][0.4 0.4 0.3 -0.3 -0.4-0.4][0.5 0.2 0.5 -0.5 -0.4 -0.2]] 
([0.5 0.5 0.5 -0.5-0.5 -0.6][04 0.4 0.3-0.3-0.4-0.4][0.5 0.2 0.5 -0.5 -0.4-0.2][0.5 0.4 0.6 -0.6 -0.2 -0.3]] 


[04 04 0.3-0.3-04-0.4][05 0.2 0.5-0.5-0.4-0.2][05 04 0.6-0.6-0.2-0.3][0.6 0.6 0.6-0.5-0.5-0.5]]] 


4. Conclusion 

In this paper, we have presented a useful Python tool for the calculations of matrices obtained 
by bipolar neutrosophic sets. The matrices have nested list data type, in other words, multi- 
dimensional arrays in the Python Programming Language. The importance of this work, is that the 
proposed Python tool can be used also for fuzzy matrices, bipolar fuzzy matrices, intuitionistic fuzzy 
matrices, bipolar intuitionistic fuzzy matrices and single valued neutrosophic matrices. This work 
will be extending with the implementation of Bipolar Complex Neutrosophic Matrices in the future. 
We have used Python Numpy module in order to provide convenience for possible users. We hope 
that the tool might be useful in data science, physics, scientific computing, decision making, 


engineering studies and other fields. 
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On NGSR Closed Sets in Neutrosophic Topological 
Spaces 


S. Anitha, K. Mohana, Florentin Smarandache 


Anitha S, Mohana K, Florentin Smarandache (2019). On NGSR Closed Sets in Neutrosophic 
Topological Spaces. Neutrosophic Sets and Systems 28, 171-178 


Abstract: The intention of this paper is to introduce the concept of GSR-closed sets in terms of 
neutrosophic topological spaces. Some of the properties of NGSR-closed sets are obtained. In 
addition, we inspect NGSR-continuity and NGSR-contra continuity in neutrosophic topological 
spaces. 


Keywords: neutrosophic topology, NGSR-closed set, NGSR-continuous, NGSR-contra continuous 
mappings. 


1. Introduction 

In 1965, fuzzy concept was proposed by Zadeh [43] and he studied membership function. 
Chang [14] developed the theory of fuzzy topology in 1967. The notions of inclusion, union, 
intersection, complement, relation, convexity, and so forth, are expanded to such sets and several 
properties of these notions are established by various authors. 

Atanassov [10, 11, 12] generalized the idea of fuzzy set to intuitionistic fuzzy set by adding 
the degree of non-membership. The intuitionistic fuzzy topology was advanced by Coker [16] using 
the notion of intuitionistic fuzzy sets. Intuitionistic fuzzy point was given by Coker et.al [15]. These 
approaches gave a wide field for exploration in the area of intuitionistic fuzzy topology and its 
application. Burillo et al.[13]studied the intuitionistic fuzzy relation and their properties. Thakur et.al 
[44] introduced generalized closed set in intuitionistic fuzzy topology. Various researchers [8, 24, 26, 
33, 37, 38] extended the results of generalization of various Intuitionistic fuzzy closed sets in many 
directions. 

The concepts of neutrosophy was introduced by Florentin Smarandache [18, 19, 20] in which 
he developed the degree of indeterminacy. In comparing with more uncertain ideology, the 
neutrosophic set can accord with indeterminacy situation. Salama et.al [34,35,36] transformed the 
idea of neutrosophic crisp set into neutrosophic topological spaces and introduced generalized 
neutrosophic set and generalized neutrosophic topological Spaces. Ishwarya et.al [22] studied 
Neutrosophic semi open sets in Neutrosophic topological spaces. Abdel-Basset et.al [ 1,2,3,4,5,6] gave 
anovel neutrosophic approach. Many researchers [28, 30, 31, 41, 42] added and studied semi open 
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sets, @ open sets, pre-open sets, semi alpha open sets etc., and developed several interesting 
properties and applications in Neutrosophic Topology. Several authors [7, 25, 27, 32, 39, 44] have 
contributed in topological spaces. 

Mohana K et.al [29] introduced gsr -closed sets in soft topology in 2017. In this article we tend 
to provide the idea of NGSR-closed sets and NGSR-open sets. Also, we presented NGSR continuous 


and NGSR-contra continuous mappings. 


2 Preliminaries 

Definition 2.1. [20] Let X be a non-empty fixed set. A neutrosophic set (NS) A is an object having the 
form A = {(x,Ha(x), 64(X), Va(X)):X © X} where [,(x), 0,(x) andva(x)represent the degree of 
membership, degree of indeterminacy and the degree of nonmembership respectively of each 
element x € X to the set A. 

A Neutrosophic set A = {(x, a(x), 04(x), va(x)): x € X} can be identified as an ordered triple 
(Ha), 64 (x), Va(x)) in ]~0, 1° on X. 

Definition 2.2. [20] Let A =(11, (x), 04 (x), va(x)) be a NS on X, then the complement C(A) may be 
defined as 

1. C(A) = {{x, 1 — wax), 1 — va(x)): x € X} 

2. C(A) = {(x, va (X), 04 (X), Ha (x)): x € X} 

3. C(A) = {(x, va (x), 1 — 04(X), Ha (X)): x € X} 

Note that for any two neutrosophic sets A and B, 

4. C(A UB) = C(A) NC(B) 

5.C(A NB) =C(A) U C(B). 

Definition 2.3. [20] For any two neutrosophic sets A = {(x, Ma(x), 0, (x), Va(X)): x € X} and B = 
{(x, p(X), Op (x), vg(x)): x € X} we may have 

1.A SBS pax) S Ups), 04 (x) S Op(x) and va (x) = vp (x)V x € X 

2.A ©BS ua(x) S up(x), 04 (xX) = Op(x) and va(X) = vp(xX)V x € X 

3.AN B= (x, Ha(X) A up(X), oa(x) A og(x) and va(x) V va (x)) 

4.ANB= (x,Ha(x) A Up(X), 04x) V op(x) and va(x) V vg(x)) 

5. AUB = (x, Ha(X) V Hp(x), 04(x) V og(X) and va(x) A vg(x)) 

6. AUB = (x,Ha(x) V p(x), oa(x) A og (x) and va(x) A vg(x)) 

Definition 2.4. [34] A neutrosophic topology (NT) on a non-empty set X is a family t of neutrosophic 
subsets in X satisfies the following axioms: 

(NT,) On, 1y ET 

(NT,) G, NG, € t for any G,,G, ET 

(NT,) UG, ETV{G:i € J} St 


Definition 2.5. [34] Let A be an NS in NTS X. Then 

Nint(A) =U {G: Gis an NOSin XandG © A} is called a neutrosophic interior of A 

Ncl(A) =n {K: Kis an NCS in X and A € K} is called a neutrosophic closure of A 

Definition 2.6. [18] A NS A of a NTS X is said to be 

(1) aneutrosophic pre-open set (NPOS) if A © NInt(NCI(A)) and a neutrosophic pre-closed(NPCS) if 
NCI(NInt(A)) © A. 
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(2) a neutrosophic semi-open set (NSOS) if A © NCI(NInt(A)) and a neutrosophic semi-closed set 

(NSCS) if NInt(NCI(A)) © A. 

(3) a neutrosophic a-open set (NaOS) if A © NInt(NCI(NInt(A))) and a neutrosophic a-closed set 

(NaCsS) if NCI(NInt(NCI(A))) © A. 

(4) a neutrosophic regular open set (NROS) if A = Nint(Ncl(A)) and a neutrosophic regular closed 

set (NRCS) if Ncl(Nint(A)) = A. 

Definition 2.7. [22] Consider a NS A in a NTS (X, T).Then the neutrosophic semi interior and the 

neutrosophic 

semi closure are defined as 

Nsint(A) = U{G: G is a N Semi open set in X and G € A} 

Nscl(A) = N {K: Kis a N Semi closed set in X and A © K } 

Definition 2.8. [38] A subset A of a neutrosophic topological space (X, T) is called a neutrosophic a 

generalized closed (Nag-closed) set if Nacl(A) G U whenever A & U and U is neutrosophic a-open 

in (X, T). 

3. NGSR closed sets 

Definition 3.1. A NS A ina NTS X is stated to be a neutrosophic gsr closed set (NGSR-Closed set) if 

Nscl (A) & U for every A © U and U is a NROS (Neutrosophic Regular Open set) in X. 

The complement C(A) of a NGSR-closed set A is a NGSR-open set in X. 

Example 3.2. Let X = {a, b} and t = {0,,G, 1y} be NT in which G, (x, (0.4, 0.1), (0.3,0.2), (0.5, 0.5)) and 

G> = (x, (0.4,0,4), (0.4, 0.3), (0.5,0.4)). Here A = (x, (0.4,0.4), (0.3,0.2), (0.4,0.5)) is an NGSR-closed 

set. 

Theorem 3.3. Each NCS is a NGSR-closed set in X. 

Proof. Let A © U wherein U is a NROS in X. Let A be an NCS in X. 

We got Nscl(A) © Ncl(A) & U. Consequently A is a NGSR-closed set in X. 

Example 3.4. Let X = {a, b} and t = {0 ,G, 1y} be an NT having G; = (x, (0.4, 0.1), (0.3, 0.2), (0.5, 0.5)) 

and G» = (x, (0.4,0.4), (0.4; 0.3), (0.5,0.4)) Here A = (x, (0.4,0.4), (0.3,0.2), (0.4,0.5)) is an NGSR- 

closed set, however not NCS. 

Theorem 3.5. Each Na — closed set is a NGSR-closed set in X. 

Proof. Let A € U inwhich U is a NROS in X. Let A be an Na — closed set in X. 

Now Nscl(A) © N & cl(A) © U. Consequently A is a NGSR-closed set in X. 

Example 3.6. Let X ={a, b} and t = {0,,G, 1y} be an NT in which 

G, = (x, (0.6,0.2), (0.1,0.5), (0.5,0.4)) and G = (x, (0.5, 03), (0.3, 0.2), (0.6,0.4) ) 

Here A = (x, (0.6,0.3), (0.1,0.6), (0.5,0.4) ) is an NGSR-closed set, but not Na-closed set as 
Ncl(Nint(Ncl(A))) = C(A) £ A. 

Theorem 3.7. Each Nsemi-closed set is a NGSR-closed set in X. 

Proof. Suppose A is an Nsemi-closed set and A © U wherein U is a NROS in X. Now (A) = A U 

Nint(Ncl(A)) © A UA =A. Therefore A is a NGSR-closed set in X. 

Example 3.8. Let X = {a,b} and t = {0,,G, 1y} be an NT in which 

G, = (x, (0.4,0.5), (0.3,0.2), (0.5,0.5)) and Gy = (x, (0.4, 0.4), (0.4,0.3), (0.5, 0.4)) 

Then A = (x, (0.4,0.4), (0.3,0.2), (0.4,0.5)) is an NGSR-closed set, however not Nsemi-closed set as 

Nint(Ncl(A)) =G, ¢ A. 
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Theorem 3.9. Each NaG — closed set is a NGSR-closed set in X. 

Proof. Let A © U where U is a NROS in X. Let A be an NaG — closed set in X. Now Nscl(A) & 
Nacl(A) © U. Therefore A is a NGSR-closed set in X. 

Example 3.10. Let X = {a, b} and t = {0,, G, 1y} be an NT where 

G, = (x, (0.6, 0.2), (0.1,0.5), (0.5, 0.4) ) and Gz = (x, (0.5, 0.3), (0.3,0.2), (0.6,0.4) ) 

Then A = (x, (0.6,0.3), (0.1,0.6), (0.5,0.4)) is an NGSR-closed set but not NaG-closed set. 

Remark 3.11. The counter examples shows that NGSR-closed set is independent of NPCS. 


Example 3.12. Let X = {a, b} and t = {0,, G, 1y} be an NT where 

G, = (x, (0.6, 0.2), (01, 0.5), (0.5,0.4)) and G, = (x, (0.5,03. ), (0.3, 0.2), (0.6,0.4) ) 

Here A = (x, (0.6,0.3), (0.1,0.6), (0.5,0.4)) be an NGSR-closed set, but not NPCS as Nel(Nint(A)) = C(B) 
ZA. 


Example 3.13. Let X ={a, b} and t = {0,,G, 1n} be an NT where 

G, = (x,(0:5; 0:4), (0:3; 0:2), (0:5; 0:6)),G. = (x, (0:8; 0:7), (0:4; 0:3), (0:2; 0:3)) and 
G3 = (x,(0:2; 0:1), (0:3; 0:2), (0:8; 0:9)) 

Then A = (x, (0.5,0.3), (0.3,0.2), (0.5,0.7) ) is an NPCS, but not NGSR-closed set. 


Theorem 3.14. Consider a NTS (X, t). Then for each A € NGSR-closed set and for each B € NS in X, 
A & BE& Nscl(A) implies B € NGSR-closed in (X, T) . 

Proof. Assume that B © Uand U is a NROS in (X,t ) which shows that A € B,A CU. Via 
speculation, B S Nscl(A). Consequently Nscl(B) S Nscl(Nscl(A)) = Nscl(A) © U, given that A is an 
NGSk-closed set in (X, t ). As a result B € NGSR-closed in (X, T ). 


Theorem 3.15. Consider a NROS A and a NGSR-closed set in (X, t ), then A is a NSemi-closed set in 
(XT). 

Proof. Due to the fact A € A and A is a NROS in (X, t ),Via speculation, Nscl(A) & A. 

However A & Nscl(A). Therefore Nscl(A) = A. Consequently A is a Nsemi-closed set in (X, T). 


Theorem 3.16. Let (X, t) be a NTS. Then for each A € NGSR-open X and for every B € NS(X), Nsint 
(A) SBA implies B € NGSR-open set in X. 

Proof. Let A be any NGSR-open set of X and B be any NS of X. By means of speculation Nsint € B 
CA. Then C(A) is a NGSR-closed in X and C(A) & C(B) ENscl(C(A)). By using Theorem 3.5, C(B) is a 
NGSRclosed in (X, tT ). Thus B is a NGSR-Open in (X, t ). Hence B € NGSR-open in X. 


Theorem 3.17. A NS A is a NGSR-open in (X, t ) if and only if F__ Nsint(A) everytime F is a NRCS in 
(X%t)and FEA. 

Proof. Necessity: Assume that A is a NGSR-open in (X, Tt) and F is a NRCS in (X, t ) such that F € A. 
Then C(F) is a NROS and C(A) & C(F). Via speculation C(A) is a NGSR-closed set in (X, t), we’ve 
Nscl(C(A)) & C(F). Therefore F € Nsint(A). 
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Sufficiency: Let U be a NROS in (X,t) such that C(A) & U. By hypothesis, C(U) © Nsint(A). 
Consequently Nscl(C(A)) & U and C(A) is an NGSR-closed set in (X, t ). Thus A is a NGSR-open set 
in (X, T). 


Theorem 3.18. A is Nsemi-closed if it is both Nsemi-open and NGSR-closed. 
Proof. Considering A is each Nsemi-open and NGSR-closed set in X, then Nscl(A) © A. We 
additionally have A ENscl(A). Accordingly, Nscl(A) = A. Therefore, A is an Nsemi-closed set in X. 


4 On NGSR-Continuity and NGSR-Contra Continuity 
Definition 4.1. Let f be a mapping from a neutrosophic topological space (X, t ) to a neutrosophic 
topological space (Y, a). Then f is referred to as a neutrosophic gsr-continuous(NGSR-continuous) 


mapping if f~1(B) is a NGSR-open set in X, for each neutrosophic-open set B in Y . 


Theorem 4.2. Consider a mapping f : (X,tT) — (Y,a). Then (1) and (2) are equal. 
(1) f is NGSR-continuous 
(2) The inverse image of each N-closed set B in Y is NGSR-closed set in X. 


Proof. This can be proved with the aid of using the complement and Definition 4.1. 


Theorem 4.3. Consider an NGSR-continuous mapping f: (X,t) > (Y,c) then the subsequent 
assertions hold: 

(1) for all neutrosophic sets A in X, f(NGSRNcI(A)) & Nel(f(A)) 

(2) for all neutrosophic sets B in Y, NGSRNcl (f~1(B)) © f7*(Ncl(B)). 

Proof. (1) Let Ncl(f(A)) be a neutrosophic closed set in Y and f be NGSR-continuous, then it follows 
that f~* (Ncl(f(A))) is NGSR-closed in X. In view that A © f7~1 (Nel(f(A))),NGSRcI(A) & 
f~* (Nel(f (A))). Hence, f(NGSRNcI(A)) © Ncl(f(A)). 

(2) We get f(NGSRcl(f~* (B))) & Nelf(f~* (B))) & Ncl(B). 

Hence, NGSRcl(f~* (B)) & f~* (Nel(B)) by way of changing A with B in (1). 


Definition 4.4. Let f be a mapping from a neutrosophic topological space (X, Tt) to a neutrosophic 
topological space (Y,o). Then f is known as neutrosophic gsr-contra continuous(NGSR-contra 


continuous) mapping if f~* (B) is a NGSR-closed set in X for each neutrosophic-open set B in Y . 


Theorem 4.5. Consider a mapping f: (X,t) > (Y,o).Then the subsequent assertions are 
equivalent: 

(1) f is a NGSR-contra continuous mapping 

(2) f-1 (B) is an NGSR-closed set in X, for each NOS B in Y. 

Proof. (1) = (2) Assume that f is NGSR-contra continuous mapping and B is NOS in Y. Then Beis 
an NCS in Y. It follows that, f~+(B°) is an NGSR-open set in X. For this reason, f~* (B) is an NGSR- 
closed set in X. 


(2) = (1) The converse is similar. 


Theorem 4.6. Consider a bijective mapping f : (X,t) — (Y,o). from an 
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NTS(X, t )into an NTS(Y, o).If Nel(f(A)) S f(NGSRint(A)), for each NS B in X, then the mapping f 
is NGSR-contra continuous. 

Proof. Consider a NCS B in Y. Then Ncl(B)=B and f is onto, by way of assumption, 
f (NGSRint(f~" (B))) & Nel(f(f~ (B))) = Ncl(B) = B. Consequently, 
f~* GE (NGSRint(f~* (B)))) S f~* (B). Additionally due to the fact that f is an into mapping, we have 
NGSRint(f~* (B)) = f7* Cf (NGSRint(f~ (B)))) € f~* (B).Consequently, | NGSRint(f~* (B)) = 
f~* (B), so f1(B) is an NGSR-open set in X. Hence, f is a NGSR-contra continuous mapping. 


5. Conclusion and Future work 

Neutrosophic topological space concept is used to deal with vagueness. This paper 
introduced NGSR closed set and some of its properties were discussed and derived some 
contradicting examples. This idea can be developed and extended in the real life applications such as 


in medical field and so on. 
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Neutrosophic Weibull distribution and Neutrosophic 
Family Weibull Distribution 


Kawther Fawzi Hamza Alhasan, Florentin Smarandache 


Kawther Fawzi Hamza Alhasan, Florentin Smarandache (2019). Neutrosophic Weibull 
distribution and Neutrosophic Family Weibull Distribution. Neutrosophic Sets and Systems 28, 
191-199 


Abstract: Many problems in life are filled with ambiguity, uncertainty, impreciseness etc., 
therefore we need to interpret these phenomena. In this paper, we will focus on studying 
neutrosophic Weibull distribution and its family, through explaining its special cases , 
and the functions’ relationship with neutrosophic Weibull such as  Neutrosophic 
Inverse Weibull, Neutrosophic Rayleigh, Neutrosophic three parameter Weibull, 
Neutrosophic Beta Weibull, Neutrosophic five Weibull, Neutrosophic six Weibull 
distributions (various parameters).This study will enable us to deal with indeterminate or 
inaccurate problems in a flexible manner. These problems will follow this family of 
distributions. In addition, these distributions are applied in various domains, such as 
reliability, electrical engineering, Quality Control etc. Some properties and examples for these 
distributions are discussed. 


Keywords: Weibull distribution, Neutrosophic logic, Neutrosophic number, Neutrosophic 
Weibull, Neutrosophic inverse Weibull, Neutrosophic Rayleigh, Neutrosophic Weibull with 
(three, four, five, six) parameters. 


1. Introduction 


The real world is overstuffed with vague, unclear, fuzzy (problems, situations, ideas). The classical 
probability ignores extreme, aberrant, unclear values, and therefore a new adequate tool had to 
emerge. Neutrosophic logic was introduced by Smarandache in 1995, as a generalization for the fuzzy 
logic and intuitionistic fuzzy logic [5, 6]. Smarandache [3, 7, 8] and Salamaa.et.al [3, 4] were 
presented the fundamental concepts of neutrosophic set. Smarandache extended the fuzzy set to the 
neutrosophic set [1, 3], introducing the neutrosophic components T, I, F which represent the 
membership, indeterminacy, and non-membership values respectively, where]-0, 1+[ is the non- 
standard unit interval. Smarandache presented the neutrosophic statistics, which the data can be 
enigmatic, vague, imprecise, incomplete, even unknown. 

The extension of classical distributions according to the neutrosophic logic means that the parameters 
of classical distribution take undetermined values[1,2,3,10], which allows dealing with all the 
situations that one may encounter while working with statistical data and especially when working 
with vague and inaccurate statistical data, such as the sample size may not be exactly known. The 
sample size could be between 50 and 70; the statistician is not sure about 20 sample persons if they 
belong or not to the population of interest; or because the 20 sample persons only partially belong to 


the population of interest, while partially they don’t belong. This mean, in classical statistics all data 
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are determined, while in neutrosophic statistic the data or a part of it are indeterminate in some 
degree. The neutrosophic researchers presented studies in objects different in neutrosophic statistic, 
such as Salama, Rafief [29], Abdel-Basset and others, see [20-28]. For more than a decade, Weibull 
distribution has been applied extensively in many areas and particularly used in the analysis of 
lifetime data for reliability engineering or biology (Rinne, 2008). However, the Weibull distribution 
has a weakness for modeling phenomenon with non-monotone failure rate. In this paper, we will 
define and study the Neutrosophic Weibull distribution, Neutrosophic family Weibull distribution 
for varies cases as Neutrosophic Weibull, Neutrosophic beta Weibull, Neutrosophic inverse Weibull, 
Neutrosophic Rayleigh, Neutrosophic with (three, four, five, six) parameters, and discuss some 


properties of these distributions, illustrated through examples and graphs. 


2. Terminologies 

In this section, we present some basic axioms of neutrosophic logic, and in particular, the work of 
Smarandache in [3, 7, 8] and Salama et al. [3, 4]. Smarandache introduced the neutrosophic 
components T, I, F which represent the membership, indeterminacy, and non-membership values 
respectively, where ] 0-,1+[ is nonstandard unit interval. 


2.1 Some definitions 
Definition 1 [1, 2, 3] "Neutrosophy is a new branch of philosophy which studies the origin, nature, 
and scope of neutralities, as well as their". 
Definition 2 [1, 2, 3] Let T, LF be real standard or nonstandard subsets of | 0-,1+[, with 
Sup_T=t_sup, inf_T=t_inf 
Sup_l=i_sup, inf_I=i_inf 
Sup_F=f_sup, inf_F=f_inf 
n-sup=t_sup+i_supt+f_sup 
n-inf=t_inf+i_inf+f_inf, 
T, L F are called neutrosophic components. 
Definition 3 [4, 5] Let X be a non-empty fixed set. A neutrosophic set ( NS for short) A is an object 
having the form {x, (u4(x),54(x), ya(x)): x € X} _, where py(x), 64(x) and y,(x) which represent 
the degree of member ship function , the degree of indeterminacy , and the degree of non-member 
ship , respectively of each element x € X to the set A. 
Definition 4 [4,5] The NSS On and 1ninXas follows: 
Oy may be defined as: 
0, = {x 0,0,1:x € X} 
02 = {x 0,1,1:x € X} 
03 = {x 0,1,0:x € X} 
0, = {x 0,0,0:x € X} 
1y may be defined as: 
1, = {x 1,0,0:x € X} 
1, = {x 1,0,1:x € X} 
1, = {x 1,0,0:x € X} 
1, = {x 1,1,1:x € X} 
2.2 Neutrosophic probability 
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Neutrosophic probability is a generalization of the classical probability in which the chance that event 
A = {X,Aj,A2,A3} occurs is P(A1 ) true, P(A2 ) indeterminate , P(A3 ) false on a space X, then 
NP(A) = {X, P(A1), P(Az), P(A3)} 

Definition 5 [3,4] 

Let A and B be a neutrosophic events on a space X, then NP(A) = { X, P(A;), P(Az), P(As)} 

And NP(B) = {X,P(B,),P(B2), P(B3)} their neutrosophic probabilities. 

Definition 6 [3,4] 

Let A and B be a neutrosophic events on a space X, andNP(A) = { X, P(A,), P(A2), P(A3)}, and 
NP(B) = { X, P(B,), P(B2), P(B3)} are neutrosophic probabilities. Then we define 

NP(ANB) ={X, P(A, 0 By), P(Aa N Bo), P(A3 N B3)} 

NP(AU B) = {X, P(A, U By), P(A> U Bo), P(A3 U B3)} 

NP(A®) = {X, P(Ay*), P(Az*) , P(A3")} 


3 Weibull Distribution 


Weibull distribution is one of most important distributions because it is widely used in reliability 
analysis, industrial and electrical engineering, in distribution of life time, in extreme value theory, ... 
etc.; this distribution has various cases dependent on number of parameters such as two or three or 
five parameters a is the scale parameter, 6 is the shape parameter and y is the location parameter. 
Also, it can be used to model a state where the failure function increases, decreases or remains 
constant with time. 


4 Neutrosophic Weibull Distribution 


A neutrosophic Weibull distribution (Neut-Weibull) of a continuous variable X is a classical Weibull 
distribution of x, but such that its mean a or 6 or y are unclear or imprecise. 
For example, a or £ or y can be an interval (open or closed or half open or half close) or can be set(s) 


with two or more elements. Then, the probability density function (p.d.f.) is: 


fy (X) = nx Bu-1e-(X/an)" | x 5 9, Where By: is the shape parameter of distribution Net-Weibull, 
oN 


ay: is the scale parameter of distribution Net- Weibull, such that N is a neutrosophic number. 
4.1 Properties of Neutrosophic Weibull Distribution 


e = The distribution function (c.d.f.) is: 
Fy(X) = 1-7 @/an)Pn 


1 
Ey(X) = aut CX, 


Yu) = ee [r (B22)]— fo (8) 


e The hazard function is: 
hy = ByXPN-1X Bn-dan)Pn 


e The moment rth about mean is: 
rT si 
ay"T (By +) 
N 


e So, the reliability or survival function is: 
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Fy(X) = eX /an PN 

Now, we put By=1 in the formula (1), and we get the neutrosophic exponential distribution [13]. 
4.2 Example of Neutrosophic Weibull distribution 
Let the product be an electric generator produced with high capacity of trademark that has a Weibull 
distribution with parameter a=1, B=[1.5,2]. Compute the probability of electric generator fails before 
the expiration of a five years warranty. 

Solution : 
In this example, we note that the shape parameter is indeterminate. 


The electric generator can work through to one year: 


fu(X) = [1.5,2] x[152]-19-(X/ay)2 52) 


[1.5.2] 
ay 


If we take 8 =15 ,and a=1 
fy(X = 1) = 0.5518 
the probability of electric generator fails before the expiration of a five years warranty: 
P(X <5) =1-e-G/D™ = 0.999986 
If we take B = 2 ,and a=1 
fy(X = 1) = 0.7357 
P(X <5) =1-e-G/* = 0.999999 
Thus, the probability that the electric machine fails has the range between [0.5518, 0.7357]. 
Now, suppose f = 2 and = [1,2], i.e the scale parameter a is indeterminate. 
We take a=1and Bp =2 


fy(X = 1) =+ = 0.7357 


et 
Wetake a=2 and B=2 
1 
fy(X¥ =1) = Fe aa 0.3894 


In this case, the probability that the electric machine fails has the range between [0.7357, 0.3894]. 
Also, we can take more values of X, showed in Figure (1). 

Now, we can compute 

F(X) =1-1/e = 0.6321, ifa=1 

Fy(X) =1—e /12840 = 0.2212, ifa=2. 
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Figure 1: Neutrosophic Weibull distribution. 


4.3 Comparison between Neutrosophic Weibull distribution and Weibull distribution 


1- In classical Weibull, we noted that if the $ = 3.6 or more, the probability distribution 
function (p.d.f) takes value error because it is greater than one, and this contradicts with law 
of probability,consedered Extreme values, while in neutrosophic Weibull this is applicable. 
See Figure (2). 

2- In classical Weibull distribution, when X is increasing, the p.d.f. is decreasing, while in 
Neutrosophic Weibull distribution the p.d.f is unpredictable because of the aberrant values. 

3- Many values that are larger than one are neglected in Weibull distribution, meanwhile in 
Neutrosophic Weibull these values are considered. 

4- When a= f = 1, the p.d.f. will equal zero when X=701,while in neutrosophic Weibull X can 
be of other values such as X={701,100} or [701,100] in this case p.d.f can be of different values. 

4 


3:5 


415 


0.5 


0 2 4 6 8 10 12 14 16 18 
a=1,=1 a=0.5 ,R=1 ———#REF! a=1,8=5 a=2,8=6 


a=1,8=-6 —— 


a=2,8=10 


a=1,=10 


a=2,8=7 


Figure 2: p.d.f of neutrosophic Weibull more than one. 
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5 The Family of Neutrosophic Weibull 


In this section, we study the various types of Net-Weibull, such as neutrosophic Rayleigh 
distribution, neutrosophic inverse Weibull distribution, neutrosophic Beta-Weibull distribution and 


(three, four, five, six)-parameters Weibull distributions. 
5.1 Neutrosophy Rayleigh Distribution 


A Rayleigh distribution is often observed when the total size of a vector is linked to its 
directional components. Considering this distribution is important in the error analysis of various 
systems or individuals. It is also considered as a model for testing life failure/expiration. Rayleigh 
distribution is used in the study of the event of sea wave rise in the oceans and the study of wind 
speed, as well as in the information of the strength of signals and radiation at peak time of 


communications. The distribution is widely applied: 


e In communications theory, to model multiple paths of dense scattered signals getting to a 
receiver; 


e Inthe physics, to model wind speed, wave heights and sound/light radiation; 


e Inengineering, to measure the lifetime of an object, since the lifetime depends on the object’s age 
(resistors, transformers, and capacitors in aircraft radar sets); 


e Inmedical imaging examination, to study noise variance in magnetic resonance imaging. 


Now, we define the probability density function of neutrosophic Rayleigh distribution as follows: 


X + 2 
Ry(X) = nz © x? /26n , X >0, dy is the scale parameter. 


this parameter 6y can take the values of an interval or a set: 
cumulative distribution is Fy(X)=1—e-*° / 25° 


the mean of Neutrosophic Rayleigh distribution is 


E(X) = On & 


the variance: var(x) =2-n/2 Sy’. 
5.2 Neutrosophic Weibull with 3 Parameters 


We can obtain the neutrosophic Weibull with 3-parameters by relaying on Weibull with 2- 
parameters and adding the third parameter, namely the location parameter (y), this is in classical 
probability . Now, we define the neutrosophic Weibull with three parameters (an indeterminacy 
may exist in one parameter or in all parameters). Neutrosophic Weibull with 3-parameters is defined 


as follows: 


(x-yw)BN7*) cx B 
fx(X) = [bv "Fy —le COSYNUGNIEN as 
N 


IA 
= 


e = The distribution function is: 
Fy(X) =1- e-((X-rw)/an) BN 


2 
IA 
>» 


e The hazard function is: 


hy(X) = By (X —Yy)8N(1 Jaye, Yn < X 
e = The survival function is 
Fy(X) = e7(X-yw)/an)PN 


e The variance 
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Vy(X) = ay [Pr (A%2)] — fr (Eat), 


Bnt1 
Bu ): 


e The expected value Ey (X) = Vy + QT ( 


5.3 Four-Parameter Neutrosophic-Beta-Weibull 
The Beta-Weibull was first proposed by Famoye et al. (2005) [11,12, 15]. We now define the new 


density function of neutrosophic-Beta-Weibull distribution (NBW) in neutrosophic logic with 


indeterminacy points for random variable or parameters as follows: 


T'(cytyn) @ x\on-1 i a Sa a 
f(X) = tN ex (=) [1 — en X/B WIN Jew~19-Yn(X/Bu)N 


X>0, Yu, By, An > 0 
where these parameters Yy,fy,@y can be set(s) or interval (closed or open or half): 


a BCL ae — p-X/ Bun YON yn (X/By)EN 
Because 10) = lie gram ay aye Me L © 


an-1 
es They Yn) tn ( £) eWYNX/BNIEN [1 — 9 CK/Bu yen JN 
T (cy) Ow) By Bn 


LEER) momen (RY BI -SE + 


Then the probability of density function is equal to 


AanyCy =1 
anCy > 1 


(ee) 
an U(cntYn) ee ay T(cntyn) 


anCy <1 
pa Bn TV (cen)T (vn) BN. = By V(enw)lQN) | 
0 


where By,Cy, Yn, &y, are Neutrosophy numbers. 


e When cy = Yy = 1, then the (NBW) is reduced to neutrosophic Weibull distribution. 


e When By = ay =1,cy =2,¥y = 6V2, the NBW is reduced to neutrosophy Rayleigh. 


e In(1958) Kies defined the survival function to Weibull with four parameters in classical 
distribution. 


Here we define Neutrosophic survival function in Neutrosophic distribution as follows: 


x-an k 


N 
Fy(X) = eM aa) : Yn > O, ky > 0, 0O< ay <X < By < ~. 


5.4 Neutrosophic Weibull Distribution with 5 Parameters 


Phani in (1987) [14] suggested model with survival function has five parameters. We define the 
neutrosophic Weibull with 5-parameters: 
oa -n [X-ay]?1 
Fy(X) = e ————— ,, yn 4,02 >0, O<ay<XK< Py <om. 
[Bu— X]?2 


5.5 Neutrosophic Weibull Distribution with 6 Parameters 


T, W, and Uraiwan in (2014) [15] proposed a mixed distribution is Beta exponential Weibull Poisson 


distribution. We define the neutrosophic Beta exponential Weibull Poisson distribution as follows: 


Let x be the neutrosophic random variable with parameters yy, ky, Qy, By, b1,b2; 
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a = 
Bwan YN kiN XPN-1y(1-u)*N71eYNG-UW)ON [econo =)" eYN(1-u)?N a7 


B(b1,b2)(e YN -1) (e YN -1) 


f@) = 


where u = e7~*kw)PN 


5.6 Neutrosophic Inverse Weibull Distribution 


Keller et al. (1985) used the inverse Weibull distribution for reliability analysis of commercial vehicle 
engines. Here, we define Neutrosophic inverse Weibull distribution as follows: 


Bw t-BN-1¢-(ay/t)PN 


f(t) = Byak” t-Bv-te-Cen/O"" tS 0, So the Hazard function is hy(t) = 2" morn 
1-e\% 


6 Applications 


Many applications of Weibull families distributions are suitable for modeling and analysis of 
floods, rainfall, sea, electronic, manufacturing products, navigation and transportation control. The 
theories and tools of reliability engineering are applied into widespread fields, such as electronic and 
manufacturing products, aerospace equipment, earthquake and volcano forecasting, communication, 
navigation and transportation control, medical processor to the survival analysis of human being or 
biological species, and so on [14]. So the neutrosophic has the multi-applied in Decision-making, 
introduced by Abdel-Basset and others. 


7 Conclusions 


The study of neutrosophic probability distributions gives us a more comprehensive space in the 
applied field, as it takes into account more than the value of the distribution parameters and not only 
one value as in the classical distributions, and thus we will be able to solve and explain many of the 
issues that have been hindering us or we tended to ignore in classical logic. In this paper, we defined 
th new neutrosophic clasical distribution, the neutrosophic Weibull distribution and neutrosophic 
family Weibull (neutrosophic inverse Weibull, Neutrosophic Rayleigh distribution, Neutrosophic 
Weibull distribution with (3, 4, 5, 6)-parameters, and give clear examples. Because the weibull 
distribution has many applications in different fields.such as control system, relability and others. 
Wealso study some properties of these distributions (mean, variance, failure function and reliability 
function). In the future, we will apply these distributions to many problems and we will examine 


other distributions in neutrosophic logic. 
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On Neutrosophic Vague Graphs 


S. Satham Hussain, R. Jahir Hussain, Florentin Smarandache 


S. Satham Hussain, R. Jahir Hussain, Florentin Smarandache (2019). On Neutrosophic Vague 
Graphs. Neutrosophic Sets and Systems 28, 245-258 


Abstract: In this work, the new concept of neutrosophic vague graphs are introduced form the ideas 
of neutrosophic vague sets. Moreover, some remarkable properties of strong neutrosophic vague 
graphs, complete neutrosophic vague graphs and self-complementary neutrosophic vague graphs 
are investigated and the proposed concepts are described with suitable examples. 


Keywords: Neutrosophic vague graphs, Complete neutrosophic vague graph, Strong neutrosophic 
vague graph. 


1. Introduction 


Initially, vague set theory was first investigated by Gau and Buehrer [30] which is an 
extension of fuzzy set theory. Vague sets are regarded as a special case of context-dependent fuzzy 
sets. In order to handle the indeterminate and inconsistent information, the neutrosophic set is 
introduced by the author Smarandache and studied extensively about neutrosophic set [14] - [37] and 
it receives applications in many fields. In neutrosophic set, the indeterminacy value is quantified 
explicitly and truth-membership, indeterminacy membership, and false-membership are defined 
completely independent, if the sum of these values lies between 0 and 3. The new developments 
of neutrosophic theory are extensively studied in [1] - [6]. Molodtsov [28] firstly introduced the soft 
set theory as a general mathematical tool to with uncertainty and vagueness. Akram [9] established 
the certain notions including strong neutrosophic soft graphs and complete neutrosophic soft graphs. 
The authors [7] first introduce the concept of neutrosophic vague soft expert set which is a 
combination of neutrosophic vague set and soft expert set to improve the reasonability of decision 
making in reality. Neutrosophic vague set theory are introduced in [8]. The operations on single 
valued neutrosophic graphs are studied in [11]. Further, intuitionistic neutrosophic soft set and 
graphs are developed in [13]. Now, the domination in vague graphs and its is application are 
discussed in [16]. Intuitionistic neutrosophic soft set are studied in [18]. Interval valued 
neutrosophic graphs are developed by the author Broumi [22,23,25]. Interval neutrosophic vague sets 
are intiated in [31]. Motivation of the aforementioned works, we introduced the concept of 
neutrosophic vague graphs and strong neutrosophic vague graphs. This is a new developed theory 
which is the combination of neutrsophic graphs and vague graphs. Here the sum of Truth, 
Intermediate and False membership value lies between 0 and 2 since the truth and false membership 


are dependent variables. Here the complement of neutrosophic vague graphs is again neutrosophic 
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vague graphs. This development theory will be applied in Operation Research, Social network 
problems. Particularly, fake profile is one of the big problems of social networks. Now, it has become 
easier to create a fake profile. People often use fake profile to insult, harass someone, involve in 
unsocial activities, etc. This model can be reformulated in the abstract form to be applied in 
neutrosophic vague graphs. The major contribution of this work as follows: 

¢ Newly introduced neutrosophic vague graphs, neutrosophic vague subgraphs, 
constant neutrosophic vague graphs with examples. 

e Further we presented some remarkable properties of strong neutrosophic vague 


graphs with suitable examples. 


2 Preliminaries 
Definition 2.1 [10] A vague set A on anon empty set X is a pair (Tg, Fa), where Ty: X — [0,1] and 
Fa: X — [0,1]are true membership and false membership functions, respectively, such that 
0 < Ta(r) + Fa(r) < 1 forany re X. 
Let X and Y be two non-empty sets. A vague relation R of X to Y is a vague set R on X XY that 
is R = (Tp, Fp), where Tp: X x Y > [0,1], Fp: X x Y > [0,1] which satisfies the condition: 
0 < Te(,s) + Fr(,s) $1 for any re€X. 
Let G = (R,S) bea graph. A pair G = (J,K) isnamed asa vague graphon G* ora vague graph where 
J = (T,,F)) is a vague set on R and K = (Tx, Fx) is a vague set on S © RXR such that for each rs € 
S, 
Tx(rs) S$ (H@) AT (S))&F x (rs) = (T(r) V F)(s)). 
Definition 2.2 [9] A Neutrosophic set ACB, (ie) AGC if Vr €X,T,@) < Tg), 14+) = Ip(r)and 
Fa(r) = Fg(r). 
Definition 2.3 [12, 26, 30] Let X be a space of points (objects), with a generic elements in X known 
by r. A single valued neutrosophic set (SVNS) A in X is characterized by truth-membership 
function T,(r), indeterminacy-membership function I,(r) and falsity-membership-function F,(r). 
For each point r in X, Ta(r), Fa(r), 1a@) € [0,1]. 
A= {r, Ta(r), Fa(r), In} and 0 < Ta(r) + I4(7) + Fa(r) < 3 
Definition 2.4 [19, 20] A neutrosophic graph is represented as a pair G* = (V,E) where 
(i) R = {1,,1r2,-.,%,} such that T, = R > [0,1], I, =R- [0,1] and F, = R > [0,1] denote the 
degree of truth-membership function, indeterminacy function and falsity-membership function, 
respectively and 
0<Ty(r) +I,(r) + Fa(r) S$ 3 
(ii) S© RXR where Tz =S > [0,1], I, =S > [0,1] and F, =S = [0,1] are such that 

T,(rs) S$ {T1() AT, (S8)}, 

Ih(rs) 2 {1 @) V (sj, 

F2(rs) 2 {Fi (1) V Fi(8)}, 

and 0 < Tp(rs) + In(rs) + F2(rs) $ 3, Vrs ER 

Definition 2.5 [8] A neutrosophic vague set Ayy (NVS in short) on the universe of discourse X 


written as 
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Any = (0, Tayy (0), Dany) Fany()), 1 © X} 
whose truth-membership, indeterminacy membership and falsity-membership function is defined as 
Tay) = (7°, TOLE OP OLE @, Fol 

where Tt(r) = 1—F°(r),Ft(r) =1-T (ry), and OS T(N +I) +F (rr) €2. 
Definition 2.6 [8] The complement of NVS Ayy is denoted by Ay and it is represented by 

Tiyy@ = [1-T*@),1-TOO), 

Mv) = -FO1-F@), 

gO =F Orr @), 
Definition 2.7 [8] Let Ayy and Byy be two NVSs of the universe U. If for all r; € U, 

Ta yy = Ty Wid» Layy Oi) = Tay OD) Fayy (rd = Feny i) 


then the NVS Ayy are included by Byy, denoted by Ayy S Byy where 1 <i<n. 


Definition 2.8 [7] The union of two NVSs Ayy and Byy isaNVSs, Cyy, written as Cyy = Any U Byy, 
whose truth membership function, indeterminacy-membership function and false-membership 
function are related to those of Ayy and Byy by 

Teyy (x) = [max(Tayy (1) Tay (1), max(Thyy OTE yy (1 

loyy @&) = [mindy ayy ©), mindy My ©) 

Foyy (x) = [min(Fayy (7) Feyy (1), min Pay Fay) 
Definition 2.9 [7] The intersection of two NVSs Ayy and Byy isaNVSs Cyy, written as Cyy = Any N 
Byy, whose truth membership function, indeterminacy-membership function and false-membership 
function are related to those of Ayy and Byy by 

Teyy (x) = [min(Tayy (Tay), min(Thyy OTE yy OI 

Toy @&) = [max(layy ayy), max (in My O)] 

Foyy (x) = [max(Fayy (1) Fayy (1), max(Payy FE yy()) 
3 NEUTROSOPHIC VAGUE GRAPH 
Definition 3.1 Let G* = (R,S) be a graph. A pair G = (J,K) is named as a neutrosophic vague graph 
(NVG) on G* or a neutrosophic graph where J = (Tj, 1), F;) is a neutrosophic vague set on R and 
K = (Ty, Ix, Fx) is a neutrosophic vague set S © Rx R where 

(1) R= {r,,1z,.--, ln} such that 
T:R= [0,1], 17:R [0,1], Fy:R > [0,1] 
which satisfies the condition Fy = [1 — T;*] 
Tj':R > [0,1], j{:R > [0,1], Ff:R > [0,1] 
which satisfies the condition Fj’ = [1 — Ty] indicates the degree of truth membership 

function, indeterminacy membership and falsity membership of the element r; € R., and 

0<T @)+) CD) +Fy Gp) S 2. 

OST) + IC) + FPG) S 2. 

(2) S&©RXR where 
To:RXR- [0,1], Ig:R x R > [0,1], Fg: RX R > [0,1] 
T¢:RxR- [0,1], I#:R x R > [0,1], Fi:R x R > [0,1] 
indicates the degree of truth membership function, indeterminacy membership and _ falsity 


membership of the element rj;,r; € S. respectively and such that 
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0< Tx (rj) + Ik (1) + Fx) <2. 


such that 
Te (rs) < (TAT, ()} 
(rs) < (7 MAT ()} 
Fx(rs) S {Fy @) Vv Fy (s)}, 
similarly 


TE(rs) < TO) AT*()} 
K(rs) < HFM) Alto} 
Fx(rs) < {Fj (r) V Fj'(s)}. 
Example 3.2 A neutrosophic vague graph G=J,K) such that J = {a,b,c} and K = {ab,bc,ca} 


indicated by 
4 = T[0.5,0.6], I[0.4,0.3], F[0.4,0.5], 6 = T[0.4,0.6], I[0.7,0.3], F[0.4,0.6], 
@ = T[0.4,0.4], 1[0.5,0.3], F[0.6,0.6] 
a> = (0.5,0.4,0.4), b~ = (0.4,0.7,0.4), c~ = (0.4,0.5,0.6) 
at = (0.6,0.3,0.5),b* = (0.6,0.3,0.6), c* = (0.4,0.3,0.6) 
(0.5,0.4,0.4)~ 
(0.6,0.3,0.5)* 
(0.4,0.5,0.6)- (0.4,0.4,0.5)~ apeuecua a 
(0.4.0.3,0.6)* (0.4.0.3,0.5)* (0.6,0.3,0.6) 


Figure 1 
NEUTROSOPHIC VAGUE GRAPH 


Definition 3.3 A neutrosophic vague graph H = (J (r),K(r)) is meant to be a neutrosophic vague 
subgraph of the NVG G = (Jj,K) if J(r) SJ) and K (rs) © K(rs) in other words, if 

TOS 1a) 

bs 1F@ 
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Fi () = Fp@vreR 
and 
T. (rs) < Te(rs) 
ig (rs) < fg(rs) 
Fy (rs) > Fg(rs)v(rs) € S. 
Example 3.4 A neutrosophic vague graph G = (J, K) in Figure (1) 


(0.5,0.5,0.5)~ 
(0.4,0.4.0.5)* 


(0.4,0.5,0.6)~ (0.4,0.7,0.4)" 
(0.3,0.5,0.6)* (0.5,0.3,0.6) 


H,Figure 2 
H, is aneutrosophic vague subgraph of G 
Definition 3.5 The two vertices are said to be adjacent in a neutrosophic vague graph G = (J,K) if 
Tx (ts) = {Ty @) AT; (s)} 
ks) =f @MAT@} 
Fx (rs) = {Fy (r) V Fy (s)} and 
Tx (rs) = {Tj @) A T/"(s)} 
Ix(rs) = (4) ATF (s)} 
Fx (rs) = {Fy (r) Vv Fy'(s)} 
In this case, r and s are known to be neighbours and (rs) is incident at r and s also. 
Definition 3.6 A path p ina NVG G = (,,K) is a sequence of distinct vertices ro,r4,...,%, such that 
Tk(i-vty) > 0, kG) > 0, Fear) > 0, TRGi-111) > 0, Ik@i-v ti) > 0, FeGi-v tr) > 0, 
for 0 <i<1,here n <1 is called the length of the path p. A single node or single vertex r; may all 
consider as a path. 
Definition 3.7 A neutrosophic vague graph G = (J,K) is said to be connected if every pair of vertices 
has at least on neutrosophic vague path between them otherwise it is disconnected. 
Definition 3.8 A vertex rj € R of neutrosophic vague graph G = (j,K) called as a pendent vertex if 


there is no effective edge incident at ¥;. 
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Definition 3.9 A vertex in a neutrosophic vague graph G = (J,K) having exactly one neighbours is 
called a isolated vertex. otherwise,it is called non-isolated vertex. An edge in a neutrosophic vague 
graph incident with a isolated vertex is called a isolated edge other words it is called non-isolated 
edge. A vertex in a neutrosophic vague graph adjacent to the isolated vertex is called an support of 


the pendent edge. 


Example 3.10 A neutrosophic vague graph G = (J,K) in figure (3) 


(0.5.0.4,0.4)~ 
(0.6,0.3,0.5)* 


b 
(0.4.0.5,0.6)~ (0.4.0.7,0.4)~ 
(0.4.0.3,0.6)* (0.6.0.3,0.6)* 
H, Figure 3 


NEUTROSOPHIC VAGUE GRAPH 
In figure (3), the neutrosophic vague vertex b is an pendent vertex. 
Definition 3.11 Let G = (J, K) be aneutrosophic vague graph. Then the degree of a vertex r€G isa 
sum of degree truth membership, sum of indeterminacy membership and sum of falsity membership 
of all those edges which are incident on vertex r_ represented by d(r)= 
([d5,(7), 44,0], [ai (0), dF (FI) [dg ), dg) where 
dz,(r) = Lres Tk (rs),d7,(r) = Lres Tk (rs) indicates the degree of truth membership vertex 
dj (r) = Lres Ix (rs),di(r) = Lres (rs) indicates the degree of indeterminacy membership 
vertex 
dg, (r) = Lres Fx(rs),dp,(r) = Lres Fx (rs) indicates the degree of falsity membership vertex 
for all r,s € J. 
Example 3.12 A neutrosophic vague graph G = (J,K) in figure (1), we have the degree of 
each vertex as follows 
dz(a) = (0.6,0.7,0.9), dz(b) = (0.7,0.8,1.3), dz(c) = (0.7,0.7,1.0), 
dé(a) = (0.9,0.6,1.0), dt (b) = (0.9,0.6,1.0), d#(c) = (0.8,0.6,1.0) 
Definition 3.13 A neutrosophic vague graph G = (J,K) is called constant if degree of each vertex is 
A = (A,,A2,A3) thatis d(x) = (A;,, A2,A3) forall x € V. 
Example 3.14 Consider a neutrosophic vague graph G = (J,K) in figure (4)defined by 
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4 = T[0.5,0.6], I[0.6,0.4], F[0.4,0.5], 6 = T[0.4,0.4}, I[0.4,0.6], F[0.6,0.6], 
@ = T[0.4,0.6], I[0.7,0.3], F[0.4,0.6], d = T[0.6,0.4], I[0.3,0.7], F[0.6,0.4] 
a~ = (0.5,0.6,0.4), b~ = (0.4,0.4,0.6), c~ = (0.4,0.7,0.4), d~ = (0.6,0.3,0.6) 
at = (0.6,0.4,0.5), bt = (0.4,0.6,0.6), ct = (0.6,0.3,0.6),d* = (0.4,0.7,0.4). 


/ _ 
oe 2 3 — oe < 
aon (0.3.0.3.0.6) C_ *o 
oS 2 + "2 Fo 
Le (0.3.0.3.0.6) Ps Fa Ws, 
a) “Ss ~ 
SS as 
— —— 
SS SoS 
SoS SoS 
a ms aa 
SS SoS 
am nanan 
— a 
d ec 
(0.6_0.3.0.6)— (0.3.0.3.0.6)— (0.4.0.7.0.4)— 
(0.4.0.7.0.4)* (0.3.0.3.0.6)+* (0.6_0.3.0.6)+* 


Figure 4 
CONSTANT NEUTROSOPHIC VAGUE GRAPH 
Clearly as it is seen in figure(4) G is constant neutrosophic vague graph since the degree of (8, b,é, d) 
and d = (0.6,0.6,1.2). 
Definition 3.15 The complement of neutrosophic vague graph G = (J,K) on G* is a neutrosophic 
vague graph G° on G* where 
* J°@) =J@) 
“TF O=FM,7 OM =F,F © =F forall rer. 
To @ =O, © =, Fi © = FP forall rer. 
° Tx (rs) = {Ty (1) A Ty (s)} — Te (rs) 
Ix (rs) = {ly (r) Aly (8)} — Ix) 
Fx (rs) = {Fj (r) V Fj (s)} — Fx(rs) for all (rs) € S 
© Te (rs) = {Ti (1) AT (8)} — TE (rs) 
Ie (rs) = {If (r) AT} (8)} — 1k (rs) 
Fi (rs) = {Fj (r) V Fj‘ (s)} — Fig(rs) for all (rs) € S 


4 Strong Neutrosophic Vague Graphs 
Definition 4.1 A neutrosophic vague graph G=(J,K) of G* =(R,S) is named as a strong 
neutrosophic vague graph if 
Tx ts) = {T, @) AT; (s)} 
Ik@s) = Ty MAT (S)} 
Fx (rs) = {Fy (r) Vv Fy (s)} and 
Tk (rs) = {T° @) A T/"(s)} 
Ix(rs) = {I (7) AT (s)} 
Fx(rs) = {Fj (r) V Fj'(s)} for all (rs € S) 
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Example 4.2 A neutrosophic vague graph G=J,K) such that J = {a,b,c} and K = {ab,bc,ca} 
defined by 4 = T[0.3,0.4], I[0.4,0.6], F[0.6,0.7], b = T[0.6,0.4], I[0.6,0.7], F[0.6,0.4], 
é = T[0.7,0.7], 1[0.5,0.6], F[0.3,0.3] 


(0.3,0.4,0.6)~ 
(0.4,0.6,0.7)* 


(0.6.0.6.0.6)~ 


(0.7,0.5,0.3)~ 0.6,0.5,0.6)~ 
: ) (0.4.0.7,0.4)* 


(0.7.0.6,0.3)* (0.4.0.6,0.4)+ 


Figure 5 


STRONG NEUTROSOPHIC VAGUE GRAPH 


Remark 4.3 If G = (J, K) is a neutrosophic vague graph on G* then from above definition, it follow 
that G° is given by the neutrosophic vague graph Go = I“, K* on G* where 
oe) 
“TF IM=5M.57 MO =F.F @ =F) forall rer. 
TM =O, =), Ff @ = FP) forall rer. 
© (Tk )*(rs) = (Ty (AT (s)} - Te (rs) 
(lie )°(rs) = {7 (1) AT; (s)} — Hers) 
(Fx )°(rs) = {Fy (r) V Fy (s)} — Fx(rs) forall (rs) € S 
© (TE) (rs) = (Ti (A T*(s)} — TE (rs) 
(he) (rs) = {I () ATF (S)} — Hers) 
(Fi*)°(rs) = {Fy (1) v F/'(s)} — Fx(rs) for all (rs) € S 


for any neutrosophic vague graph G,G° is strong neutrosophic graph and G & G‘ 
Definition 4.4 A strong neutrosophic graph G is called self-complementary if G = G°where G° is 
the complement of neutrosophic vague graph G. 

Example 4.5 A neutrosophic vague graph G = (J,K) such that J = {a,b,c,d} and K = {ab, bc, cd, da} 


defined as follows: consider a neutrosophic vague graph G as in figure(6) 
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! @ 
= es 
AD A (0.6,0.3,0.7) @ 72, ax e os 
CS (0.3,0.3,0.4)* @.%0 sf YO, 
of a b 02 Lae by es 2s 
so S 27 ae, 0,2 
eg Ax < SS Dx 
S S 
ean 1+ 
re aiey 
oe oe 
a4 ae 
es os 
to ma 
esc es 
d c = 
- a 
(0.4,0.4,0.7)- (0.4,0.4,0.7)- (0.4.0.4,0.2)~ weaeoe? Bao 
(0.3,0.6,0.6)* (0.3,0.4,0.6)* (0.8,0.4,0.6)* een mesic 
G STRONG NVG G° STRONG NVG 
oe @e 
=~ (0.6_0.3.0.7)— “2p =o 
+S (0.3.0.3.0.4)+ 72 Fa 
= ns b — 
= a agile 
SS x 
— Ss 
= i+ 
== ee 
ss on 
: = sS 
ss Pe 
SS — 
d c 
(0.4_0.4.0.7)— (O0.4_0.4.0.7)— (O.4_0.4._0.2)— 
(O._8.0.4._0.6)+* 


(O_3_0.6_0.6)+ (O0.3_0.4._0_.6)+ 


G° STRONG NVG 


Clearly, as it is seen in figure (6) G = ee 
Hence G is self complementary. 
Proposition 4.6 Let G = (J,K) be a strong neutrosophic vague graph if 
Te (ts) = {TAT} 
lets) = (7 (©) AF )} 
Fx(rs) = {Fy (1) V Fy (s)} 
TEC) = (T° @) AT ()} 
lets) = OF ©) ATF ()} 
Fx (rs) = {Fj (r) V Fj'(s)} for all rs € K 
Then G is self complementary. 
Proof. Let G = J, K) be a strong neutrosophic vague graph such that 


a 1 Eke 
Tx(rs) = 5 min[Tj(r), T,(s)] 
‘ 1 A * 
Ix(rs) = 5 min[l} ©), Ih(s)] 


F,(rs) = smaxh; (r), Fy(s) 
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for all rs € J then G = G° under the identity map I:J > J. Hence G is self complementary 


Proposition 4.7 Let G be a self complementary neutrosophic vague graph then 


= 1 he tes 
y T.(rs) = 5), min{F,(r), 7,(s)} 


, 1 Sp bss 

» ic(t's) = 5), min{i,(r),1,(s)} 
. 1 ee 

Sy Pots) = =), max{F,(r), F,(s)} 


Proof. If G be an self complementary neutrosophic vague graph then there exist an isomorphism 
f:J, > Jz satisfy 
Tf) = 7,4) = 7,0 
ff, €@)) = §,¢@) = 5,0 
FF (f@)) = Fi, €@)) =F, 
and 
Te, (f(r), f(s) = Tk, (fF), f(S)) = Tx, (rs) 
Tk, (F@), f(S)) = Ix, (FO), f(S)) = Tx, (rs) 
Fx, (FO), f(s) = Fx, (FO), f(s) = Fx, (rs) 
we have Tx, (f(r), f(s) = min(Ty (7), Ty (s)) — Tk, (Ff), f(s) . ive, Tk, (rs) = min(Ty (7), Ty (s)) — 
Tx, (f(r), f(s)). Tx, (rs) = min(Tf, (r), Tf (s)) — Tx, (rs). that is 
Lres Tk, (1s) + Lres Tk, (rs) = Lres min(Ty, (n), T,, (s)). 
Similarly, Yp+s Ik, (rs) + Lees Ik, (rs) = Lres mindy, (7), fj, (s) 


» Py, (rs) + Py, (rs) = y max(F,, (1), Fy, (s)) 


2: Tx, (ts) = > min(F,, (1), 7,,(s)) 
2 » ik, (ts) = > min (4, (1), fy, (s)) 
2 Px, (ts) = > max(B,, (r), B,, (s)) 


from the equation of the proposition (4.8) holds. 
Proposition 4.8 Let G, and G, be strong neutrosophic vague graph G, ~ G,(isomorphism) 
Proof. Assume that G, and G, are isomorphic there exist a bijective map f:J, > J, 
satisfying, 
7, =7,,¢@),h,@ =h,¢@), h,@ = Fy, f@), forallr € Jy 
and 
Tx, (ts) = Tx, (f(r), f(s) 
Ix, (rs) = Tx, (F@), f(s) 
Fx, (0) = Fx, (fF), f(s) vrs € Ky 
by definition (4.3) we have 
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Tx, (rs) = min(T,, (r), Ty, (s)) — T, (rs) 
= min(Ty, f(r), T,f(s)) — Tx, (F@™£(s)) 
= Tx, (F@)f(s)) 
Ik, (rs) = min(Jy, (r), I, (s)) — Ik, (rs) 
= min(Ij, f(r), Ij, f(s)) — Ix, (F@)£(s)) 
= Ik, (F@)f(s)) 
Fx, (rs) = max(Fy, (7), Fy, (S)) — Fx, (rs) 
= max(F,, f(r), Fj, f(s)) — Fx, (f()f(s)) 
= Fx, (f@)f(s)) 
Hence Gj ~ G§ for all (rs) € K, 
Definition 4.9 A neutrosophic vague graph G = (J,K) is complete if 


Tks) = {Ty MAT (s)3 
Ik@s) = Uy @), 1 (93 
Fx (ts) = {Fy (x) V Fy (s)}, 
imilarly, 
a Tx (rs) = (T(r) A T/*(s)} 


Ik(rs) = {I (7) AT (s)} 


Fx(rs) = {Fj (r) V F}'(s)}forr,s € J. 
Example 4.10 Consider a neutrosophic vague graph G = (J,K) such that J = {a,b,c,d} and K= 


{ab, bc, cd, da} defined by 


7} 
fd. —e, = 
ee (0.6.0.3.0.7)— "2, 
> + "Px 70 
rl (0.3.0.3.0.4) Se 
as} a b “4, 7s 
oS x 
S$ 
! + 
en oS 
as ss 
G G no st 
~~ ef) os 
oc ~~ 
= ee 
d c 
(0.4.0.4.0.7)— (0.4.0.4.0.7)7— (0.4.0.4.0.2)7— 
(0.8.0.4,0.6)* 


(0.3.0.6.0.6)* (0.3.0.6,0.6)* 


Figure 7 
COMPLETE NEUTROSOPHIC VAGUE GRAPH 
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Definition 4.11 The complement of neutrosophic vague graph G=(J,K) of G*=(V,E) is a 
neutrosophic vague complete graph G = (J°,K*°) on G* = (R,S‘°) where 

(1) a) = Jap 

2) Tro = Hoy, tod = hp, Fr) = f(r) forall ry € J 

(3)Te(risj) = Th) A Ty(5))) — Tx Ois)) 

Cis) = Gh) ACS) — Iki s)) 
Fx(ris;) = (Fy(i) V Fy(s;)) — Fe(ris;) for all (ris;) € K 

Proposition 4.12 The complement of complete neutrosophic vague graph with no edge. or if G is 
complete then G° the edge is empty. 


Proof. Let G = J,K) be acomplete neutrosophic vague graph so 
Tx (TiS)) - (T; (rj) A T, (sj)) 


Ix (risj) - CG) A T(s;)) 


Fy (15)) = (Fy(ri) v Fy(s\)) V(r, sj) €J 
Hence in G‘°. Now, 


Tx (ris)) = (7; (ri) A T (sj)) - Tx (TiS)) 
= (Tr) ATs) — Gay) AT) Vij,-.on 
= 0OV,i,j,...,n. 
and 
Ik(s)) = (i, (ri) A 1,(s;)) = Ix (risj) 
= Gr) A105) — Ga) A1G)vij,...n 
= 0Vi,j,...,n. 
Similarly FX (rj,s;) = 0. Thus, (T(r, §)), Ik (ris $)), Fx Ti $))) = (0,0,0) 


Hence, the edge set of G° is empty if G is a complete neutrosophic vague graph. 


Conclusion and futute directions: 

This work dealt with the new concept of neutrosophic vague graphs. Moreover, some 
remarkable properties of strong neutrosophic vague graphs, complete neutrosophic vague graphs 
and self-complementary neutrosophic vague graphs have been investigated and the proposed 
concepts were described with suitable examples. Further we can extend to investigate the regular 
and isomorphic properties of the proposed graph. This can be applied to social network model and 


operations research. 
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An Introduction to Neutrosophic Bipolar Vague Topological 
Spaces 


K. Mohana, R. Princy, Florentin Smarandache 


Mohana K, Princy R, Florentin Smarandache (2019). An Introduction to Neutrosophic Bipolar Vague 
Topological Spaces. Neutrosophic Sets and Systems 29, 62-70 


Abstract: The main objective of this paper is to make known to a new concept of generalised 
neutrosophic bipolar vague sets and also defined neutrosophic bipolar vague topology in topological 
spaces. Also, we introduce generalized neutrosophic bipolar vague closed sets and conferred its 
properties. 


Keywords: Bipolar set, Vague set, Neutrosophic set, Neutrosophic Bipolar Vague set, Neutrosophic 
Bipolar Vague Topological Spaces. 


1. Introduction 


Levine [24] studied the Generalized closed sets in general topology. Several investigations were 
conducted on the generalizations of the notion of the fuzzy set, after the introduction of the concept of 
fuzzy sets by Zadeh [34]. In the traditional fuzzy sets, the membership degree of component ranges 
over the interval [0, 1]. Few types of fuzzy set extensions in the fuzzy set theory are present, for example, 
intuitionistic fuzzy sets[12], interval-valued fuzzy sets[32], vague sets[30] etc. As a generalization of 
Zadeh’s fuzzy set, the notion of vague set theory was first introduced by Gau W.L and Buehrer D.J [22]. 
In 1996, H.Bustince & P.Burillo indicated that vague sets are intuitionistic fuzzy sets [15]. 

Intuitionistic fuzzy sets and interval-valued intuitionistic fuzzy sets can handle only unfinished 
information but not the indeterminate and unreliable information which happens normally in actual 
circumstances. Hence, the conception of a neutrosophic set is very common, and then it can overcome 
the aforesaid issues on the intuitionistic fuzzy set and the interval-valued intuitionistic fuzzy set. In 
1995, the definition of Smarandache’s neutrosophic set, neutrosophic sets and neutrosophic logic have 
been useful in many real applications to handle improbability. Neutrosophy is a branch of philosophy 
which studies the source, nature and scope of neutralities, as well as their interactions with different 
ideational scales [31]. The neutrosophic set uses one single value to indicate the truth-membership 
grade, indeterminacy-membership degree and falsity membership grade of an element in the universe 
X. The theory has been brought into extensive application in varieties of field [1-6, 8, 10, 11, 14, 17, 23, 
27, 33, 35] for dealing with indeterminate and unreliable information in actual domain. The conception 
of Neutrosophic Topological space was introduced by A.A.Salama and S.A.Alblowi [29]. 

Bipolar-valued fuzzy sets, which was introduced by Lee [25, 26] is an extension of fuzzy sets 
whose membership degree range is extended from the interval [0, 1] to [-1, 1]. The membership degrees 
of the Bipolar valued fuzzy sets signify the degree of satisfaction to the property analogous to a fuzzy 
set and its counter-property in a bipolar valued fuzzy set, if the membership degree is 0 it means that 
the elements are unrelated to the corresponding property. Furthermore if the membership degree is on 
(0, 1] it indicates that the elements somewhat fulfil the property, and if the membership degree is on 
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[-1,0) it indicates that elements somewhat satisfy the entire counter property. After that, Deli et al. [21] 
announced the concept of bipolar neutrosophic sets, as an extension lead of neutrosophic sets. In the 
bipolar neutrosophic sets, the positive membership degree T*(x),1*(x),F*(x) signifies the truth 
membership, indeterminate membership and false membership of an element x € X analogous to a 
bipolar neutrosophic set A and the negative membership degree T~ (x), I” (x), F” (x) signifies the truth 
membership, indeterminate membership and false membership of an element x € X to some implied 
counter-property analogous to a bipolar neutrosophic set A. There are quite a few extensions of 
Neutrosophic Bipolar sets such as Neutrosophic Bipolar Soft sets [7] and Rough Neutrosophic Bipolar 
sets [28]. 

Neutrosophic vague set is a combination of neutrosophic set and vague set which was well- 
defined by Shawkat Alkhazaleh [30]. Neutrosophic vague theory is a useful tool to practise incomplete, 
indeterminate and inconsistent information. In this paper, we introduced the perception of a 
neutrosophic bipolar vague set as a combination of neutrosophic set, Bipolar set and vague set and we 
also define the concept of generalised Neutrosophic Bipolar Vague set. 

2. Preliminaries 
Definition 2.1[16]: Let X be the universe. Then a bipolar valued fuzzy sets, A on X is defined by positive 
membership function 4: X—>[0,1] and a negative membership function u4: X—[-1,0]. For sake of 
easiness, we shall practice the symbol A= {< x, 4 (x), Ma (x)>: x € X}. 

Definition 2.2[18]: Let A and B be two bipolar valued fuzzy sets then their union, intersection and 
complement are well-defined as follows: 

(i) hue (x) = max { uF 00), M00). 

(ii) H4up %) = min { 43 (x), Ue (X)}. 

(iii) ine () = min { wh (0), u OO). 

(iv) Hang) = max { 4 (x), Mp (x)}- 

(v) wx (x)= 1-u4 (x) and 45 (x)= -1-"4 (x) for all xe X. 

Definition 2.3[15]: A vague set A in the universe of discourse U is a pair (ta, fa ) where ta : U->[0,1], fa 
: U-[0,1] denote the mapping such that ta + fa < 1 for all ué U .The function ta and fa are called true 
membership function and false membership function respectively. The interval [ta ,1-fa] is called the 
vague value of uin A, and denoted by va(u), i.e va(u)=[ta ,1-fa]. 

Definition 2.4[15]: Let A be a non-empty set and the vague set A and B in the form A= {<x, ta ,1-fa >:x€ 
X}, B={<x, ts ,1-fe >:x€ X}. 

Then 
(i) AS B if and only if ta(x)Sta(x) and 1-fs(x) < 1-fe(x). 

(ii) AU B={<max(ta(x),tp(x)), max(1-fa(x),1-fe(x))>/xEX}. 

(iii) AN B={<min(ta(x),te(x)), min(1-fa(x),1-fa(x))>/xEX}. 

(iv) A={<x, fa(x) ,1-ta(x)>:x€EX}. 

Definition 2.5[14]:Let X be a universe of discourse. Then a neutrosophic set is well-defined as: A = {(x, 
Ta(x), a(x), Fa(x)):x € X}, which is categorized by a truth-membership function Ta:X — ]0-1+[, an 
indeterminacy membership function Ia:X — ]0-,1+[and a falsity-membership function Fa:X — ]0-,1+{. 
There is no restriction to the sum of Ta(x), Ia(x) and Fa(x), so 07s supTa(x) < supIa(x) § supFa(x) § 3+. 
Definition 2.6[30]: A neutrosophic vague set Aygy(NVS in short) on the universe of discourse X written 
as, 

Anev ={< Tyav(x), fvev(x), Fev (x) >:x € X} whose truth-membership, indeterminacy-membership 
and falsity-membership functions is defined as, 

Tyev (x) =[T-,T*], Ivey (x) =[I-,I*], Fev (x) = [F-, F*] where 
T+ =1-F ,Ft =1-andT,-0<T°+I-+F° <2'. 

3. Bipolar Neutrosophic Vague Set: 

Under this division, we present and well-defined the notion of neutrosophic bipolar vague set and its 


operations. 
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Definition 3.1: If A={< x, [Ty,T*]*, 7, 1t]*, [Fr Ft ]* [Ty TH, a [Fa Ff] >} and B={< x 
[Ts Te)", Ue, le)", Fe Fe)", [Ts Te], Ue, le)”, (Fe, Fs | >} where 

(T*)t =1-(F-)*, (Ft)* =1-(7)t and (7+) = -1-(F),7 (Ft) = -1-W) Oot rt, Ft: 
X->[0,1] and T~, 1~, F~:X—[-1,0] are two neutrosophic bipolar vague sets then their union, intersection 


and complement are well-defined as follows: 
1.AUB= { max[T, , Tg ]*, max[T}, Tz ]*, 
min{J,, 13 ]* , min{If, 13 ]* , 
min[F,, Fz |t, min[Fy, Fe ]t, 
min[T,, Tz |~, min[T}, TF 17, 
max [I7,I3]7 , max[I}, If)", 
max[F, , Fz |, max[Fy, Fe ]7}. 
2.ANB={ min[T; , Tz ]*, min[T7, Tz ]*, 
max[I7,13]* ,max{[I}, I¢]* , 
max[F;, Fz ]*, max[Ft, Fe ]t, 
max[T, ,Tz |”, max[T}, Tz], 
min [I,,/3]” , min{/7, Ig], 
min[F,, Fz ]~, min[Fy, Fe ]}. 
3. Aats[Fp FAV (1 te tT TTA Fa FT td A Ta TAT > 
Definition 3.2: Suppose A and B be two neutrosophic bipolar vague sets defined over a universe of 
disclosure X. We say that ACB if and only if [Ty <Ts]*, [Ti STs], Ua =le]*, UE = Ie], 
[Fa = Fel", [Fa = Fel", (Ta =Ts).(Ts = Ts) Ua Ste) UA Sle), [Fa S Fe), [Fo S Fel. 
Definition 3.3: A bipolar vague topology NBVT on a nonempty set X is a family NBV: of Neutrosophic 
bipolar vague set in X sustaining the following axioms: 
1. 0,1€NBY,. 
2. GiNG: € NBYV,, for any G1,G2 € NBY,. 
3. UGi € NBV, for any arbitrary family { Gi: Gieé NBV,, ie]}. 
Under such case the pair (X, NBV,) is known as the neutrosophic bipolar vague topological space and 
any NBVS in NBV, is known as bipolar vague open set in X . The complement A of a neutrosophic 
bipolar vague open set (NBVOS) A in a neutrosophic bipolar vague topological space (X, NBV,) is 
referred as a neutrosophic bipolar vague closed (NBVCS) in X. 
Example 3.4: Assume X={u,v}, 


u v 
Anpv= Lesomosea oat 0.4,—0.1][—0.5,—0.6][—0.9, —0.6] ’ [0.3,0.6][0.4,0.4][0.4,0.7][ aes 0.2][-0.6,—0.8][-0.8, nai? 


}. 


Bye" ies ga psu as ba aso Soa OS ET 
Then the family NBV,={0,1,A,B} of neutrosophic bipolar vague sets in X is a NBVT on X. 
Definition 3.5: Suppose (X, NBV,) is a neutrosophic bipolar vague topological space and 
As(< x, (Tr, TA]*, Ua ld) [Ee Fat [Ta THT, Ua ET [Fe Fat] >} be a NBVS inX . Then the 
neutrosophic bipolar vague interior and neutrosophic bipolar vague closure of A are well-defined by, 
NBVcl(A)=N{K:K is a NBVCS in X and ASK}, 
NBVint(A)=U{G:G is a NBVOS in X and GGA}. 
Note that NBVcl(A) is a NBVCS and NBVint(A) is a NBVOS in X . Further, 

1. Ais a NBVCS in X iff NBVcl(A)=A 

2. Ais a NBVOS in X iff NBVint(A)=A 
Example 3.6: Assume that ee b}, 


b 
”[0.5,0.7][0.5,0.5][0.3,0.5][ 6 4,—0.1][—0.5,—0.6][—0.9,—0.6] ’ [0.3,0.6][0.4,0.4][0.4,0.7][—0.2,—0.2][—0.6,—0.8][—0.8,—0.8] 
b 


A={x, 
: 


B= to 5,0.9][0.3,0.3][0.1,0.5][—0.4,-0.3][—0.4,—-0.4][—0.7,—0.6] ’ [0.4,0.6][0.2,0.2][0.4,0.6][—0.5,—0.3][—0.5,-0.5][—0.7,-0.5] 


Then the family NBV,={0,1,A,B} of a neutrosophic bipolar vague sets in X is NBVT on X. If, 
Fe{<x a b 


} 


>} 


”[0.5,0.4][0.5,0.5][0.6,0.5][—0.6,—0.4][—0.3,—0.3][—0.6,—0.4] ’ [0.5,0.7][0.1,0.1][0.3,0.5][—0.3,-0.4][—0.2,—0.2][—0.6,—0.7] 
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Then, NBVint(A)=U{G:G is a NBVOS in X and GEF}=0 and NBVcl(A)=N{K:K is a NBVCS in X and 
FCK}=1. 
Proposition 3.7: For any NBVS A in (X, NBV,) we have, 
1. NBVcl(A)=NBVint(A) 
2. NBVint(A)=NBVcl(A). 
Proof: Let A={< x, [Tj Ta)". Ua a) [Fa Fa (Ta Ta) Ua a [Fa Fah >} and suppose that 
NBVOS’s contained in A are indexed by the family 
fx, (76, TE] Ua le)" Pep Fa" (Pe, TE I» Wee” Ue, Fa] >: © J}. Then 
NBVint(A)= <x, U[Te,T4] A[le,.14,]" [Fey Fé)" Alte, 72] Ullep i |. UlFip F¢]” >and hence 


NBVint(A ) =< x, M[Fa, Fé)", U[t —1g,.1— 12)", Ults, THI”, UlFe, Fe] [1 —Je,.1 — 
Ig]. [Té. TH] > ——-—- (1) 
Since, 


A-KlRe fal oll l=) Ae |) ofa | [a Ta |), Where 
(Teta) <a TAT, Wey la)” = Wea [Pap Pa)” = Le EAT, [ep TA) = Uta THT, 
WG, le] <u), [Fa,, ee < [F,, Fy ]" for every i€J we obtain that 


(<x, [Fa Fé)”, [1 —te1 — fe)" [ra Ta [Re Fay [a — te, - 18) Ute, TAT > ie 

Is the family of NBVS’s containing A, that is, 

NBVd( A= <x, AF, FE], U[1 - 1g, 1-16)", Ulta, TA) UlFe, Fe] [1 — 1g, 1 - 
i) .N[Te,.7Té] >—----—- (2). 

Hence from (1) and (2) we get NBVcl(4)=NBVint(A) 

(2) follows from (1). 


Proposition 3.8: If (X, NBV,) is a NBVTS and A,B be are NBVS’s in X. Then the following properties 
hold: 
NBVint(A)GA 
AS NBvcl(A) 
AG B > NBVint(A) S NBVint(B) 
AS B = NBVclI(A) & NBVcl(B) 
NBVint(NBVint(A))= NBVint(A) 
NBVcl(NBVcl(A)= NBVcl(A) 
NBVint(A N B)= NBVint(A) N NBVint(B) 
NBVcl(AU B)= NBVcl(A)U NBVcl(B) 
NBVint(1)=1 
10. NBVcl(0)=0 
Definition 3.9: Suppose (X, NBV,) and (Y, NBV,) be two neutrosophic bipolar vague topological spaces 
and wy: X > Y be a function. Then j is referred to be a neutrosophic bipolar vague continuous iff the 
preimage of each neutrosophic bipolar vague open set in Y is a neutrosophic bipolar vague open set in 
xX. 
Proposition 3.10: Suppose A, {Ai: i€J} be a neutrosophic bipolar vague set in X, and B, {Bj: jEK} be a 
neutrosophic bipolar vague set in Y, and let =: X > Y be a function. Then, 
(a) AiGArs W(A1) © w(A2) 
(b) BiSBoe> w1(B1) © W7*(Bz) 
(c) p*(UBi)= U wt(Bi) and W~*(NBi)= N p~*(Bi) 
Proof: Obvious. 
Proposition 3.11: The subsequent are equivalent to each other. 


SOD Sy OP G2. Nr 


1. w:X > Y is neutrosophic bipolar vague continuous. 
2. w*(NBVint(B)) © NBVint(~*(B)) for each NBVOS B in Y. 
3. NBVcl(~1(B)) S wy *(NBVcl(B)) for each NBVOS B in Y. 
Proof: (1)=(2) Given p:X — Y is neutrosophic bipolar vague continuous. 
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Then we have to show that 71(NBVint(B)) © NBVint(w71(B)) for each NBVOS B in Y. 
Let Be{< y, [T7, TE ]*, Us, 1d 1+, (Fe. FET* (Te, TH1-, Ue, IE [Fz Ft ]->} be NBVOS in Y. 
NBVint(B)= 

(<yU[Piy THD Mie bh)” Fae Fi) Tae TH) Uline i) ULF Fa] >sie0 

Where, 
(Ta TH) < (Te TST, Ua te = Ue 81", [Fay Fat)” > [Fe eT [Ta TH] = Te THT, 
[ay Ii) < [ple , [Fa Fa] <[Fg,Fs]” for every i€I. By the definition of continuity 
w~*(NBVint(B)) is a neutrosophic bipolar vague open set in NBV,. Now, 
w(NBVint(B)) ={ 
w(<y Ulta TAL a aT” ODF FAD” Oa, THY Ulla a) ULF Fin >) 
= xx, oCU[Ta, THT) Oa HT), wt (Fa, FT) et OOP TAD, WU HD, 
oUF, Fil,]) >}. 
=x, Ub [THe THT Oe TD, Ob Fa FD, OR [Tae TAD 1, UO La DT, 
Uw" [[Fa, Fi] 1>1- 
© NBVint(p-1(B)) 
(2)=(1). Given p71(NBVint(B)) © NBVint(W~1(B)) for each NBVOS B in Y. Let 
B={< y, (Tz, T#]*, Ua, 1d 1*, [Fe Fl, [Tx T)- Us Ut, [Fe Ft ]->} be NBVOS in Y. We know that B is 
a neutrosophic bipolar vague open in Y if and only if NBVint(B)=B and hence ~*(NBVint(B))=p*(B). 
But according to our supposition w~*(NBVint(B)) © NBVint(p~* (B)), therefore we get w~*(B) © 
NBVint(~*(B), i.e., w~+(B) is a NBVS in X and thus jp is a neutrosophic bipolar vague continuous. 
(1)= (8) Given wp: X > Y is neutrosophic bipolar vague continuous. 
Suppose B={< y, [Tg Tz ]*, Us. /5]*, [Fee ]*, (Ts. 1], Us. lg)”, Fe. Fs | >} be NBVOS in Y. 
Also suppose NBVcl(B) = 
fy, N[Tg, TH] Ulett] UlFe, Fe] Ulte, TE] Oe, tt] O[ Fiz, Fi] >:i€ D,where 
[Te Tel” se TET Ue ED = Uae Pe, Fe] = [Fe eT, 
[Te Te] 2 (te. THT, Ue, tt] <Us dtl, ([Fx. Ft] <([Fe.Fe]> for every ie I. Since p is a 
neutrosophic bipolar vague continuous iff the inverse image of each NBVCS in Y is a NBVCS in X, 
therefore ~~1(NBVcl(B)) is a NBVCS in X. 
Now, wt (NBVcl(B))= {p7t(< y,n [fete lou ligaet [Fix Fi] u [Te Te] 9 [ep te] 09 
[Fey Fe] >)} 
=tex, wa [Te TE), OU Dee), wt (U [Fe FD)? (0 [te TED), W200 DED), 
(a [Fa Fe) >) 
= {xx Oe [Te TEDL Ue, ED, U (Fe, FED, Ue, TET 1, 9 we, HED, 9 
[W*[[Fx, Fe] J>} 

> NBVcl(p-1(B)) 
311) 
Given NBVcl(p~1(B))S p-(NBVcl(B)), for each NBVOS B in Y. Let 
B={< y, (Ty, TH], Use)", [Fo FE* (Te, TA, Ue IE, [Fe, Ft 17>} be NBVCS in Y. Since NBVcl(B)=B. 
But it is given that NBVcl(p-1(B))& y-?(NBVcl(B)), hence NBVcl(p~1(B))& -1(B). Hence p-1(B)= 
NBVcl(~*(B)), i.e., ~~1(B) is a NBVCS in X and this proves that is a neutrosophic bipolar vague 
continuous. 
4. Generalized Neutrosophic Bipolar Vague Closed Sets: 
Definition 4.1: Suppose if (X, NBV,) be aneutrosophic bipolar vague topological space. A neutrosophic 


bipolar vague set A in (X, NBV,) is referred to be a generalized neutrosophic bipolar vague closed set if 
NBVcl(A) & G whenever ASG and G is a neutrosophic bipolar vague open. The complement of a 
generalized neutrosophic bipolar vague closed set is generalized neutrosophic bipolar vague open set. 
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Definition 4.2: Suppose let (X, NBV,) be a neutrosophic bipolar vague topological space and let A be a 
neutrosophic bipolar vague set in X. The generalized neutrosophic bipolar vague closure (GNBVcl for 
short) and the generalized neutrosophic bipolar vague interior (GNBVint for short) of A are well- 
defined by, 

1) GNBVcl(A)=N{G:G is a generalized neutrosophic bipolar vague closed sets in X and A& G}, 

2) GNBVint(A)=U{G:G is a generalized neutrosophic bipolar vague open sets in X and A2 G}. 
Remark 4.3: Every NBVCS is generalized neutrosophic bipolar vague closed but not conversely. 
Example 4.4: Assume that X= {u,v} and NBV,={0,1,F} is a NBVT on X where, 

Fe<x u v 


” [0.5,0.9][0.3,0.3][0.1,0.5][—0.4,—0.3][—0.4,-0.4][—0.7,-0.6] ’ [0.4,0.6][0.2,0.2][0.4,0.6][—0.5,—0.3][—0.5,—0.5][—0.7, OS], 
Then the neutrosophic bipolar vague set, 
A=< is 


v 


a [0.5,0.7][0.5,0.5][0.3,0.5][—0.4,—0.1][-0.5,—0.6][—0.9,—0.6] ’ [0.3,0.6][0.4,0.4][0.4,0.7][—0.2,—0.2][—0.6,—0.8][—0.8,—0.8] a Oe 
generalized neutrosophic bipolar vague closed but not NBVC in X. 


Proposition 4.5: Suppose that (X, NBV,) be a neutrosophic bipolar vague topological space. If A is a 
generalized neutrosophic bipolar vague closed set and AG BE&NBVcl(A), then B is a generalized 
neutrosophic bipolar vague closed set. 

Proof: Suppose let G be a neutrosophic bipolar vague open set in (X, NBV,), such that BGG. Since ASB, 
AG G. Now Aisa generalized neutrosophic bipolar vague closed set and NBVcl(A) GG. But NBVcl(B) & 
NBVcl(A). Since NBVcl(B) © NBVcl(A) €G, NBVcl(B) ©G. Hence B is a generalized neutrosophic 
bipolar vague closed set. 

Proposition 4.6: Suppose if A is a neutrosophic bipolar vague open set and generalized neutrosophic 
bipolar vague closed set in (X, NBV,), then A is said to be a neutrosophic bipolar vague closed set in X. 
Proof: Assume that A is a neutrosophic bipolar vague open set in X. Since AGA, by hypothesis 
NBVcl(A) GA. Then from definition AS NBVcl(A). Therefore NBVcl(A)= A. Hence A is neutrosophic 
bipolar vague closed set in X.Proposition 4.7: Suppose that NBVint(A) SBGA and assume A is a 
generalized neutrosophic bipolar vague open set then B is also a generalized neutrosophic bipolar vague 
open set. 

Proof: Now, A © B € NBVint(A)= NBVcl(A). As A is a generalized neutrosophic bipolar vague open, A 
is a generalized neutrosophic bipolar vague closed set. By proposition 4.5, B generalized neutrosophic 
bipolar vague closed set. That is, B is also a generalized neutrosophic bipolar vague open set. 
Definition 4.8: Suppose (X, NBV,) and (Y, NBV,)be any two neutrosophic bipolar vague topological 
spaces. 

1. A map w: (X, NBV,)-(Y, NBV,) is referred to be a generalized neutrosophic bipolar vague 
continuous if the inverse image of every neutrosophic bipolar vague open set in (Y, NBV,) is a 
generalized neutrosophic bipolar vague open set in (X, NBV,). 

2. Amap w: (X, NBV,)—(Y, NBV,) is called as a generalized neutrosophic bipolar vague irresolute if 
the inverse image of every generalized neutrosophic bipolar vague open set in (Y, NBV,) is a 
generalized neutrosophic bipolar vague open set in (X, NBV,). 

Proposition 4.9: Suppose (X, NBV,) and (Y, NBV,)be any two neutrosophic bipolar vague topological 
spaces. A mapping wp: (X, NBV,)—(Y, NBV,) is referred to be generalized neutrosophic bipolar vague 
continuous function mapping. Then for every neutrosophic bipolar vague set A in X, ~(GNBVcl(A)) & 
NBVcl(w(A)). 

Proof: Assume A to be a neutrosophic bipolar vague set in (X, NBV,). Since NBVcl(~p(A)) is a 
neutrosophic bipolar vague closed set and since w is a generalized neutrosophic bipolar vague 
continuous mapping, the set p~*(NBVcl((A))) is a generalized neutrosophic bipolar vague closed set 
and thus p~*(NBVcl(wp(A))) 2A. 


Now, GNBVcl(A))& p72 (NBVcl((4))). Therefore (GNBVcl(A)) © NBVcl(p(A)). 
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Proposition 4.10: If (X, NBV,) and (Y, NBV,) are two neutrosophic bipolar vague topological spaces. Let 
the mapping w: (X, NBV,)>(Y, NBV,) be a generalized neutrosophic bipolar vague continuous 
mapping. Then for every neutrosophic bipolar vague set A in Y, GNBVcl(77(A)) & p7*(NBVcl(A). 
Proof: Assume A to be a neutrosophic bipolar vague set in (Y, NBV,). Let B=w~*( A). Then, 
~(B)= p(y *(A)) GA. By proposition 4.10, p(GNBVcl(p~*(A))) SNBV cl(p(*(A))). Thus, 
GNBVcl(p~1(A)) S p> *(NBVclI(A). 

Proposition 4.11: Suppose let (X, NBV,) and (Y, NBV,) be any two neutrosophic bipolar vague 
topological spaces. Let w: (X, NBV,) >(Y, NBV,) is referred to be a neutrosophic bipolar vague 
continuous mapping, then it is a generalized neutrosophic bipolar vague continuous mapping. 

Proof: Suppose let A be a neutrosophic bipolar vague open set in (Y, NBV,). Since the mapping j is a 
neutrosophic bipolar vague continuous mapping, p~*(A) is a neutrosophic bipolar vague open set in 
(X, NBV,). Every neutrosophic bipolar vague open set is a generalized neutrosophic bipolar vague open 
set. Now, w~1(A) is a generalized neutrosophic bipolar vague open set in (X, NBV,). Hence w is thus a 
generalized neutrosophic bipolar vague continuous mapping. 

The converse of the proposition need not be true as shown in example. 

Example 4.12: Assume that X={a,b}, Y={u,v} and, 


Db 
A=<x 


” [0.5,0.4][0.5,0.5][0.6,0.5][—0.6,—0.4][—0.3,—0.3][—0.6,—0.4] ’ [0.6,0.7][0.1,0.1][0.3,0.4][—0.3,-0.4][-0.2,—0.2][—-0.6, OT” 
a b 


B=<x, 


” [0.5,0.3][0.5,0.5][0.7,0.5][—0.4,—0.2][—0.4,—0.4][—0.8,—0.6] ’ [0.5,0.4][0.2,0.2][0.6,0.5][—0.3,—0.4][—0.2,—0.2][-0.6, O71” 

Then NBV,={0,1,A} and NBV,={0,1,B} are NBVT on X and Y respectively. Define a mapping w: (X, 
NBV,)—(Y, NBV,) by W(a)=u and 1(b)=v. then w is a generalized neutrosophic bipolar vague continuous 
mapping but not bipolar vague continuous mapping. 

Proposition 4.13: Suppose let (X, NBV,) and (Y, NBV,) be any two neutrosophic bipolar vague 
topological spaces. A mapping w: (X, NBV,)-(Y, NBV,) is said to be a generalized neutrosophic bipolar 
vague irresolute mapping, then it is a generalized neutrosophic bipolar vague continuous mapping. 
Proof: Let A be a neutrosophic bipolar vague open set in (Y, NBV,). Since every neutrosophic bipolar 
vague open set is a generalized neutrosophic bipolar vague open set in (Y, NBV,), but p is a generalized 
neutrosophic bipolar vague irresolute mapping, y~*(A) is a generalized neutrosophic bipolar vague 
open set in (X, NBV,). Thus yp is a generalized neutrosophic bipolar vague continuous mapping. 
Proposition 4.14: Suppose let (X, NBV,), (Y, NBV,) and (Z, NBV,) be any three bipolar vague topological 
spaces. Let w: (X, NBV,)—(Y, NBV,) be a generalized neutrosophic bipolar vague irresolute mapping 
and _y,: (Y, NBV,)->( Z, NBV,) be a generalized neutrosophic bipolar vague continuous mapping. 
Then y, ° y is a generalized neutrosophic bipolar vague continuous mapping. 

Proof: Let A be a neutrosophic bipolar vague open set in (Z, NBV,). Since , is a generalized 
neutrosophic bipolar vague continuous mapping, W;* (A) is a generalized neutrosophic bipolar vague 
open set in (Y, NBV,) . Since w is a generalized neutrosophic bipolar vague irresolute mapping, p71 (p;" 
(A)) is a generalized neutrosophic bipolar vague open set in (X, NBV,). Thus yw, ° w is a generalized 
neutrosophic bipolar vague continuous mapping. 


Conclusion: 

This paper presented the new concept of Neutrosophic Bipolar Vague sets and studied some 
basic operational relation of Neutrosophic Bipolar Vague set. Then a generalization of NBVSs in closed 
set is done. As a future work, we shall continue to work in the application of NBVS to other domains, 
such as medical diagnosis, pattern recognition and decision making. 
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Data Envelopment Analysis for Simplified 
Neutrosophic Sets 


S. A. Edalatpanah, F. Smarandache 


S.A. Edalatpanah, F. Smarandache (2019). Data Envelopment Analysis for Simplified 
Neutrosophic Sets. Neutrosophic Sets and Systems 29, 215-226 


Abstract: In recent years, there has been a growing interest in neutrosophic theory, and there are 
several methods for solving various problems under neutrosophic environment. However, a few 
papers have discussed the Data envelopment analysis (DEA) with neutrosophic sets. So, in this 
paper, we propose an input-oriented DEA model with simplified neutrosophic numbers and 
present a new strategy to solve it. The proposed method is based on the weighted arithmetic 
average operator and has a simple structure. Finally, the new approach is illustrated with the help 
of a numerical example. 


Keywords: Data envelopment analysis; Neutrosophic set; Simplified neutrosophic sets (SNSs); 
Aggregation operator. 


1. Introduction 


With the advent of technology and the complexity and volume of information, senior 
executives have required themselves to apply scientific methods to determine and increase the 
productivity of the organization under their jurisdiction. Data envelopment analysis (DEA) is a 
mathematical technique to evaluate the relative efficiency of a set of some homogeneous units called 
decision-making units (DMUs) that use multiple inputs to produce multiple outputs. DMUs are 
called homogeneous because they all employ the same inputs to produce the same outputs. DEA by 
constructing an efficiency frontier measures the relative efficiency of decision making units (DMUs). 
Charnes et al. [1] developed a DEA model (CCR) based on the seminal work of Farrell [2] under the 
assumption of constant returns to scale (CRS). Banker et al. [3] extended the pioneering work 
Charnes et al. [1] and proposed a model conventionally called BCC to measure the relative efficiency 
under the assumption of variable returns to scale (VRS). DEA technique has just been effectively 
connected in various cases such as broadcasting companies [4], banking institutions [5-8], R&D 
organizations [9-10], health care services [11-12], manufacturing [13-14], telecommunication [15], 
and supply chain management [16-19]. However, data in the standard models are certain, but there 
are numerous circumstances in real life where we have to face uncertain parameters. Zadeh [20] first 
proposed the theory of fuzzy sets (FSs) against certain logic where the membership degree is a real 
number between zero and one. After this work, many researchers studied on this topic; details of 
some researches can be observed in [21-30]. Several researchers also proposed some models of DEA 
under fuzzy environment [31-42]. However, Zadeh’s fuzzy sets cannot deal with certain cases in 
which it is difficult to define the membership degree using one specific value. To overcome this lack 
of knowledge, Atanassov [43] introduced an extension of the FSs that called the intuitionistic fuzzy 
sets (IFSs). Although the theory of IFSs can handle incomplete information in various real-world 
issues, it cannot address all types of uncertainty such as indeterminate and inconsistent information. 
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Therefore, Smarandache [44-45], proposed the neutrosophic set (NS) as a strong general 
framework that generalizes the classical set concept, fuzzy set [20], interval-valued fuzzy set [46], 
intuitionistic fuzzy set [43], and interval-valued intuitionistic fuzzy set [47]. Neutrosophic set (NS) 
can deal with uncertain, indeterminate and incongruous information where the indeterminacy is 
quantified explicitly and truth membership, indeterminacy membership and falsity membership are 
completely independent. It can effectively describe uncertain, incomplete and inconsistent 
information and overcomes some limitations of the existing methods in depicting uncertain decision 
information. Moreover, some extensions of NSs, including interval neutrosophic set [48-51], bipolar 
neutrosophic set [52-54], single-valued neutrosophic set [55-59], simplified neutrosophic sets [60-64], 
multi-valued neutrosophic set [65-67], and neutrosophic linguistic set [68-70] have been presented 
and applied to solve various problems; see [71-80]. 

Although there are several approaches to solving various problems under neutrosophic 
environment, to the best of our knowledge, there are few investigations regarding DEA with 
neutrosophic sets. The first attempt has been proposed by Edalatpanah in [81] and further research 
has been presented in [82]. So, in this paper, we design a model of DEA with simplified neutrosophic 
numbers (SNNs) and establish a new strategy to solve it. The proposed method is based on the 
weighted arithmetic average operator and has a simple structure. 

This paper organized as follows: some basic knowledge, concepts and arithmetic operations on 
SNNs are introduced in Section 2. In Section 3, we review some concepts of DEA and the 
input-oriented BCC model. In Section 4, we introduce the mentioned model of DEA under the 
simplified neutrosophic environment and propose a method to solve it. In Section 5, an example 
demonstrates the application of the proposed model. Finally, some conclusions and future research 
are offered in Section 6. 


2. Simplified neutrosophic sets 


Smarandache [44-45] has provided a variety of real-life examples for possible applications of his 
neutrosophic sets; however, it is difficult to apply neutrosophic sets to practical problems. Therefore, 
Ye [60] reduced neutrosophic sets of non-standard intervals into a kind of simplified neutrosophic 
sets (SNSs) of standard intervals that will preserve the operations of the neutrosophic sets. In this 
section, we will review the concept of SNSs, which are a subclass of neutrosophic sets briefly. 
Definition 1 [60]. Let X be a space of points (objects), with a generic element in X denoted by x. A 
neutrosophic set A in X is characterized by a truth-membership function Ta(x), an indeterminacy 
membership function [4(x) and a falsity-membership function Fa(x). If the functions Ta(x), [4(x) and 
Fa(x) are singleton subintervals/subsets in the real standard [0, 1], that is Ta(x): x [0,1 [A(x): 
X —>[0,1], and Fa(x): x [0,1]. Then, a simplification of the neutrosophic set A is denoted by 


A ={(x,T,(x),1,(x),F,(x))|x ¢X}, which is called a SNS. Also, SNS satisfies the condition 
O<T,(x)+1,(«)+F, (x) 83. 

Definition 2 [60]. For SNSs A and B, A SB if and only if 7,(x)<T,(x), 1,(x)21,(x), and 
F(x) =F, (x) for every x in X. 

Definition 3 [63]. Let A, B be two SNSs. Then the arithmetic relations are defined as: 


()A OB =K<T, (x) +75 (&)-Ty (& Wg & Lg & Wig Fy & Fg (©) > (1) 
(ii)A @B =<T, (x, (x), Ly (% ) +L (©) LDL Fy ) + Fs 0) Fy Fy ( ) > (2) 
(iii JAA =<1-(1-T, (x))*, 1, (x). (F, (x))* >A >0. (3) 
(iv)A* =<T*(x),1-(-1,(@))*,1--F,(&))* >, 4 >0. (4) 


Definition 4 [60]. Let Aj (j = 1, 2, ..., 1) be a SNS. The simplified neutrosophic weighted arithmetic 


average operator is defined as: 


F,(Aj.54,) = @A, (5) 
j=l 


529 


Florentin Smarandache (author and editor) 


where W =(@,,,,...,@,) is the weight vector of Aj, a, €[0,1] and Yo, =|. 

jal 
Theorem 1 [63]. For the simplified neutrosophic weighted arithmetic average operator, the 
aggregated result is as follows: 


n n 


EGigccA,) -(1-T]or, cy” [I], ©)” TL, @” ; (6) 


jal jal 


3. The input-oriented BCC model of DEA 


Data envelopment analysis (DEA) is a linear programming method for assessing the efficiency 
and productivity of decision-making units (DMUs). In the traditional DEA literature, various 
well-known DEA approaches can be found such as CCR and BCC models [1, 3]. The efficiency of a 
DMU is established as the ratio of sum weighted output to sum weighted input, subjected to happen 
between one and zero. Let DMUO is under consideration, then input-oriented BCC model for the 
relative efficiency is as follows [3]: 

Min 0 


SL 


j=l ; (7) 


$4, =1 

A, 20 , j =1,2,....n 
In this model, each DMU (suppose that we have m DMUs) uses ™ inputs Xx, 
(i =1,2,...,m), to obtains § outputsy, (7 =1,2,....s). Here u,(r =1,2,....,8) and v,@ =1,2,....,m), 
are the weights of the i th input and r th output. This model is calculated for every DMU to find 
out its best input and output weights. If 0, =1, we say that the DMUp is efficient otherwise it is 
inefficient. 


4. Simplified Neutrosophic Data Envelopment Analysis 


In this section, we establish DEA under simplified neutrosophic environment. Consider the 
input and output for the 7 th DMU as x“=(7, ,J, ,F. ), y*= T, I, ,F, ) which are the 


simplified neutrosophic numbers (SNN). Then the simplified neutrosophic BCC model that called 
SNBCC is defined as follows: 

Min eo 

Sr 


Ae See: i =1,2,...,.m (8) 
j=l . 

ee Ra NS 2 8 

j=l . 


4; =1, 
= 
A, 20, Peieucws 


Next, to solve the model (8) we propose the following algorithm: 
Algorithm 1. 
Step 1. Consider the DEA model (8) that the inputs and outputs of each DMU are SNN. 
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Step 2. Using the Definition 3 and Theorem 1, the SNBCC model of Step 1 can be transformed 
into the following model: 


Min 0 


To Sf ue ye }s (1--7,,)*.0,,)*.&,)*) 
j=l j=l j=l 
C -TJa-7,). [1G T1@,,” S(T gh iP) @) 
j=l j=l jal 
v4, =1, 
j=l 


A, 29, J =1,2,....n. 
Step 3. Using Definition 2, the SNBCC model of Step 2 can be transformed into the following 


model: 
Min 0 
ag (10) 
Tla-z,, y” =>a-T,)*, i =1,2,...,.m 
j=l 
Ile., ye es PSIDecim 
j=l 
TI. 2a, )*. i =1,2,...,m 
j=l 
Ila —T,,)” <-T,,). ad eae 
j=l 
LEG Ss r =1,2,...58 
j=l 
|B Recto w <F, , r =1,2,...,8 
j=l 
> 7 =1, 
j=l 
A, =0, FAS inti 
Step 4. Using the natural logarithm, transform the nonlinear model of (10) into the following linear 
model: 
Min 0 (11) 
st 
>)4, n-T, )20, nd-T,, ), PHL 2.m (12) 
j=l : 7 
> 4, nd, 29, In, ), i =1,2,...,m (13) 
j=l 
> 4, nF, 29, nF, ), PS 2 cum (14) 
jal : ° 
>A, nl-T, )<In(l-T, ), r=1,2,...,8 (15) 
vel a ro 
4, nd, )<Ind, ), r=1,2,...,8 (16) 
jal ’ f 


531 


Collected Papers, XIl 


Florentin Smarandache (author and editor) 


4, nF, )<In(F,,), 


j=l 


v4, =1, 
j=l 


2, =0, 


J H1,2).650. 


Step 5. Run model (11) and obtain the optimal solution. 


5. Numerical example 
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(17) 


(18) 


In this section, an example of DEA problem under simplified neutrosophic environment is used 


to demonstrate the validity and effectiveness of the proposed model. 


Example 5.1. Consider 10 DMUs with three inputs and outputs where all the input and output data 
are designed as SNN (see tables 1 and 2). 


Table 1. DMUs with three SNN inputs 


DMUS Inputs 1 Inputs 2 Inputs 3 
DMU1 <0.75, 0.1, 0.15> <0.75,0.1, 0.15> <0.8, 0.05, 0.1> 
DMU2 <0.85, 0.2,0.15> <0.6, 0.05,0.05> <0.9, 0.1, 0.2> 
DMU3 <0.9, 0.01, 0.05> <0.95, 0.01, 0.01> <0.98, 0.01, 0.01> 
DMU4 <0.7,0.2, 0.1> <0.65, 0.2, 0.15> <0.8, 0.05, 0.2> 
DMU5 <0.9, 0.05, 0.1> <0.95, 0.05, 0.05> <0.7, 0.2, 0.4> 
DMU6 <0.85, 0.2, 0.1> <0.7, 0.05, 0.1> <0.6, 0.2, 0.3> 
DMU7 <0.8, 0.3, 0.1> <0.9, 0.5, 0.1> <0.8, 0.1, 0.3> 
DMU8 <0.55, 0.3, 0.35> <0.65, 0.2, 0.25> <0.5, 0.35, 0.4> 
DMU9 <0.8, 0.05, 0.1> <0.9, 0.01, 0.05> <0.8, 0.05, 0.1> 
DMU10 <0.6, 0.1, 0.3> <0.8. 0.3. 0.1> <0.65, 0.2, 0.1> 
Table 2. DMUs with three SNN outputs. 
DMUS Outputs 1 Outputs 2 Outputs 3 
DMU1 <0.7, 0.15, 0.2> <0.7,0.15, 0.2> <0.65, 0.2, 0.25> 
DMU2 <0.15, 0.2,0.25> <0.15, 0.2,0.25> <0.25, 0.15, 0.05> 
DMU3 <0.75, 0.1, 0.15> <0.7, 0.15, 0.2> <0.8, 0.05, 0.1> 
DMU4 <0.5,0.35, 0.4> <0.6, 0.25, 0.3> <0.55, 0.3, 0.35> 
DMU5 <0.6, 0.2, 0.25> <0.6, 0.15, 0.4> <0.3, 0.5, 0.5> 
DMU6 <0.55, 0.3, 0.35> <0.5, 0.5, 0.5> <0.6, 0.25, 0.3> 
DMU7 <0.8, 0.1, 0.2> <0.3, 0.01, 0.05> <0.9, 0.05, 0.05> 
DMU8 <0.8, 0.1, 0.3> <0.8, 0.25, 0.3> <0.85, 0.2, 0.2> 
DMU9 <0.65, 0.2, 0.25> <0.7, 0.15, 0.2> <0.75, 0.1, 0.15> 
DMU10 <0.6, 0.1, 0.5> <0.75. 0.1. 0.3> <0.8, 0.3, 0.5> 


Next, we use Algorithm.1 to solve the mentioned performance assessment problem. For example, 
The Algorithm.1 for DMU: can be used as follows: 
Step 1. Obtain the SNBCC model (8): 
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Min 0 


A, <0.75,0.1,0.15 > BA, <0.85,0.2,0.15 > @A, < 0.9,0.01,0.05 > ® 
A, < 0.7,0.2,0.1> A, <0.9,0.05,0.1> @A, <0.85,0.2,0.1> © 

A, <0.8,0.3,0.35 > BA, < 0.8,0.05,0.1> BA, <0.6,0.1,0.3>® 

Ay <0.6,0.1,0.3 > 


<(0 <0.75,0.1,0.15 >), 


A, <0.7,0.1,0.2 > ®A, < 0.6,0.05,0.05 > ®A, < 0.95, 0.01,0.01> ® 
A, < 0.65,0.2,0.15 > BA, < 0.95, 0.05, 0.05 > @A, < 0.7,0.05,0.1> @ 
A, <0.9,0.5,0.1> @A, < 0.65, 0.2,0.25 > BA, < 0.9,0.01,0.05 > ® 
Ay <0.8,0.3,0.1> 


<(0 <0.7,0.1,0.2>), 


A, < 0.8,0.05,0.1> ®A, <0.9,0.1,0.2 > A, <0.98,0.01,0.01>@ 
A, < 0.8,0.05,0.2 > @A, <0.7,0.2,0.4 > BA, < 0.6,0.2,0.3 > @ 

A, <0.8,0.1,0.3 > @A, < 0.5,0.35,0.4 > A, <0.7,0.05,0.1>@ 
Ay < 0.65,0.2,0.1> 


<(0 <0.8,0.05,0.1>), 


A, < 0.7,0.15,0.2 > 8A, < 0.15, 0.2,0.25 > BA, < 0.75, 0.1,0.15 > ® 
A, < 0.5,0.35,0.4 > 8A, < 0.6,0.2,0.25 > BA, < 0.55, 0.3,0.35 > ® 
A, < 0.8,0.1,0.2 > ®A, < 0.8,0.1,0.3 > @A, < 0.65, 0.2,0.25 > @ 

Ay < 0.6,0.1,0.5 > 


2(<0.7,0:15;0.2 >), 


A, < 0.6,0.1,0.3 > ®A, < 0.2,0.1,0.3 > BA, < 0.7,0.15,0.2 > @ 

A, < 0.6,0.25,0.3 > BA, < 0.6,0.15,0.4 > OA, < 0.5,0.5,0.5 > ® 
A, < 0.3,0.01,0.05 > ®A, < 0.8,0.25,0.3 > @A, < 0.7,0.15,0.2 > ® 
Ag <0-75,0.1;0.3> 


> (<0.6,0.1,0.3>), 


A, < 0.65,0.2,0.25 > ®A, < 0.25,0.15,0.05 > OA, <0.8,0.05,0.1> 8 
A, < 0.55,0.3,0.35 > ®A,; < 0.3,0.5,0.5 > OA, < 0.6,0.25,0.3 > ® 

A, < 0.9,0.05,0.05 > OA, < 0.85,0.2,0.2 > OA, < 0.75,0.1,0.15 > ® 
Ay < 0.8,0.3,0.5 > 


> (<0.65,0.2,0.25 >), 


A, +A, +A, +A +A, tA +A, +A, +5 +A, HL 
A, > 0, J =1,2,...,10: 


Step 2. Using the Step 4 of Algorithm 1, we have: 
Min 0 
SL 
(Using Eq. (12)) 
A, In(0.25) + A, In(O0.15) + A, In(0.1) + A, In(0.3) + A, In(0.1) + 
A, in(0.15)+ A, In(0.2) + A, In(0.2) + A, In(0.4) + 4,, In(0.4) = @, In(0.25), 
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A, In(0.3) +A, In(0.4) + A, In(0.05) + A, In(0.35) +A, In(0.05) + 
A, In(0.3) + A, In(0.1) + A, In(0.35) + A, In(O.1) + A,, In(0.2) = 6, In(0.3) 


A, In(0.2) + A, In(0.1) + 2, In(0.02) + A, In(0.2) + 2, In(0.3) + 
A, in(0.4) +2, In(0.2) + A, In(0.5) + A, In(0.3) + A,, In(0.35) = 6, In(0.2) 
(Using Eq. (13)) 
A, In(0.1) + A, In(0.2) + 2, In(0.01) + A, In(0.2) + A, In(0.05) + 
A, In(0.2) +2, In(0.3) + Ay In(0.05) + A, In(0.1) + 2,, In(0.1) = 8, In(0.1) 


A, In(0.1) +A, In(0.05) +A, In(0.01) + 2, In(0.2) +, In(0.05) + 
A, In(0.05) + A, In(0.5) + A, In(0.2) + A, In(0.01) + A,, In(0.3) = 6, In(0.1) 


A, in(0.05) + A, In(0.05) + A, In(0.01) + A, In(0.05) + A, In(0.2) + 
A, 1n(0.2) + A, In(0.1) +A, In(0.35) + A, In(0.05) + A,, In(0.2) = 6, In(0.05) 
(Using Eq. (14)) 
A, n(0.15) +A, In(0.15) + A, In(0.05) + A, In(0.1) + A, In(0.1) + 
A, in(0.1) + A, In(0.35) + A, In(0.1) + A, In(0.3) + 4,, In(0.3) = 8, In(0.15) 


A, In(0.2) + A, In(0.05) + A, In(0.01) + 2, In(0.15) + A, In(0.05) + 
A, In(0.1) +, In(0.1) + A, In(0.25) +, In(0.05) + A, In(0.1) > @ In(0.2) 


A, In(0.1) + A, In(0.2) + A, In(0.01) + A, In(0.2) + A, In(0.4) + 

A, in(0.3) + A, In(0.3) + A, In(0.4) + A, In(0.1) + ,, In(0.1) = 6, In(0.1) 
(Using Eq. (15)) 

A, In(0.3) + A, In(0.85) + A, In(0.25) + A, In(0.5) +, In(0.4) + 

A, in(0.45) + A, In(0.2) + A, In(0.2) + A, In(0.35) +A,, In(0.4) < In(0.3), 

A, In(0.4) + A, In(0.8) + A, In(0.3) + A, In(0.4) + A, In(0.4) + 

A, in(0.5) +A, In(0.7) + A, In(0.2) + A, In(0.3) + A,, In(0.25) < In(0.4), 

A, in(0.35) + A, In(0.75) + A, In(0.2) + A, In(0.45) + A, In(0.7) + 

A, in(0.4) +A, In(0.1) +A, In(0.15) + A, In(0.25) + A,, In(0.2) < In(0.35), 
(Using Eq. (16)) 

A, In(0.15) +A, In(0.2) + A, In(0.1) + 2, 1n(0.35) + A, In(0.2) + 

A, 1n(0.3) + 2, In(0.1) + A, In(0.1) + A, In(0.2) + A, In(0.1) < In(0.15), 

A, In(0.1) + A, In(0.1) + A, In(0.15) + A, In(0.25) + A, In(0.15) + 

A, in(0.5) +A, In(0.01) + A, In(0.25) + A, In(0.15) +,, In(0.1) < In(0.1), 
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A, In(0.2) + A, In(0.15) + A, In(0.05) + A, In(0.3) + A, In(0.5) + 
A, In(0.25) + A, In(0.05) + A, In(0.2) + A, In(0.1) + A,, In(0.3) < In(0.2), 


(Using Eq. (17)) 
A, In(0.2) + A, In(0.25) + A, In(0.15) + A, In(0.4) + A, In(0.25) + 
A, in(0.35) + A, In(0.2) + A, In(0.3) + A, In(0.25) + A,, In(0.5) < In(0.2), 


A, In(0.3) + A, In(0.3) + A, In(0.2) + A, In(0.3) + A, In(0.4) + 
A, In(0.5) +A, In(0.05) + A, In(0.3) + A, In(0.2) + 4,, In(0.3) < In(0.3), 


A, \n(0.25) + A, In(0.05) + A, In(0.1) + 4, In(0.35) + A, In(0.5) + 
A, in(0.3) + A, In(0.05) + A, In(0.2) + A, In(0.15) + A,, In(0.5) < In(0.25), 
(Using Eq. (18)) 
A, +A, +A, +A +A tA +A +A, +A, +A, =L 
A, 20, J ='2;2510. 
Step 3. After computations with Lingo, we obtain 6, = 0.9068 for DMU:. 


Similarly, for the other DMUs, we report the results in Table 3. 
Table 3. The efficiencies of the other DMUs 


DMUs 1 2 3 4 5 6 7 | 8 9 10 
0° 0.9068 | 0.9993 | 0.5153 | 0.9973 | 0.6382 | 0.6116 | 1 1 0.6325 1 
Rank 4 2 8 3 5 7 1 1 6 1 


By these results, we can see that DMUs 7, 8, and 10 are efficient and others are inefficient. 


6. Conclusions and future work 


There are several approaches to solving various problems under neutrosophic environment. 
However, to the best of our knowledge, the Data Envelopment Analysis (DEA) has not been 
discussed with neutrosophic sets until now. This paper, therefore, plans to fill this gap and a new 
method has been designed to solve an input-oriented DEA model with simplified neutrosophic 
numbers. A numerical example has been illustrated to show the efficiency of the proposed method. 
The proposed approach has produced promising results from computing efficiency and 
performance aspects. Moreover, although the model, arithmetic operations and results presented 
here demonstrate the effectiveness of our approach, it could also be considered in other DEA models 
and their applications to banks, police stations, hospitals, tax offices, prisons, schools and 
universities. As future researches, we intend to study these problems. 
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Correlation Measure for Pythagorean Neutrosophic 
Sets with T and F as Dependent Neutrosophic 
Components 
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R. Jansi, K. Mohana, Florentin Smarandache (2019). Correlation Measure for Pythagorean 
Neutrosophic Sets with T and F as Dependent Neutrosophic Components. Neutrosophic 
Sets and Systems 30, 202-212 


Abstract: In this paper, we study the new concept of Pythagorean neutrosophic set with T and F as 
dependent neutrosophic components [PNS]. Pythagorean neutrosophic set with T and F as dependent 
neutrosophic components [PNS] is introduced as a generalization of neutrosophic set (In neutrosophic 
sets, there are three special cases, here we take one of the special cases. That is, membership and non- 
membership degrees are dependent components and indeterminacy is independent) and Pythagorean 
fuzzy set. In PNS sets, membership, non-membership and indeterminacy degrees are 

gratifying the condition 0O< (ua(x))” + (Za(x)) + (va(x))° <2 instead of uy(x)+la)+0,(x) 
>2 as inneutrosophic sets. We investigate the basic operations of PNS sets. Also, the correlation 
measure of PNS set is proposed and proves some of their basic properties. The concept of this correlation 
measures of PNS set is the extension of correlation measures of Pythagorean fuzzy set and neutrosoph- 
ic set. Then, using correlation of PNS set measure, the application of medical diagnosis is given. 


Keywords: Pythagorean fuzzy set, Pythagorean Neutrosophic set with T and F as dependent 
neutrosophic components [PNS], Correlation measure and Medical diagnosis. 


Introduction 


Fuzzy sets were firstly initiated by L.A.Zadeh [36] in 1965. Zadeh’s idea of fuzzy set evolved as a new 
tool having the ability to deal with uncertainties in real-life problems and discussed only membership 
function. After the extensions of fuzzy set theory Atanassov [7] generalized this concept and introduced a 
new set called intuitionistic fuzzy set (IFS) in 1986, which can be describe the non-membership grade of 
an imprecise event along with its membership grade under a restriction that the sum of both membership 
and non-membership grades does not exceed 1. IFS has its greatest use in practical multiple attribute 
decision making problems.In some practical problems.In some practical problems, the sum of 
membership and non-membership degree to which an alternative satisfying attribute provided by 
decision maker(DM) may be bigger than 1. 

Yager [30] was decided to introduce the new concept known as Pythagorean fuzzy sets. 
Pythagorean fuzzy sets has limitation that their square sum is less than or equal to 1. IFS was failed to 
deal with indeterminate and inconsistent information which exist in beliefs system, therefore, 
Smarandache [22] in 1995 introduced new concept known as neutrosophic set(NS) which generalizes 
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fuzzy sets and intuitionistic fuzzy sets and so on. A neutrosophic set includes truth membership, falsity 
membership and indeterminacy membership. 

In 2006, F.Smarandache introduced, for the first time, the degree of dependence (and 
consequently the degree of independence) between the components of the fuzzy set, and also between the 
components of the neutrosophic set. In 2016, the refined neutrosophic set was generalized to the degree 
of dependence or independence of subcomponents [22]. In neutrosophic set [22], if truth membership and 
falsity membership are 100% dependent and indeterminacy is 100% independent, that is 0 < u,(x) + 
C(x) + v4(x) S 2. Sometimes in real life, we face many problems which cannot be handled by using 
neutrosophic for example when uy(x) + ¢4(x) + v4(x) > 2. In such condition, a neutrosophic set has no 
ability to obtain any satisfactory result. To state this condition, we give an example: the truth 
membership, falsity membership and indeterminacy values are =.= and — respectively. This satisfies 


the condition that their sums exceeds 2 and are not presented to neutrosophic set. So, In Pythagorean 
neutrosophic set with T and F are dependent neutrosophic components [PNS] of condition is as their 
square sum does not exceeds 2. Here, T and F are dependent neutrosophic components and we make 
u,(X), V,4(x)as Pythagorean, then (u(x) +(v, (xy) <1 with u,(x),v,(x) in [0,1]. If ¢,(x) is an 
Independent from them, then 0<(@,(x) <1. Then O0< (ua(x))” + (C4(x))” + (v4(x))° <2, with 
uy(X), F4(X), v4 (x) in [0,1]. We consider in general the degree of dependence 
between. u4(X),64(X), v4(x) is 1, hence u4(x), 4 (x), ¥4(x) $3 -1=2. 

Correlation coefficients are beneficial tools used to determine the degree of similarity 
between objects. The importance of correlation coefficients in fuzzy environments lies in the fact that 
these types of tools can feasibly be applied to problems of pattern recognition, MADM, medical diagnosis 
and clustering, etc. In other research, Ye[33] proposed three vector similarity measure for 
SNSs, an instance of SVNS and INS, includingthe Jaccard, Dice, and cosine similarity measures for SVNS 
and INSs, and applied them to multi-criteria decision-making problems with simplified neutrosophic 
information. Hanafy et al. [16] proposed the correlation coefficients of neutrosophic sets and studied 
some of their basic properties. Based on centroid method, Hanafy et al. [17], introduced and studied the 
concepts of correlation and correlation coefficient of neutrosophic sets and studied some of their 
properties. 

Recently Bromi and Smarandache defined the Haudroff distance between neutrosophic sets and 
some similarity measures based on the distance such as; set theoretic approach and matching function to 
calculate the similarity degree between neutrosophic sets. In the same year, Broumi and Smarandache 
[11] also proposed the correlation coefficient between interval neutrosphic sets. 

In this paper, we have to study the concept of Pythagorean neutrosophic set with T and F are 
neutrosophic components and also define the correlation measure of Pythagorean neutrosophic set with 
T and F are dependent neutrosophic components [PNS] and prove some of its properties. Then, using 
correlation of Pythagorean neutrosophic fuzzy set with T and F are dependent neutrosophic components 
[PNS] measure, the application of medical diagnosis is given. 


Preliminaries 
Definition 2.1 [1] Let E be a universe. An intuitionistic fuzzy set A on E can be defined as follows: 
A= {< x,u,(X),V4(X%) >: x € EF} 


Where uy: £ > [0,1] and v,:E > [0,1] such that 0 < uy(x) + v,(«) < 1 for any x € E. Where, u,(x) and 
v,(x) is the degree of membership and degree of non-membership of the element x, respectively. 
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Definition 2.2 [18, 24] 

Let X be a non-empty set and I the unit interval [0, 1]. A Pythagorean fuzzy set S is an object having the 
form A = {(x,u,4(%), v4(x)): x € X} where the functions u,: X > [0,1] and v ,:X — [0,1] denote respectively 
the degree of membership and degree of non-membership of each element x € X to the set P, and0 < 
(ua)? + (v4(x))? < 1 for each x € X. 


Definition 2.3[15] Let X be a non-empty set (universe). A neutrosophic set A on X is an object of the form: 
A = {(x, wa), Sa), Va(x)):x € X}, 


Where u(x), 64(*), v4(x) € [0,1], 0 S uy(x) + C(x) + v4 (x) S 2, for allxinX. u,(x) is the degree of 
membership, ¢4(x) is the degree of inderminancy and v,(x) is the degree of non-membership. Here 
u,(x) and v,(x) are dependent components and ¢,(x) is an independent components. 


Definition 2.4 Let X be a nonempty set and I the unit interval [0,1]. A neutrosophic set A and B of the 
form A = {(%, Uy (X), 4 (X), V4 (x)): x © Xf and B= {(x, upg (X), 6p (X), Vp (x)):x EX}. =Then 


1) AS = {(x,v4(x), C4(x), Ug): x € X} 
2) AUB = {(x,max(u, (x), up (x)), min(¢, (x), 7p (x)) ,min(v, (x), vg (x))): x € X} 
3) ANB ={(x,min(uy (x), up (x)), max(Z4(x), Up (x), max(vy (x), Vp (x)): x € X} 


3. Pythagorean Neutrosophic set with T and F are dependent neutrosophic components [PNS]: 


Definition 3.1 Let X be a non-empty set (universe). A Pythagorean neutrosophic set with T and F are 
dependent neutrosophic components [PNS] A on X is an_ object of the form A= 


{(x, 4 (2), Sa (X), Va(x)): x € X}, 


Where u,(x),¢6,(x), V4(x) € [0,1],0 < (u,(x))° + (64(x))° + (v4(x))” <2,forallxinX. wu,(x) is the 
degree of membership, ¢,(x) is the degree of inderminancy and v,(x) is the degree of non-membership 
-Here u,(x) and v,(x) are dependent components and ¢,(x) is an independent components. 


Definition 3.2 Let X be a nonempty set and I the unit interval [0, 1]. A Pythagorean neutrosophic set with 
T and F are dependent neutrosophic components [PNS] A and B of the form 


A = {(%, Uy, (X), 4 (%), V4 (x)): x € Xf and B= {(x, upg (X), Ge (X), Vp (X)): x € X}. Then 
1) AC = {(x, v4(%), a2), Ua)): x € X} 

2) AUB = {(x,max(u, (x), Up (x)), max(%4(x), Zp (x)), min(v, (x), vp (x))): x € X} 
3) ANB = {(x,max(uy (x), Ug (x)), max(%, (x), p(x)), min(vy (x), Vg (x)): x € X} 


Definition 3.3 Let X be a nonempty set and I the unit interval [0, 1]. A Pythagorean neutrosophic set with 
T and F are dependent neutrosophic components [PNS] A and B of the form 

A = {(x, Ug (%),S4(%), V4 (x)):x € X}and B= {(x, up (*), 6a (*), Ve (x): x € X}. 

Then the correlation coefficient of A and B 


C(A,B) 
p(A, B) = (1) 
JC(A,A).C(B, B) 
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n 


CAB) =D (Cua 0)": (aD)? + Ca DY”. GoD)” + (Va dD)”. (Ve (D)’) 


i=1 
n 


CAA) => (Cua 1D)? aD)? + Ga ©)? Ga)” + (va OD)? (a @D)’) 


C(B,B) =) (us (#0)*- ued)” + Sn GD)’. God)” + (Ve D)”- (VaD)’) 


i=1 


Preposition 3.4 The defined correlation measure between PNS A and PNS B satisfies the following 
properties 


(i) 0 < p(A,B) <1 

(ii) p(A, B) = 1if and only if A=B 
(iii) p(A, B) = p(B, A). 

Proof: 

(i) 0 < p(A,B) <1 


As the membership, inderminate and non-membership functions of the PNS lies between 0 and 1, p(A, B) 
also lies between 0 and 1. 


We will prove C(A,B) = Ei ((ua id). (ued) + Gr OD)”: Gad) + (va OD)” (ve )”) 


= ((us 41))” (ua ed)” + a Gd)”. Ce Od)? + (va 1)” (v2 ))”) + 
(eta (2). (ue (%2))” + (Ca (%2))”. (Ce (%2))” + (va (2))”- (Va(%2))”) ++ 
(ta %n))*- (ua nd)” + (Ca nd)”: (CH) + (Va nd) (Vand) ) 
By Cauchy-Schwarz inequality, (x,y, + x2¥2 t+ +XnYn)? S (xy? + xq? He + y7). (Wy? + ry? + + In”), 
where (x, + x2 +++ +X,) ER” and (y, +y2 +°°+ Yn) € R", we get 
(C(A,B))” = ((ua@d)" + Ga Cd) + (Un Cd)*) + (tte 2d)" + Ga Gad)" + (U4 Gd)*) + 
wt (us nd)” + Ga nd)" + (va Cend)") 
x ((ue))" F (5 (x,)) sh (vp (x,))') + ((ua(2))” + (aes). + 
(ve(%2))') ++ (Cuan) + (Cand) + (vend)") 


= ((us Od)? (uae) + Ca Dd): Cad)” + (v4 Gd)’. (U4 ))’) 
+ ((us (%2))* (ua)? + Ca 02)? (Ca 2))° + (va 2))*- (Va))’) + + 
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(tts (%n))°- (ttaC%nd)” + (Ca nd) = (Ga l%n))” + (va On)? (Va %n))) X 
( (ue (1))° (ue e))° + (Cp (x1)) (Se (x,))° + (vp (21)) (ve4))’) + 
(ua 2)" (wa 2))” + (Cp (x2))° (p(%2))” + (vp (x,))” (ve(x2))’) ep 
(ue (nd) (wend) + Gand)” + (ve nd) (vend) ) 
= C(A,A) X C(B,B). 
Therefore, (C(A,B)) < C(A, A) x C(B,B) and thus p(A,B) < 1. 
Hence we obtain the following propertity 0 < p(A,B) <1 
(ii) p(A, B) = 1if and onlyif A=B 
Let the two PNS A and B be equal (i.e A = B). Hence for any 
Ug(Xj) = Up(%), Ca (%i) = Se (%j) and v4(%j) = Vg (%), 


Then C(A,A) = C(B,B) = Ys ((us @))*. (aed)? + aD)? Cad)’ + (va @D)’- (Va D)’) 


And (A,B) = hs ((us id)” (ua) + (Ca @D)’- Ge @d)° + (va 0)”. (ve DY”) 


=) ((ua@d)*. (aed) + Ca GD)”. Cad) + (va @D)*. (Ua D)*) = C(4,A) 


L 


Hence 
C(A, B) 


JC(A,A).C(B,B) 


C(A,A) 


JC(A, A). C(A, A) 


Let the p(A, B) = 1.Then, the unite measure is possible only if 


p(A,B) = 


C(A,B) 
JC(A, A). C(B, B) 


This refer that u4(%;) = Ug (%), Ca(%i) = Se (%) and v4 (x) = vg (x), 


for alli. Hence A =B. 
(iii) If p(A, B) = p(B, A), it obvious that 


C(A, B) C(A,B) 
= = p(B, A) 
CCAD: Copes( BiB) ~ [CAA CBB) 


as 
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CAB) = > (Cua 0)": (aD)? + Ca DY”. GoD)” + (Ma dD)”. (Ce D)’) 


t=1 
2 2 2 2 2 2 
=F (Cus @d)*. (ud)? + Ge OD)”: CAD)? + (He @D)” (a@d)’) 
i=1 
C(B,A) 
Hence the proof. 
Definition 3.5 
Let A and B be two PNSs, then the correlation coefficient is defined as 
: C(A,B) 
p' (A, B) = ————_———_ (2) 
max{C (A, A). C(B, B)} 
Theorem 3.6 


The defined correlation measure between PNS A and PNS B satisfies the following properties 
(i) 0 < p'(A,B) <1 

(ii) p'(A,B) = 1if and only if A= B 

(iii) p'(A,B) = p'(B,A). 


Proof: The property (i) and (ii) is straight forward, so omit here. Also p'(A,B) = Ois evident. We now 
prove only p’(A, B) < 1. 


Since Theorem 3.4, we have (C(A,B))* < C(A,A). C(B, B). Therefore, C(A, B) < max{C(A, A), C(B,B)} and 
thus p’(A, B) < 1. 


However, in many practical situations, the different set may have taken different weights, and thus, 
weight w; of the element x; € X (i = 1,2,...,n) should be taken into account. In the following, we develop 
a weighted correlation coefficient between PNSs. Let w = {w,, Wz, ...,@n} be the weight vector of the 
elements x;(i = 1,2,....,n) with w; =>O0and Y_, w; = 1, then we have extended the above correlation 
coefficient p(A, B) and p'(A, B) to weighted correlation coefficient as follows: 


2 C, (A, B) (3) 
a Cy (A, A). C, (B, B) 


w 


C(AB) = 0; (ua D)*. (ua ed)” + (a CD)”. Ged)” + (Va HD)”. (Ve(D)’) 
Cu(AA) = D0; (ur 2D)? (uaed)? + Ga OD)? Gad)” + (ta @D)?. (Ca D)’) 
Cu(B,B) =) 0; ((ue @D)*. (uad)” + Ge CD): Ged)? + (ve @d)*. (veD)’) 


i=1 
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And 
7 C.,(A, B) 
~ max{C,,(A, A).C,,(B, B)} 


p (4) 


Dh @; ((us Dd)”. (ued) + (Ca Dd) Ge @D)* + (va Ce)”. (VaD)’) 
0; ((ua @D)”. (aed)? + Ba CD)’ Cad)” + (va OD)” (va@D)’), 
max 2 2 2 2 2 2 
Why 0; ((ue Om)”. (ued)? + Se @D)”. Ca Dd) + (ve @D)”. (va DY’) 


T 
It can be easy to verify that if w = (=<, iy *) , then Equation (3) and (4) reduce that (1) and (2), respectively. 


Theorem 3.7 


Let W = (@1,@2,..,@,)' be the weight vector of x;(i=1,2,...,n) with w; > 0and Dit, w; = 
1, then the weighted correlation coefficient between the PNSs A and B defined by Equation (3) satisfies: 


()O0< p"(A,B) <1 

(ii) p'" (A, B) = 1if and only if A=B 
(iii) p'"(A, B) = p"(B, A). 

Proof: 


The property (i) and (ii) are straight forward so omit here. Also p'’(A, B) = 0 is evident so we need to 
show only p’'(A,B) < 1. 


Since, 


C(4,B) = ) 0 (ua 4))’- (tad) + Ca @D)?. Ged) + (ts 4D)’. (ve @D)’) 


= 0; (ua @))°- (ue (@1))” + (Ca ))- Ge @)) + (va Od)’. (ve @))) + 
wz (a (%2))*- (Up (%2))” + (Ga (2) = (Ge (%2))” + (Va 2)”. (ve %2))”) + + 
Wn (ua Gnd) = (Wend) + Ca nd): Cond) + (va On)): (Ve @nd)’) 
= (for(us Cd)” fOr (ue ed) + fois Od) fread) + Vor(va Cd)” fOr (ve))’) 


+ (faa (tts (%2))’. (@2(te(%2))” + [a(S (2) (2 (Se 2) 
+ [02 (Vq (%2)) -[@2(vp(%2))”) + + 


(Jon (ua &nd)° On (ue nd) + VOn(Ca End) -VOn(Se nd) + 
J@n(va Gn) -On(ve nd) ) 


By using Cauchy-Schwarz inequality, we get 
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(Cu(AB))° < (cor(ua ))*- (aerd)” + (Ba OD)” Cad)? + (va Crd)”. (va@1))°) + 
(c2(ts C2)”. (uaa) + (Ca %))°- (Ca@2))° + (va (%2))*- (v2) ) + 
wet (a (Ug %n)) = (Ua nd)” + Ca End) Cand) + (Va nd): (valend)”) 
(01 (ue 1)" (we@s))° + (Ge ))” (a ))° + (ve) (ve 4))’) + 
(2 (up (%2)) (ua (%2))” + (62 2))° (Ge (%2))” + (ve 2)” (ve(%))’) 


$+ (Wn(up(%n)) (ue O%n))” + (Co %n)) (Send) + (v2 %n))’ (ve n))’) 


wi ((ua @))*- (uD) + (Ca CD) (Cae) + (va OD)”. (va@D)*) 


Why 0 (ue («))*- (ue@d)° + Ge)". (Ce) + (ve @D)*. (ve D)”) 


= C,,(A, A) X C,,(B,B) 


Therefore, C,,(A,B) < /C,,(A, A) x C,,(B, B) and hence 0 < p'"(A,B) < 1. 
Theorem 3.8 


The correlation coefficient of two PNSs A and B as defined in Equation (4), that is, p’’’(A, B) satisfies the 
same properties as those in Theorem 3.7 


Proof: The proof of this theorem is similar to that of Theorem 3.6. 


5. Application 


In this section, we give some application of PNS in medical diagnosis problem using correlation measure. 
Medical Diagnosis Problem 

As medical diagnosis contains lots of uncertainties and increased volume of information available to 
physicians from new medical technologies, the process of classifying different set of symptoms under a 
single name of disease becomes difficult.In some practical problems, there is the possibility of each 
element having different truth membership , inderminate and false membership functions.The proposed 
correlation measure among the patients Vs. symptoms and symptoms Vs. diseases gives the proper 
medical diagnosis. Now, an example of a medical diagnosis will be presented 


Example 


Let P= {P,, P2, P3} be a set of patients, D= {Viral Fever, Malaria, Typhoid, Dengu} be a set of diseases and 
S= {Temperature, Headache, Cough, Joint pain} be a set of symptoms. 


Table 1: M (the relation between Patient and Symptoms) 
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M Temperature Headache Cough Joint pain 

Py (0.8,0.7,0.6) (0.5,0.3,0.8) (0.6,0.9,0.4) (0.3,0.5,0.2) 
P, (0.2,0.7,0.9) (0.5,0.9,0.8) (0.4,0.6,0.3) (0.1,0.2,0.9) 
P3 (0.3,0.1,0.5) (0.8,0.5,0.6) (0.4,0.8,0.9) (0.5,0.7,0.2) 
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Table 2: N (the relation between Symptoms and Diseases) 
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N Viral Fever Malaria Typhoid Dengu 
Temperature (0.9,0.5,0.4) (0.5,0.3,0.6) (0.8,0.9,0.4) (0.2,0.8,0.5) 
Headache (0.1,0.5,0.3) (0.5,0.6,0.7) (0.4,0.5,0.9) (0.9,0.8,0.3) 
Cough (0.3,0.7,0.8) (0.9,0.7,0.4) (0.1,0.3,0.9) (0.5,0.3,0.8) 
Joint pain (0.7,0.3,0.5) (0.8,0.9,0.6) (0.5,0.7,0.6) (0.1,0.5,0.8) 
Using Equations (1), we get the value of p(A, B) 
Table 3: M and N (Correlation Measure) 
M Viral Fever Malaria Typhoid Dengu 
Py 0.7670 0.5363 0.5965 0.5446 
P, 0.4638 0.6253 0.4873 0.5434 
P3 0.4596 0.6606 0.6072 0.7401 
Using Equations (2 ), we get the value of p’(A, B) 
Table 4: M and N (Correlation Measure) 
M Viral Fever Malaria Typhoid Dengu 
Py 0.6997 0.5223 0.5786 0.5357 
P, 0.3670 0.5292 0.4358 0.5095 
P; 0.4269 0.6562 0.5784 0.6729 


On the other hand, if we assign weights 0.10, 0.20, 0.30 and 0.40 respectively, then by applying correlation 
coefficient given in Equations (3) and (4), we can give the following values of the correlation coefficient: 


Using Equations (3 ), we get the value of p’’(A, B) 


Table 5: M and N (Correlation Measure) 


M Viral Fever Malaria Typhoid Dengu 
Py 0.7233 0.6496 0.4527 0.4623 
P» 0.4390 0.5469 0.4758 0.4194 
P3 0.5123 0.6606 0.7229 0.7638 
Using Equations ( 4 ), we get the value of p’”’(A, B) 
Table 6: M and N (Correlation Measure) 

M Viral Fever Malaria Typhoid Dengu 
Py 0.6936 0.5324 0.4280 0.4039 
P, 0.2812 0.5316 0.4245 0.4084 
P3 0.4321 0.6154 0.6727 0.7518 
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The highest correlation measure from the Tables 3,4,5,6 gives the proper medical diagnosis. Therefore, 
patient P, suffers from Viral Fever, patient P, suffers from Malaria and patient P3 suffers from Dengu. 
Hence, we can see from the above four kinds of correlation coefficient indices that the results are same. 


Conclusion 


In this paper, we found the correlation measure of Pythagorean neutrosophic set with T and F are 
neutrosophic components (PNS) and proved some of their basic properties. Based on that the present 
paper have extended the theory of correlation coefficient from and neutrosophic sets (NS) to the 
Pythagorean neutrosophic set with T and F are neutrosophic components in which the constraint 
condition of sum of membership, non-membership and indeterminacy be less than two has been relaxed. 
Illustrate examples have handle the situation where the existing correlation coefficient in NS environment 
fails. Also to deal with the situations where the elements in a set are correlative, a weighted correlation 
coefficients has been defined. We studied an application of correlation measure of Pythagorean 
neutrosophic set with T and F are neutrosophic components in medical diagnosis. 
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Operations of Single Valued Neutrosophic Coloring 


A. Rohini, M. Venkatachalam, Dafik, Said Broumi, Florentin Smarandache 


A. Rohini, M. Venkatachalam, Dafik, Said Broumi, Florentin Smarandache (2020). Operations 
of Single Valued Neutrosophic Coloring. Neutrosophic Sets and Systems 31, 172-178 


Abstract: Smarandache introduced the concept of Neutrosophic which deals with membership, 
non-membership and indeterminacy values. Wang discussed the Single Valued Neutrosophic sets in 
2010. Single Valued Neutrosophic graph was introduced by Broumi and in 2019 Single Valued 
Neutrosophic coloring was introduced. In this paper, some properties of the Single Valued 
Neutrosophic Coloring of Strong Single Valued Neutrosophic graph, Complete Single Valued 
Neutrosophic graph and Complement of Single Valued Neutrosophic graphs are discussed. 


Keywords: single-valued neutrosophic graphs; single-valued neutrosophic vertex coloring; strong 
single-valued neutrosophic graph; complete single-valued neutrosophic graph. 


1. Introduction 


Francis Guthrie’s four-color conjecture was reasoned for the development of the new branch of 
graph coloring in graph theory. Graph coloring is assigning labels to the vertices or edges or both 
vertices and edges. Distinct vertices received different colors are called proper coloring. Graph 
coloring technique used in many areas like telecommunication, scheduling, computer networks etc. 


Most of the problems are not only deals the accurate values, sometimes handle vague values. 
Fuzzy sets were introduced by Zadeh [29] in 1965, dealt imprecise values in his work. Fuzzy graph 
theory concept was developed by Rosenfeld [25] in 1975. Munoz et al. [27] in 2004 and Eslahchi, 
Onagh [19] in 2006 discussed the fuzzy chromatic number and its properties. 

Kassimir T. Atanassov [11] introduced the concept of intuitionistic fuzzy sets in 1986 and 
intuitionistic fuzzy graph in 1999. The intuitionistic graphs are handled membership and 
non-membership values. Vague set concept introduced by Gau and Buehrer [21] in 1993. In 2014, 
Akram et al. [9] discussed vague graphs and further work extended by Borzooei et al. [12, 13]. Vertex 
and Edge coloring of Vague graphs were introduced by Arindam Dey et al. [10] in 2018. 

Neutrosophic set was introduced by F. Smarandache [25] in 1998, it’s a generalization of the 
intuitionistic fuzzy set. It consists of membership value, indeterminacy value and non-membership 


value. Neutrosophic logic play a vital role in several of the real valued problems like law, medicine, 
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industry, finance, engineering, IT, etc. Wang et al. [28] worked on Single valued neutrosophic sets in 
2010. Strong Neutrosophic graph and its properties were introduced and discussed by Dhavaseelan 
et al. [20] in 2015 and Single valued neutrosophic concept introduced in 2016 by Akram and 
Shahzadi [6, 7, 8]. Broumi et al. [14, 15, 16, 17, 18] extended their works in single valued neutrosophic 
graphs, interval valued neutrosophic graphs (IVNG) and bipolar neutrosophic graphs. Abdel-Basset 
et al. used Neutrosophic concept in their papers [1, 2, 3, 4, 5] to find the decisions for some real-life 
operation research and loT-based enterprises in 2019. In 2019, Jan et al. [23] have reviewed the 
following definitions: Interval-Valued Fuzzy Graphs (IVFG), Interval-Valued Intuitionistic Fuzzy 
Graphs (IVIFG), Complement of IVFG, SVNG, IVNG and the complement of SVNG and IVNG. They 
have modified those definitions, supported with some examples. Neutrosophic graphs happen to 
play a vital role in the building of neutrosophic models. Also, these graphs can be used in 
networking, Computer technology, Communication, Genetics, Economics, Sociology, Linguistics, 
etc., when the concept of indeterminacy is present. 

In this research paper, the bounds of single valued neutrosophic vertex coloring for SVNG, 


Complement of SVNG are determined and discussed some more operations on SVNG. 


Definition 1.1. [26] Let X be a space of points(objects). A neutrosophic set A in X is characterized by 
truth-membership function t,(x) , an indeterminacy-membership function i,(x) and a 
falsity-membership function f,(x). The functions t4(x), ig(x), and f,(x), are real standard or 
non-standard subsets of ]0°,1*[. That is, t4(x):X > ]07,1*[, i,(x):X > ]0°,1*[ and f,(x):X > 
JO-,1*[ and 07 < t,(x) + ig(x) + fy(x) < 37. 


Definition 1.2. [7] A single-valued neutrosophic graphs (SVNG) G = (X, Y) is a pair where X: N > 
[0,1] is a single-valued neutrosophic set on N and Y: N x N = [0,1] is a single-valued neutrosophic 


relation on N such that 


ty(xy) S min{ty (x), tyQ)}, 
iy(xy) S minfiy (x), ixQ)}, 
fr xy) S maxtfx(*), fx}, 


for all x, y € N. X and Y are called the single-valued neutrosophic vertex set of G and the 
single-valued neutrosophic edge set of G, respectively. A single-valued neutrosophic relation Y is 
said to be symmetric if ty(xy) = ty(yx), iy(xy) = iy(yx) and fy(xy) = fy(yx), for all xy € N. 
Single-valued neutrosophic be abbreviated here as SVN. 


2. Single-Valued Neutrosophic Vertex Coloring (SVNVC) 


In this section, discussed the bounds of SVNVC for the resultant SVNG by some operations on 
SVNG, CSVNG and complement of SVNG. Also discussed some theorems. 

Definition 2.1. [24] A family T = {71, 72, -., Vx} Of SVN fuzzy set is called a k-SVNVC of aSVNG G = 
(X, Y) if 

1. Vy;(x) =X, Vx EX 

2. Vi, Ay; =9 
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3. For every incident vertices of edge xy of G min{y;(m,(x)),v;(m,(y))} = 0, 


min{y:(ix60),1i(is))} = 0 and max{y;(n1G0).7i(m0))} = A sis, 
This k-SVNVC of G is denoted by y,(G), is called the SVN chromatic number of the SVNG G. 


Definition 2.2 A SVNG G = (X, Y) is called complete single-valued neutrosophic graph (CSVNG) if 
the following conditions are satisfied: 
ty(xy) = min{t,(x), ty(y)}, 
iy (xy) = min{ix (x), ix(y)}, 
fy (xy) = maxtfx (x), fx}; 
for all x, y € X. 
For any single value neutrosophic subgraph H of SVNGG, 7,(H) < 7,(G) 
Theorem 2.3. 
For any SVNG with n vertices 7,(G) <n. 
Proof: 
By the observation that the CSVNG with n vertices has the SVNVC is n. All the other graphs with n 
vertices are subgraphs of the CSVNG, it is clear by the above observation. Hence 7,(G) <n. 


Definition 2.4 Let G, = (X;,Y,) and G2 = (X2,Y,) be single-valued neutrosophic graphs ofG; = 
(V,,E,) and G3 = (V2, E>), respectively. The union G1 U G2 is defined as a pair (X, Y) such that 
ty, (x), if x € Vand x € Vp, 
ty(x) = ty, (x), ifx €V,andx €V,, 


max (tx, @), tr, (x)), if x EV, V3. 


iy, (x), if x € Viand x € Vz, 
iy(x) = ix, (x), if x €V,andx €V,, 
max (ix, @),ix, (x)), if x EV, NV3. 
fx, @), if x €V,and x €V,, 
fr) = fx), if x €V,andx EV, 
min eG: (x)), if x EV, NV). 
ty, (xy), if xy € E,and x € E,, 
ty(xy)=4 br (xy), if xy € E,and x € E,, 
max (ty,00, ty, (x)), if x € FE, N E>. 
iy, (xy), if xy € E,and x € Ep, 
iy (xy) = iy, (xy), if xy € E,and x € Ej, 
max (i), iy, (x)), if x EE, N Ep. 


fr, xy), if xy € E,and x € Ep, 
felxy) =4 f(xy), if xy € Fnand x € Ey, 
min (Fi. 00: fir (x)), if x € Ey N Ep. 
For any SVNGs G; = (X1,%) and Gz = (X2,¥2), Xv(Gi U G2) = max{7y (G1), Xv (G2)}. 
Definition 2.5 [8] The complement of a SVNG G = (X, Y) isa SVNG G = (X,Y), where 


1.xX¥=xX 
2. Ee) = ty OD ee) = 1 Oo) Be) = fe) for alix eX 
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ye. RECON if ty(xy) = 0 

oy ty) litte ato — ty(xy) if ty(xy) > 0 
Me res nc if iy(ry) = 0 
Gy) = ine. ivy} — iy(xy) if ip(xy) > 0 
Sn ns SR COLOD) if frlxy) = 0 
fx@y) = tari) AOD) — f(xy) if frlay) > 0 


for all x,y EX. 


Theorem 2.6. For any SVNG G with n vertices, 2Vn< y,(G)+%,(G)<2n and n< 
Xv(G)xXv(G) <n’. 

Let every vertex of G has n - 1 adjacent vertices, then by the definition of complement of SVNG 
each vertex of G has the lesser than or equal to n — 1 adjacent vertices. Hence, the inequalities true 
for all SVNG. Thus, 2Vn < y,(G) + 7,(G) < 2n and n< y,(G)yx,(G) <n’. 

Definition 2.7. 
A SVNG G = (X, Y) is called strong single-valued neutrosophic graph (SSVNG) if the following 
conditions are satisfied: 
ty (xy) = min{ty (x), tx}, 
ty (xy) = mintiy@), xO), 
fr xy) = max{fx(x), fx}, 
for all (xy) EY. 
Observation 2.8 


For any SSVNG G with n vertices, 2Vn < 7,(G) +%,(G) <n+1 and n< 4,(G)yx,(G) < =). 


Given that G is SSVNG and the complement of G is defined by G = (X,Y), where 


1.X=xX 

2 E(x) =the) Oo) = OO io SAG) for ali xe x 
= _ (min{ty(x), txOr)} if ty(xy) =0 

Po Ey) =| 0 if ty(xy) >0 
= _ fminfix (x), ixQy)} if iy(xy) =0 
EY) 0 if iy(xy) > 0 


-, . _fmaxtf(x), foo} if frlxy) = 0 
Fata = [0 if frlxy) > 0 


for all x,y € X. Hence, the above inequalities hold. 


Theorem 2.9. Fora path graph P,, 7,(P,) = 2 where n= 2. 
Let T = {71,72} bea family of SVN fuzzy sets defined on V as follows: 


10%) = ee for i = odd 


(0,0,1) fori=even 
Yo (x;) = crv da for eee 
(0,0,1) for i= odd 


Hence the family T = {71,72} fulfilled the conditions of SVNVC of the graph G. Hence the SVN 
chromatic number of P, is 7,(P,) = 2. 
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2ifn=even 


if n= odd where n > 3. 


Theorem 2.10. For acycle graph C,, 7,(C,) = { 


For n is odd: 


Let T = {1%1,72,,¥3} be a family of SVN fuzzy sets defined on V as follows: 


s (t(x,), i(xi), fx) fori =1,3,5,..,n—2 
ee | (0,0,1) for others 
(eye ater fori =2,4,6,...,n—-1 
a (0,0,1) for others 
ee (t(x;), ii), f @)) fori=n 
ee (0,0,1) for others 


Hence the family T = {7,,72,,73} fulfilled the conditions of SVNVC of the graph G. Hence the SVN 
chromatic number y,(C,,) = 3. 
For n is even: 


Let T = {71,72} be a family of SVN fuzzy sets defined on V as follows: 


(x) = re fori = odd 
V1 (0,0,1) fori =even 

(xi) = re a for i = even 
V2%G% (0,0,1) for i = odd 


Hence the family T = {7,,y2} fulfilled the conditions of SVNVC of the graph G. Hence the SVN 


chromatic number y,(C,,) = 2. 


Theorem 2.11. For any graphSVNG, y,(G) < A(G) +1. 
Here A(G) denotes the number of edges incident with a vertex of SVNG G, hence the result is true 
for all SVNG. 


3. Conclusions 


Graph Coloring is an useful technique to solve many real life problems which are easily converted as 
graph models. SVNG is dealt with vague and imprecise values. Single Valued Neutrosophic 
Coloring concept was introduced by the authors in [24]. In this paper, we discussed few more results 
of SVNVC using CSVNG and Complement of SVNG. We have an idea to extend the concept of 


SVNVC with irregular coloring and dominating coloring technique in future. 
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Investment Using Neutrosophic Soft Matrices 


Chinnadurai Veerappan, Florentin Smarandache, Bobin Albert 


Chinnadurai Veerappan, Florentin Smarandache, Bobin Albert (2020). Multi-Aspect Decision- 
Making Process in Equity Investment Using Neutrosophic Soft Matrices. Neutrosophic Sets 
and Systems 31, 224-241 


Abstract: Neutrosophic theory alleviates the ambiguity situation more effectively than fuzzy sets. 
Neutrosophic soft set deals with the combination of truth, indeterminacy and falsity membership. 
This provides a space for the convention with multi-aspect decision-making (MADM) problems that 
involve these combinations. The main aim of this paper is to provide a unique ranking for the 
alternatives to overcome the existing drawbacks in the said environment. Initially, a new score 
function and the weighted neutrosophic vector are discussed. Secondly, to show the supremacy of 
the proposed score function a comparison analysis is discussed between the existing score method 
and the proposed approach. Thirdly, algorithm and flowchart are discussed for the case study. 
Lastly, a new technique for ranking the alternatives is discussed which enables us to determine the 
unique highest score. The working model is illustrated with suitable examples to authenticate the 
tool and to demonstrate the effectiveness of the planned approach. 


Keywords: Single valued neutrosophic sets, Neutrosophic soft matrix (NSM), weighted 
neutrosophic vector, Score and value function, Multi-aspect decision-analysis. 


1. Introduction 


Our world is complex and rapid changes keep occurring in the field of engineering, medical 
science, banking, modern education, social, economic, and various other fields. Complexity 
generally arises from ambiguity and to overcome these situations in day to day life, Zadeh (1965) 
introduced a fuzzy set (FS) [14] and an interval-valued fuzzy set (IVFS) [15]. Atanassov (1986) 
proposed the concept of intuitionistic fuzzy set (IFS) [1] and interval-valued intuitionistic fuzzy set 
[2] a combination of membership and non-membership functions. However, both fuzzy and 
intuitionistic fuzzy sets cannot treat the indeterminacy part in the day to day problems. To deal with 
indeterminacy situations, Smarandache (1998) grounded the neutrosophic set (NS) [10] theory 
which is an overview of FS and IFS. In plithogenic set (PS) elements are characterized by the 
attribute values. It was introduced by Smarandache [27] as a generalization of crisp, fuzzy, 
intuitionistic fuzzy, and neutrosophic sets. 

FS, IVES, IFS, NS, PS and hybrid of these sets are used in various decision-making problems. 
Decision making plays a significant role in today’s social, scientific and economic endeavor. Most of 


the decision-making process is based on an objective to reduce the cost, reduce the production time, 


558 


Florentin Smarandache (author and editor) Collected Papers, XIl 


and increase the profit for the organization. However, considering today’s environment the decision 
should include various objective sources to deal with uncertainty. It weighs the provided 
information and chooses the best criteria for subsequent action. The information provided in a 
complex world is likely ambiguous, hence the outcomes are vague, irrespective of the decision made 
on the criteria chosen. To explain this scenario, consider the criteria of taking a loan from a bank. The 
outcome can be ambiguous with the possibility of a loan getting approved or declined or 
undetermined. The primary issues in MADM are to rank the relative importance of each of the 
objectives. Despite our vast knowledge and experience in handling these objectives, we come across 
violations in our everyday life. A bank manager makes a decision in this complex environment and 
figures out that his/her decision becomes weird. We have come across many situations where the 
loan applicant fails to repay the loan amount despite following the scrutiny process. The said 
problem could be due to the change in information and condition according to the situation. The 
outcomes of these situations have nothing to do with the quality of the decisions made. The best we 
can do with our knowledge is that in the long run the ‘good decisions’ will outplay the “bad 
decisions’. 

Most of the researchers utilize NS as a significant tool to analyze MADM problems with the 
help of aggregation operators, information measures, score functions and machine learning 
algorithms. Abhishek et al. [28] developed a parametric divergence measure and initiated the 
concept of pattern recognition and medical diagnosis problem for neutrosophic sets. Abdel-Basset et 
al. [18] proposed a hybrid combination between analytical hierarchical process and neutrosophic 
theory to solve the uncertainty involved in the technology of the internet of things. Abhisek and 
Rakesh [29] proposed a notion for finding the threshold value in decision-making problems when 
the qualitative and quantitative information is outsized. Abdel-Basset et al. [20] proposed the 
concept of type 2 neutrosophic number TOPSIS method to deal with real case decision problems. 
Edalatpanah and Smarandache [30] found a new method to solve the data envelopment analysis 
using the weighted arithmetic average operator in neutrosophic sets. Abdel-Basset et al. [19] 
initiated a neutrosophic approach for evaluating green supply chain management to aid managers 
and decision-makers. Vakkas et al. [33] proposed a novel ranking method for decision-making 
problems in the bipolar neutrosophic environment. Pandy and Trinita [31] constructed a new 
approach to represent gray-scale (medical) images in the bipolar neutrosophic domain. Shazia et al. 
[32] presented the concept of the plithogenic hypersoft matrix and discussed some of its theoretical 
properties. Abdel-Basset et al. [17] developed the combination of quality function deployment with 
plithogenic operations and analyzed the case study of Thailand’s sugar industry and also developed 
a novel evaluation approach to handle the hospital medical care systems based on plithogenic sets 
[16]. Azeddine et al. [34] introduced an improved method to map machine learning algorithms from 
crisp number to Neutrosophic environment. Wang and Smarandache (2010) focused on 
single-valued neutrosophic set [13] to magnetize on MADM problems. Chinnadurai et al., (2016) [3] 
discussed some of its theoretical properties. Smarandache and Teodorescu (2014) introduced the 
fusion of fuzzy data to neutrosophic data [11] with case studies. Garg and Nancy (2018) developed 
the neutrosophic Muirhead mean operators [5] for an aggregating single-valued neutrosophic set to 
solve MADM problems among the ambiguity. Gulistan et al., (2019) studied on neutrosophic cubic 
soft matrices [6] using max-min operations. Jun et al. presented elucidation to handle actual data 


which consists of crisp values using the neutrosophic analytic hierarchy process. Abdel-Basset et.al. 
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[12] developed the concept of Neutrosophic AHP-SWOT Analysis for MADM problems by 
analyzing a real case study. 

The advantage of this proposed method is that it shortens the computation process and 
provides a better solution in decision-making. To establish the superiority of our improved score 
function a comparison study is illustrated with suitable examples. From the presented references 
[21, 22, 23, 24, 25, 26] it is clear that there are limitations in providing unique ranking using score 
function in neutrosophic MADM methods. The fact that we would like to enlighten in this 
manuscript is that there could always be a possibility of equal ranking among the alternatives. 
Hence, to our knowledge, a simple but effective way to determine the unique highest score for each 
object in a MADM is by including additional criteria from the parameter set which is not been 
discussed in any of the related literature works. 

In this paper, we aim to discuss the weighted neutrosophic vector and value function of a 
neutrosophic soft matrix to combine the different components of truth, indeterminacy and falsity 
membership into a single membership value. An application of this matrix in MADM is also given 
by presenting the method, algorithm and numerical illustrations. 

The structure of the manuscript is as follows. In section 2, some of the basic neutrosophic 
definitions are specified. In section 3, the notions of weighted neutrosophic vector and value 
functions are introduced. In section 4, an algorithm with a flowchart of NSM to MADM is 
developed. In section 5, case studies are presented to illustrate the working of the algorithm. This 


manuscript is concluded in section 6. 


2. Preliminaries 


In this section first we review some basic concepts and definitions. 

Definition 2.1[9] Let U_ be the universal set and E be a set of parameters. The parameters represent 
some selected properties or characteristics of the elements of U. Let P(U) denote the power set of U. 
A pair (F,£) is called a soft set over U where F is a mapping F:E — P(U). It is clear that a soft set is 
a parameterized family of subsets of U. 

Definition 2.2 [13] Let U be the universal set, then a set A = {(x, T(x), IA(x), FA(x)): x € U} is 
termed as neutrosophic set where T“, I“, F’: X > [0,1] with 0 < T(x) + JA(x) + FA(x) < 3 and 
the functions T“, 1‘, F* are truth, indeterminacy and falsity membership degrees respectively. 
Definition 2.3 [8] Let U be the universal set and E_ be a set of parameters. Consider A & E. Let 
NS(U) denote the set of all neutrosophic sets of U. The collection (F,A) is termed to be the 
neutrosophic soft set (NSS) over U, where F is a mapping given by F:A > NS(U). 

Definition 2.4 [4] Let (N“,E) be a NSS over the universe U andE_ beaset of parameters and A © 
E. Then a subset of U x E is uniquely defined by the relation {(x,e):e € A,x € N“(e)} and denoted 
by Ra =(N4,E). The relation Raq is characterized by truth function T4:U x E- [0,1], 
indeterminacy I“:U x E > [0,1Jand the falsity function F“:U x E > [0,1]. Ra is represented as 
Ra = {(TA(x, e), I(x, e), FA(x, e)):0 < TA + 14 + FA < 3, (x,e) € U x E}. Now if the set of universe 
U = {X1,%X2,...,Xm} and the set of parameters EF = {e,,€),...,€,}, then Ra can be represented by a 


matrix as follows: 
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441 G12") Ain 
421 422 *** Aan 
Ra [Qislinxn 
[ae Am2 °" Bi 


where a;; = (T(x, e), IA(x,e), F4(x,e)) = (THG FG : 


The bee matrix is called a neutrosophic soft matrix (NSM) of order m X n corresponding to the 
neutrosophic set (N“,E) over U. 


3. NSM theory in decision making 


In this section, we define the concepts of weighted neutrosophic vector, score function and total 


score for a neutrosophic soft matrix. Later these notions will be used in MADM process. 


Definition: 3.1 Let M be the collection of all neutrosophic values and N = (n,,7n3,...,N,) be 
neutrosophic vector with components from M . Thus the components of N are N= 
((n{, ni, nf), (nf, nb,n§),..., (ni, np, nh)). Let W = (w,,W2,...,Wn) be a weight vector associated with 
N. w; can be considered as the significance attached to nj; i = 1,2,...,n with w; € [0,1], DL, w= 
1. Then the weighted neutrosophic vector corresponding to N and W denoted by WN is defined as 


WN = (Wy 74, W202, .+.)WnNn) = ((win{, win, wnt), (w2n}, w2n}, W2N}), te (Wann WrNn Wnnn)) 


Example:3.1 Let N = ((0.4,0.3,0.6), (0.2,0.6,0.7), (0.7,0.1,0.5), (0.4,0.2,0.3)) and W = (0.1,0.4,0.2,0.3). 
Then WN = ((0.04,0.03,0.06), (0.08,0.24,0.28), (0.14,0.02,0.10), (0.12,0.06,0.09)) 


Definition: 3.2 Score function of a neutrosophic matrix helps to integrate the neutrosophic value 
into a single real number in order to bring out the importance of truth, indeterminacy and falsity 
membership values. 


Let A = [a;;] = (T/,1f 


rye ii). Then the score function for the element a,; is defined as 


s(aj;) = Sif ("4 CID ray i,j 


Thus the score function for the NSM, A = [a;;| is given by 
Sp(A) = ee died) rg|= = [s;)]. 


S-(A) is also an m Xn matrix, having the same dimension as A and has non-negative entries. 

Definition 3.3 Let N = [s;;] be the matrix of score functions of a NSM N. The quantity T; = 
yi=1 Sj i b= 1,2,...,m gives the total of the score function values for the if? row of NSM. T; 
represent the total value for the element x; with representation to all the characteristics under 


consideration. 


3.1 Comparison analysis with existing and proposed score functions 
In this subsection, we compare and analyze the method developed in this paper with six of the 
recently developed score functions and methods. The below cited Table 1 highlights the ranking 


difficulty of an existing score function in the neutrosophic environment. It also shows that the new 
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score function can compute the rank of the alternatives even when the existing score function is 


unable to rank the alternatives. 


Table 1. Comparison analysis of score values. 


New moso pric Existing & Proposed methods Score value Remarks 
environment 
doe: ; S(N1) = 0.3 & S(N1) = S(N2) 
ns (0:60:2;0:6) Sahin [25] S(N2) = 0.3 unable to rank 
N2=(0.6,0.4,0.2) S(N1)=1& S(N1) > S(N2) 
Proposed method S(N2) = 0.7 able to rank 
ac S(N1) = 0.1 & S(N1) = S(N2) 
~ (0.7,0.3,0.1) Peng et.al., [24] S(N2) = 0.1 SHAT Ista RBAL 
N2=(0.9,0.4,0.2) S(N1) = 0.60 & S(Nz) > S(N1) 
Enopored mie. n0d S(N2) = 0.85 able to rank 
ae Garg and Nancy [23] S(N1) = 0.26 & S(N1) = S(N2) 
- Zsa) S(N2) = 0.26 unable td ranik 
N2=(0.6,0.4,0.2) Proposed method at ee 7 7 2 es 
os, : . S(N1) = 0.28 & S(N1) = S(N2) 
ees Arockiarani [21] S(N2) = 0.28 aoniia to dail 
N2=(0.7,0.6,0.7) S(N1) = 0.9 & S(Nz2) > S(N1) 
PropOseg ethos S(N2) = 1.35 able to rank 
— S(N1) = 0.55 & S(N1) = S(N2) 
ne Cee toe) Ye [26] S(N2) = 0.55 unable to rank 
N2=(0.4,0.6,0.3) Proposed method a at - 08 Ot 
S(Np ) = S(Nq) 
S(Np ) = 0.65, unable to rank 
N:1=(0.8,0.3,0.2) where p=1,2 & 
& Mondal [22] S(Nq) = 0.65 
N2=(0.6,0.3,0.7) where q = 3,4 
N3=(0.9,0.4,0.5) 
& S(Np) = 0.95, 
N4=(0.8,0.5,04) where p=1,2 & S(Nq) > S(Np) 
Eropored method S(Nq) =1.1 able to rank 


where q = 3,4 


4. Application of NSM to MADM environment 


In this section an application of NSM in MADM is explained. An algorithm is developed 


and the working of the same is illustrated with suitable examples. 


4.1. Statement of the problem 
Suppose a person is in the progression of stock investment (SI) in the equity market. Let’s assume 


that person seeks the help of a financial advisor organization (FAO). FAO has a panel of 


highly-trained professionals to provide value-added services to the investors to ensure higher 


proficiency, consistency of charges and superior forecast of SI in equity market by analyzing the 


historical data. The FAO, in turn, selects a group of proficient members P = {p,,p2,...,pz} to 
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proceed with the same. Now according to the group let C = {c;,c2,...,Cp} be the list of selected SIs 
based on historical data analysis . Let E = {e,,€2,...,€,} be the set of selected parameters based on 
which the SIs selection is to be finalized. Assume that weights are assigned for each criterion. Let 
W = (Wy,Wy,...,Wg) and YL, w; = 1.Let’s assume that the group assesses the SI based on a subset 
of the parameter set. Let A = {e,,€2,...,e;} be the subset of the parameter set £ so that | < q. Each 
of the personnel verifies the listed SI historical records based on the parameter set A and presents his 
forecast result in the form of neutrosophic soft matrices. The respective NSM’s are denoted by 
N',N?,...,N¥*. The crisis is to convert the NSM’s into significant matrices which enables them to 


select the best SI for the investor. Figure 1 illustrates the conceptual structure of the problem. 


Figure 1. Conceptual structure of the statement 


approaches 
po veuseweew sus oo 1 selects --------------- , 
| Financial advisor | oa Seren eoeaneene ae 
i Investor annals, ‘aba >| Proficient members e 1 
Rahs ainala eereane organization iaaeene a ee ee F 
ee eee ae eae ee 1 7 
Z 7 
ae ee . A ee oe, 
2 ~, 
~ ha | 


-— ee 


I 
I 
I 
I 
I 
I 
I 
I 
I 
data 
ee ae s ae ie - 
ae iy selects 
I “7 = x 
1 eee REE” Senn ee F22S526 
; 1 } : ot I 
| SIs ! 4 Parameters | | Weight vector | 
ll lata i sales os 
I : 1 ; 1 
goal | predicts ; 
ee ee es ee Wee eee ee Ne See Se Soe: Wa 
} } . ‘ I 
bass Ss= + Unique ranking ----~ Neutrosophic values i 
[Ce ee Re ye Net I er I 


4.2. Methodology 


Let’s assume that the proficient members evaluate the SIs independently without any bias. 
Let N*,N?,...,N*® be the NSMs obtained from the members. Using Definition 3.1, and weight vector 
W the weighted neutrosophic matrices are calculated. The resultant of weighted neutrosophic 
matrices are denoted by Ny,Ng,...Nw ie, Ny =WN'=[njj] where r =1,2,...,k. Using 
Definition 3.2, convert each of the weighted neutrosophic matrix Nj, value into corresponding 
TA 


Thi 


TA 
+i; 


: + rif} Then using the Definition 3.3 the score function 


score function as S;[Nj,] = [sj] = | 


for the i** SI as evaluated by the r‘ expert is calculated by adding the values of the it* row of the 
score function matrix, ie., the it" row of the weighted neutrosophic matrix Nj,. Let us denote this 
sum by the symbol Tj. The total score ST; for the i SI is obtained by summing Tj over r. That is 
the total score for the i‘ SI ST; = Uk_, T7 =7T} +77 ++-+T* . The total score is evaluated for all 


the SIs, i = 1,2,...,p. Arrange the ST; values in decreasing order. The SI with highest ST; value is 
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the most suitable one for the investor. If more than one SI are there with equal highest ST; value, the 
entire process is repeated by adding one more parameter into the set A. This process is repeated until 


a unique SI with highest ST; value is identified. 


4.3, Algorithm 


The algorithm for ranking the alternatives of MADM problem based on NSM is given below: 

Step 1: Identify the list of SIs and the list of parameters. 

Step 2: Select a subset of the parameter set. 

Step 3: Present the result in the form of NSMs (N?,N?,...,N*). 

Step 4: Compute the weight order for the NSMs (Ny, Ni, ..., Niv)- 

Step 5: Calculate the score function matrix S-[Njv] = [sj] 

Step 6: Calculate the total value T/ from each of the S;[N,,] matrices. 

Step 7: Evaluate the ST; for each SI. 

Step 8: Order the ST; values and select the SI with highest ST; value as the most suitable one. 

Step 9: If there are more than one SI with equal highest ST; value, repeat the process by including 
another parameter into the set A. Continue the process until a unique SI with highest ST; is 


identified. 
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4.4, Flowchart 


a Identify top a 


Historical Data 


Form neutrosophic 


Personnel provides 


matrices 


Compute value function 


Unique highest 


score for each SIs 


5. Case studies 

In this section we present two case studies to illustrate the working of the algorithm. In 5.1 
we present an example where the ranking of the SIs are unique and processed based on a subset of 
the criteria set. In 5.2 an example is given where the initially selected set of parameters does not 


provide unique ranking and there are more than one SIs with equal highest total score. Addition of 
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another parameter yields a clear ranking and the selection is performed by repeating some of the 


steps with enlarged parameter set. 


5.1. Case study I 


A person is in the process of selecting a suitable SI. 
1. Let C = (C1, Cz,...,C7) be the set of listed SIs. 


2. Let E = (e,, 2, €3,€4) be the set of parameters which form the criteria for selection. 


Here, e, = financial profitability projection, e. = 


structure and e, = earnings momentum. 


3. Let the personnel present his forecast result in the form of NSM- N?, N* and N? for the subset of 


the criteria set (e€,,e,e3) as 


= 


N? = 


a 


4. Let the weight order of neutrosophic soft sets be W, = 0.3,W, = 0.4,W; = 0.3. Using Definition 


(0.245,0.456,0.721) 
(0.348,0.156,0.627) 
(0.546,0.765,0.429) 
(0.267,0.321,0.321) 
(0.428,0.416,0.891) 
(0.456,0.932,0.217) 
(0.324,0.634,0.816) 


l 


(0.245,0.348,0.546) 
(0.457,0.345,0.765) 
(0.415,0.618,0.415) 
(0.238,0.416,0.467) 
(0.314,0.231,0.916) 
(0.753,0.893,0.213) 
(0.412,0.824,0.218) 


l 


(0.238,0.734,0.518) 
(0.416,0.817,0.456) 
(0.467,0.926,0.267) 
(0.914,0.316,0.912) 
(0.928,0.419,0.745) 
(0.211,0.518,0.213) 
(0.156,0.653,0.712) 


l 


3.1 the results are obtained as 


(0.457,0.421,0.431) 
(0.345,0.653,0.543) 
(0.765,0.753,0.632) 
(0.552,0.893,0.723) 
(0.452,0.213,0.413) 
(0.569,0.236,0.247) 
(0.367,0.456,0.912) 


(0.456,0.156,0.765) 
(0.421,0.653,0.753) 
(0.821,0.712,0.521) 
(0.734,0.817,0.926) 
(0.753,0.893,0.213) 
(0.618,0.415,0.314) 
(0.614,0.425,0.324) 


(0.765,0.345,0.734) 
(0.429,0.653,0.817) 
(0.156,0.543,0.926) 
(0.245,0.431,0.211) 
(0.348,0.345,0.618) 
(0.245,0.456,0.721) 
(0.348,0.345,0.618) 


asset-utilization, e; = 


(0.415,0.821,0.211) 
(0.618,0.712,0.514) 
(0.415,0.521,0.416) 
(0.314,0.612,0.518) 
(0.231,0.923,0.916) 
(0.416,0.378,0.612) 
(0.482,0.231,0.712) 


| 


(0.721,0.627,0.429) 
(0.431,0.543,0.632) 
(0.211,0.514,0.416) 
(0.518,0.456,0.267) 
(0.213,0.765,0.457) 
(0.451,0.233,0.532) 
(0.546,0.267,0.428) 


| 


(0.345,0.457,0.347) 
(0.456,0.892,0.821) 
(0.673,0.452,0.342) 
(0.345,0.763,0.821) 
(0.543,0.821,0.721) 
(0.436,0.417,0.556) 
(0.529,0.673,0.719) 


| 
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conservative capital 


and 


Ni = 


[ 


(0.074,0.137,0.216) 
(0.104,0.047,0.188) 
(0.164,0.230,0.129) 
(0.080,0.096,0.096) 
(0.128,0.125,0.267) 
(0.137,0.280,0.065) 
(0.097,0.190,0.245) 


(0.183,0.168,0.172) 
(0.138,0.261,0.217) 
(0.306,0.301,0.253) 
(0.221,0.357,0.289) 
(0.181,0.085,0.165) 
(0.228,0.094,0.099) 
(0.147,0.182,0.365) 
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(0.125,0.246,0.063) 
(0.185,0.214,0.154) 
(0.125,0.156,0.125) 
(0.094,0.184,0.155) 
(0.069,0.277,0.275) ’ 
(0.125,0.113,0.184) 
(0.145,0.069,0.214) 
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Se (Ny) = 


0.301 
0.322 
0.289 
0.458 
0.426 
0.173 
ese 


L 
5. Using Definition 3.2 the score function matrices are obtained as 
0.321 0.348 0.249 0.253 0.428 0.331 
0.264 0.417 0.354 0.350 0.516 0.336 
0.325 0.556 0.265 0.279 0.515 0.234 
0.185 0.578 0.294 Sp(N2) = 0.238 0.681 0.226 
0.394 0.298 0.448 “FYw 0.357 0.414 0.284 
0.273 0.260 0.303 0.311 0.332 0.262 
liege 0.529 ach [ree 0.337 pee 
0.516 0.224 
0.543 0.449 
0.510 0.271 
0.220 0.413 
0.386 0.421 
0.429 0.295 
0.386 oe] 


N. 


(0.074,0.104,0.164) 
(0.137,0.104,0.230) 
(0.125,0.185,0.125) 


2 _ (0.071,0.125,0.140) 
“~~ (0.094,0.069,0.275) 


(0.226,0.268,0.064) 
(0.124,0.247,0.065) 


(0.182,0.062,0.306) 
(0.168,0.261,0.301) 
(0.328,0.285,0.208) 
(0.294,0.327,0.370) 
(0.301,0.357,0.085) 
(0.247,0.166,0.126) 
(0.246,0.170,0.130) 


(0.216,0.188,0.129) 
(0.129,0.163,0.190) 
(0.063,0.154,0.125) 
(0.155,0.137,0.080) 
(0.064,0.230,0.137) 
(0.135,0.070,0.160) 
(0.164,0.080,0.128) 
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and 


l 


(0.071,0.220,0.155) 
(0.125,0.245,0.137) 
(0.140,0.278,0.080) 


3 _ (0.274,0.095,0.274) 
“~~ (0.278,0.126,0.224) 


(0.063,0.155,0.064) 
(0.047,0.196,0.214) 


(0.306,0.138,0.294) 
(0.172,0.261,0.327) 
(0.062,0.217,0.370) 
(0.098,0.172,0.084) 
(0.139,0.138,0.247) 
(0.098,0.182,0.288) 
(0.139,0.138,0.247) 


(0.104,0.137,0.104) 
(0.137,0.268,0.246) 
(0.202,0.136,0.103) 
(0.104,0.229,0.246) 
(0.163,0.246,0.216) 
(0.131,0.125,0.167) 
(0.159,0.202,0.216) 


Se (Ny) = 


6. Applying Definition 3.3 the total of the score functions are calculated as 


0.918 1.012 
1.034 1.202 
1.147 1.028 
1 1.057 2 _ 1.145 3 
FE a pagent —-qgggne 
0.836 0.905 
Tac | ae 
7. The total value for each candidate is calculated and presented as 
2.971 
3.549 
3.246 
_ 3.292 
STi = 3497 
2.638 
eae 
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1.041 

1.313 

1.071 

1.090 

1.232 

0.897 
| 
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8. Arranging the SIs according to their total score values we obtain the ranking of the SIs as 


Table 2. Tabular representation of SI’s total score values. 


Ci Score Rank 
C2 3.549 1 
Cs 3.427 2 
C4 3.292 3 
C3 3.246 4 
C7 3.194 5 
Cy 2.971 6 
C6 2.638 7 


Figure 2. Score values of SIs. 


sit | st2 | st3 | si4 sis | ste | SI7 | 
“2971 | 3549 | 3.246 | 3.292 | 3.427 | 2638 | 3.194 


From Table 2 and Figure 2, we obtain the ranking of SIs as c, >cs > Cy > C3 >C7 > Cy > Ce. 


The SI c. ranks first and it is the most suitable SI for the investor. 


5.2. Case study II 


Consider the same example as in 5.1. A person would like to select the best SI. 
1. Let C = (cy, €2,...,€7) be the set of top listed Sls. 


2. Let E = (€1,€2,€3,€4) be the set of parameters which form the criteria for selection. Here, e; 


financial profitability projection, e, = asset-utilization, e; = conservative capital structure and e, 
earnings momentum of the SI. 
3. Let the personnel present his forecast result in the form of NSM- N*, N? and N? for the subset of 


the criteria set (e€,,e2,e3) as 
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(0.245,0.456,0.721) 
(0.247,0.156,0.547) 
(0.546,0.765,0.429) 


1 — (0.567,0.552,0.521) 


~ (0.429,1.000,0.891) 
(0.456,0.932,0.217) 
(0.324,0.634,0.816) 


l 


(0.245,0.348,0.546) 
(0.457,0.345,0.765) 
(0.415,0.618,0.415) 


2 _ (0.638,0.516,0.467) 


~ (0.314,0.231,0.916) 
(0.753,0.893,0.213) 
(0.412,0.824,0.218) 


l 


(0.238,0.734,0.518) 
(0.416,0.817,0.456) 
(0.467,0.926,0.267) 


3 _ (0.714,0.716,0.912) 


~ (0.928,0.419,0.745) 
(0.211,0.518,0.213) 
(0.156,0.653,0.712) 


[ 


the results are obtained as 


(0.074,0.137,0.216) 
(0.074,0.047,0.164) 
(0.164,0.230,0.129) 


Ni = (0.070,0.166,0.156) 
“~~ (0.129,0.300,0.267) 


(0.137,0.280,0.065) 
(0.097,0.190,0.245) 


| 


(0.074,0.104,0.164) 
(0.137,0.104,0.230) 
(0.125,0.185,0.125) 


2 _ (0.091,0.155,0.140) 
“~~ (0.094,0.069,0.275) 


(0.226,0.268,0.064) 
(0.124,0.247,0.065) 


l 


(0.457,0.421,0.431) 
(0.345,0.653,0.543) 
(0.765,0.753,0.632) 
(0.652,0.682,0.723) 
(0.452,0.219,0.407) 
(0.569,0.236,0.247) 
(0.367,0.456,0.912) 


(0.456,0.156,0.765) 
(0.421,0.653,0.753) 
(0.821,0.712,0.521) 
(0.734,0.817,0.926) 
(0.753,0.893,0.213) 
(0.618,0.415,0.314) 
(0.614,0.425,0.324) 


(0.765,0.345,0.734) 
(0.429,0.753,0.817) 
(0.156,0.543,0.926) 
(0.245,0.431,0.211) 
(0.348,0.345,0.616) 
(0.245,0.456,0.721) 
(0.348,0.345,0.618) 


(0.183,0.168,0.172) 
(0.138,0.261,0.217) 
(0.306,0.301,0.253) 
(0.261,0.273,0.289) 
(0.181,0.088,0.163) 
(0.228,0.094,0.099) 
(0.147,0.182,0.365) 


(0.182,0.062,0.306) 
(0.168,0.261,0.301) 
(0.328,0.285,0.208) 
(0.294,0.327,0.370) 
(0.301,0.357,0.085) 
(0.247,0.166,0.126) 
(0.246,0.170,0.130) 
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(0.415,0.821,0.211) 
(0.618,0.712,0.614) 
(0.415,0.521,0.416) 
(0.313,0.412,0.568) 
(0.231,0.922,0.916) ’ 
(0.416,0.378,0.612) 
(0.482,0.231,0.712) 


| 


(0.721,0.627,0.429) 
(0.431,0.543,0.632) 
(0.211,0.514,0.416) 
(0.518,0.456,0.467) 
(0.213,0.765,0.457) 
(0.451,0.233,0.532) 
(0.546,0.267,0.428) 


| 


(0.345,0.457,0.347) 
(0.456,0.892,0.821) 
(0.673,0.452,0.342) 
(0.345,0.763,0.821) 
(0.543,0.821,0.721) 
(0.436,0.417,0.556) 
(0.529,0.673,0.719) 


| 


(0.125,0.246,0.063) 
(0.184,0.214,0.184) 
(0.125,0.156,0.125) 
(0.094,0.124,0.170) 
(0.069,0.277,0.275) ’ 
(0.125,0.113,0.184) 
(0.145,0.069,0.213) 


| 


(0.216,0.188,0.129) 
(0.129,0.163,0.190) 
(0.063,0.154,0.125) 
(0.155,0.137,0.140) 
(0.064,0.230,0.137) 
(0.135,0.070,0.160) 
(0.164,0.080,0.128) 


| 


and 


4. Let the weight order of neutrosophic soft sets be W, = 0.3,W2 = 0.4,W, = 0.3. Using Definition 3.1 
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N, 


l 


(0.071,0.220,0.155) 
(0.125,0.245,0.137) 
(0.140,0.278,0.080) 


3 _ (0.214,0.215,0.274) 
“~~ (0.278,0.126,0.224) 


(0.063,0.155,0.064) 
(0.047,0.196,0.214) 


(0.306,0.138,0.294) 
(0.172,0.301,0.327) 
(0.062,0.217,0.370) 
(0.098,0.172,0.084) 
(0.139,0.138,0.246) 
(0.098,0.182,0.288) 
(0.139,0.138,0.247) 


5. Using Definition 3.2 the score function matrices are obtained as 


0.321 
0.225 
0.325 
0.324 
0.482 
0.273 
[eee 


Vie(Nw) = 


0.348 
0.417 
0.556 
0.556 
0.297 
0.260 
0.529 


0.249 0.253 0.428 0.331 
0.384 0.350 0.516 0.336 
0.265 0.279 0.515 0.234 
0.279 V(N2) = 0.313 0.681 0.286 
0.448 Few 0.357 0.414 0.284 
0.303 0.311 0.332 0.262 
eo eee 0.337 eae 
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(0.104,0.137,0.104) 
(0.137,0.268,0.246) 
(0.202,0.136,0.103) 
(0.104,0.229,0.246) 
(0.163,0.246,0.216) 
(0.131,0.125,0.167) 
(0.159,0.202,0.216) 


| 


0.301 
0.322 
0.289 
0.488 
0.426 
0.173 
(rere 


0.516 
0.563 
0.510 
0.220 
0.385 
0.429 
0.386 


Ve(Ny) = 


6. Applying Definition 3.3 the total of the score functions are calculated as 


0.918 
1.025 
1.147 
T} 1.159 
0.836 
lee | 


1.226 ’ 


1.012 
1.202 
1.028 
1.280 
1.055 ’ 
0.905 
pe) 


T? = Vea = 


7. The total value for each SI is calculated and presented as 


2.971 
3.560 
3.246 
3.560 
3.513 
2.638 
el 


ST; 


1.041 
1.333 
1.071 
1.120 
1.231’ 
0.897 
ae 


Table 3. Tabular representation of SI’s total score values. 


Cj Score Rank 
C2 3.560 1 
C4 3.560 1 
Cs 3.513 3 
C3 3.246 4 
C7 3.194 5 
Cy 2.971 6 
C6 2.638 7 
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Figure 3. Score values of SIs 


sli | SI2 


(—e-Score| 2.971 | 3.560 | 3.246 | 


SI3 


From Table 3 and Figure 3, we obtain the ranking of SIs as c,=C, > Cs > C3 >C7 > Cy > &. 
As there are more than one SI (c, and c,) with the same ranking we add one more parameter e, in 


the list and repeat the process. 


(0.245,0.456,0.721) 
(0.247,0.156,0.547) 
(0.546,0.765,0.429) 


1 — (0.567,0.552,0.521) 


~ (0.429,1.000,0.891) 
(0.456,0.932,0.217) 
(0.324,0.634,0.816) 


l 


(0.245,0.348,0.546) 
(0.457,0.345,0.765) 
(0.415,0.618,0.415) 


2 = (0-638,0.516,0.467) 


~ (0.314,0.231,0.916) 
(0.753,0.893,0.213) 
(0.412,0.824,0.218) 


l 


(0.238,0.734,0.518) 
(0.416,0.817,0.456) 
(0.467,0.926,0.267) 


3 _ (0.714,0.716,0.912) 


~ (0.928,0.419,0.745) 
(0.211,0.518,0.213) 
(0.156,0.653,0.712) 


l 


(0.457,0.421,0.431) 
(0.345,0.653,0.543) 
(0.765,0.753,0.632) 
(0.652,0.682,0.723) 
(0.452,0.219,0.407) 
(0.569,0.236,0.247) 
(0.367,0.456,0.912) 


(0.456,0.156,0.765) 
(0.421,0.653,0.753) 
(0.821,0.712,0.521) 
(0.734,0.817,0.926) 
(0.753,0.893,0.213) 
(0.618,0.415,0.314) 
(0.614,0.425,0.324) 


(0.765,0.345,0.734) 
(0.429,0.753,0.817) 
(0.156,0.543,0.926) 
(0.245,0.431,0.211) 
(0.348,0.345,0.616) 
(0.245,0.456,0.721) 
(0.348,0.345,0.618) 


(0.415,0.821,0.211) 
(0.618,0.712,0.614) 
(0.415,0.521,0.416) 
(0.313,0.412,0.568) 
(0.231,0.922,0.916) 
(0.416,0.378,0.612) 
(0.482,0.231,0.712) 


(0.721,0.627,0.429) 
(0.431,0.543,0.632) 
(0.211,0.514,0.416) 
(0.518,0.456,0.467) 
(0.213,0.765,0.457) 
(0.451,0.233,0.532) 
(0.546,0.267,0.428) 


(0.721,0.627,0.429) 
(0.431,0.543,0.632) 
(0.211,0.514,0.416) 
(0.518,0.456,0.467) 
(0.213,0.765,0.457) 
(0.451,0.233,0.532) 
(0.546,0.267,0.428) 


(0.536,0.665,0.129) 
(0.547,0.451,0.321) 
(0.357,0.451,0.631) 
(0.375,0.753,0.243) 
(0.251,0.562,0.726) ’ 
(0.426,0.478,0.512) 
(0.416,0.252,0.317) 


| 


(0.546,0.765,0.429) 
(0.567,0.551,0.521) 
(0.457,0.421,0.431) 
(0.345,0.653,0.543) 
(0.231,0.922,0.916) 
(0.416,0.378,0.612) 
(0.456,0.932,0.217) 


| 


(0.546,0.765,0.429) 
(0.567,0.551,0.521) 
(0.457,0.421,0.431) 
(0.345,0.653,0.543) 
(0.231,0.922,0.916) ’ 
(0.416,0.378,0.612) 
(0.456,0.932,0.217) 


| 


4. Let the weight order of neutrosophic soft sets be W, = 0.3,W, = 0.4,W3 =0.15 and W, = 0.15. 


Using Definition 3.1 the resultant are obtained as 
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Na = 


l 


ace 
wa 


l 


Be 
w= 


l 


(0.074,0.137,0.216) 
(0.074,0.047,0.164) 
(0.164,0.230,0.129) 
(0.070,0.166,0.156) 
(0.129,0.300,0.267) 
(0.137,0.280,0.065) 
(0.097,0.190,0.245) 


(0.074,0.104,0.164) 
(0.137,0.104,0.230) 
(0.125,0.185,0.125) 
(0.091,0.155,0.140) 
(0.094,0.069,0.275) 
(0.226,0.268,0.064) 
(0.124,0.247,0.065) 


(0.071,0.220,0.155) 
(0.125,0.245,0.137) 
(0.140,0.278,0.080) 
(0.214,0.215,0.274) 
(0.278,0.126,0.224) 
(0.063,0.155,0.064) 
(0.047,0.196,0.214) 


(0.183,0.168,0.172) 
(0.138,0.261,0.217) 
(0.306,0.301,0.253) 
(0.261,0.273,0.289) 
(0.181,0.088,0.163) 
(0.228,0.094,0.099) 
(0.147,0.182,0.365) 


(0.182,0.062,0.306) 
(0.168,0.261,0.301) 
(0.328,0.285,0.208) 
(0.294,0.327,0.370) 
(0.301,0.357,0.085) 
(0.247,0.166,0.126) 
(0.246,0.170,0.130) 


(0.306,0.138,0.294) 
(0.172,0.301,0.327) 
(0.062,0.217,0.370) 
(0.098,0.172,0.084) 
(0.139,0.138,0.246) 
(0.098,0.182,0.288) 
(0.139,0.138,0.247) 


(0.062,0.123,0.032) 
(0.093,0.107,0.092) 
(0.062,0.078,0.062) 
(0.047,0.062,0.085) 
(0.035,0.138,0.137) 
(0.062,0.057,0.092) 
(0.072,0.035,0.107) 


(0.108,0.094,0.064) 
(0.065,0.081,0.095) 
(0.032,0.077,0.062) 
(0.078,0.068,0.070) 
(0.032,0.115,0.069) 
(0.068,0.035,0.080) 
(0.082,0.040,0.064) 


(0.052,0.069,0.052) 
(0.068,0.134,0.123) 
(0.101,0.068,0.051) 
(0.052,0.114,0.123) 
(0.081,0.123,0.108) 
(0.065,0.063,0.083) 
(0.079,0.101,0.108) 


5. Using Definition 3.2 the score function matrices are obtained as 
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(0.080,0.100,0.019) 
(0.082,0.068,0.048) 
(0.054,0.068,0.095) 
(0.056,0.113,0.036) 
(0.038,0.084,0.109) 
(0.064,0.072,0.077) 
(0.062,0.038,0.048) 


(0.082,0.115,0.064) 
(0.085,0.083,0.078) 
(0.069,0.063,0.065) 
(0.052,0.098,0.081) 
(0.035,0.138,0.137) 
(0.062,0.057,0.092) 
(0.068,0.140,0.033) 


(0.082,0.115,0.064) 
(0.085,0.083,0.078) 
(0.069,0.063,0.065) 
(0.052,0.098,0.081) 
(0.035,0.138,0.137) 
(0.062,0.057,0.092) 
(0.068,0.140,0.033) 


| 


| 


| 


0.321 
0.225 
0.325 
0.324 
0.482 
0.273 
ies 


0.348 
0.417 
0.556 
0.556 
0.297 
0.260 
0.529 


0.124 
0.192 
0.133 
0.140 
0.224 
0.151 
0.160 


0.109 
0.123 
0.155 
0.121 
0.170 
0.145 
mee 


0.253 
0.350 
0.279 
0.313 
0.357 
0.311 
eee 


0.428 
0.516 
0.515 
0.681 
0.414 
0.332 
0.337 


0.165 
0.168 
0.117 
0.143 
0.142 
0.131 
0.125 


Ve (Ny) = Vie(Ny) = 


0.301 
0.322 
0.289 
0.488 
0.426 
0.173 
(eee 


0.516 
0.563 
0.510 
0.220 
0.385 
0.429 
0.386 


0.112 
0.224 
0.136 
0.206 
0.210 
0.147 
0.198 


0.163 
0.162 
0.131 
0.156 
0.224 
0.151 
aed 


Vi(Nw) as 


6. Applying Definition 3.3 the total of the score functions are calculated as 


0995 «008 io 
1.170 foes 1.065 
ae ener 2... 1070 
T= ya30 74 = ie CTS 4 as 
0.829 ae 0.901 
(2.176) [eed [2.055 
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7. The total value for each SI is calculated and presented as 


3.004 
3.423 
3.277 
3.504 
3.554 
2.655 
power 


ST; = 


8. Arranging the SIs according to their total score values we obtain the ranking of the SIs as 


Table 4. Tabular representation of SI’s total score values. 


Ci Score Rank 
Cs 3.554 1 
C4 3.504 2 
C2 3.423 3 
C3 3.277 4 
C7 3.081 5 
Cy 3.004 6 
C6 2.655 7 


Figure 4. Score values of SIs 


1 


| 
eo — = = ——_ —— 
| sI1 | si2 | sI3 | SI 
Score 3.004 | 3.423 | 3.277 3.504 


From Table 4 and Figure 4, we obtain the ranking of SIs as cy >cy > Cz > C3 >C7 > Cy > Ce. 


The SI cs ranks first and it is the most suitable SI for the investor. 


6. Conclusions 


The proposed NSM computational solution supports decision-makers in solving the complex 
decision-making problem faced in today’s ambiguity situation. In this paper, the weight vector and 
score function are introduced with illustrative examples. By applying the score function we solve the 
MADM problems in the neutrosophic environment and transforming the values of truth, 
indeterminacy and falsity into a single membership value to obtain a more precise, efficient, and 


realistic solution. An application of NSM in MADM is also explained. An algorithm is developed for 
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this purpose and two examples are provided to illustrate the working of the algorithm. Our future 
work is to extend the concept of MADM problems in real-life psychology applications by using 
standard or hybrid neutrosophic and plithogenic tools. 
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Neutrosophic Fixed Point Theorems and Cone 
Metric Spaces 
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Wadei F. Al-Omeri, Saeid Jafari, Florentin Smarandache (2020). Neutrosophic Fixed Point 
Theorems and Cone Metric Spaces. Neutrosophic Sets and Systems 31, 250-265 


Abstract. The intention of this paper is to give the general definition of cone metric space in the context of 
the neutrosophic theory. In this relation, we obtain some fundamental results concerting fixed points for weakly 


compatible mapping. 


Keywords: neutrosophic theory, neutrosophic Fixed Point, neutrosophic topology, neutrosophic cone metric 


space, neutrosophic metric space. 


1. Introduction 


Zadeh introduced the notion of fuzzy sets. After that there have been a number of 
generalizations of this fundamental concept. The study of fuzzy topological spaces was first 
initiated by Chang (6] in the year 1968. Atanassov introduced the notion of intuitionistic 
fuzzy sets. This notion was extended to intuitionistic L-fuzzy setting by Atanassov and Sto- 
eva [20], which currently holds the name “intuitionistic L-topological spaces”. Using the notion 
of intuitionistic fuzzy sets, Coker introduced the notion of intuitionistic fuzzy topological 
space. The concept of generalized fuzzy closed set was introduced by G. Balasubramanian 
and P. Sundaram (11). In various recent papers, F. Smarandache generalizes intuitionistic 
fuzzy sets (IFSs) and other kinds of sets to neutrosophic sets (NSs). F. Smarandache and 
A. Al Shumrani also defined the notion of neutrosophic topology on the non-standard inter- 


val [2}ol[1.4})16). Also, ( (3)[15]/17}) introduced the metric topology and neutrosophic geometric 


and studied various properties. Recently, Wadei Al-Omeri and Smarandache introduce 
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and study the concepts of neutrosophic open sets and its complements in neutrosophic topolog- 
ical space, continuity in neutrosophic topology, and obtain some characterizations concerning 
neutrosophic connectedness and neutrosophic mapping. 

This paper is arranged as follows. In Section 2, we will recall some notions which will be 
used throughout this paper. In Section 3, neutrosophic Cone Metric Space and investigate its 
basic properties. In Section 4, we study the neutrosophic Fixed Point Theorems and study 
some of their properties. Finally, Banach contraction theorem and some fixed point results on 


neutrosophic cone metric space are stated and proved. 


2. Preliminaries 


Definition 2.1. Let © be a non-empty fixed set. A neutrosophic set (briefly NS) B 
is an object having the form B = {(r,€p(r), op(r),nB(r)) : r € UX}, where €p(r), op(r), 
and 7p(r) which represent the degree of membership function (namely €g(r)), the degree of 
indeterminacy (namely og(r)), and the degree of non-membership (namely 7g(r) ) respectively, 


of each element r € & to the set B. 


A neutrosophic set B = {(r,&p(r), op(r),nB(r)) : r € S} can be identified to an ordered 


triple (€a(r), on(r) 
»np(r)) in |O-,1t| on B. 


Remark 2.1. For the sake of simplicity, we shall use the symbol B = {r, €z(r), 
on(r),nB(r)} for the NS B= {(r,€z(r), on(r),nB(r)) : 7 © Uf. 


Definition 2.2. Let B = (€z(r), ep(r),nB(r)) be an NS on %. The complement of 
B(brieflyC(B)), are defined as three types of complements 


(1) C(B) = {(r, na(r), 1 — ep(r), €a(r)) sr € U}, 
(2) C(B) = {(r,1— €a(r),1— nar): r € OF 
(3) C(B) = {(r, na(r), ea(r), €a(r)) sr © Zh 


We have the following NSs (see [4}) which will be used in the sequel: 


(1) On = {(r,0,0,1) : r € S} or 
(2) Ow = {(r,0,1,1):r EX} or 
(3) On = {(r,0,0,0) : r € X} or 
(4) Ow = {(r,0,1,0) : r € DF 


2- ly may be defined as four types: 
(Dy dyin) Se ee) or 
(2) lw = {(r,1,0,0) :r € XU} or 
(3) ln = {(r,1,1,0) : r € X} or 
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(4) ly = {(r,1,0,1):re >} 


Definition 2.3. Let « 4 @, and generalized neutrosophic sets (GNS's) B and I be in 
the form B = {r,€z(r), ea(r), na(r)}, C = {r,&(r), er(r), nr(r)}. We think of two possible 
definitions A CT. 


(1) BCT © €a(r) < &(r), en(r) = er(r), andna(r) < nr(r 
(2) BCT & €a(r) < &(r), on(r) = or(r), andna(r) = nr( 


ee 


3 


). 


Definition 2.4. Let {B; : 7 € J} be an arbitrary family of an NSs in &. Then 
(1) OB; defined as two types: 


lan 


- AB; = (r, A Ep; (r), Aon; (r), Vnp;(r)) < Typel > 
j= (r Fa (£85 (7) fa O85 (7) iN yMB (r)) < Type 

- AB; =(r, A €n;(r), V_op;(r), V np;(r)) < Type 2 >. 
j= (7 x (£85 (7) a oB5(") RE (r)) < Type 

(2) UB; defined as two types: 

- UB; = (r, V Ep; (r), V_op;(r), A np;(r)) < Typel> 
j= (r p (fi (7) Fi O85 (7) Aye (r)) < Type 


- UB; = (r, V €p;(r), A op;(r), A np;(r)) < Type 2> 
j= (7 SBI”) jhjoB5(") Pe), ype 


Definition 2.5. A neutrosophic topology (briefly NT) and a non empty set ¥ is a family 


Y of neutrosophic subsets of © satisfying the following axioms 


(1) Ov, lw € T 

(2) S19 So € YT for any 51,52 € T 

(3) US; € T, V{S;|2 € I} C YT. 
The pair (%, YT) is called a neutrosophic topological space (briefly NTS ) and any neutrosophic 
set in Y is defined as neutrosophic open set ( NOS for short) in ©. The elements of YT are 


called open neutrosophic sets. A neutrosophic set S' is closed if f its C(.S) is neutrosophic open. 
For any NTS A in (%, TY) ( (21}), we have Int(A°) = [Cl(A)]© and Cl(A‘) = [Int(A)]°. 


Definition 2.6. A subset w of (2 is called a cone if 

(1) For non-empty w is closed, and w 4 0, 

(2) If both u € w and —u € w then u = 0, 

(3) Ifu,v Ee S,u,v>O0and a, y €w then ux + vy Ew. 
Throughout this paper, we assume that all cones have non-empty interior. For any cone, 7 < y 
will stand for x < y and « # y, while x < y will stand for y — x € Int(w). a partial ordering 
=< on 2 via w is defined by x = y iff y—a Ew. 


Definition 2.7. A cone metric space (briefly CMS) an ordered (1, d), where © is any set and 
d:x U++. is a mapping satisfying: 
(1) d(s1, s2) = d(s2, 81) for all 51, sg € &, 
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(2) d(s1, s2) = 0 iff s1 = sa, 
(3) OW d(s1, 2) for all sj, so € &, 
(4) d(s1, 83) < d(s1, 82) + d(s2, $3) for all $1, 59, s3 € U. 


Definition 2.8. Let (%,d) bea CMS. Then, for each c; >> 0 and cz > 0, c1, c2 € Q, there 
exists c >> 0, c€ 2 such that c << c; and c < cy. 


Definition 2.9. A binary operation ®&) : [0,1] x [0,1] —> [0,1] is a continuous t-norm if ® 
satisfies the following conditions: 

(1) ®& is continuous, 

(2) & is commutative and associative, 

(3) mz ®& m2 < m3 &) m4 whenever m1 < mg and mz < m4 V4, M2, m3, m4 € [0,1], 

(4) m1 @1 =m, Vm, € (0, 1]. 


Definition 2.10. A binary operation ¢ : [0,1] x [0,1] —> [0,1] is a continuous t-conorm if 
satisfies the following conditions: 

(1) © is continuous, 

(2) © is commutative and associative, 

(3) m1ome2 < m3 m4 whenever m1 < m3 and m2 < m4 Vm1, m2, m3, ma € [0, 1], 

(4) 


4) myol=m Ym, € (0, 1]. 


Definition 2.11. Let © be a non-empty set. The mappings G : ux © — NandH: uh 
are called commutative if H(G(x,y)) =G(H(x), H(y)) Vz, y © B. 


Definition 2.12. Let © 4@. An element x € ® is called a common fixed point of mappings 
G:uxU—vVandH:} > Vifx=H(z) =G(z,z). 


Definition 2.13. If U and V are two maps then, a pair of maps is called weakly compatible 
(briefly WCP) pair if they commute at (CP). 


Definition 2.14. Let © be a set, G, H self maps of ©. A point x in & is called a coincidence 
point (briefly CP) of G and H if and only if G(x) = H(a). We call w = G(x) = H(z) a point 


of coincidence of G and H. 


Definition 2.15. Two self maps G and H of a set © are sporadically weakly compatible of ™. 
If G and H have a unique point of coincidence, z = G(u) = H(v), then z is the unique common 
fixed point of G and H. 


Lemma 2.2. Two self maps G andH of a set % are sporadically weakly compatible of %. then 
z is the unique common fixed point of G and H, if z =G(u) = H(u) G and H have a unique 


point of coincidence. 
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Definition 2.16. A pair of maps G and H which G and H commute of a set © are sporadically 


weakly compatible iff there is a point x in © which is a coincidence point of G and H. 


3. neutrosophic Cone Metric Space 


Definition 3.1. A 3-tuple (©, =, 0, ®),°©) is said to be a neutrosophic CMS if w is a neutro- 
sophic cone metric (briefly NCMS) of Q, © is an arbitrary set, o is a neutrosophic continuous 
t-conorm , ®) is a neutrosophic continuous t-norm, Ve, €2,¢€3 € © and m,n € Int(w) (that 


is n > 09, s > 09), and E, © are neutrosophic set on 4? x Int(w) satisfying the following 


conditions: 


+ O(€1, €2, €3) < lo; 
> 


ws 


) 
) 

E(€1, €2,€3) = 1 iff e, = €9; 
) = Ele2,e1,m); 
) 


7) O(e1, ene < 00; 
8) O(€1, €2,€3) = No if and only if e = €9; 
9) O(e1, €2,€3) = O(e2, 63,1); 
(10) O(e1, €2, €3) o O(€2, €3,n) > O(e€1, €3, m+ Nn); 
(11) O(e,, €2,.) : Int(w) —+|0~,1*| is neutrosophic continuous. 


Then (,9) is called a neutrosophic cone metric on ©. The functions O(e1,¢2,m) and 
E(e€1,€2,m) denote the degree of non-nearness and the degree of nearness between €; and 


€2 with respect to n, respectively. 


Example 3.2. Let 0 = R, w = [0,00) and aob = mar{a, b}, a&® b = min{a, b}, then every 
neutrosophic metric space (“,=,0) becomes a NCMS. 


Example 3.3. If we take w be an any cone, a@® b = min{a,b}, © = 0, ©, 0 : 0? x Int(w) —> 
|0~,1*| defined by 


€] : 
eae if €1 < €2, 
= 2 
=(€1, €2, t) ral 
8 if €2 < €], 
€2 
€2 — €1 ; 
fous. tf “ese, 
2 
O(€1, €2,t) Eee 
ey af “ex S €1, 
\ € 


for all 4,€2 € 4% and r > 0g. Then (1,2, 0,®,¢) isa NCMS. 
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Definition 3.4. Let (©,=,0,®&,°) bea NCMS, {e1,} be a sequence in © and e; € ©. Then 


{e1,,} is said to converge to €; if for any s € (0,1) and any m > 0e Ja natural number no such 


that E(e1,,2,m) > 1— s, O(€1n,€1,m) <8 for all n > no. We denote this by lim,,, 00 = 41 


OF €1n > €1 AS > CO. 


Definition 3.5. Let (©,=,0,®,°) be a NCMS. For m > 0e, the open ball I(x, s,m) 
with radius s € (0,1) and center « is defined by I'(e1,8,m) = {eg € © : E(eq1,e2,m) > 
1— s,O(€1,€2,m) < s}. 


Definition 3.6. The neutrosophic cone metric CMS (1,2, 0,®),¢) is called complete neu- 
trosophic CMS if every Cauchy sequence in NCMS (%,3, 0) is convergent. 


Definition 3.7. Let (X,=,0,®,°) bea NCMS. A subset P of © is said to be FC-bounded 
if J s € (0,1) and m > @ such that E(e, €2,t) > 1 — m, O(e1, €2,m) < s for all e1, €2 € P. 


Definition 3.8. Let (©,=,0,®,¢) be a neutrosophic CMS and h: © > © is a self map- 
ping. Then h is said to be neutrosophic cone contractive if there exists c € (0,1) such that 
1 1 
=taymeaym — 1S legremy ~ )) 
O(h(e1), h(e2),m) < cO(e1, €2,m) 


for each €1,€2 € & and m > 0e. The constant c is called the contractive constant of h. 


Lemma 3.9. Jf for two points €1,€2 € & and c € (0,1) such that =(e1, €2,cm) > =(a1,€2,m), 


O(€1, €2,cm) > O(€1, €2,m) then e, = €2. 


Theorem 3.10. Let (5,=,0,®&,°) be a NCMS. Define T = {K C UY: GQ € 
Kiff there existss € (0,1l)andm > Oesuch that L(e,,8,m) C K} , then T is a neutrosophic 
topology on &. 


Proof. If €1 is empty, then 0 = L(e1, s,m) C 0. Hence the empty set belong to T Since for any 
€, € N, any s € (0,1) and any m > 00, L(e1,8,m) CH, then NET. 

Let K,L € 7 andey € KNOL. Then « € K and e; € L, so there exist m, >> 06; m2 > Vo 
and m,,mz € (0,1) such that L(e,,51,m1) C K and Le, s2,m2) C L. 

By Proposition [2.8] for m1 >> 0; mz > 0, there exists m >> Oe such that m >> m1; r > m2 
and take s = min{m1,m2}. Then L(e1, s,m) CY Lex, $1,m1) A D(a, 82,m2) C AOL. Thus 
KOLET. Let Kj; € 7 for each i € I and e, € Ujey K;. Then there exists ig € J such that 
€, € Kio. So, there exist r >> 0e and s € (0,1) such that L(e,, s,m) C Ki. Since, C Vier Ki, 


L(e,8,m) C Ue Kj. Thus Ujer kK; € T. Hence, 7 is a neutrosophic topology on ¥. 


Theorem 3.11. Jf (©,=,0,®,¢) isa NCMS, then the neutrosophic topology (5,7) is Haus- 
dorff. 
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Proof. Let (%,=,0,®),°) be a neutrosophic CMS. Let «1,¢€2 be two distinct points of ¥. 
Then 0 < E(e1, €2,m) < le and 0 < O(e, €2,m) < le. Let E(e1, €2,m) = 81, O(e1, €2,m) = 82 
and s = max{sj, 82}. Then for each so € (5,1), there exists s3 and s4 such that 53 &) 53 > so 
and (le — s4) o (le — s4) < (lo — so). Put s4 = maz{s3,s4} and consider the open balls 
L(e1, le — $5,m/2) and L(e2, le — 85,m/2). 
Then clearly L(x, lo — s5,m = 2) N L(eg, 1 — 85,m/2) =0 

Suppose that L(x,leo — s5,m = 2) L(eg,1 — s5,m/2) # @. Then there exists e3 € 
L(x, le — $5,m = 2) N Lee, le — 85,m/2). 


$1 =E(€1, €2,m) 
>E(€1, €3,m/2) &) E(€3, €2,m/2) 
285 &) $5 
> 83 &) 83 


280 > $1 
and 


$2 =n(€1, €2,™) 


>n(€1, €3,m/2) &) n(eg, €2,m/2) 


N 


<le — 89 < 9 


This is a contradiction. Hence ((%,=,0,®,¢) is Hausdorff. 


Theorem 3.12. Let (©,=,0,®,°) be a NCMS, e, € © and (€1,,) a sequence in ©. Then 
(€1,) converges to €, if and only if E(e1n,€1,m) > 1 and O(e1n,€1,m) > 0 as n > le, for 


each m > 00. 


Proof. Let (€1,) + «1. Then, for each m > 0e and s € (0,1), there exists a natural number no 
such that =(€1n,€1,m) > loe—s, O(€1n, €1,m) < s forall n > no. We have 1—E(e1n,€1,m) <_m 
and =(€in,€1,m) <_m. Hence E(e1,,€1,m) > 1 and O(€1,,€,m) > 0 as n > 1. Conversely, 
Suppose that E(e1,,€1,m) + le as n > le. Then, for each m > 0o and s € (0,1), there 


exists a natural number no such that le —E(e1n, €1,m) < sand O(e1,,€1,m) < s foralln > no. 


In that case, E(e1n,€1,m) > le — s and O(e1,,€1,m) < s Hence (€1,) >, asn— le. 
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4. Neutrosophic Fixed Point Theorems 


Theorem 4.1. Let (©,=,0,®,°) be a complete NCMS in which neutrosophic cone contrac- 
tive sequences are Cauchy. Let H a neutrosophic cone contractive mapping. Then H has a 


unique fixed point. Where H: > % with c as the contractive constant. 


Proof. Let «; € © and fix €1, = H"(x),n € O For m > 0oe, we have 


i i 
lo < e(/ ————_ -_ 1 
ieee °-secum -°) 


O(H(e1), H7(e1),m) < cO(e1, €14,m). 


And by induction 


1 1 
= l<c(= 1) 
Bete elaiasi) B(€1, €in41,™) 


? 


O(€1n41;€1nt2,™) < cCO(e1, €1n41,m) for all n € O. 


Then (€1,,) is a neutrosophic contractive sequence, by assumptions (€1,,) converges to €2 and 


it is a Cauchy sequence, for some €2 € ©. By Theorem]3.12| we have 


1 1 
1< 1)30 
tai:  —“Saaam 


O(H(e2), H(E1n),™) = cO(e2, it) 70 


as n + 1. Then for each m > 0o, 


lim B(H(e2), H(e1n), ™) = 1, tim O(H(e2), H(e1n), ™) = 0o, 


n—-oco 
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and hence limp H(ein) = Hee), ie.,limn+oo €ins1 = H(eg) and H(eg) = eg. To show 


uniqueness. Let H(kkk) = €3 for some e3 € W. For m > 0o, we have 


1 1 
i‘ 1 

B(€2, €3,™) E(H(e2), H(e3), m) 
ee 
E(ea, €3, m) 

1 
=c(= 

=(H(e2), H(e3), 7m) 


1 
: rr ae 1) 
B(e€2, €3,™m) 
1 
aia WON ae 1) > Oasn > o0. (4.1) 
(eo, €3,™) 


< =1) 


1) 


O(e2, €3,m) =O(H(e2), H(es), m) 
<c(O(€2, €3,m) 
=cO(H(€2), H(e3),m) 
<c*O(e2, €3,m) 


<... < c"O(€2, €3,m) > Oasn > ov. (4.2) 


Hence E(€2, €3,m) = le and O(e2, €3,m) = 0e and eg = €3. 


Theorem 4.2. Let (5,=,0,®,°) be a complete NCMS, for G be self mappings of % and 
let K,L,G. Let {K,G} and {L,G} are pairs be sporadically weakly compatible. If there exists 
c € (0,1) such that 
S( Ka Les. c(m)) ea min{E(G(e1), G(ea), m), =(G(e1), K(e1), m) (4 
ms) 
=(L(e2), G(e2), m), =(K(e1), G(e2), m), E(L(ea), Glei) m)}. 
O(Ke,, Le, e(m)) < max{O(G(e1), G(e2), 7), O(G(a1), K(e1),m) 


(4.4) 
O(L(e2), G(e2), m), O(K(e1), G(e2), r); O(L(e2), G(«1), m)}. 


for all €1,€2 € S and for all r > Oo, there exists a unique point z € % such that K(z) = 
G(z) =z and a unique point y € © such that L(y) = G(y) = y. Moreover y = z, so that there 


is a unique common fixed point of K,L,G and G. 


Proof. Let the pairs {k,G} and {L,G} be sporadically weakly compatible, so there are points 
€1,€2 € © such that K(e,) = G(e1) and L(e2) = G(eg). We claim that K(e1) = L(e2). By 
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I 
: 
3 
pian 

3) 
x 
2 
tS 
& 
Ss. 
tl 
a 
iG 
<2 
m 
iG 
= 


=3(K.,,Le,m). (4.5) 


O(Ke,, Le, e(m)) <max{O(G(e1),G(e2),m), O(G(e1), K(a1),m), 
O(L(e2), G(e2), m), O(K (ex), G(e2), m), O(L(ea), G(e1), m)} 
= maxr{O(K(e1), L(e2),m), OK (er), K(e1),m), 
O(L(€2), L(e2),m), O(K (er), L(e2),m), O(L(e2), K(e1), m)} 
= O( Kes Legs tt). (4.6) 
By Lemma 3.9} K(e,) = L(eg), ie. K(e1) = L(a) = L(ez) = G(eg). Suppose that there is 
another point y such that K(y) = G(y) and by [4.3] we have K(y) = G(y) = L(e2) = Gea). 
Thus K(e,) = K(y) and z = K(e,) = G(e,) is the unique point of coincidence of K and G. By 
Lemma [2.2| z is the unique common fixed point of K and G. Similarly there is a only point 
y € © such that y = L(y) = G(y). Assume that z 4 y, we have 


B(2,y,c(m)) = =CK (2), Ly), etm) 


=min{E(z,y,m), B(z,y,m), (y, y,m), B(z, y,m), Sy, z,m)} 
=E(z,y,m). (4.7) 


O(z,y,c(r)) = O(K(z), L(y), e(m)) 
=min{O(G(z),G(y),m), O(G(z), K(y),m), O(L(y), Gy), 7m) 
O(K(z),G(y),r), (L(y), G(z),m)} 
=min{O(z,y,m), O(2,y,m), OY, y,m), O(2, y,m), O(y, z,™m)} 
=O(z,y,m). (4.8) 


by Lemma [2.2| and y is a common fixed point of K,L,G and G. Then we have y = z. The 


uniqueness of the fixed point come from 
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Theorem 4.3. Let (©,=,0,®&,°) be a complete NCMS and K,L,G andG be self-mappings 
of %. Let the pairs {K,G} and {L,G} be sporadically weakly compatible. If there exists 
€ (0,1) such that 


O(K (1), L(e2),e(m)) < ¢[max{O(G(e1), Gle2),m), O(G(e1), K(e1),m) 
O(L(e2), G(e2), m), O(K(e1), G(e2), m), O(L(e2), G(e1), m)}}. 


for all €1,€2 € © and ¢,¢ :|0~,1*|]0-,17| such that C(m) < m, ¢(m) > m, for all 
0o <r< lo, thus there is a unique common fired point of K,L,G and G. 


(4.10) 


Proof. The proof follows from Theorem [4.4] 


Theorem 4.4. Let (©,=,0,®,°) be a complete NCMS and K,L,G andG be self-mappings 
of &. Let {K,G} and {L,G} are pairs be sporadically weakly compatible. If dc € (0,1) such 
that 


O(K(e1), L(e2),e(m)) < ¢(O(G(a1), G(e2), m), O(G(a1), K(e1), m) 
O(L(e), G(e2), m), O(K(e1), Gea), m), O(L(e2), G(e1), m)). 


for all 4,6 € U and ¢,¢ : |0 it | 10 ,1*| such that ¢(r,le,le,m,m) > m, 
¢(m,0e,0e,m,m) < m for all0 < m < 1 then there exists a unique common fixed point 
of K,L,G andG. 


(4.12) 


Proof. Let {K,G} and {L,G} are pairs be sporadically weakly compatible. There are points 
€1,€2 € } such that K(e,) = G(e,) and L(e2) = G(eg). 
We claim that K(e,) = L(e2). By inequalities and (4.12), we have 
E(K (1), L(e2),e(m)) 2 O(S(G(e1), Gle2), m), B(G(e1), K(a1), m), 
B(L €2), G(e2), mr), E(K(e1), G(e2), m), &(L(e2), G(e1), m)) 
(S(K(e1), L(e2),m), S(K(e1), K(x), m), 
E(L(e2), L(e2),m), BK (a1), L(e2), 7), L(L(e2), K (a1), m)) 
( m), 1g, 19, B(K(e1), L(e1), m), B(L(e2), K(€2),m)) 
( 
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O(L(e2 , Le), m), O(K(e1), L(e2), m), L(L(e2), K(e1), m)) 
= ((O(K(e1), Lea), m), Vo, 0o, O(K (ex), Lex), m), O(L(e2), K(e2), m)) 
) 


a contradiction, therefore K(e,) = L(e2), ie. K(e1) = Gla) = L(e2) = G(e2). Suppose that 
there is a another point y such that K(y) = G(y). Then by [4-11] we have K(y) = G(y) = 
L(e2) = G(eg), so K(e1) = K(y) and z = K(e,) = G(e,) is the unique point of coincidence. z 
is a unique common fixed point of K and G, by Lemma|2.2| Similarly, for K and G there is a 
unique point y € © such that y = L(y) = G(y). Thus for K,L,G, y is a common fixed point 
and G. For the uniqueness fixed point holds from (4-11). 


Theorem 4.5. Let (©,=,0,®,°) be a complete NCMS and K,L,G andG be self-mappings 
of %. Let the pairs {K,G} and {L,G} be sporadically weakly compatible. If there exists 
c € (0,1) for all €),€2 € © andm > 06 satisfying 


E(K(e1), L(e2), e(m)) = E(G(a1), G(e2),m) &) E(K (a1), Gla), m) 


(4.13) 
Q)ElL(e2), Gle2),m) @ EK (er), Gle2),m) 


(4.14) 
© O(L(c2), G(e2),m) Q O(K (1), G(e2),m) 


then there exists a unique common fixed point of K,L,G and G. 


Proof. Let the pairs {K,G} and {LZ,G} are sporadicallyweakly compatible, there are points 
€1,€2 € } such that K(e,) = G(e1) and L(e2) = G(e2). 
We claim that K(e,) = L(e2). By inequalities (4.13) and (4.14), we have 


E(K(e1), L(g), e(m)) = S(G(e1), L(e2),m) &) E(K (a1), Ge), m) 
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By Lemma [3.9] we have K(e;) = Leg), ie. K(e) = Gla) = Leg) = Gleg). Suppose 
that there is a another point y such that K(y) = G(y). Then by (4-14), we have 
K(y) = Gy) = Lez) = Gleg). Thus K(e,) = K(y) and z = K(e1) = G(e1) is the unique 
point of coincidence of K and G. Then there is a unique point y € © such that y = L(y) = G(y). 


Thus z is a common fixed point of K,L,G and G. 


Theorem 4.6. Let (©,=,0,®,°) be a complete neutrosophic CMS and G and K,L,G be 
self-mappings of %. Let {K,G} and {L,G} are the pairs be sporadically weakly compatible. If 


Je € (0,1) for all €1,€2 €X andr > 0 satisfying 
=(K(e1), L(e2), e(m)) > E(G(a41), Gle2),m) &) E(K (e1), Ger), m) &) E (Le), Glex),m) 
(&) E(L(e2), Gea), 2m) &) E(K (41), G(e2), m) 
(4.15) 
O(K (e1), L(e2), e(m)) < O(G(e1), ler), 7) &) O(K (a), (a), m) &) O(L(e2), G(e2), m) 


() O(L(€2), G(e2), 2m) &) O(K (e1), G(e2), m) 
(4.16) 


then for K,L,G and G there exists a unique common fixed point. 


Proof. We have, 


=(K(e1),9(62),m) 
QE (41), Ger), m) QEL(@), Ge2),m) 


O(K(e1), L(ez), e(m)) < O(G(a1), G(e2), m) o OK (a1), Ga), m) o O(L(€2), Gea), m) 
o O(L(e2), Gle2), 2m) o O(K (e1), Gle2), m) 
=0(G(e1), G(e2),m) o O(K(e1), Ger), m) o O(L(€2), G(e2), m) 
¢ O(G(e1), G(e1),m) o OCH (er), L(ex), m) o O(K (ex), Gle), m) 
<O(G(e1), G(e2),m) o O(K (a1), Gla), m) o O(L(€2), Gea), m) 9 O(K (ex), Gle2), m) 
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and therefore by Theorem [4.5] K,L,G and G have a common fixed point. 


Theorem 4.7. Let (©,=,0,®,°) be a complete neutrosophic CMS and K, L be self- 
mappings of &. Let K and L be sporadically weakly compatible. If 4 a point c € (0,1) for all 
€1,€2€ 4 andr > 0o 


=(L(e1), L(e2),c(m)) > aB(K(e1), K(€2),m) + bmin{E(K (e,), K(€2),m), 
&(L(e1), K(e1),m), S(L(e2), K(e2), m)} 
O(L(e1), L(e2), c(m)) < aO(K(e1), K(€2),m) + bmax{O(K (e1), K(€2),m), 


O(L(e1), K(e1),m), O(L(e2), K (e2),m)} 
for all €1,€2 € %, where a,b > 09, a+b>1e. Then K and L have a unique common fixed 


(4.17) 


(4.18) 


point. 


Proof. Let the pairs {K, L} be sporadicallyweakly compatible, so there is a point €, € © such 
that K(e1) = L(e1). Suppose that there exists another point €2 € © for which K(e2) = L(e2). 
We claim that G(e,) = L(e2). By inequalities and (4.18), we have 
E(L(e1), L(e2),c(m)) 2 aE(K (er), K(e2),m) + bmin{E(K (ei), K(e2),m), 
&(L(e1), K(e1), 7), E(L(e2), K(e2),m)} 
=a=(L(e1), L(e2),m) + bmin{S(L(e1), L(e2),m), 
&(L(e1), L(e1),m), S(L(€2), L(e2), m), } 
=a + bE(L(e1), L(e2), m) 
O(L(e1), L(e2), c(m)) < aO(K(e1), K(e2),m) + bmax{O(K(e1), K(e2),m), 
O(L(e1), K(e1),m), O(L (2), K(e2),7)} 
=a0(L(e1), L(e2),m) + bmax{O(L(e1), L(e2),m), 
O(L(e1), L(e1),m), O(L(e2), L(e2), 7m), } 


=a + bO(L(e,), L(e2),m) 
a contradiction, since a+b > 1e. Therefore L(e,) = L(e2). Therefore K(e,) = K(e2) and 
K(e,) is unique. From Lemma 2.2] K and L have a unique fixed point. 


5. Conclusion 


In this paper, the concept of neutrosophic CMS is introduced. Some fixed point theorems 


on neutrosophic CMS are stated and proved. 
6. Conflict of Interests 


Regarding this manuscript, the authors declare that there is no conflict of interests. 


589 


Florentin Smarandache (author and editor) Collected Papers, XII 


References 


1. A. K., Stoeva, intuitionistic L-fuzzy, R. Trpple, Ed., Cybernetic and System Research Elsevier, Amsterdam, 
1984. Vol 2: p.539-540. 
2. A. Saha, S. Broumi,New operators on interval valued neutrosophic sets, Neutrosophic Sets and Systems, 
2019. 28: p.128-137. doi:10.5281/zenodo.3382525. 
3. A. A. Salama, F. Smarandache, V. Kroumov. Neutrosophic closed set and neutrosophic continuous func- 
tions, Neutrosophic Sets and Systems, 2014. 4: p.4-8. 
4. A. A. Salama, 8. Broumi, S. A. Alblowi. Introduction to neutrosophic topological spatial region, possible 
application to gis topological rules, I.J. Information Engineering and Electronic Business, 2014. 6: p.15-21. 
5. A. Salama, S. Alblowi. Generalized neutrosophic set and generalized neutrousophic topological spaces, 
Journal computer Sci. Engineering, 2012; 2 (7): p.29-32. 
6. C. L. Chang. Fuzzy topological spaces, Journal of Mathematical Analysis and Applications,1968. 24 (1): 
p.182-190. 
7. D. Coker. An introduction to intuitionistic fuzzy topological space, Fuzzy Sets and Systems, 1997. 88 
(1):p.81-89. 
8. F. Smarandache, (t, i, f)-neutrosophic structures and i-neutrosophic structures (revisited), Neutrosophic 
Sets and Systems, 2015. 8: p.3-9. doi:10.5281/zenodo.571239. 
9. F. Smarandache, Neutrosophic Probability, Set, and Logic, ProQuest Information, Learning, Ann Arbor, 
Michigan, USA, 1998, p: 105. 
10. G. Balasubramanian and P. Sundaram, On some generalizations of fuzzy continuous functions, Fuzzy Sets 
and Systems 1997.86: p.93-100. 
11. G. Balasubramanian, P. Sundaram. On some generalizations of fuzzy continuous functions, Fuzzy Sets and 
Systems 1997.86: p.93-100. 
12. K. Atanassov. Intuitionistic fuzzy sets, VII ITKRs Session, Publishing House: Sofia, Bulgaria, 1983. 
13. L. Zadeh. Fuzzy sets, Inform. and Control, 1965. 8: p.338-353. 
14. M. Sahin, A. Kargn, Neutrosophic triplet metric topology, Neutrosophic Sets and Systems, 2019.27: p.154- 
162. doi:10.5281/zenodo.3275557. 
15. M.L. Thivagar, S. Jafari, V. Antonysamy, V. S. Devi, The ingenuity of neutrosophic topology via n-topology, 
Neutrosophic Sets and Systems, 2018. 19:p. 91-100. doi:10.5281/zenodo.1235315. 
16. M. A. A. Shumrani, F. Smarandache, Introduction to non-standard neutrosophic topology, Symmetry, 
2019.11 (0): p.1-14, basel, Switzerland. doi:10.3390/sym11050000. 
17. H. E. Khalid, F. Smarandache, A. K. Essa, The basic notions for (over, off, under) neutrosophic geometric 
programming problems, Neutrosophic Sets and Systems, 2018. 22: p.50-62. doi:10.5281/zenodo.2160622. 
18. W. F. Al-Omeri, F. Smarandache. New Neutrosophic Sets via Neutrosophic Topological Spaces, Neutro- 
sophic Operational Research; F. Smarandache and S. Pramanik (Editors), Pons Editions, Brussels, Belgium, 
2017. Volume I: p. 189-209. 
19. W. F. Al-Omeri. Neutrosophic crisp sets via neutrosophic crisp topological spaces, Neutrosophic Sets and 
Systems, 2016. 13: p.96-104. 


20. K. Atanassov, Intuitionistic Fuzzy Sets, Fuzzy Sets and Systems, 1986. (20): p.87-96. 
21. W. F. Al-Omeri, S. Jafari, On Generalized Closed Sets and Generalized Pre-Closed Sets in Neutrosophic 
Topological Spaces, Mathematics, 2019.(7)1: p.1-12. doi:doi.org/10.3390/math7010001. 


590 


Florentin Smarandache (author and editor) Collected Papers, XIl 


Comment on "A Novel Method for Solving the Fully Neutrosophic 
Linear Programming Problems: Suggested Modifications" 


Mohamed Abdel-Basset, Mai Mohamed, Florentin Smarandache 


Mohamed Abdel-Basset, Mai Mohamed, Florentin Smarandache (2020). Comment on "A Novel 
Method for Solving the Fully Neutrosophic Linear Programming Problems: Suggested 
Modifications”. Neutrosophic Sets and Systems 31, 305-309 


Abstract. Some clarifications of a previous paper with the same title are presented here to avoid 
any reading conflict [1]. Also, corrections of some typo errors are underlined. Each 
modification is explained with details for making the reader able to understand the main concept 
of the paper. Also, some suggested modifications advanced by Singh et al. [3] (Journal of 
Intelligent & Fuzzy Systems, 2019, DOI:10.3233/JIFS-181541) are discussed. It is observed that 
Singh et al. [3] have constructed their modifications on several mathematically incorrect 
assumptions. Consequently, the reader must consider only the modifications which are presented 
in this research. 


1. Clarifications and Corrected Errors 


In Section 5 and Step 3 of the proposed NLP method [1], the trapezoidal neutrosophic number was 
presented in the following form: 

a=((a'.a™ ala) Te Ins Fads 

where a!,a™!,a™,a" are the lower bound, the first and second median values and the upper 
bound for trapezoidal neutrosophic number, respectively. Also, Tz,lg,Fz are the truth, 
indeterminacy and falsity degrees of the trapezoidal neutrosophic number. The ranking function 
for that trapezoidal neutrosophic number is as follows: 


(=) x (T; ae F,) 


2 
The previous ranking function is only for maximization problems. 


R@)= (8) 


But, if NLP problem is a minimization problem, then ranking function for that trapezoidal 
neutrosophic number is as follows: 


R(@) = |) x (Fy — Ba - Fad (9) 


If reader deals with a symmetric trapezoidal neutrosophic number which has the following form: 
a-((a™,a™ ); a, B), 
where a = 8, a, 6 = 0, then the ranking function for that number will be as follows: 
_ (a™14a™2)+2(a+f) 
R(@) = (<< e*) x (T; — la — Fa)). (10) 
We applied Eq. (10) directly in Example 1, but we did not illustrated it in the original work [1], and 


this caused a reading conflict. After handling typo errors in Example 1, the crisp model of the 
problem will be as follows: 
Maximize Z =18x,+19x2+20x3 
Subject to 
12x,+13x2+12x3 < 502, 
14x, +13x3 < 486, 
12x,+15x) < 490, 
X1,X2,X3 = 0. 
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The initial simplex form will be as in Table 1. 


Table 1 Initial simplex form 


Basic variables x4 Xp X3 S4 Ss S6 RHS 
S4 12 13 12 1 0 0 502 
Ss 14 0 13 0 1 0 486 
S6 12 15 0 0 0 1 490 
Z -18 -19 -20 0 0 0 0 


The optimal simplex form will be as in Table 2. 


Table 2 Optimal form 
Basic variables Xy X2 X3 S4 Ss S6 RHS 
Xp -12/169 1 0 1/13 -12/169 0 694/169 
X3 14/13 0 1 0 1/13 0 486/13 
S6 2208/169 0 0 -15/13 180/169 1 72400/169 
Z 370/169 0 0 19/13 32/169 0 139546/169 


The obtained optimal solution is x, = 0,x2 = 4.11, x3 = 37.38. 

The optimal value of the NLPP is Zz = (13,15,2,2)x, + (12,14,3,3)x2 + (15,17,2,2)x3= (13,15,2,2) « 
0 + (12,14,3,3) * 4.11 + (15,17,2,2) « 37.38 = 

(49.32,57.54,12.33,12.33) + (560.70,635.46,74.76,74.7) = (610.02,693,87.09,87.09). 

Z = (610.02,693,87.09,87.09), which is in the symmetric trapezoidal neutrosophic number form. 
Since the traditional form of a@ =((a™,a™ ); a, B) is: 

a =((a™1 —a, a™, qm qm + B)), 

where a™ —q@ =a! , a™ + B = a", then the optimal value of the NLPP can also be written as Z ~ 
(522.93,610.02,693,780.09). 


The reader must also note that one can transform the symmetric trapezoidal neutrosophic numbers 
from Example 1 in [1] to its traditional form, and use Eq. (8) for solving the problem, obtaining the 
same result. By comparing the result with other existing models mentioned in the original research 
[1], the proposed model is the best. 
By using Eq. (8) and solving Example 2 in [1], the crisp model will be as follows: 
Maximize Z =25x,+48x, 
Subject to 

13x,+28x, < 31559, 

26x,+9x3 < 16835, 

21x,+15x, < 19624, 

X4,X2 = 0. 


The initial simplex form will be as in Table 3. 


Table 3 Initial simplex form 


Basic variables xX x S3 Sy Ss RHS 
S3 13 28 1 0 0 31559 
S4 26 9 0 1 0 16835 
Ss 21 15 0 0 1 19624 
Z, -25 -48 0 0 0 0 


The optimal simplex form will be as in Table 4. 
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Table 4 Optimal simplex form 


Basic variables X4 Xp S3 S4 Ss RHS 
Xp 0 1 7/131 0 -13/393 407627 /393 
S4 0 0 67/131 1 -611/393 969250/393 
X4 1 0 -5/131 0 28/393 76087 /393 
Z 0 0 211/131 O 76/393 21468271/393 


The optimal value of objective function is 54627. 

By using Eq. (9) and solving Example 3 in [1], the crisp model will be as follows: 
Minimize Z =6x,+10x2 

Subject to 

2xX,+5X2 = 6, 

3x,+4x, = 3, 

X4,X2 = 0. 


The optimal simplex form will be as in Table 5. 


Table 5 Optimal simplex form 


Basic variables X4 Xp S3 S4 RHS 
S4 -7/5 0 -4/5 1 0 
xX 2/5 1 -1/5 0 10 
Z -2 0 -2 0 12 


Hence, the optimal solution has the value of variables: 
x, =0,x, = 1.2, Z=12. 
The obtained result is better than Saati et al. [2] method. 
By correcting typo errors which percolated in the Case study in [1], the problem formulation model 
will be as follows: 
Maximize Z = 9x,+12x,+15x3+11x, 
Subject to 
0.5x, + 1.5x, + 1.5x3 +x, < 1500, 
3x, + Xp + 2x3 +3x, < 2350, 
2x, + 4x2. + x3 + 2x, < 2600, 
0.5x, + 1x, + 0.5x3 + 0.5x, < 1200, 
x, = 150, 


0 


0 


400 
X4,X2,X3,Xq = 0. 


a 
i=) 


w. 
oO 


x2 
x3 
XS ‘ 
The values of each trapezoidal neutrosophic number remain the same [1]. 
By using Eq. (8) and solving the Case study, the crisp model will be as follows: 
Maximize Z = 10x,+10x,+12x3+9x,4 
Subject to 

0.5x, + 1.5x2 + 1.5x3 +x, < 1225, 

3X1 + Xp + 2x3 + 3x, < 1680, 

2X, + 4X9 +X3 4+ 2x, < 2030, 

0.5x, + 1x2 + 0.5x3 + 0.5x, < 945, 

x, £122, 

Xq < 87, 

x3 < 227, 

x4 < 297, 

X4,X2,X3,Xq = 0. 
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By solving the previous model using cana approach, the results are as follows: 
773 
xX, = 122, x2 = 87, x3 = 227,x, = 


2. A Note on the modifications suggested by Singh et al. [3] 


This part illustrates how Singh et al. [3] constructed their modifications of Abdel-Basset et al.’s 
method [1] on wrong concepts. The errors in Singh et al.’s [3] modifications reflects the 
misunderstanding of Abdel-Basset et al.’s method [1]. 


In the second paragraph of the introductory section, Singh et al. [3] assert that “in Abdel-Basset et 
al.’s method [1], firstly, a neutrosophic linear programming problem (NLPP) is transformed into a 
crisp linear programming problem (LPP) by replacing each parameter of the NLPP, represented by 
a trapezoidal neutrosophic number with its equivalent defuzzified crisp value”. However, this is 
not true, since the neutrosophic linear programming problem (NLPP) is transformed into a crisp 
linear programming problem (LPP) by replacing each parameter of the NLPP, represented by a 
trapezoidal neutrosophic number with its equivalent deneutrosophic crisp value. The 
deneutrosophication process means transforming a neutrosophic value to its equivalent crisp value. 
In Section 2, Step 1 Singh et al. [3] alleged that Abdel-Basset et al.’s method [1] for comparing two 
trapezoidal neutrosophic numbers is based on maximization and minimization of problem, which 
is again not true. 
In Section 3 and Definition 4, Abdel-Basset et al. [1] illustrated that the method for comparing two 
trapezoidal neutrosophic numbers is as follows: 

1. If R(A) > R(B) then A> B, 

2. If R(A) < R(B) then A < B, 

3. If R(A) = R(B) then A = B. 
There is well known that if a'’=a™+=a™ =a" , then the trapezoidal number 
a=((a',a™ ,a™, a“ );1,0,0) will be transformed into a real number a = ((a,a,a,a);1,0,0), and 
hence in this case R(a) = a. We presented this fact to illustrate a great error in the suggested 
modifications of Singh et al. [3] 
In the Suggested modifications section [3], the aus claimed that: 


m 
ee PY at, Tay lay Fa »)- Y Raha Pat Tay lay Fa,) — Yt 


+r ila, Die 4 Fa,tminycjen{Te z} Ee MAX cjen{Fe :,} (11) 
instead of , 
R(UE al, al, a”, a}! Tay lay Fa,)) =D, R (al, af, af”, at, Tap lag Fa,) - 


Let us consider the following example for proving the error in this suggestion [3] 

Let m = 3, which are three trapezoidal neutrosophic numbers G, G2, 3; since G,=((1,1,1,1 ); 1,0, 0) 
, Gy =((2,2,2,2 );1,0,0) , d= (3, 3,3,3 ); 1,0, 0), then, 

R(DP (al, al, al", at, Ta, lay Fa,)) = RCC1,1,1,1 ); 10,0) + ((2,2,2,2 ); 10,0) + ((3,3,3,3 ); 1,0, 0)) 
= R(((6,6,6,6 );1,0,0)), and according to the previously determined fact “if a’ = a™* = a™ =a" 
then the trapezoidal number G@= ((a',a™1,a™?, a“ );1,0,0) will be transformed into a real 
number a= ((a,a,a,a);1,0,0) and hence in this case R(a)=a ”, the value of 
R(((6,6,6,6 );1,0,0)) = 6. 


And by calculating the right hand side of Eq. (11), which is 1, R (aj, a7", a7”, ai', Tg, la» Fa,) — 
ina fay + Dina ta, + dies Fa,+miny<jen{Tz,} - MAX <jen{le,} = MAX <jen{Fe,} , we note that, 

R((1, 1,1,1 ); 1,0, 0) + R((2, 2,2,2 ); 1,0, 0) + R((3, 3,3,3 );1,0,0) -3+0+04+1-0-0= 1+2+ 

3-3+0+0+4+1-0-0=4. 
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And then, the left hand side of Eq. (11) does not equal the right hand side, ie. 6 # 4. 
Consequently, the authors [3] built their suggestions on a wrong concept. 


Beside Eq. (11), the authors [3] used the expressions R(a) = 3a +1 for maximization problems, 
and R(a)=—2a+1 for minimization problems, and this shows peremptorily that their 
assumptions are scientifically incorrect. 


There is also a repeated error in all corrected solutions suggested by Singh et al. [3] which contradicts 
with the basic operations of trapezoidal neutrosophic numbers. This error is iterated in Section 7, as 
in Example 1, in Step 6. Singh et al. [3] illustrated that the optimal value of the NLPP is calculated 
using the optimal solution obtained in Step 5 as follows: 

(11,13,15,17)x, + (9,12,14,17)x2 + (13,15,17,19)x3 = (11,13,15,17) «0 +(9,12,14,17) +0 


+(13,15,17,19) «(2) = 132) +15(2)+ 17 2)+ 19) = =, and because the basic 


operation of multiplying trapezoidal neutrosophic number by a constant value is as follows: 


~ _(((Y41, Yaz, ¥43, 74); Ta la Fa) if Cy 2 0) 
a = ; , then the value of (11,13,15,17) «0 +(9,12,14,17) * 
ae Ta la ,Fa) if (y < 0) ( ) ( ) 
245. c= 1225 4165 4655 


0 +(13,15,17,19) * = , , ; ;1,0,0 ). Then the optimal value of the NLPP isz ~ 
18 18 P 


18 6 18 
-(== 1225 4165 <*) 


18’ 6 ’ 18’ 18 
The same error appears in Example 4, where the optimal value of the NLPP is calculated by Singh 
et al. [3] using the optimal solution obtained in Step 5 as follows: 
(6,8,9,12)x,(9,10,12,14)x + (12,13,15,17)x3 + (8,9,11,13)x, = (6,8,9,12)(=) + (9,10,12,14) (0) + 
6200. _ 3700 3700 3700 3700. 6200 6200. 
(12,13,15,17)(=) +(8,9,11,13)(0) = 6(=<")+ 8( “ ) +9 ( “ ) + 122°) +12( : )+13 ( oe) + 
157) +170) = — , which is scientifically incorrect and reflects only the weak background 


of the authors in the neutrosophic field. 


Therefore, we concluded that it is scientifically incorrect to use Singh et al.’s modifications [3]. 


3. Conclusions 

Clarifications and corrections of some typo errors are presented here to avoid any reading conflict. 
Also, the correct results of NLPPs are presented. By using three modified functions for ranking 
process which were presented by Abdel-Basset et al. [1], the reader will be able to solve all types of 
linear programming problems with trapezoidal and symmetric trapezoidal neutrosophic numbers. 
Also, the mathematically incorrect assumptions used by Singh et al. [3] are discussed and rejected. 
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Abstract: A neutrosophic set is a part of neutrosophy that studies the origin, nature and scope of neu- 
tralities as well as their interactions with different ideational spectra. In this present paper first we have 
introduced the concept of a neutrosophic soft set having incomplete data with suitable examples. Then 
we have tried to explain the consistent and inconsistent association between the parameters. We have 
introduced few new definitions, namely- consistent association number between the parameters, con- 
sistent association degree, inconsistent association number between the parameters and inconsistent as- 
sociation degree to measure these associations. Lastly we have presented a data filling algorithm. An il- 
lustrative example is employed to show the feasibility and validity of our algorithm in practical situa- 
tion. 


Keywords: Soft set, neutrosophic set, neutrosophic soft set, data filling. 


1. Introduction 


In 1999, Molodstov [01] initiated the concept of soft set theory as a new mathematical tool for mod- 
elling uncertainty, vague concepts and not clearly defined objects. Although various traditional tools, 
including but not limited to rough set theory [02], fuzzy set theory [03], intuitionistic fuzzy set theory 
[04] etc. have been used by many researchers to extract useful information hidden in the uncertain da- 
ta, but there are immanent complications connected with each of these theories. Additionally, all these 
approaches lack in parameterizations of the tools and hence they couldn't be applied effectively in real 
life problems, especially in areas like environmental, economic and social problems. Soft set theory is 
standing uniquely in the sense that it is free from the above mentioned impediments and obliges ap- 
proximate illustration of an object from the beginning, which makes this theory a natural mathemati- 
cal formalism for approximate reasoning. 


The Theory of soft set has excellent potential for application in various directions some of which are 
reported by Molodtsov in his pioneer work. Later on Maji et al. [05] introduced some new annotations 
on soft sets such as subset, complement, union and intersection of soft sets and discussed in detail its 
applications in decision making problems. Ali et al. [06] defined some new operations on soft sets and 
shown that De Morgan's laws holds in soft set theory with respect to these newly defined operations. 
Atkas and Cagman [07] compared soft sets with fuzzy sets and rough sets to show that every fuzzy set 
and every rough set may be considered as a soft set. Jun [08] connected soft sets to the theory of 
BCK/BClI-algebra and introduced the concept of soft BCK/BClI-algebras. Feng et al. [09] characterized 
soft semi rings and a few related notions to establish a relation between soft sets and semi rings. In 
2001, Maji et al. [10] defined the concept of fuzzy soft set by combining of fuzzy sets and soft sets . Roy 
and Maji [11] proposed a fuzzy soft set based decision making method. Xiao et al. [12] presented a 
combined forecasting method based on fuzzy soft set. Feng et al. [13] discussed the validity of the 
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Roy-Maji method and presented an adjustable decision-making method based on fuzzy soft set. Yang 
et al. [14] initiated the idea of interval valued fuzzy soft set (IVFS-set) and analyzed a decision mak- 
ing method using the IVFS-sets. The notion of intuitionistic fuzzy set (IFS) was initiated by Atanassov 
as a significant generalization of fuzzy set. Intuitionistic fuzzy sets are very useful in situations when 
description of a problem by a linguistic variable, given in terms of a membership function only, seems 
too complicated. Recently intuitionistic fuzzy sets have been applied to many fields such as logic pro- 
gramming, medical diagnosis, decision making problems etc. Smarandache [15] introduced the con- 
cept of neutrosophic set which is a mathematical tool for handling problems involving imprecise, in- 
determinacy and inconsistent data. Thao and Smaran [16] proposed the concept of divergence meas- 
ure on neutrosophic sets with an application to medical problem. Song et al. [17] applied neutrosophic 
sets to ideals in BCK/BCI algebras. Some recent applications of neutrosophic sets can be found in [18], 
[19], [20], [21], [22], [23] and [24]. Maji [25] introduced the concept of neutrosophic soft set and estab- 
lished some operations on these sets. Mukherjee et al [26] introduced the concept of interval valued 
neutrosophic soft sets and studied their basic properties. In 2013, Broumi and Smarandache [27, 28] 
combined the intuitionistic neutrosophic and soft set which lead to a new mathematical model called 
“intuitionistic neutrosophic soft set”. They studied the notions of intuitionistic neutrosophic soft set 
union, intuitionistic neutrosophic soft set intersection, complement of intuitionistic neutrosophic soft 
set and several other properties of intuitionistic neutrosophic soft set along with examples and proofs 
of certain results. Also, in [29] S. Broumi presented the concept of “generalized neutrosophic soft set” 
by combining the generalized neutrosophic sets and soft set models, studied some properties on it, 
and presented an application of generalized neutrosophic soft set in decision making problem. Recent- 
ly, Deli [30] introduced the concept of interval valued neutrosophic soft set as a combination of inter- 
val neutrosophic set and soft set. In 2014, S. Broumi et al. [31] initiated the concept of relations on in- 
terval valued neutrosophic soft sets. 

The soft sets mentioned above are based on complete information. However, incomplete infor- 
mation widely exists in various real life problems. Soft sets under incomplete information become in- 
complete soft sets. H. Qin et al [32] studied the data filling approach of incomplete soft sets. Y. Zou et 
al [33] investigated data analysis approaches of soft sets under incomplete information. In this paper 
first we have introduced the concept of a neutrosophic soft set with incomplete data supported by ex- 
amples. Then we have introduced few new definitions to measure the consistent and inconsistent as- 
sociation between the parameters. Lastly we have presented a data filling algorithm supported by an 
illustrative example to show the feasibility and validity of our algorithm. 


2. Preliminaries: 
2.1 Definition: [03] Let U be a non empty set. Then a fuzzy set T on U is a set having the form 
T ={(x, U.(x)):x eU} where the function ,:U —[0, 1] is called the membership function and 


LL, (x) represents the degree of membership of each element x € U. 
2.2 Definition: [04] Let U be a non empty set. Then an intuitionistic fuzzy set (IFS for short) T is an 
object having the form T= {(x, LL, (x), Y, (x)): XE U} where the functions 


w,:U > [0, 1] and y,:U— [0,1] are called membership function and non-membership function 


respectively. 


LL, (x) and y, (x) represent the degree of membership and the degree of non-membership 
respectively of each element xe U and 0<p,(x)+y,(x)<1 for each x e U.We denote the class of 


all intuitionistic fuzzy sets on U by IFS. 
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2.3 Definition: [01] Let U be a universe set and E be a set of parameters. Let P(U) denotes the 
power set of U and AcE. Then the pair (F, A) is called a soft set over U, where F is a mapping 
given by F: A> P(U): 

In other words, the soft set is not a kind of set, but a parameterized family of subsets of U. For 


ecA, F (e) <U may be considered as the set of e-approximate elements of the soft set (F, A). 


2.4 Definition: [10] Let U be a universe set, E be a set of parameters and ACE. Then the pair 
CE A) is called a fuzzy soft set over U, where F is a mapping given by F: A> FS”. 


2.5 Definition: [34] Let U be a universe set, E be a set of parameters and A CE. Then the pair 
(F, A) is called an intuitionistic fuzzy soft set over U, where F isa mapping given by F: A > IFS". 
For e€A, F(e) is an intuitionistic fuzzy subset of U and is called the intuitionistic fuzzy value 


set of the parameter ‘e’. 


Let us denote F(e) (x) by the membership degree that object ‘x’ holds parameter ‘e’ and y F(e) (x) 
by the membership degree that object ‘x’ doesn’t hold parameter ‘e’ , where eeA and xe U. Then 
F (e) can be written as an intuitionistic fuzzy set such that F(e)={(x, Mr(e) (x), Yr(e) (x): ae u} ‘ 


2.6 Definition: [15] A neutrosophic set A on the universe of discourse U is defined as 
A={(x,u,(x),7,(x),5,(x)):xeU}, where 4,,7,,6,:U —] 0,1'[ are functions such that the 
condition: Vx eU, O< w,(x)+y7,(x)+6, (x) <3° is satisfied. 

Here LU, (x ) Va (x ), }, (x ) represent the truth-membership, indeterminacy-membership and 


falsity-membership respectively of the element x €U. 
Smarandache [15] applied neutrosophic sets in many directions after giving examples of 
neutrosophic sets. Then he introduced the neutrosophic set operations namely-complement, union, 


intersection, difference, Cartesian product etc. 


2.7 Definition: [21] Let U be an initial universe, E be a set of parameters and Ac E. Let NP (U ) 
denotes the set of all neutrosophic sets of U . Then the pair ( ds A) is termed to be the neutrosophic 


soft set over U, where f is amapping given by f: A> NP(U). 


2.8 Example: Let us consider a neutrosophic soft set ( hs A) which describes the “attractiveness of the 
house”. Suppose U= {u,Uy,U;,U4,Us,Ug$ be the set of six houses under consideration and 
E'= {e,(beautiful), e, (expensive), e, (cheap), e, (good location), e; (wooden)}be the set of parameters. Then 


a neutrosophic soft set ( fs A) over U can be given by: 


U e e> e3 €4 e5 

Uy (0.8,0.5,0.2) (0.3,0.4,0.6) (0.1,0.6,0.4) (0.7,0.3,0.6) (0.3,0.4,0.6) 
TD) (0.4,0.1,0.7) (0.8,0.2,0.4) (0.4,0.1,0.7) (0.2,0.4,0.4) (0.1,0.1,0.3) 
U3 (0.2,0.6,0.4) (0.5,0.5,0.5) (0.8,0.1,0.7) (0.5,0.3,0.5) (0.5,0.5,0.5) 
U4 (0.3,0.4,0.4) (0.1,0.3,0.3) (0.3,0.4,0.4) (0.6,0.6,0.6) (0.1,0.1,0.5) 
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Us 


(0.1,0.1,0.7) 


(0.2,0.6,0.7) 


(0.4,0.2,0.1) 


(0.8,0.6,0.1) 


(0.6,0.7,0.7) 


Ug 


(0.5,0.3,0.9) 


(0.3,0.6,0.6) 


(0.1,0.5,0.5) 


(0.3,0.6,0.5) 


(0.4,0.4,0.4) 


3. Neutrosophic soft sets with incomplete (missing) data: 
Suppose that (/,£) is a neutrosophic soft set over U, such that $ x; 1 Uand e ij I E so that none 


of My(e Oi )8 fey and dp ei) is known. In this case, in the tabular representation of the 


neutrosophic soft set (f,£), we write (mp ej) Sr oOo y( e)% ))= *. Here we say that the data 
for f(e;) is missing and the neutrosophic soft set (f,#) over U has incomplete data. 


3.1 Example: Suppose Tech Mahindra is recruiting some new Graduate Trainee for the session 2019- 
2020 and suppose that eight candidates have applied for the job. Assume that U = {1,,W7,U3,......Ug } 


be the set of candidates 


E= {e,(communication skill), e, (domain knowledge), e; (experienced), e, (young), 
e; (highest academic degree), e, (professional attitute)'be the set of parameters. Then a neutrosophic soft 


set over U having missing data can be given by Table-1. 


Table-1 

U e e> e3 e4 e5 & 

uy (0.8,0.5,0.2) | (0.3,0.4,0.6) | (0.1,0.6,0.4) | (0.7,0.3,0.6) | (0.3,0.4,0.6) | (0.2,0.5,0.5) 
Uy | (0.4,0.1,0.7) | (0.8,0.2,0.4) | (0.4,0.1,0.7) | (0.2,0.4,0.4) | * (0.6,0.6,0.4) 
uz | (0.2,0.6,0.4) | (0.5,0.5,0.5) | * (0.5,0.5,0.5) | (0.5,0.5,0.5) | (0.3,0.4,0.6) 
us | (0.3,0.4,0.4) |} (0.1,0.3,0.3) | (0.3,0.4,0.4) | (0.6,0.6,0.6) | (0.1,0.1,0.5) | (0.3,0.4,0.4) 
us | (0.1,0.1,0.7) | * (0.4,0.2,0.1) | (0.8,0.6,0.1) | (0.6,0.7,0.7) | (0.3,0.4,0.3) 
Ue | (0.5,0.3,0.9) | (0.3,0.6,0.6) | (0.1,0.5,0.5) | (0.3,0.6,0.6) | (0.4,0.4,0.4) | (0.3,0.6,0.6) 
uz | (0.2,0.4,0.6) | (0.4,0.4,0.5) | (0.5,0.5,0.6) | * (0.7,0.5,0.8) | (0.4,0.4,0.5) 
ug | (0.2,0.3,0.1) | (0.6,0.6,0.1) | (0.8,0.3,0.8) | (0.4,0.3,0.4) | (0.5,0.6,0.3) | (0.9,0.3,0.3) 


In case of soft set theory, there always exist some obvious or hidden associations between 
parameters. Let us focus on this to find the associations between the parameters of a neutrosophic soft 


set. 


In example 2.8, one can easily find that if a house is expensive, the house is not cheap and vice 
versa. Thus there is an inconsistent association between the parameters ‘expensive’ and ‘cheap’. 
Generally, if a house is beautiful or situated in a good location, the house is expensive. Thus there is a 
consistent association between the parameters ‘beautiful’ and ‘expensive’ or the parameters ‘good 


location’ and ‘expensive’. 


In example 3.1, we find that if a candidate is experienced or have highest academic degree, he/she 
is not young. Thus there is an inconsistent association between parameters ‘experienced’ and ‘young’ 


or between ‘highest academic degree’ and ‘young’. 


The above two examples reveal the interior relations of parameters. In a neutrosophic soft set, 


these associations between parameters will be very useful for filling incomplete data. If it is found that 
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the parameters ¢ and e; are associated and the data for f(e;) is missing, then we can fill the 


missing data according to the corresponding data in f (e i) . To measure these associations, let us 
define the notion of association degree and some relevant concepts. 
For the rest of the paper we shall assume that U be the universe set and E be the set of parameters. 


Let Uj; denotes the set of objects that have specified values in the form of an ordered triplet (a, b, c) 


where a, b, ce[0, 1] on both parameters @€; and e j such that 
= j Tt ‘ ii 38 xe 9. of 
Ujj = - u (ps8 pe) 2-4 (e))) By (0; ODE p(e,) 4 (0, OH i 


In other words Uj; is the collection of those objects that have known data both on @; and e i: 


3.2 Definition: Let €;,e; 1 E.Then the consistent association number between the parameters e; and 


ej is denoted by CAN; and is defined as: 


CAN; [st Lip Mpa OI= M(o,)HE HQ VPI~ 8 (0, Ae 4 et 


= where |.| 


a 
denotes the cardinality of a set. 


3.3 Definition: Let e;,e; { E. Then the consistent association degree between the parameters e; and 


CAN ij 


e; is denoted by CAD, and is defined as: CAD; = where |.| denotes the cardinality of a set. 


e, 
It can be easily verified that the value of CAD; lies in [0, 1]. Actually CAD; measures the extent to 


which the value of parameter @; keeps consistent with that of parameter e j over U, ij: Next we define 


inconsistent association number and inconsistent association degree as follows: 
3.4 Definition: Let @;,e i { £. Then the inconsistent association number between the parameters @; 


and é jis denoted by ICANj; and is defined as 


ICAN ; = [st Ui My (o,(X)! ie) or 8 r(6,))" g 5 oe dre, )' Tey 


a 


where |.| denotes the cardinality of a set. 


3.5 Definition: Let @;,e 7a E. Then the inconsistent association degree between the parameters @ 


Ni 


ICA 
and €; is denoted by ICAD,; and is defined as: ICADj; = where |.| denotes the cardinality of 


j 
a set. 
It can be easily verified that the value of ICAD; lies in [0, 1]. Actually / CAD; measures the extent 


to which the parameters @ and e j is inconsistent. 
3.6 Definition: Let e;,e; | E. Then the association degree between the parameters ¢ and @; is 


denoted by AD; and is defined by ADj = max {caD 


js TCAD . 
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If CAD; > ICAD;; , then AD i = CAD; , which means that most of the objects over Ui; have 
consistent values on parameters @; and @ j° If CAD < ICAD; , then AD jy = ICADy, which means that 


most of the objects over U;; have inconsistent values on parameters e; and e j Again if 
CAD; = ICADj;, then it means that there is the lowest association degree between the parameters 


and ej. 


3.7 Theorem: For parameters €; and @;, AD > 0.5 for all i, j. 
Proof: Follows from the fact that CAD, + ICAD; =1. 


3.8 Definition: If e1 E’, then the maximal association degree of parameter e; is denoted by MAD; 
and is defined by MAD; = a AD. 
4, DATA Filling Algorithm for a neutrosophic soft set: 
Step-1: Input the neutrosophic soft set (f,£) which has incomplete data. 
Step-2: Find all parameters @; for which data is missing. 


Step-3: Compute AD; for j=1,2,3....,m (where ‘m’ is the number of parameters in E£). 
Step-4: Compute MAD; . 


Step-5: Find out all parameters e; which have the maximal association degree MAD; with the 


J 


parameter @€;. 


Step-6: In case of consistent association between the parameter @; and e j ’s (j=1,2,3,....) 


(m ee; g ey) (eg) @) pmax m iy (e)O» max g fle)» max d Me) . In case of inconsistent 


association between the parameter e; and ej ’S (j=1,2,3,....) 

(%y4¢)(2)s8 pre) 2)-4/(e) 2) pl- maxim, y(x)~ max ey, y(x)s1~ maxd (ej) OE 

Step-7: If all the missing data are filled then stop else go to step-2. 

> An Illustrative example: Consider the neutrosophic soft set given in example 3.1. 
U ay ey e3 e4 es &6 
uy (0.8,0.5,0.2) | (0.3,0.4,0.6) | (0.1,0.6,0.4) | (0.7,0.3,0.6) | (0.3,0.4,0.6) | (0.2,0.5,0.5) 
Uy | (0.4,0.1,0.7) | (0.8,0.2,0.4) | (0.4,0.1,0.7) | (0.2,0.4,0.4) | * (0.6,0.6,0.4) 
uz | (0.2,0.6,0.4) | (0.5,0.5,0.5) | * (0.5,0.5,0.5) | (0.5,0.5,0.5) | (0.3,0.4,0.6) 
U4 | (0.3,0.4,0.4) | (0.1,0.3,0.3) | (0.3,0.4,0.4) | (0.6,0.6,0.6) | (0.1,0.1,0.5) | (0.3,0.4,0.4) 
us | (0.1,0.1,0.7) | * (0.4,0.2,0.1) | (0.8,0.6,0.1) | (0.6,0.7,0.7) | (0.3,0.4,0.3) 
Ug | (0.5,0.3,0.9) | (0.3,0.6,0.6) | (0.1,0.5,0.5) | (0.3,0.6,0.6) | (0.4,0.4,0.4) | (0.3,0.6,0.6) 
uz | (0.2,0.4,0.6) | (0.4,0.4,0.5) | (0.5,0.5,0.6) | * (0.7,0.5,0.8) | (0.4,0.4,0.5) 
ug | (0.2,0.3,0.1) | (0.6,0.6,0.1) | (0.8,0.3,0.8) | (0.4,0.3,0.4) | (0.5,0.6,0.3) | (0.9,0.3,0.3) 
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Step-2: Clearly there are missing data in f(e>), f (e;), f (ea). (es )- We shall fill these missing data. 


(a) For the parameter @, . 
\ Uy = {tty oly stl ,Mg Ug M7 Ug $5Uy3 = {Uy Uz stg Mest oUg $U gq = {Uy Mz Uz U4 Ug Ug }, 
U5 = {Uy U3 ,Ug Ug U7 Ug },U 96 = {Uy Up Uz Ug Ug U7 Ug f. 
Now CAN 5, = |{ }/= 0 and so CAD); = 0. Again ICAN5 = | {04 ,U2,03,04,Up,U7,Ug |= 7 and so 
ICANy, _ 7 


= ==1.Hence AD); = max {CAD 1,ICADy, }= max {0,1}= 1. 


ICAD5, = 
21 |U2,| 7 


CAN 53 - I }= 0 and so CAD 3 =0. Again ICAN 3 = | 041.249 U4t5 U7 Ug Y= 6 and so 


ICANy3 6 _ _ = 
ICAD 3 = wl as 1. Hence AD 3 = max {CAD 3, ICAD 3 = max {0,1} = 1. 
2 
CAN 54 = |{U3.U6 |= 2 and so CAD54= G7 033. Again ICANy4 = | 4122,Ug.tlg = 4 and so 
3 OANA AAs. = 7 - 
ICAD 4 = w] 8 0.66. Hence AD 4 = max {CAD 4,ICADy, }= max {0.33, 0.66} = 0.66. 


2 ‘ 
CAN 75 = | 43524 = 2 and so CAD 5 = a> 0.33. Again ICAN) 5 = | 44 526 5U7 5g Y= 4 and so 


= —= 0.66. Hence ADy5 = max {CAD 75, ICAD 5 }= max {0.33,0.66} = 0.66. 


1 ; 
CAN 56 = | {4 }/= 1 and so CAD 6 as 7 0.14. Again ICAN 46, = | 04152453 5Ug 527 Ug Y= 6 and so 


ICAN. 
7 r = = 0.85. Hence AD 6 = max {CAD 6, ICAD 6 }= max {0.14,0.85} = 0.85. 
26 


Thus MAD, = max AD» ; = max {AD 1, AD73, AD 74, ADy5, AD y¢ }= max {1,1,0.66,0.66, 0.85} = 1. 
(b) For the parameter e3. 
\ U3)= {Uy Uy Ug Ug U7 Ug },U 39 = {Uj U7, U4,Ug,U7 Ug },U34 = {Uy oUz Ug Us,UG Ug }. 
Ux5 = {Uy ,Ug,UsU6,U7 Ug },U 36 = {Uy Uz, U4,Us U5 ,U7 Ug }- 
2 
Now CAN3, = |{uy,u4}/= 2 and so CAD3,= G~ 0:33. Again ICAN3) = | {1.04627 ,Ug = 4 and so 


ICAN3 
Us1| 


4 
ICAD3) = = = 0.66. Hence 4D3) = max {CAD}, ICAD3, }= max {0.33,0.66} = 0.66. 


CAN 35 = I Y= 0 and so CAD3 =O. Again ICAN 34 = | 241.249 5U4 16 U7 Ug Y= 6 and so 


ICAN. 
7 r = -- 1. Hence 4D3y = max {CAD3, ICAD3, \= max {0,1} = 1. 
32 


CAN 34 = If W= 0 and so CAD34 =0. Again ICAN34 = | ty Mg Us Ug tg H= 6 and so 


ICAN34 _4 


ICAD 34 = wm] 8 0.66 . Hence 4D34 = max {CAD34,/CAD,4}= max {0,0.66} = 0.66. 
34 
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CAN 35 = I \= 0 and so CAD35 =0. Again ICAN 35, = | 41 .MgsUsUg 507 Ug Y= 6 and so 


ICAN35 6 me = = 
ICAD 35 = 7 =o 1. Hence 4D35 = max {CAD35,/CAD35}= max {0,1}= 1. 
1 
CAN 36 = |{ug}]=1 and so CAD3¢ = a= 0.14. Again ICAN36 = | {41527 ,Us,Up5U7,Ug = 6 and so 
ICAN36 6 
ICAD 36 = u| 7" 0.85. Hence 4D36 = max {CAD36,/CAD36 t= max {0.14,0.85} = 0.85. 


Thus MAD; = max AD, ; = max {AD3},AD37,AD34, AD35,AD3¢ }= max {0.66,1,0.66,1,0.85} = 1. 


(c) For the parameter ey. 
\ Og = {Up ln Us ,Ug Us Ug Ug },U gy = {Uy U2 ,Uz,U4 Ue Ug PU yg = {Uy ,U7,U4,Us Ue Ug f 
Uys = {Up M3 Mgrs Up stg },U ge = {Uj Ur, U3,U4,Us Ue Us f- 


Now CANg,=|{ }]= 0 and so CAD4,= 0. Again ICAN 4, = | {ty,07,U3,Mq,Us.Ug,Ug = 7 and so 


= ICAN4 _ a _ - a _ 
ICAD 4, = Wal 7 1. Hence AD, = max {CAD4),ICAD4, }= max {0,1} = 1. 
2 
CAN gy = | {3,U6}]= 2 and so CADgy = @~ 033. Again ICANgy = | W41.M2,U4.ug = 4 and so 
_ ICANg) 4 _ 7 _ = 


CAN 43 = If W= 0 and = so CAD 43 =0. Again ICAN 43 = | ty Mags Ug Ug H= 6 and so 


ICAN 43 6 7 2 7 
ICAD43 = Ta a 1. Hence ADj43 = max {CAD43,ICAD,3 = max {0,1} = 1. 
1 
CAN ys =|5}1=1 and so CADys = G7 O16. Again ICANys = | 241 .04,Us,Ug.Ug W= 5 and so 
ICAN 45 5 7 7 Le 
ICAD 45 = ae a 0.83. Hence AD45 = max {CAD,5,ICAD35\= max{0.16,0.83} = 0.83. 
i 
CAN 46 > | 6 H= 1 and so CAD 46 = 7. 0.14. Again ICAN 46 = | 241.29 Uz,Mq Us Ug }] = 6 and so 
ICAN 46 6 - ~ s 


Thus MAD, = max AD, ; = max {AD41,AD47,AD43,AD45,ADg6 }= max {1,0.66,1,0.83, 0.85} = 1. 


(d) For the parameter e;. 
\ U5) = {Uj .U3 slg Us Up U7 Ug },U5y = {Ul ,Uz,U4,Ug,U7 Ug },U 53 = {Uy ,U4,UsUg U7 ,Ug f, 
Us, 7 {UU3,U4,Us Up Ug },U 56 = {Uj ,U3,Ug Us Up U7 Ug }. 
Now CANs,=|{ }/= 0 and so CAD5,=0. Again ICAN5y = | {4,U3,Uq,UssUg.l7,Ug = 7 and so 
ICANs _7 


~=1.Hence ADs, = max {CAD51,ICADs, }= max {0,1}= 1. 


ICADz, = 
51 |Us,| q 
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v) 
CAN 59 = |{t.43 = 2 and so CADs, = ra 0.33. Again ICANs55 = | {044.145 5U7 Ug } = 4 and so 
ICAN5 4 7 _ = 
ICAD5 = Wal 8 0.66. Hence ADs55 = max {CAD55,ICADs }= max {0.33,0.66} = 0.66. 


CAN53 =a I y= 0 and so CADs3 =0. Again ICAN53 = | 1245s 5g U7 Ug = 6 and _ so 


ICAN53__ 6 7 7 7 
ICADs3 = Ta ae 1. Hence ADs53 = max {CAD53,/CAD53}= max{0,1} = 1. 
1 
CAN54 = | {3 }/=1 and so CADs4 = <= 0.16 . Again ICAN 5g = | 04 ,Ugstls,Up,Ug ]= 5 and so 
ICAN54 5 
ICADs4 = al ee 0.83. Hence ADs54 = max {CAD54,ICAD54 = max {0.16,0.83} = 0.83. 


CAN56 = {}=0 and so CADs56 = 9 , Again ICAN 56 = | {i ,U3 U4 Us Ug 07 sg |= 7 and so 


ICAN, 7 
S62 tS = = = 
= —=1.Hence 4Dc¢ = max }CAD«s¢ , ICADc¢ ¢= max {0,1} = 1. 


Thus MAD; = max ADs ; = max {ADs 1, ADs, ADs, 4D54,AD56 }= max {1,0.66,1,0.83,1} = 1. 


The association degree table for the neutrosophic soft set (f, £) is given below: 


e rz) 3 4 es & 
e [1 _ 1 0.66 | 0.66 | 0.85 
e, [066 |1 _ 0.66 | 1 0.85 
Ge - i 0.66 |1 , 0.83 | 0.85 
es |i 0.66 |1 0.83 | _ 1 


Step-4: From step-3, we have, MAD, = 1, MAD = 1 MAD, = 1, MAD = 1 


Step-5: The parameters @ and e, have the maximal association degree AD); and AD); 
respectively with the parameter @). 

The parameters @) and e; have the maximal association degree 4D3, and AD3.5 respectively with 
the parameter 3. 

The parameters @, and e; have the maximal association degree AD4, and AD,3 respectively with 
the parameter @. 

The parameters €,€3; and e have the maximal association degree 4D;5,, AD53 and ADs¢ respectively 
with the parameter @,. 

Step-6: There is a consistent association between the parameters @j and e,, @) and €,, €« and e,, 
arep=0: P 2 162 an 1 

e3 and es; while there is an inconsistent association between the parameters e4 and er, &4 and 


C3 .So we have, 
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(fey) Us 8 peg) Us 4 (eq) s)) 

= (max may (Us Jeg) (Us))- MAK (S pqs) (eg 5) mAX(dy(ay (Us). 4y(e,)(%5))) 

= (max (0.1,0.4), max (0.1, 0.2), max (0.7, 0.1))= (0.4, 0.2, 0.7), 

(ey U8 fee) Aes) U)) 

= (max me, (t)oMy (es (ta) MAx( j(e,)(s)68 (es) Hs))- MAX (ye, In Ay(es)))) 

= (max (0.5,0.5), max (0.5, 0.5), max (0.5,0.5))= (0.5, 0.5, 0.5), 

(7 (e,) Hs o8 peg) UH)» 4peq) %)) 

= (1 - max (may (ts ), M (es) (u, )). 1- max (4a) (u, )-8 #(ey) (u; )). 1- max (444) (u, )4 (es) (u, ))) 
= (max (0.2,0.5), max (0.4,0.5), max (0.6,0.6))= (0.5,0.5,0.6), 

(Mp(e,) (Us )g f(es) (u,).d f(es) (ut, ) 


= (max mya) Myo (Ha) marx p(qy (2-8 (es) M2) MAX(T(q H)- Fyfe (%))) 
= (max (0.4,0.4), max (0.1,0.1), max (0.7,0.7))= (0.4,0.1, 0.7). 


Thus we have the following table which gives the tabular representation of the filled neutrosophic soft 


set: 

U e ) e3 e4 e5 & 

Uy (0.8,0.5,0.2) | (0.3,0.4,0.6) | (0.1,0.6,0.4) | (0.7,0.3,0.6) | (0.3,0.4,0.6) | (0.2,0.5,0.5) 
Uy | (0.4,0.1,0.7) | (0.8,0.2,0.4) | (0.4,0.1,0.7) | (0.2,0.4,0.4) | (0.4,0.1,0.7) | (0.6,0.6,0.4) 
uz | (0.2,0.6,0.4) | (0.5,0.5,0.5) | (0.5,0.5,0.5) | (0.5,0.5,0.5) | (0.5,0.5,0.5) | (0.3,0.4,0.6) 
uy | (0.3,0.4,0.4) |} (0.1,0.3,0.3) | (0.3,0.4,0.4) | (0.6,0.6,0.6) | (0.1,0.1,0.5) | (0.3,0.4,0.4) 
us | (0.1,0.1,0.7) | (0.4,0.2,0.7) | (0.4,0.2,0.1) | (0.8,0.6,0.1) | (0.6,0.7,0.7) | (0.3,0.4,0.3) 
Ue | (0.5,0.3,0.9) | (0.3,0.6,0.6) | (0.1,0.5,0.5) | (0.3,0.6,0.6) | (0.4,0.4,0.4) | (0.3,0.6,0.6) 
uz | (0.2,0.4,0.6) | (0.4,0.4,0.5) | (0.5,0.5,0.6) | (0.5,0.5,0.6) | (0.7,0.5,0.8) | (0.4,0.4,0.5) 
ug | (0.2,0.3,0.1) | (0.6,0.6,0.1) | (0.8,0.3,0.8) | (0.4,0.3,0.4) | (0.5,0.6,0.3) | (0.9,0.3,0.3) 


Conclusion: Incomplete information or missing data in a neutrosophic soft set restricts the usage of 
the neutrosophic soft set. To make the neutrosophic soft set (with missing / incomplete data) more 
useful, in this paper, we have proposed a data filling approach, where missing data is filled in terms of 
the association degree between the parameters. We have validated the proposed algorithm by an ex- 
ample and drawn the conclusion that relation between parameters can be applied to fill the missing 
data. 
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On Optimizing Neutrosophic Complex 
Programming Using Lexicographic Order 
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Hamiden Abd El-Wahed Khalifa, Pavan Kumar, Florentin Smarandache (2020). On 
Optimizing Neutrosophic Complex Programming Using Lexicographic Order. Neutrosophic 
Sets and Systems 32, 330-343 


Abstract: | Neutrosophic sets are considered as a generalization of the crisp set, fuzzy set, and 
intuitionistic fuzzy set for representing the uncertainty, inconsistency, and incomplete knowledge about 
the real world problems. This paper aims to characterize the solution of complex programming (CP) problem 
with imprecise data instead of its prices information. The neutrosophic complex programming (NCP) problem 
is considered by incorporating single valued trapezoidal neutrosophic numbers in all the parameters of 
objective function and constraints. The score function corresponding to the neutrosophic number is used to 
transform the problem into the corresponding crisp CP. Here, lexicographic order is applied for the 
comparison between any two complex numbers. The comparison is developed between the real and imaginary 
parts separately. Through this manner, the CP problem is divided into two real sub-problems. In the last, 
a numerical example is solved for the illustration that shows the applicability of the proposed approach. 


The advantage of this approach is more flexible and makes a real-world situation more realistic. 


Keywords: Complex programming; Neutrosophic numbers; Score function; Lexicographic 


order; Lingo software; Kuhn- Tucker conditions; Neutrosophic optimal solution. 


1. Introduction 


In many earlier works in complex programming, the researchers considered the real part only 


of the complex objective function as the objective function. The constraints of the problem 


: ; Moo. ‘ 
considered as a cone in complex space C™. Since the concept of complex fuzzy numbers was first 
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introduced [17], many researchers studied the problems of the concept of fuzzy complex numbers. 
This branch subject will be widely applied in fuzzy system theory, especially in fuzzy mathematical 
programming, and also in complex programming too. 

Complex programming problem was studied first by Levinson who studied the linear 
programming (LP) in complex space [39]. The duality theorem was extended to the quadratic 
complex programming by an adaption of the technique which was introduced by Dorn [27, 22]. The 
linear fractional programming in complex space was proposed [45]. Linear and nonlinear complex 
programming problems were treated by numerous authors [24, 33- 37, 41]. In applications, many 
practical problems related to complex variables, for instance, electrical engineering, filter theory, 
statistical signal processing, etc., were studied. 

Some more general minimax fractional programming problem with complex variables was 
proposed with the establishment of the necessary and sufficient optimality conditions [36, 37]. A 
certain kind of linear programming with fuzzy complex numbers in the objective function 
coefficients also considered as complex fuzzy numbers [52]. The hyper complex neutrosophic 
similarity measure was proposed by numerous authors [29]. Also, they discussed its application in 
multicriteria decision making problem. There was proposed an interval neutrosophic multiple 
attribute decision-making method with credibility information [50]. Later, the multiple attribute 
group decision making based on interval neutrosophic uncertain linguistic variables was studied 
[51]. 

An extended TOPSIS for multi-attribute decision making problems with neutrosophic cubic 
information was proposed [42]. A single valued neutrosophic hesitant fuzzy computational 
algorithm was developed for multiple objective nonlinear optimization problem [9]. A 
computational algorithm was developed for the neutrosophic optimization model with an 
application to determine the optimal shale gas water management under uncertainty [10]. The 
interval complex neutrosophic set was studied by the formulation and applications in 
decision-making [11]. A group decision-making method was proposed under hesitant interval 
neutrosophic uncertain linguistic environment [40]. The neutrosophic complex topological spaces 
was studied, and introduced the concept of neutrosophic complex aw connectedness in 
neutrosophic complex topological spaces [30]. 

A computational algorithm based on the single-valued neutrosophic hesitant fuzzy was 
developed for multiple objective nonlinear optimization problems [9]. A neutrosophic optimization 
model was formulated and presented a computational algorithm for optimal shale gas water 
management under uncertainty [10]. A multiple objective programming approach was proposed to 
solve integer valued neutrosophic shortest path problems [32]. 

Some linguistic approaches were developed to study the interval complex neutrosophic sets in 
decision making applications [39]. 
Neutrosophic sets were studied to search some applications in the area of transportations and 


logistics. A multi-objective transportation model was studied under neutrosophic environment [43]. 


The multi-criteria decision making based on generalized prioritized aggregation operators was 
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presented under simplified neutrosophic uncertain linguistic environment [46]. Some dynamic 
interval valued neutrosophic set were proposed by modeling decision making in dynamic 
environments [48]. A hybrid plithogenic decision-making approach was proposed with quality 
function deployment for selecting supply chain sustainability metrics [1]. Some applications of 
neutrosophic theory were studied to solve transition difficulties of IT-based enterprises [2]. 

Based on plithogenic sets, a novel model for the evaluation of hospital medical care systems 
was presented [3]. Some decision making applications of soft computing and IoT were proposed for 
a novel intelligent medical decision support model [4]. A novel neutrosophic approach was applied 
to evaluate the green supply chain management practices [5]. Numerous researchers studied the 
under type-2 neutrosophic numbers. An application of under type-2 neutrosophic number was 
presented for developing supplier selection with group decision making by using TOPSIS [6]. An 
application of hybrid neutrosophic multiple criteria group decision making approach for project 
selection was presented [7]. The Resource levelling problem was studied in construction projects 
under neutrosophic environment [8]. 

The N-valued interval neutrosophic sets with their applications in the field of medical diagnosis 
was presented [16]. Based on the pentagonal neutrosophic numbers, the de-neutrosophication 
technique was proposed with some applications in determining the minimal spanning tree [18]. The 
pentagonal fuzzy numbers were studied with their different representations, properties, ranking, 
defuzzification. The concept of pentagonal fuzzy neutrosophic numbers was proposed with some 
applications in game and transportation models [19- 20]. Various forms of linear as well as 
non-linear form of trapezoidal neutrosophic numbers, de-neutrosophication techniques were 
studied. Their application were also presented in time cost optimization technique and sequencing 
problems [21]. The parametric divergence measure of neutrosophic sets was studied with its 
application in decision-making situations [25]. A technique for reducing dimensionality of data in 
decision-making utilizing neutrosophic soft matrices was proposed [26]. 

In this paper, we aim to characterize the solution of complex programming (NCP) neutrosophic 
numbers. The score function corresponding to the neutrosophic number is used to convert the 
problem into the corresponding crisp CP, and hence lexicographic order used for comparing 
between any two complex numbers. The comparison developed between the real and imaginary 
parts separately. Through this manner, the CP problem is divided into two real sub-problems. 

The outlay of the paper is organized as follows: In section 2; some preliminaries are presented. In 
section 3, a NCP problem is formulated. Section 4 characterizes a solution to the NCP problem to 
obtain neutrosophic optimal solution. In section 5, two numerical examples are given for illustration. 


Finally some concluding remarks are reported in section 6. 
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2. Preliminaries 


In order to discuss our problem conveniently, basic concepts and results related to fuzzy 
numbers, trapezoidal fuzzy numbers, intuitionistic trapezoidal fuzzy numbers, neutrosophic set, 


and complex mathematical programming are recalled. 


Definition 1. (Trapezoidal fuzzy numbers, Kaur and Kumar [31]). 


A fuzzy number A= (r,s,t,u). is a trapezoidal fuzzy numbers where r,s,t,u € BR and its 


membership function is defined as 


x-Tr 
—,, Fez = sg, 

s-r 
1,s=xt, 

Ix Gx) = \u-x 


ary. t=x=u, 


0, otherwise, 
Definition 2. (Intuitionistic fuzzy set, Atanassov, [12]). 
A fuzzy set A is said to be an_ intuitionistic fuzzy set A of a non empty set X if 
AIN — {(x, HIN, Pin): X € x}, where |lgmw , and Pgin are membership and nonmembership 


functions such that [any , Pgiw:X > [0,1] andO = lain + Pgin S 1, for all x € X. 


Definition 3. (Intuitionistic fuzzy number, Atanassov, [13)]). 


An intuitionistic fuzzy set A’ of a R is called an Intuitionistic fuzzy number if the following 


conditions hold: 


1. There exists c € IR: lizin (c) = 1, and Pzin(c) = 0. 
2. tain: R = [0, 1] is continuous function such that 
0= [LIN + PRIN = 1, for all x € X. 


3. The membership and non-membership functions of BN are 
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0, —o< x<r 
h(x), r=x<=s 
Hein (x) = 1, x=s 

I(x), s=x<t 

0, t=x<m, 
0, —mo< x<a 
f(x), axx<s 

Pgin (x) = 1, x=SsS 

g(x), s=x<=b 
0, bex<m, 


Collected Papers, XIl 


Where f, g, h,l: IR — [0,1], h and g are strictly increasing functions, | and f are strictly decreasing 


functions with the conditions 0 = f(x) + f(x) = 1, and 0 = I(x) + g(x) = 1. 


Definition 4. (Trapezoidal intuitionistic fuzzy number, Jianqiang and Zhong, [28]). 


A trapezoidal intuitionistic fuzzy number is denoted by BN = (r,s,t,u), (a,s,t,b), where 


a=r=s=t=ué& b with membership and non-membership functions are defined as: 


—-, r=x<s 
s-—r 
oe oe 1, s=xst 
BINT =] u-x 
id = t=x=u 
0, otherwise, 
=, azx<s 
s—a 
(x) 0, s=x<t 
PINT! _ = 
Pa — ¢ee= bh 
b-t 
1, otherwise, 


Definition 5 (Neutrosophic set, Smarandache, [44]). 


A neutrosophic set BN of non-empty set X is defined as 


B™ = {ix I5n (x), Jan (x), Vn (x)):x € X, Ipn (x), Jan (x), Vpn (x) € ]0_,1*[}, 
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where Ign (x), Jn (x), and Vgn (x) are truth membership function, an indeterminacy- membership 


function, and a falsity- membership function and there is no restriction on the sum of 


I5n(x), Jgn(e), and Vgn(x), so 0 = I5n(x) + Jgn() + Van(x) = 3+, and ]0_,1°[ is a 


nonstandard unit interval. 


Definition 6. (Single-valued neutrosophic set, Wang et al., [49]). 


A Single-valued neutrosophic set BSYNof a non empty set X is defined as: 
Bew™ = {x I5n (x), Jgn (x), Vpn (x)):x € X}, 


where Ipn(x),Jgw(x),and Vgw(x) € [0,1] for each xEX and 0 <Ign(x) + Jgn(x) + 
Van (x) <= 3. 

Definition 7. (Single-valued neutrosophic number, Thamariselvi and Santhi, [47]). 

Let 1, Q 5,5 € [0,1] and r,s,t.u€R such thar =s=t<= u. Then a single valued 
trapezoidal neutrosophic number, b*¥ — {(r, s,t,u): Tp Pp, OH dis a special neutrosophic set on 


IR, whose truth-membership, indeterminacy-membership, and falsity-membership functions are 


t s=x=t 
b 
Ms Gx) ae 
— <y< 
w(H), texsu 
0, otherwise, 
S—X+@QeNn(X-Tr 
s-r 
© <x< 
pN@=4 me ST 
x—t+o-n (u—-x 
u-t 
i otherwise, 
s—x+@pfn(x-Tr) 
sinks al aa r=z<s 
sS-Fr 
N, S=x=t 
ox) = ere 
————,, t£=xe£u 
u-t 
1, otherwise. 
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Where tj, @j, and @; denote the maximum truth, minimum-indeterminacy, and minimum falsity 
membership degrees, respectively. A  single-valued trapezoidal neutrosophic number 


bY — ((r, s,t,u): T5N, pn, @5nN ) may express in ill-defined quantity about b, which is 


approximately equal to [s, t]. 


Definition 8. 


Let bN = ((r, s,t,u): TpN, Ppn, O5N ), and = (r,s ,t, u): Tan, Pqn, Ogn ) be two single- 


valued trapezoidal neutrosophic numbers and v + 0. The arithematic operations on bN, and dX 


are 


1. BN @dN= (+r, st+s,t+t,ut+u); tw A tqn,Ogn V Oyn,@gn V @qn ), 


2. BN QO dN = (@—u,s—t,t—s,u —1); NA TqN,Ogn V Ogn,@gn V @qn), 


(@r,ss',tt,uu); tpn A tan, Q5n V Ogn,@pn V @gn ),u, u > 0 
N @ qn — pe, ee : 
3. bY Od" = 9 (qu st’, st’,ru); tpn A Tan, Qgn V Ogu, Ogn V Ogu ),u< 0, u > 0 


((uu, ss, tt, rr); ten A tgn, Qgn V Pqn,@5gn V gn ),u< 0, u <0, 
b¥ @ d* = 
(c/u,s/t,t/s',u/r); tw A tan, Qgn V On, On V @gn),u, u > 0 


((u/u,t/t,s/s,r/r); tw A Tan, Qgn V Oyn, Ogn V gn ),u <0, u > 0 
((u/r,t/s',s/t,r/u); ten A t4N, Opn V On, On V @gn ),u <0, u <0, 


as ((kr, ks, kt, k); Tigne P ran’ ®ran ),k>0, 
SR A een: \.k<0, 


‘aN’ Pum ’ Oran 


=n —1 : s ’ ’ ’ ~ 
6. dN = (fu 1/t,1/s1/r); tray, Peay Orgn ),a% +0. 
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Definition 9 (Score function of single-valued trapezoidal neutrosophic number, Thamaraiselvi 
and Santhi [47]). 


A two single-valued trapezoidal neutrosophic numbers b, and d can be compared based on the score function 


as 


Score function Sc(b™) = (=) [r+s+t+ul] [Len +a- Pp (x)+ (1 _ ogn(x)]. 


Definition 10. (Thamaraiselvi and Santhi, [47]). 

The order relations between bN and dN based on Sc(b™) are defined as 
1. 1fSC(bN) < sc(d®), then bN < d% 
2. IfSC(bN) = SC(d%), then bN = dX, 
3. IfSC(bN) > Sc(d%), then b® > d¥, 

3. Problem definition and solution concepts 


Consider the following single -valued trapezoidal neutrosophic (NCP) problem 
(NCP) min FN(x)= W(x) +iw(x) 
Subject to (1) 
n Zz ~ N -w N 7N  .-WN 
xE RN —IXER:f, @) =p, G@)+ig, @) sl +ih,, 
ro=1.2..." 
Where, #N(x) = 02, Gx, W(x) = U2, 0; x), = 1,2,...m; 6") = TE x ay 
ere, Vo (Xx) = g=1 Fj ij = 49-147 jJ = 1,4,..,N; Pr ~ 4j=1 45 rj jr 
~ N n « N : yN 
gq (2) = pa @,j Xj, are convex functions on X”. 
~N>iN Nx NTN ~N-+-WN ~ N = = = 
All of cj dj ’ ayj s€ yj L, =( rb p—slm , h, = (hy yh pany Dlg y are 
single-valued trapezoidal neutrosophic numbers. 


Definition 11. 


Lexicographic order of two complex numbers Z3 = @+ib, and z3=c¢ +id is defined as 


Zy=2Z2@a<=candb<d. 
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Definition 12. 


A neutrosophic feasible point x° is called single-valued trapezoidal neutrosophic optimal solution 


to NCP problem if 


w(x’) = TNC), and WN(&’) < WN(X) for each x € X%. 


According to the score function in Definition 9, the NCP problem is converted into the following 


crisp CP problem as 
(CP) Min F(x) = v(x) +iw(x) 
Subject to (2) 


x€X = {x € RR: f£-G) =p) +i¢,G) <5 +ik,, r=1,2,~.,m} 


4, Characterization of neutrosophic optimal solution for NCP problem 
To characterize the neutrosophic optimal solution of NCP problem, let us divide the CP 


problem into the following two sub-problems 


(P,) Min v(x) 


Subject to (3) 


x €X = {x € R": f(x) = p(x) +ig,G) = +ih,, r=1,2, —, m}, and 


(Py) Min w(x) 
Subject to (4) 


x €X = {x € R": f(x) = p-G) tig) =). +ih,, r=1,2, ~., mb}. 
Definition 13. 
x €X is said to be an optimal solution for Pep if and only if v(x ) <= v(x), and w(x ) <= w(x) 
for each x EX. 
Let us denote S,, and S,, be the set of solution for R, and Ry, respectively, i.e., 
S, = {x € X: v(x’) <= v(x); forall x € X}, and (5) 


Sw = {x* € X: v(x*) < v(x); forall x € X} (6) 
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Lemma 1. For S, 9 Sy, # @, the solution of CP problem is embedded into Sy M Sy. 

Proof. Assume that x be a solution of CP, this leads to v(x ) = v(x); Vx EX (ie., x € Se): 
Similarly, w(x ) = w(x); Vx EX (ie, x € Sw). Then, x € SS. 

In this paper, we focus on the case Sy N Sy = @. 

Lemma 2. If S, and S,, are open, S, NS, =@,and v, ware strictly convex functions on X then 
; €S, is a solution of a conjugate function F(x) = v(x) —1 w(x). 

Proof. Sincex" €S,, then v(x°)< v(x) forallxeX. Also, 

v(x") < v(x") for all x €s,cX (7) 


But x" €S, which means that w(x")<v(x°), forall x eS, CX and ~iw (x*)2-iw (x°) 
—iw (x*)<-iw (x") (8) 
From (7) and (8), we get 


v(x°)-iw (x°)<v(x°)-iw (x°),for all x" €S,,(ie, x° €S,)is a solution of a conjugate 
function F(x) =v(x)—i w(x). Now we will prove that there isno ¥ € Xand ¥ ¢S, such that 
F(¥)=v(#)-iw(#)<F(x°)=v(x°)-i w(x’) (9) 
There are two cases: 
Case 1: Assume thatxeX £ €S,,x€S,and v(¥)-iw(#)<v(x°)-iw(x°)ie, 
w(x")< w(t) 
Since the function w(x) is strictly convex and S,, is open, then 
w(tx + (I-t)x°)<cw (¥)+(I-t)w(x"),0<7 <1. This leads to 
w(tx¥+ (1-t)x°)<zw (¥)+(I-t)w(¥)ie, 


For certain T such that TX + (1 — t)x “eS, we obtain 
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w(t¥ +(1—t)x°)<w (*), 
which contradicts to X €S, ie. thereisno x €X, x €S,, X ES, such that 
F()=v(#)-iw(¥)<F(x°)=v(x°)-iw(x’) 
Case 2: Assume that ¥ EX ,£ ¢S,,¥ €S, and v(xX)—-iw(#)<v(x")-iw(x jie, 
v(¥)<v(x°) and w(x°)< w(x). 
Since the function v(x )is strictly convex and_S, is open, then, 
v(tx" + (I-1)¥ )<zv (x°)+(1-1)v(¥),0<7<1. This leads to 
v(tx°+ (1-t)¥ )<zv (x"*)(I-t)v(#), ie, forcertain r, we have 
tx°+(1—r)x ES, , such thatrx° +(1—7)x ES, , we have 
v(tx°+(1-1)¥#)< v(x"), 
which contradicts x ° €S\,. Thus, there isno ¥ €X such that 
v(¥)—-iw(¥)<v(x°)-i w(x") 
5. Numerical examples 


Example1. (Illustration of Lemma 1) 
Consider the following complex problem 
min(cosx + i sinx) 
Subject to (10) 
x€X={xE€R:0 <x < xz}. 
Problem (10) is divided into the following two problems as: 
(P,) Min cosx 
Subject to (11) 


x€X={xE€R:0 <x < gz}, and 


(P.,) Min sin x 
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Subject to 
x€X={xE€R0<x <7}, (12) 


The optimal solutions of problem (11) and (12) are x =7 (i.e, S, ={z}), and x =(0,z), 


jie, S= {0,} ), respectively. Thus, the optimal solution of problem (10) is x =z ES, OS,,. 


Example2. (Illustration of Lemma 2) 


Consider the following NCP problem: 


i = N - N 
Min FN (x) = (é,"x, + x2) +i (4; Xy — d, x2) 
Subject to (13) 
= WN ~ WN -_f~ N ~ N al = a 
(Pu Xf + oz 3) +1 (a Xi +q2 x2) = 6" + ig”. 
Where, 


é,* = (5,8, 10, 14; 0.3, 0.6, 0.6), 

é,* = (0,1, 3,6; 0.7, 0.5, 0.3), 

d, = (4,8,11,15; 0.6,0.3, 0.2), 

d,\ = (16, 18,22, 30; 0.6, 0.2, 0.4), 
Diu = for” =(0,1,3, 6; 0.7, 0.5, 0.3), 
G1" = (0, 1,3, 6; 0.7,0.5, 0.3) = q.”, 
é% — (4,8,11, 15; 0.6, 0.3, 0.2), 


yg” = (0, 1,3, 6; 0.7, 0.5, 0.3). 


Using the score function of the single- valued trapezoidal neutrosophic number introduced in 


Definition 9, the above problem become: 
Min F(x) = (3x, PR, ) +1 (5x, = Ix,) 
Subject to (14) 
x? +x + i(x, —x,) =5 +i. 


According to Lexicographic order, the problem is divided into the following two sub-problems as: 
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(P,) Min v(x) = 3x,+x, 
Subject to (15) 


2 2 
xy 12; = 5, 
Xy4 — Xz = 1, and 


Subject to (16) 


ot 
a; 1x; = 5, 


X4 — Xz =1. 


By applying the Kuhn-Tucker optimality conditions [14, 22], the optimal solutions of problems (15), 
and (16) are illustrated as in the following Tables 1 -2. 


Table 1. The set of solution of (Py) 


{C2,—-1)} R=-7 


B,” = (—34, —23, —17, —10; 0.3, 0.6, .06) 
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Table 2. The set of solution of (Py) 


{(—2,1)} Py = —21 


dag = (—60, —44, —34, —24; 0.6, 0.3, 0.4) 


Therefore, Sy M Sy = @ and S, is not a solution of the conjugate function v(x) — i w(x) , because of 


v(x), and w(x) are not strictly convex functions. 


6. Concluding Remarks 


In this paper, the solution of complex programming (NCP) with single valued trapezoidal 
neutrosophic numbers in all the parameters of objective function and constraints has been 
characterized. Through the use of the score function, the NCP has converted into the corresponding 
crisp CP problem and hence Lexicographic order has been used for comparing between any two 
complex numbers. The comparison was developed between the real and imaginary parts 
separately. Through this manner, the CP problem has divided into two real sub-problems. The 
main contribution of this approach is more flexible and makes a situation realistic to real world 
application. The obtained results are more significant to enhance the applicability of single-valued 
trapezoidal neutrosophic number in various new fields of decision-making situations. The future 
research scope is to apply the proposed approach to more complex and new applications. Another 
possibility is to work on the interval type complex neutrosophic sets for the applications in 


forecasting field. 
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Analyzing Age Group and Time of the Day Using 
Interval Valued Neutrosophic Sets 


S. Broumi, M.Lathamaheswari, A. Bakali, M. Talea, F. Smarandache, D. Nagarajan, 
Kavikumar, Guennoun Asmae 


S. Broumi, M. Lathamaheswari, A. Bakali, M. Talea, F. Smarandache, D. Nagarajan, Kavikumar, 
Guennoun Asmae (2020). Analyzing Age Group and Time of the Day Using Interval Valued. 
Neutrosophic Sets and Systems 32, 361-371 


Abstract: Human psychological behavior is always uncertain in nature with the truth, 
indeterminacy and falsity of the information and hence neutrosophic logic is able to deal with this 
kind of real world problems as it resembles human’s attitude very closely. In this paper, age group 
analysis and time (day or night) analysis have been carried out using interval valued neutrosophic 
sets. Further, the impact of the present work is presented. 

Keywords: Neutrosophic Logic; Human Psychological Behavior; Age Group; Day; Interval Valued 
Neutrosophic Set. 


1. Introduction 


Uncertainty saturates our daily lives and period the entire range from index fluctuations of 
stock market to prediction of weather and car parking in a congested area to traffic control 
management. Hence almost all the area contains ambiguity or impression. For various real world 
problems, intelligent models with many types of mathematical designs of different logics have been 
modeled by the researchers. In the area of computational intelligence, fuzzy logic is one of the 
superior logic that provides appropriate representation of real world information and permits 
reasoning that are almost accurate in nature [1]. 

Generally the inputs conquered by the fuzzy logic are determinate and complete. Humans 
can able to take knowledgeable decisions in those situations, however it is difficult to express in 
proper terms. But fuzzy models need complete information. Due to basic non-linearity, huge 
erratic substantial disturbances, time varying nature, difficulties to find precise and predictable 
measurements, incompleteness and indeterminacy may arise in the data. All these problems can be 
dealt by neutrosophic logic proposed by Smarandache in the year 1999 [2-10]. Also this logic can 
able to represent mathematical structure of uncertainty, ambiguity, vagueness, imprecision, 
inconsistency, incompleteness and contradiction. 

Also it is efficient in characterizing various attributes of data such as incompleteness and 
inaccuracy and hence gives proper estimation about the authenticity of the information. This 


approach proposes extending the proficiencies of representation of fuzzy logic and system of 
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reasoning by introducing neutrosophic representation of the information and system of 
neutrosophic reasoning. Neutrosophic logic can exhibit various logical behaviors according to the 
nature of the problem to be solved and hence it influences its chance to be utilized and experimented 
for real world performance and simulations in human psychology [15]. 

Due to computational complexity of the neutrosophic sets, single valued neutrosophic sets 
have been introduced. It can deal with only exact numerical value of the three components truth, 
indeterminacy and falsity. While the data in the form of interval, then single valued neutrosophic 
sets unable to scope up and hence interval valued neutrosophic sets have been introduced. As it has 
lower and upper membership functions it can deal more uncertainty with less computational 
complexity than other types [25]. Neutrosophic set has been used in several areas like traffic control 
management, solving minimum spanning tree problem, analyzing failure modes and effect analysis, 
blockchain technology, resource leveling problem, medical diagnostic system, evaluating time-cost 
tradeoffs, analysis of criminal behavior, petal analysis, decision making problem etc. [26-40]. 

The major advantage of neutrosophic set and its types namely single valued neutrosophic sets 
and interval valued neutrosophic sets overrule other sets namely conventional set, fuzzy set, type-2 
fuzzy, intuitionistic fuzzy and type-2 intuinistic fuzzy by their capability of dealing with 
indeterminacy which is missing with other types of sets. Since there is a possibility of having interval 
number than the exact number we consider interval valued neutrosophic set in this study of 
analyzing age group and time. Prediction of future trend is one of the interesting areas in the 
research field. Hence, in this paper, age group analysis and time (day or night) analysis have been 
done using interval valued neutrosophic sets. The remaining part of the paper is organized as 
follows. In section 2, review of literature is given. In section 3, preliminaries are given for better 
understanding of the paper. In section 4, age group and day and night time have been analyzed 
using the concept of interval valued neutrosophic sets. In section 5, impact of the present work is 


given. In section 6, concluded the present work with the future direction. 


2. Review of Literature 


The author in, [1] analyzed uncertainty exists in the project schedule using fuzzy logic. And the 
authors of, [2] analyzed power flow using fuzzy logic. [3] Examined specific seasonal prediction 
spatially under fuzzy environment for the group of long-term daily rainfall and temperature data 
spatiotemporally. [4] examined about the prediction of temperature flow of the atmosphere based on 
fuzzy knowledge-rule base for interior cities in India. [5] proposed a novel approach for 
intuitionistic fuzzy sets and its applications in the prediction area. 

[6] proposed single-valued neutrosophic minimum spanning tree and its aggregation method. 
[7] proposed a new approach for the advisory of weather using fuzzy logic. [8] Proposed a method 
for prediction of weather under fuzzy neural network environment and Hierarchy particle swarm 
optimization algorithm. [9] Proposed various types of neutrosophic graphs and algebraic model and 


applied in the field of technology. [10] proposed single valued neutrosophic graphs (SVNGs). 
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[11] examined bipolar single valued neutrosophic graphs. [12] Proposed interval valued 
neutrosophic graphs. [13] proposed isolated SVNGs. [14] provided an introduction to the theory 
bipolar SVNG. [15] proposed the degree, size and order of SVNGs. 16] applied Dijkstra algorithm to 
solve shortest path problem under IVN environment. [17] solved minimum spanning tree problem 
under trapezoidal fuzzy neutrosophic environment. 

[18] applied minimum spanning tree algorithm for shortest path (SP) problem using bipolar 
neutrosophic numbers. [19] proposed a novel matrix algorithm for solving MST for undirected 
interval value NG. [20] solved a spanning tree problem with neutrosophic edge weights. [21] 
proposed a new algorithm to solve MST problem with undirected NGs. [22] analyzed the role of 
SVNSs and rough sets with imperfect and incomplete information systems. 

[23] Studied about neutrosophic set and its development . [24] studied about the prediction of 
long-term weather elements using adaptive neuro-fuzzy system using GIS approach in Jordan. [25] 
have done overview of neutrosophic sets. [26] proposed a methodology of traffic control 
management using triangular interval type-2 fuzzy sets and interval neutrosophic sets. [27] Solved 
MST problem using single valued trapezoidal neutrosophic numbers. 

[28] estimated risk priority number in design failure modes and effect analysis using factor 
analysis. [29] have done edge detection on DICOM image using type-2 fuzzy logic. [30] made a 
review on the applications of type-2 fuzzy in the field of biomedicine. [31] have done image 
extraction on DICOM image usingtype-2 fuzzy. [32] made a review on application of type-2 fuzzy in 
control system. [33] proposed single and interval valued neutrosophic graphs using blockchain 
technology. [34] introduced interval valued neutrosophic graphs using Dombi triangular norms. [35] 
solved resource leveling problem under neutrosophic environment. 

[36] introduced cosine similarity measures of bipolar neutrosophic sets and applied in 
diagnosis of disorder diseases. [37] introduced a methodology for petal analysis using neutrosophic 
cognitive maps. [38] analyzed criminal behavior using neutrosophic model. [39] presented 
assessments of linear time-cost tradeoffs using neutrosophic sets. [40] solved sustainable supply 
chain risk management problem using plithogenic TOPSIS-CRITIC methodology. In view of the 
literature, prediction of age group and day or night time under interval neutrosophic set are yet to be 


studied and which is the reason of the present study. 


3. Preliminaries 


In this section, preliminaries of the proposed concept are given 


3. 1. Neutrosophic Set (NS) [25] 
Consider the space X consists of universal elements characterized bye. The NS A is a 


phenomenon which has the structure 4= {(Z4 (e),14(e),Fy (e))/ee X} where the three grades of 
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memberships are from X to ]-0,1+[of the element e¢X to the set A, with the criterion: 
“0<T,(e)+1,(e)+ Fy (e) <3” (1) 


The functions 7,(e),/,(e) and F,(e) are the truth, indeterminate and falsity grades lies in real 
standard/non-standard subsets of | -0, 1+ [. 

Since there is a complication of applying NSs to real issues, Samarandache and Wang et al. [11-12] 
proposed the notion of SVNS, which is a specimen of NS and it is useful for realistic applications of 
all the fields. 


3.2. Single Valued Neutrosophic Set (SVNS) [25] 


For the space X of objects contains global elements ©. A SVNS is represented by degrees of 
bership grades mentioned in Def. 2.8. For all e in X, T,(e), [4(e), F,(e) €[0, 1]. A SVNS can be 


written as 
A={(e:T,(e),1,(e).Fy(e))/ee x} (2) 


3.3. Interval Valued Neutrosophic Set [12] 


Let X be a space of objects with generic elements in * denoted by e. An interval valued 


neutrosophic set (IVNS) 4 in % is characterized by truth-membership function, T,(e) , 
indeterminacy-membership function J/,(e) and falsity membership function F’,(e) . For each 


point e in X¥,T,(e) , L4(e), F,(e)€[0,1],and anIVNS Ais defined by 
A={([ri (e),77 (e) | [zi (e),14 (c) |. Fr (ce), Fy (c)|)lee x} (3) 


Where, 7,(e)=|Ti(e).Ti (e)|, L(e)=[14(e).24 (e) [and F,(e)=[ Fi (e).Fi (e)| 


Fig 1 shows the Pictorial Representation of the neutrosophic set [5] 


Fig.1. Neutrosophic set 


4. Proposed Methodology 
In this section, age group and time (day or night) have been analyzed using interval valued 
neutrosophic set. 


4.1 Application of Interval Valued Neutrosophic Set in Age Group Analysis 
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As per our convenience, the age group is divided into three groups: young people, middle aged 
people and old people. Assume young people are a truth membership function, middle aged people 
are indeterminate membership function and old people are a falsity membership function. Here, the 
degree of middle aged people may provide either degree of old people or young people or both. Let 
us consider the age group is definitely young at and below 18-40, it is definitely old at and beyond 
51-100 and in between the age group is middle. i.e., the level of the young age people decreases and 
the level of old age people increases. The age group is represented pictorially for young people, 


middle aged people and old people as in Fig. 2. 


Young Age Middle Age Old 


L R 


Fig.2. The degrees of ‘young age’, ‘middle age’ and ‘old age’ people. 
Let A be the different age groups of the people and N be an interval valued neutrosophic set defined 
in the set A. Let Ty (a)be the membership degree of the age group ‘young age people’ at%, here 
4 denotes a numerical value. For example, a=20. Similarly, indeterminate degree of ‘middle age 


people’ can be denoted by /, (a)and the falsity degree of ‘old age people’ denoted by Fy(a) ata. 


Consider 4 = {((18,40],[41,50].[51,100])} and 
v= (7 (18.4) All 1s)jsonl 40. 
(ry([41.5) w(L 4isoNf BY. bq (51.14) w( 51]. 0M ((. Hyp 100 


Case (i). At and below [18, 40], there is no middle age people and old age people but there exist only 


young age people. Therefore the following values are obtained. 


Ty Tw |([18.40])=[L1], [78.2¥ ]([18.40]) =[0.0] and 
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[Fx .FN |([18.40]) = [0,0] 


i.e., the membership function of the interval valued neutrosophic set is ([L. 1],[0,0].[0, 0}) 
Case (ii). At age [41, 50] (at the point C) 


Ty Tw |([41,50])=[0.0], [74.25 |([41,50]) = [Ll] and 
Fx FN |([41,50]) =[0,0] 


i.e., the membership function of the interval valued neutrosophic set is ([0. o],[1,1],[0, 0}) 


Case (iii). At and above [51,100], there are no young age people and middle age people, but there 
exist only old age people. 


[ 7.2" |([51.100]) =[0.0], | 75.1¥ |([51,100])=[0,0]and | Fy .AY |([51,100]) = [1.1] 


i.e., the membership function of the interval valued neutrosophic set is ([0. 0],[0, O], [1 1}) 


Hence, N'={([L1}[0.0],[0.0)).((0.0} £1]{0.0]) {0.0.0.0} [.1)) 

Also, young age people decreases and middle age people increases in between L and C. 
ie, [LI]>[T.Tv ]>[0.0]and [0,0] <| 75.28 ]<[L1] 

Further, middle age people decreases and old age people increases in between C and R. 

ie, [L1]>[14-2N ]>[0.0]and [0,0]<| Ay.Ay ]<[L1] 


4.2 Application of Interval Valued Neutrosophic Set in Day and Night Time Analysis 

As per our convenience, time of the day is divided into three groups: day, day or night (or both) and 
night. Assume day time is a truth membership function, day or night (or both) is an indeterminate 
membership function and night time is a falsity membership function. Here, the degree of day or 
night time may provide either degree of day time or night time or both. Let us consider the time of 
the day is definitely day time at and below 7 AM to 6 PM, it is definitely night at and beyond 7 PM 
and 5 AM and in between time is day or night. i.e., the level of the day time decreases and the level 
of night time increases. The time of the day is represented pictorially for day, day or night people 
and night as in Fig. 3. 
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Day or Night Time NightTime 


Fig.3. The degrees of time for ‘day’, ‘day or night’ and ‘night’ 


Let B be the different times of the day, M an interval valued neutrosophic set defined in the set B. Let 


Ty (b) be the membership degree of the time ‘day’ at b, here, b denotes a numerical value. 
For example b=8 AM or PM. Similarly, the indeterminate degree of the time jy (b) and the falsity 


degree of the time F,,(b) canbe represented by 5. 


Consider two cases. 


B ={((74M, 6PM ][54M,64M ][7PM,54M ))| and 
M= {(tv (74M, 6PM )),1y ([74M,6PM )), Fry ((74M,6PM])), 
(Ty ([54M,64M )), Jy ([54M,64M ), Fy (54M, 6AM )), 


(Ty ((7PM,34M )),1y([(7PM,54M )), Fy (7PM, s4M ))}. 


Also we can consider, B= {([74M,6PM ][6PM,7PM ][7PM,54M | and 
M= {(tv (74M, 6PM )),1y((74M,6PM )), Fry ((74M,6rM)), 


(Ty ([6 P.M, 7PM .k[6PM7 AMY F 6 PM7))PM ; 


(Ty ([7PM,5AM ]),1y ([7PM,54M ]),Fy (7PM, s4M ))}. 


Case (i). At and below [7AM, 6 PM], there is no hesitation of day or night time and no night time but 


there exist only day time. Therefore the following values are obtained. 


[7.28 |((74M.6PM) =[11] 


[ith |((74M,6PM]) =[0,0]and 
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[ FW. EW |([74M, 6PM) =[0.0] 


i.e., the membership function of the interval valued neutrosophic set is ([1. 1],[0,0].[0, 0}) 


Case (ii). At [5AM, 6AM] (at the point C) and at [6 PM, 7PM] 


[TK.Ty |((54M.64M))=[0,0]and | 7¥.7y |((6PM,7PM)) =[0.0] 


IKty |((S4M.64M])=[1,1Jand [7.2% |([opM.7PM )) =[1.1] 


[FN .EV |([54M,64m) =[0,0]and [Fy,FY |((6PM,7PM]) =[0.0] 


i.e., the membership function of the interval valued neutrosophic set is ([0. o],[1,1],[0, 0]) 


Case (iii). At and above [7 PM, 5 PM], there is no day time and no hesitation of day or night time, but 


there exist only night time. 


[ry.N |((7PM.54m ]) -[0.0] 


Ix.Ly |((7PM,54M })=[0,0]and 


[Py.Py |((7PM,54M) =[1.1] 
i.e., the membership function of the interval valued neutrosophic set is ([0. 0],[0, o],[1 1}) 


Hence, M ={([1,1],[0,0],[0,0]), ({0,0], [1.1], [0,0]). ([0,0], [0,0], [1.1])} 
Also, day time decreases and day or night time increases in between L and C. 
ie, [L1]> | >[0,0]and [0,0]< Linea <[L1] 
Further, day or night time decreases and night time increases in between C and R. 


ie, [L1]>[ 14.1 |>[0,0]and [0,0] <| Fy. Fy |< [LI] 


5. Impacts of the work 


i). The proposed approach is the effective one in determining age group forecasting while the data is 
in the form of interval data with indeterminate information too. 

ii). Time (day or night) analysis under interval neutrosophic environment will be very useful as it is 
the major scientific and technical problems. 

iii). Analysing any future trend can be done easily by inferring the existing information into the 
future using interval neutrosophic sets as it has the capacity of addressing with the set of numbers in 
the real unit interval which is not just a determined number, it is efficient to deal with real world 


problems with various possible interval values 
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iv). The proposed methodology of age group analysis can be used in facial image analysis as age 
detection system. 


v). The proposed methodology of time analysis can be utilized in time series analysis. 


6. Conclusion 


Since neutrosophic logic resembles human behavior for predicting age and time (day or night), 
it is suitable for this study. According to the knowledge of human, membership values of the truth, 
indeterminacy and falsity may be exact numbers or interval numbers. In this paper, analysis of age 
group and time(day or night) have been done using interval valued neutrosophic set with the 
detailed description and pictorial representation. Also the impact of the present work has been 
given. In future, the proposed concept can be done based on the concept of neutrosophic rough and 


soft sets. 
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On Some Types of Neutrosophic Topological 
Groups with Respect to Neutrosophic Alpha Open 
Sets 


Qays Hatem Imran, Ali Hussein Mahmood AI-Obaidi, Florentin Smarandache 


Qays Hatem Imran, Ali Hussein Mahmood Al-Obaidi, Florentin Smarandache (2020). On 
Some Types of Neutrosophic Topological Groups with Respect to Neutrosophic Alpha Open 
Sets. Neutrosophic Sets and Systems 32, 426-434 


Abstract: In this article, we presented eight different types of neutrosophic topological groups, each 
of which depends on the conceptions of neutrosophic a-open sets and neutrosophic a-continuous 
functions. Also, we found the relation between these types, and we gave some properties on the 
other side. 

Keywords: Neutrosophic oa-open sets, neutrosophic o-continuous functions, neutrosophic 
topological groups, and neutrosophic topological groups of type (R), R = 1,2,3, ...,8. 


1. Introduction 


Smarandache [1,2] originally handed the theory of “neutrosophic set”. Recently, Abdel-Basset 
et al. discussed a novel neutrosophic approach [3-6]. Salama et al. [7] gave the clue of neutrosophic 
topological space. Arokiarani et al. [8] added the view of neutrosophic a-open subsets of 
neutrosophic topological spaces. Dhavaseelan et al. [9] presented the idea of neutrosophic 
a™-continuity. Banupriya et al. [10] investigated the notion of neutrosophic ags continuity and 
neutrosophic ags irresolute maps. Nandhini et al. [11] presented Nag#-open map, Nag#w-closed 
map, and Nag#tp-homomorphism in neutrosophic topological spaces. Sumathi et al. [12] submitted 
the perception of neutrosophic topological groups. The target of this article is to perform eight 
different types of neutrosophic topological groups, each of which depends on the notions of 
neutrosophic a-open sets and neutrosophic a-continuous functions and also we found the relation 
between these types. 


2. Preliminaries 


In all this paper, (G,t) and (H,o) (or briefly G and #H) frequently refer to neutrosophic 
topological spaces (or shortly NTSs). Suppose A be a neutrosophic open subset (or shortly Ne-OS) 
of G, then its complement A® is closed (or shortly Ne-CS). In addition, its interior and closure are 
denoted by Nint(A)and Ncl(A), correspondingly. 


Definition 2.1 [8]: Let A be a Ne-OS in NTS G, then it is said that a neutrosophic a-open subset (or 
briefly Ne-aOS) if A & Nint(Ncl(Nint(A))). Then A® is the so-called a neutrosophic a-closed (or 
briefly Ne-aCS). The collection of all such these Ne-aOSs (resp. Ne-aCSs) of G is denoted by 
NaO(G) (resp. NaC(G)). 


Definition 2.2 [8]: Let A be a neurrosophic set in NTS G. Then the union of all such these Ne-aOSs 
involved in A( symbolized by aNint(A)) is said to be the neutrosophic a-interior of A. 
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Definition 2.3 [8]: Let A be a neurrosophic set in NTS G. Then the intersection of all such these 
Ne-aCSs that contain A (symbolized by aNcl(A)) is said to be the neutrosophic a-closure of A. 
Proposition 2.4 [13]: Let A be a neutrosophic set in NTS G. Then A € NaO(B) iff there exists a Ne- 


aOS B where B € A € Nint(Ncl(B)). 


Proposition 2.5 [8]: In any NTS, the following claims hold, and not vice versa: 
(i) For each, Ne-OS is a Ne-aOS. 
(ii) For each, Ne-CS is a Ne-aCs. 


Definition 2.6: Let 4: (G,t) — (H,o) bea function, then A is called: 

(i) a neutrosophic continuous (in short Ne-continuous) iff for each A Ne-OS in H, then £71(A) is 
a Ne-OS in G [14]. 

(ii) a neutrosophic a-continuous (in short Ne-a-continuous) iff for each A Ne-OS in H, then 
h*(A) isaNe-aOS in G [8]. 

(iii) a neutrosophic a-irresolute (in short Ne-a-irresolute) iff for each A Ne-aOS in H, then 
h-1(A) isa Ne-aOS in G. 


Proposition 2.7 [8]: Every Ne-continuous function is a Ne-a-continuous, but the opposite is not valid 


in general. 


Proposition 2.8: Every Ne-a-irresolute function is a Ne-a-continuous, but the opposite is not exact in 
general. 

Proof: Let A£:(G,t) — (H,o) be a Ne-a-irresolute function and let A be any Ne-OS in H. From 
proposition 2.5, we get A is a Ne-aOS in H. Since A is a Ne-a-irresolute, then A71(A) is a 


Ne-aOS in G. Therefore A is a Ne-a-continuous. 


Example 2.9: Let G = {p, q}. Suppose the neutrosophic sets A,B,C and D be in G as follows: 


A= (Sis) (Sts) (Sod) B= (Sd) Ed) Eas) 


= Pe GN: CB AN (Be — Poa) (PR a) (Po 
C= (x, (2, “) : (2 z 7) % (2 : <)) and D = (x, (2, “) (2, “) ‘i (2 , <)). 
Then the families t = {Oy,A,1y} and o = {0y,D,1y} are neutrosophic topologies on G. 
Thus, (G,t) and (G,a) are NTSs. Define A:(G,t) — (G,a) as (p) =p, A(q) =q. Hence A is a 


Ne-a-continuous function, but not Ne-a-irresolute. 


Definition 2.10: A function A:(G,t) — (H,o) is said to be M-function iff A~1(Nint(Ncl(B))) S 
Nint(Ncl(A*(B) )), for every Ne-aOS B of H. 


Theorem 2.11: If A: (G,t) — (H,o) is a Ne-a-continuous function and M-function, then / is a 
Ne-a-irresolute. 

Proof: Let A be any Ne-aOS of H, there exists a Ne-OS B of H where BG A € Nint(Ncl(B)). 
Since A is M-function, we have 471(B) © A71(A) © A1(Nint(Ncl(B)) ) © Nint(Ncl(A-“1(B) )). 
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By proposition 2.4, we have A7*(A) is a Ne-aOS. Hence, # is a Ne-a-irresolute. m 


Definition 2.12 [8]: A function 4:(G,t) — (H,a) is called a neutrosophic a -open (resp. 
neutrosophic a -closed) iff for each A€NaO(G) (resp. AE NaC(G) ), ACA) € NaO(H) 
(resp. A(A) € NaC(H)). 


Definition 2.13 [15]: A_ bijective function A:(G,t) > (H,o) is called a neutrosophic 


homeomorphism iff A and A~* are Ne-continuous. 


Definition 2.14 [12]: A neutrosophic topological group (briefly NTG) is a set G which carries a 
group structure and a neutrosophic topology with the following two postulates: 
(i) The operation function u:G x G > G, givenas u(g,h) = g-h is a Ne-continuous. 


~1 is a Ne-continuous. 


(ii) The inversion function 1:G > G, given as I(g) = g 
Remark 2.15 [12]: 

(i) The function y:G x G > G, given as y(g,h) = g-h is a Ne-continuous iff for each Ne-OS C and 
g:he€C, there exist Ne-OS A,B suchthat g €EA,hEB, and A-BEC. 

(ii) The function inv:G > G is a Ne-continuous iff for each Ne-OS A and g™ € A, there exists a 
Ne-OS B and g€ B where B1C A. 


Definition 2.16 [16]: A group G is nice iff its operation is nice. 


3. Different Types of Neutrosophic Topological Groups 


In this section, we introduce eight types of neutrosophic topological groups, each of which 
depends on the notions of neutrosophic a-open sets and neutrosophic a-continuous functions. 


Definition 3.1: Let G be a set that equips with a group structure and a neutrosophic topology. Then 
G is called: 

(i) NTG of type (1) iff the operation function y:G x G > G and the inversion function I:G > G are 
both Ne-a-continuous. 

(ii) NTG of type (2) iff the operation function u:G x G > G and the inversion function I:G > G are 
both Ne-ca-irresolute. 

(iii) NTG of type (3) iff the operation function yu: G x G > G is Ne-a-continuous and the inversion 
function 1:G — G is Ne-continuous. 

(iv) NTG of type (4) iff the operation function u:G x G > G is Ne-a-irresolute and the inversion 
function I:G > G is Ne-continuous. 

(v) NTG of type (5) iff the operation function u:G x G > G is Ne-a-irresolute and the inversion 
function I:G > G is Ne-a-continuous. 

(vi) NTG of type (6) iff the operation function pu: G x G > G is Ne-a-continuous and the inversion 
function I:G > G is Ne-a-irresolute. 


(vii) NTG of type (7) iff the operation function p:G x G > G is Ne-continuous, and the inversion 


function I:G > G is Ne-a-continuous. 
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(viii) NTG of type (8) iff the operation function w:G x G > G is Ne-continuous, and the inversion 


function I:G > G is Ne-a-irresolute. 


Proposition 3.2: 

(i) Every NTG is a NTG of type (R), where R = 1,3,7. 

(ii) Every NTG of type (2) isa NTG of type (5). 

(iii) Every NTG of type (2) isa NTG of type (6). 

(iv) Every NTG of type (4) isa NTG of type (3). 

(v) Every NTG of type (4) isa NTG of type (5). 

(vi) Every NTG of type (R) isa NTG of type (1), where R = 2,3, ...,8. 


Proof: 


(i) Let G be a NIG, then the operation function w and the inversion function I are both 
Ne-continuous. By proposition 2.7, we have that the operation function mw and the inversion 
function I are both Ne-a-continuous. Hence, G isa NTG of type (R), where R = 1,3,7. 

(ii) Let G be a NTG of type (2), then the operation function p and the inversion function / are both 
Ne-a-irresolute. By proposition 2.8, we have that the inversion function J is a Ne-a-continuous. 
Hence, G is a NTG of type (5). 

(iii) Let G be a NTG of type (2), then the operation function and the inversion function I are 
both Ne- a -irresolute. By proposition 2.8, we have that the operation function w is a 
Ne-a-continuous. Hence, G is a NTG of type (6). 

(iv) Let G be a NTG of type (4), then the operation function p is a Ne-a-irresolute and the 
inversion function I is a Ne-continuous. By proposition 2.8, we have that the operation function yu 
is a Ne-a-continuous. Hence, G isa NTG of type (3). 

(v) Let G bea NTG of type (4), then the operation function yp is a Ne-a-irresolute and the inversion 
function I is a Ne-continuous. By proposition 2.7, we have that the inversion function I is a 
Ne-a-continuous. Hence, G is a NTG of type (5). 

(vi) Let G be a NTG of type (R), where R = 2,3,...,8. By proposition 2.7 and proposition 2.8, we 
have that the operation function yp and the inversion function J are both Ne-a-continuous. Hence, G 
isa NTG of type (1). 


Proposition 3.3: 

(i) ANTG of type (3) with M-function operation p isa NTG of type (4). 

(ii) A NTG of type (1) with M-function inversion | and M-function operation p is a NTG of type 
(2). 

(iii) A NTG of type (1) with M-function operation u isa NTG of type (5). 

(iv) A NTG of type (1) with M-function inversion J is a NTG of type (6). 

(v) ANTG of type (5) with M-function inversion I isa NTG of type (2). 

(vi) A NTG of type (6) with M-function operation p is a NTG of type (2). 

(vii) A NTG of type (7) with M-function inversion I is a NTG of type (8). 

Proof: 

(i) Let G be a NTG of type (3), then the operation function p is a Ne-a-continuous and the inversion 


function is a Ne-continuous. Since pu is M-function. So by Theorem 2.11, we get that operation 
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is a Ne-a-irresolute. Hence, G is a NTG of type (4). 

(ii) Let G be a NTG of type (1), then the operation function p and the inversion function / are both 
Ne-a-continuous. Since p,/! are M-function. So by Theorem 2.11, we get that the operation function 
i and the inversion function ] are both Ne-a-irresolute. Hence, G is a NTG of type (2). The proof is 


evident for others. 


Remark 3.4: The next illustration displays relationship among different kinds of neutrosophic 


topological groups mentioned in this section and the neutrosophic topological group: 


neutrosophic topological group 


neutrosophic topological group 
of type (7) 


neutrosophic topological group 
of type (3) 


neutrosophic topological group 
of type (8) 


of type (5) 


* > Tis M — function; # > wis M — function; & > u,/] are M — function 


Fig. 3.1 


Definition 3.5: A bijective function A: (G,t) — (H,@) is said to be: 
(i) Neutrosophic a-homeomorphism iff A and A~* are Ne-a-continuous. 


(ii) Neutrosophic a-irresolute - homeomorphism iff A and A~+ are Ne-a-irresolute. 


Definition 3.6: Let (G,t) be a NTS, then G is called neutrosophic o«-homogeneous (resp. 
neutrosophic a-irresolute — homogeneous) iff for any two elements g,h EG, there exists a 
neutrosophic a-homeomorphism (resp. neutrosophic a-irresolute - homeomorphism) from G onto 


G which transforms g into h. 


Proposition 3.7: The inversion function J in a NTG of type (R), where R = 1,2,...... 8 is a 


neutrosophic a-homeomorphism. 
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Proof: Let G be a NTG of type (1). Since G is a group, I(G) =G~* =G which implies / is onto, 
also for any g €G, there exists a unique inverse which is equal to I(g) which implies, J is 
one-to-one. Now; we have I is a Ne-a-continuous and I71:G >G such that I71(g) =g, ie 
I-*(g) =I(g) for each g€G, so, I™* is a Ne-a-continuous. Thus, J is a neutrosophic 


a-homeomorphism. In the case of type (R), we have a similar proof, where R = 2,3,...,8. 


Corollary 3.8: Let G be a NTG of type (1) and A&G. If A €t, then A™* € NaO(G). 
Proof: Since the inversion function] is a neutrosophic a-homeomorphism, then I(A) = A 
Ne-aOS in G foreach A ET. 


lisa 


Proposition 3.9: The inversion function J in a NTG of type (3) [and type (4)] is a neutrosophic 
homeomorphism. 

Proof: Suppose G be a NTG of type (3). SinceG is a group, 1(G) =G~* =G which implies I is 
onto, also for any g € G, there exists a unique inverse which is equal to I(g) which implies, J is 
one-to-one. Now; we have! is a Ne-continuous and I71!:G > G such that I71(g) = g, ie I7+(g) = 
I(g) for each g €G,so, I~’ is a Ne-continuous. Thus, J is a neutrosophic homeomorphism. In the 


case of type (4), we have similar proof. 


Proposition 3.10: The inversion function J ina NTG of type (R), where R = 2,6,8 is a neutrosophic 
a-irresolute — homeomorphism. 

Proof: Suppose G be a NTG of type (2). Since G is a group, 1(G) =G~* =G which implies / is 
onto, also for any g € G, there exists a unique inverse which is equal to I(g) which implies, I is 
one-to-one. Now; we have I is a Ne-a-irresolute and I71:G > G such that I~1(g) = g, i.e I71(g) = 
I(g) for each g €G, so, I+ is a Ne-a-irresolute. Thus, J is a neutrosophic a-irresolute — 


homeomorphism. In the case of type (6) and type (8), we have a similar proof. 


Proposition 3.11: Let G be a set which carries a group structure and a neutrosophic topology, let 
ky, kz € G. Then for each g € G if one of the following functions: 

@) ik, =k: g 

Gi) he, = 9° ka 

(iii) Anyk.(9) =k 9 + ke 

is a neutrosophic a-homeomorphism (resp. neutrosophic a-irresolute - homeomorphism), then so 
the others. 

Proof: Since k,and k, are arbitrary elements in G, clear that |,,and ™,come from Axx, by taking 
k, =e or k, =e respectively. Hence, when Ax,,, is a neutrosophic a-homeomorphism, both 
i, and 7, are neutrosophic a -homeomorphisms. Now; when I, is a neutrosophic 
a-homeomorphism. Since G is a group, G-k =G for eachk €G then G-k, =G. Hence, for each 
hEG-kp, kk, (h) = ky -h, ik, is aneutrosophic a-homeomorphism. But h = g-kz for some g € G, 
then for each gEG, kk, (h) =I, (g-k2) = ki: g ke = Any (G) + Aix, iS a neutrosophic 
a-homeomorphism. Then by the first part of the proof, r,,. And we have a similar proof if we are 
beginning with 7, is aneutrosophic a-homeomorphism. In the case of neutrosophic a-irresolute — 


homeomorphism, we have a similar proof. 
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Theorem 3.12: LetG be a nice NTG of type (R), where R = 1,2,3,...,8 and let k,,k2 € G. Then for 
each g €G the following functions: 

(i) Le. (g) = kag 

(ii) 1, (Q) = 9 > ka 

(iii) Nikky (g)=ki-g-kz 

are neutrosophic a-homeomorphisms. 

Proof: Let G be a nice NTG of type (1). It is clear that each of the functions |;,,,7%,,and Ax,%, is a 
bijective function. Let A be the operation of G, then A is a Ne-a-continuous. Since G is a nice, so 
lk, = 4/{ki} XG is a Ne-a-continuous. Similarly, le, (9) =k, a ee is a Ne-a-continuous. 
Hence, l,, is a neutrosophic a-homeomorphism. Thus, because of the preceding proposition, 7%, 
and f,x,%, are neutrosophic a-homeomorphisms. The case of type (R) has a similar proof, 
where R = 2,3,...,8. 


Theorem 3.13: LetG be a nice NTG of type (R), where R = 2,4,5 and let k,,k, € G. Then for each 
g €G the following functions: 
(i) ke) = kag 
(ii) Tk, (@) = 9 ky 
(iii) Arjen (9) = ka + ke 

are neutrosophic a-irresolute - homeomorphisms. 
Proof: Let G be a nice NTG of type (2). It is clear that each of the functions |;,,,7%,,and Ax,%, is a 
bijective function. Let A be the operation of G, then # is a Ne-a-irresolute. Since G is a nice, so 
Ik, =A/{ki} XG is a Ne-q-irresolute. Similarly, le, (9) = ki * +g, ee is a Ne-a-irresolute. 
Hence, kx, is a neutrosophic a -irresolute - homeomorphism. Thus, given the preceding 
proposition, ™%, and Ax,,, are neutrosophic a-irresolute — homeomorphisms. The case of type (R) 


has a similar proof, where R = 4,5. 


Corollary 3.14: Let A,B and C be subsets of anice NTG G of type (1) (resp. of type (4)) such that 
A is a Ne-CS (resp. Ne-aCS), and B is a Ne-OS (resp. Ne-aOS). Then for each k €G,k-A and A: 
k are Ne-a-CSs also k-B,B-k,C-B and B-C are Ne-aOSs. 

Proof: Since A is a Ne-CS so in view of the theorem 3.12, 1,(A) =k:-A and n(A)=A-k are 
Ne-aCSs. 

Similarly, since B is a Ne-OS so in view of the theorem 3.12, |,(B) =k-B and r,(B) =B-k are 
Ne-aOSs. Also, C- B= Uzeec:B but c:B is a Ne-aOS for each c € C. Hence, C-B is a Ne-aOS. 
Similarly, B-C is a Ne-aOS. In the case of type (4), we have a similar proof. 


Corollary 3.15: A nice NTG of type (R), where R = 1,2,3, ...,8 is neutrosophic a-homogeneous. 

Proof: Let G be a nice NTG of type (1) and a,b €G. Then for any fixed element k €G,7r, is a 
neutrosophic a-homeomorphism, therefore, it is true when k = a7? - b. Thus, rg-1,(g) =g-a™*-b 
is aneutrosophic a-homeomorphism we need because r,-1,(a) = b. Therefore, G is aneutrosophic 


a-homogeneous. In the case of type (R), we have a similar proof, where R = 2,3,...,8. 
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Corollary 3.16: A nice NTG of type (R), where R=2,4,5 is neutrosophic a-irresolute — 
homogeneous. 

Proof: Let G be a nice NTG of type (2) and a,b €G. Then for any fixed element k €G,r, is a 
neutrosophic a-irresolute — homeomorphism, therefore, it is true when k=a™'-b. Thus, 
Tq-1p(g) = g-a-*-b isaneutrosophic a-irresolute- homeomorphism. But 1,-1,(a) = b, therefore 
G is aneutrosophic a-irresolute —- homogeneous. In the case of type (R), we have a similar proof, 
where R = 4,5. 


Definition 3.17: Let G be a NTG of type (2),(5), and F be a fundamental system of neutrosophic 
a-open nhds of the identity element e. Then for any fixed element k € G,n, is a neutrosophic 
a-irresolute — homeomorphism. So F(k) = {i,(A) =A-+k:A€F} is a fundamental system of 


neutrosophic a-open nhds of k. 


Proposition 3.18: Let G be a NTG of type (2),(5). Any fundamental system F of neutrosophic 
a-open nhds of e in G has the below postulates: 

(i) If A,B EF, then 4C € F such that C € ANB. 

(ii) If g € AEF, then AB EF suchthat B-g GA. 

(iii) If A € F, then 3B € F suchthat B*-BCA. 

(iv) If AE F,k €G, then 3B €F suchthat k71-B-k CA. 

(v) VA €F,4AB EF suchthat BIC A. 

(vi) VA € F,AC EF such that C2 CA. 

Proof: 

(i) Let A,B € F, then ANB EF,so JC € F such that C © ANB. 

(ii) Let AE F and g€A implies A-g™1 € F, then 4B € F such that BC A-g™*. Thus, B-g © 
A. 

(iii) The function u:G x G > G, given by u(g,h) = g"'-h is a Ne-a-irresolute because G is a NTG 
of type (2),(5). Thus u7*(A) is a neutrosophic a-open nhd in G XG contains (e,e) and hence 
includes a set of the from U x V, where U,V are neutrosophic a-open and provide e. But UNV is 
a neutrosophic a-open contains e, so JB € F such that BE UNV then BEU and BEV. Thus 
BxBGUXV Cu (A), then n(BxB)CA but u(BxB)=B1-BCA. 

(iv) The function A:G>G given by A(g)=k™*-g-k is a Ne-a-irresolute. Since l,-1,7% is 
Ne-a-irresolute. So [,-1°17, is a Ne-a-irresolute from G to G put A=]-1°7,A(g) = (-1° 
re) (g) = Ly-1(re(g)) = -1(g -k) = k++ g +k. 


So, A-*(A) is a neutrosophic a-open nhd and contains e, hence IBEF, BEA (A) then 
A(B) S A. Thus, A(B) =k *- BKC A. 


Florentin Smarandache (author and editor) Collected Papers, XIl 


(v) Since J the inverse function in a NTG of type (2) is a Ne-a-irresolute, then I~*(A) is a 
neutrosophic a-open contains e so 3B € F such that B €I71(A) then 1(B) A. Thus, /(B) = 
BICA. 

(vi) Since u in a NTG of type (5) is a Ne-a-irresolute. So w71(A) is a neutrosophic a-open 
contains (e,e) and thus contains a neutrosophic set of the from U x V, where U, V are neutrosophic 
a-open and contain e then UNV is a neutrosophic a-open and contain e 4C € F such that C © 
UNV, then CXC CUXV Cu-1(A). Thus, u(C XC) =C-C=C27CA. 


Definition 3.19: A neutrosophic a-open nhd € of g is called symmetric if C~* = C. 


Proposition 3.20: Let G be a NTG of type (R), where R = 1,2,...,8, and let B be any neutrosophic 
a-open nhd of a point g € G. Then BUB™ is symmetric neutrosophic a-open nhd of g. 
Proof: Let B is a neutrosophic a-open nhd of g, then BUB™ is a neutrosophic a-open nhd of g; 
BUB'={b:be€BorbeEB }={b:b1E€Borb'E€B 4} 

={bib-* BUBB} = {bib € (AUB *)*}= (BUR *)*. 
That is, BUB™* is symmetric neutrosophic a-opennhd of g. 


Proposition 3.21: Let B be any neutrosophic a-open nhd of e in a nice NTG of type (R), where 
R =1,2,.....,8. Then B-B™* is symmetric neutrosophic a-open nhd of e. 

Proof: Let B be aneutrosophic a-open nhd of e and since G isa nice, then B- B~ is neutrosophic 
a-open nhd of e; 

B Bt={x-yt:ix,yeB}={(x1)1-yt:x,y €B} =(B1)1-B1=(8-B)?1. 


That is, B- B~* is symmetric neutrosophic a-open nhd of e. 


4. Conclusion 


In this work, we examined the conceptions of eight different types of neutrosophic topological 
groups, each of which, depending on the notions of neutrosophic a-open sets and neutrosophic 
a-continuous function. In the future, we plan to rsearch the ideas of neutrosophic topological 
subgroups and the neutrosophic topological quotient groups as well as defining the perception of 
neutrosophic topological product groups with some results. 
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Nawaz (2020). Neutrosophic Soft Rough Topology and its Applications to Multi-Criteria 
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Abstract: In this manuscript, we introduce the notion of neutrosophic soft rough topology (NSR- 
topology) defined on neutrosophic soft rough set (NSR-set). We define certain properties of NSR- 
topology including NSR-interior, NSR-closure, NSR-exterior, NSR-neighborhood, NSR-limit point, 
and NSR-bases. Furthermore, we aim to develop some multi-criteria decision-making (MCDM) 
methods based on NSR-set and NSR-topology to deal with ambiguities in the real-world problems. 
For this purpose, we establish algorithm 1 for suitable brand selection and algorithm 2 to determine 
core issues to control crime rate based on NSR-lower approximations, NSR-upper approximations, 


matrices, core, and NSR-topology. 


Keywords: Neutrosophic soft rough (NSR) set, NSR-topology, NSR-interior, NSR-closure, NSR- 
exterior, NSR-neighborhood, NSR-limit point, NSR-bases, Multi-criteria group decision making. 


1. Introduction 


The limitations of existing research are recognized in the field of management, social sciences, 
operational research, medical, economics, artificial intelligence, and decision-making problems. 
These limitations can be dealt with the Fuzzy set [1], rough set [2, 3], neutrosophic set [4, 5], soft set 
[6], and different hybrid structures of these sets. Rough set theory was initiated by Pawlak [2], which 
is an effective mathematical model to deal with vagueness and imprecise knowledge. Its boundary 
region gives the concept of vagueness, which can be interpreted by using the vagueness of Frege's 
idea. He invented that vagueness can be dealt with the upper and lower approximations of precise 
set using any equivalence relation. In the real life, rough set theory has many applications in different 
fields such as social sciences, operational research, medical, economics, and artificial intelligence, etc. 
Many real-world problems have neutrosophy in their nature and cannot handle by using fuzzy or 
intuitionistic fuzzy set theory. For example, when we are dealing with conductors and non- 
conductors there must be a possibility having insulators. For this purpose, Smarandache [4, 5] 
inaugurated the neutrosophic set theory as a generalization of fuzzy and intuitionistic fuzzy set 
theory. The neutrosophic set yields the value from real standard or non-standard subsets of ]~0,1*[. 
It is difficult to utilize these values in daily life science and technology problems. Therefore, the 
concept of a single-valued neutrosophic set, which takes value from the subset of [0,1], as defined by 


Wang et al. [7]. The beauty of this set is that it gives the membership grades for truth, indeterminacy 
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and falsity for the corresponding attribute. All the grades are independent of each other and provide 
information about the three shades of an arbitrary attribute. Smarandache [8] extended the 
neutrosophic set respectively to neutrosophic Overset (when some neutrosophic components are > 
1), Neutrosophic Underset (when some neutrosophic components are < 0), and to Neutrosophic 
Offset (when some neutrosophic components are off the interval [0,1], ie. some neutrosophic 
components are > 1 and other neutrosophic components < 0). In 2016, Smarandache introduced 
the Neutrosophic Tripolar Set and Neutrosophic Multipolar Set, also the Neutrosophic Tripolar 
Graph and Neutrosophic Multipolar Graph [8]. 

The soft set is a mathematical model to deal ambiguities and imprecisions in parametric manners. 
This is another abstraction of the crisp set theory. In 1999, Molodtsov [9] worked on parametrizations 
of the universal set and invented a parameterized family of subsets of the universal set called soft set. 
In recent years, many mathematicians worked on different hybrid structures of the fuzzy and rough 
sets. Ali et al. [10, 11] established some novel operations in the soft sets, rough soft sets and, fuzzy 
soft set theory. Aktas and Cagman [12] introduced various results on soft sets and soft groups. Bakier 
et al. [13] introduced the idea of soft rough topology. Cagman et al. [14] introduced various results 
on soft topology. Chen [15] worked on parametrizations reduction of soft sets and gave its 
applications in decision-making. Feng et al. [16, 17] established various results on soft set, fuzzy set, 
rough set and soft rough sets with the help of illustrations. Hashmi et al. [18] introduced the notion 
of m-polar neutrosophic set and m-polar neutrosophic topology and their applications to multi- 
criteria decision-making (MCDM) in medical diagnosis and clustering analysis. Hashmi and Riaz [19] 
introduced a novel approach to the census process by using Pythagorean m-polar fuzzy Dombi's 
aggregation operators. Kryskiewicz [20] introduced the rough set approach to incomplete 
information systems. Karaaslan and Cagman [21] introduced bipolar soft rough sets and presented 
their applications in decision-making. Kumar and Garg [22] introduced the TOPSIS method based on 
the connection number of set pair analyses under an interval-valued intuitionistic fuzzy set 
environment. Maji et al. [23, 24, 25] worked on some results of a soft set and gave its applications in 
decision-making problems. He also invented the idea of a neutrosophic soft set and gave various 
results to intricate the concept with numerous applications. Naeem et al. [26] introduced the novel 
concept of Pythagorean m-polar fuzzy sets and the TOPSIS method for the selection of advertisement 
mode. Peng and Garg [27] introduced algorithms for interval-valued fuzzy soft sets in emergency 
decision making based on WDBA and CODAS with new information measures. Peng and Yang [28] 
presented some results for Pythagorean fuzzy sets. Peng et al. [29] introduced Pythagorean fuzzy 
information measures and their applications. Peng et al. [30] introduced a Pythagorean fuzzy soft set 
and its application. Peng and Dai [31] introduced certain approaches to single-valued neutrosophic 
MADM based on MABAC, TOPSIS and, new similarity measure with score function. Marei [32] 
invented some more results on neutrosophic soft rough sets and worked on its modifications. Pei and 
Miao [33] worked on the information system using the idea of a soft set. Quran et al. [34] introduced 
a novel approach to neutrosophic soft rough set under uncertainty. Riaz et al. [35] introduced soft 


rough topology with its applications to group decision making. 
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Riaz and Hashmi [36] introduced the notion of linear Diophantine fuzzy Set (LDFS) and its 
applications towards the MCDM problem. Linear Diophantine fuzzy Set (LDFS) is superior to IFS, 
PFS and, q-ROFS. Riaz and Hashmi [37] introduced novel concepts of soft rough Pythagorean m- 
Polar fuzzy sets and Pythagorean m-polar fuzzy soft rough sets with application to decision-making. 
Riaz and Tehrim [38] established the idea of cubic bipolar fuzzy ordered weighted geometric 
aggregation operators and, their application using internal and external cubic bipolar fuzzy data. 
They presented various illustrations and decision-making applications of these concepts by using 
different algorithms. Roy and Maji [39] introduced a fuzzy soft set-theoretic approach to decision- 
making problems. Salama [40] investigated some topological properties of rough sets with tools for 
data mining. Shabir and Naz [41] worked on soft topological spaces and presented their applications. 
Thivagar et al. [42] presented some mathematical innovations of a modern topology in medical 
events. Xueling et al. [43] presented some decision-making methods based on certain hybrid soft set 
models. Zhang et al. [44, 45, 46] established fuzzy soft B-covering based fuzzy rough sets, fuzzy soft 
coverings based fuzzy rough sets and, covering on generalized intuitionistic fuzzy rough sets with 
their applications to multi-attribute decision-making (MADM) problems. Broumi et al. [47] 
established the concept of rough neutrosophic sets. Christianto et al. [48] introduced the idea about 
the extension of standard deviation notion with neutrosophic interval and quadruple neutrosophic 
numbers. Adeleke et al. [49, 50] invented the concepts of refined eutrosophic rings I and refined 
neutrosophic rings II. Parimala et al. [51] worked on aw-closed sets and its connectedness in terms 
of neutrosophic topological spaces. Ibrahim et al. [52] introduced the neutrosophic subtraction 
algebra and neutrosophic subraction semigroup. 

The neutrosophic soft rough set and neutrosophic soft rough topology have many applications in 
MCDM problems. This hybrid erection is the most efficient and flexible rather than other 
constructions. It is constructed with a combination of neutrosophic, soft and, rough set theory. The 
interesting point in this structure is that by using this idea, we can deal with those type of models 
which have roughness, neutrosophy and, parameterizations in their nature. 

The motivation of this extended and hybrid work is presented step by step in the whole manuscript. 
This model is generalized form and use to collect data at a large scale and applicable in medical, 
engineering, artificial intelligence, agriculture and, other daily life problems. In the future, this work 
can be gone easily for other approaches and different types of hybrid structures. 

The layout of this paper is systematized as follows. Section 2, implies some basic ideas including soft 
set, rough set, neutrosophic set, neutrosophic soft set and, neutrosophic soft rough set. We elaborate 
on these ideas with the help of illustrations. In Section 3, we establish neutrosophic soft rough 
topology (NSR-topology) with some examples. We introduce some topological structures on NSR- 
topology named NSR-interior, NSR-closure, NSR-exterior, NSR-neighborhood, NSR-limit point and, 
NSR-bases. In Section 4 and 5, we present multi-criteria decision-making problems by using two 
different algorithms on NSR-set and NSR-topology. We use the idea of upper and lower 
approximations for NSR-set and construct algorithms using NSR-sets and NSR-bases We discuss the 
optimal results obtained from both algorithms and present a comparitive analysis of proposed 
approach with some existing approaches. Finally, the conclusion of this research is summarized in 


section 6. 
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2. Preliminaries 
This section presents some basic definitions including soft set, rough set, neutrosophic soft set, and 
neutrosophic soft rough set . 
Definition 2.1 [18] 
Let U be the universal set. Let I1(U) is collection of subsets of U. A pair (0, X) is said to be a soft set 
over the universe U, where UC E and 0: - I(U) is a set-valued function. We denote soft set as 
(0, W) or Oy and mathematically write it as 

Oy = {(% O@)):§ € UW OCS) € I(U)}. 
For any § € &, O(€) is €&-approximate elements of soft set Oy. 
Definition 2.2 [21] 
Let U be the initial universe and Y € U. Then, lower, upper, and boundary approximations of Y are 
defined as 

Ra(Y) = Useu {R(g): RG) & Y}, 


RA(Y) = Ugeu (R(g): R(g) NY ¥ G}, 
and 
By (Y) = R*(Y) — Ry (¥), 
respectively. Where ® is an indiscernibility relation 8 © U x U which indicates our information 
about elements of U. The set Y is said to be defined if R*(Y) = Ry(Y). If R*(Y) # Ry(Y) ie BR(Y) # 
@, the set Y is rough set w.r.t R. 
Definition 2.3 [41] Let U be the initial universe. Then, a neutrosophic set N on the universe U is 


defined as 
N = {<g, In(g), Jn(8), Bn(g) >: g € U}, where 


“0 < Ty(g) + In(g) + Sn(g) < 3*, where 


I,3,%:U 2]-0, 14 
Where ZY, 3 and § represent the degree of membership, degree of indeterminacy and degree of non- 
membership for some g € U, respectively. 
Definition 2.4 [16] Let U be an initial universe and E be a set of parameters. Suppose U& CE, and 
let J(U) represents the set of all neutrosophic sets of U. The collection (®,21) is said to be the 
neutrosophic soft set over U, where ® is a mapping given by 
©: AU > IU). 
The set containing all neutrosophic soft sets over U is denoted by NSy. 
Example 2.5 Consider U = {g1,82,83,84,85} be set of objects and attribute set is given by W= 
{81 2, §3, 84} = E = U, where 
The neutrosophic soft set represented as Py. Consider a mapping ©: — I(U) such that 


(E,) = {< g1,0.7,0.7,0.3 >, < gz, 0.5,0.7,0.7 >, < g3,0.7,0.5,0.2 >, < g4,0.7,0.4,0.4 >, < gs, 0.9,0.3,0.4 >}, 
(E) = {< gy, 0.9,0.5,0.4 >, < gp, 0.7,0.3,0.5 >, < g3,0.9,0.2,0.4 >, < g4, 0.9,0.3,0.3 >, < gs, 0.9,0.4,0.3 >}, 
@(E3) = {< g1,0.8,0.5,0.4 >, < gp, 0.7,0.5,0.4 >, < g3,0.8,0.3,0.6 >, < g4, 0.6,0.3,0.7 >, < gs, 0.8,0.4,0.5 >}, 
(E,) = {< g,0.9,0.7,0.5 >, < g5, 0.8,0.7,0.7 >, < g3,0.8,0.7,0.5 >, < g4, 0.8,0.6,0.7 >, < gs, 1.0,0.6,0.7 >}. 


The tabular representation of neutrosophic soft set K = (®, W) is given in Table 1. 
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(@, W) 81 82 §3 84 85 

e 
(0.7,0.7,0.3) (0.5,0.7,0.7) (0.7,0.5,0.2) (0.7,0.4,0.4) (0.9,0.3,0.4) 

) 
(0.9,0.5,0.4) (0.7,0.3,0.5) (0.9,0.2,0.4) (0.9,0.3,0.3) (0.9,0.4,0.3) 

§3 
(0.8,0.5,0.4) (0.7,0.5,0.4) (0.8,0.3,0.6) (0.6,0.3,0.7) (0.8,0.4,0.5) 

ey 


(0.9,0.7,0.5) (0.8,0.7,0.7) (0.8,0.7,0.5) (0.8,0.6,0.7) (1.0,0.6,0.7) 
Table 1: Neutrosophic soft set (®, 2) 


Definition 2.6 Let (@,%) be a neutrosophic soft set on a universe U. For some elements g € U, a 
neutrosophic right neighborhood, regarding § € Y is interpreted as follows; 
8¢ = {gi © U: Te(gi) = Te(8), Se(Bi) = Ie(8), Fe(Gi) S Be(S)}- 
Definition 2.7 Let (, 2) be a neutrosophic soft set over a universe U. For some elements g € U, a 
neutrosophic right neighborhood regarding all parameters YW is interpreted as follows; 
Sla = {ge,: 5 © UW. 
Example 2.8 Consider Example 2.5 then we find the following neutosophic right neighborhood 
regarding all parameters W as 
Biz, = Biz, = Siz, = Biz, = (81), 822, = Sze, = (8182), 82r, = {81828485}, 82x, = {8182/83}, Bsr, 
= 83r, = (8183},83r, = (81 83,8485}, 83r, = (8183 85}, 8ar, = (8183, 84}, Baz, 
= {84,85}, 84r, =U, Sar, =U Sse, = Bsr, = Bsz, = (85), 85¢, = {818s}- 
It follows that, 
Sila = {81}, 
S2lu = {81,82}, 
S3lu = {81,83}, 
Sala = {84}, 


Ssla = {gs}. 
Definition 2.9 Let (®, &) be a neutrosophic soft set over U. For any X & U, neutrosophic soft lower 


(aprnsr) approximation, neutrosophic soft upper (aprysp) approximation, and neutrosophic soft 


boundary (Bysr) approximation of X are defined as 
aprnsr(X) =U {gla:g € U, gly S X} 
apryspy(X) =U {glu:g € U, gla 1X # O} 
Bysr(X) = apr ysp(X) 7 aprnsr(X), 
respectively. If aprnsr(X) = aprysp(X) then X is neutrosophic soft definable set. 


Example 2.10 Consider Example 2.5, If X= {g;} GU, then aprysr(X) = {g1} and apry.p(X) = 


(81,82, 83}. Since its clear aprysp(X) # aprycp(X), SO X is neutrosophic soft rough set on U. 


3 Neutrosophic Soft Rough Topology 
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In this section, we introduce and study the idea of neutrosophic soft rough topology and its related 
properties. Concepts of (NSR)-open set, (NSR)-closed set, (NSR)-closure, (NSR)-interior, (NSR)- 
exterior, (NSR)-neighborhood, (NSR)-limit point, and (NSR)-bases are defined. 
Definition 3.1 Let U be the initial space, 9&U and G=(U,K) be a neutrosophic soft 
approximation space, where K=(®,%) is a neutrosophic soft set. The upper and lower 
approximations are calculated on the basis of neutrosophic soft approximation space and 
neighborhoods. Then, the collection 
Tusa (Y) = U, 0, aprnsr(Y), aPrysp(Y), Busr(Y)} 
is called neutrosophic soft rough topology (NSR-topology) which guarantee the following postulates: 
¢ U and @ belongs to tysr(Q). 
¢ Union of members of tysp(Q) belongs to tysp(Y). 
e Finite Intersection of members of tysp(Y) belongs to tTysp(Q). 
Then (U, tysr(Q), E) is said to be NSR-topological space, if tysp(Y) is Neutrosophic soft 
rough topology. 
Note that Neutrosophic soft rough topology is based on lower and upper approximations of 
neutrosophic soft rough set. 
Example 3.2. From Example 2.5, if 2 = {g2,g,} S U, we obtain aprnsr(Q) = {84}, aPTysp(Y) = 
{81,8284} and Bysr(Y) = {81,82}. Then, 
twsr(Q) = {U,@, {84}, {81 82,84}, {81 2} 
is a NSR-topology. 
Definition 3.3 Let (U, tysp(Y), E) be an NSR-topological space. Then, the members of tysp(Y) are 
called NSR-open sets. An NSR-set is said to be an NSR-closed set if its complement belongs to 
Tysr()- 
Proposition 3.4 Consider (U, tysr(Q), E) as NSR-space over U. Then, 
e U and @ are NSR-closed sets. 
¢ The intersection of any number of NSR-closed sets is an NSR-closed set over U. 
¢ The finite union of NSR-closed sets is an NSR-closed set over U. 
Proof. The proof is straightforward. 
Definition 3.5 Let (U, tysr(Q),E) be an NSR-space over U and tysr(Q) = {U, 0}. Then, tyspr is 
called NSR-indiscrete topology on U w.r.t Y and corresponding space is said to be an NSR- 
indiscrete space over U. 
Definition 3.6 Let (U, tysp(¥),E) is an NSR-topological space and A&B & U. Then, the collection 
TNsRa = {Bi 1 A: B; € tysp,i € L S N} is called NSR-subspace topology on A. Then, (A,tysr,q) is 
called an NSR-topological subspace of (B, tTysp)- 
Definition 3.7 Let (U, tysp’(Y), E) and (U, tysr(¥),E) be two NSR-topological spaces. tysp7(Q) is 
finer than tysp(X), if Tysp’(Y) 2 Tnsp(¥)- 
Definition 3.8 Let (U, tysp(Q),E) be a NSR-topological space and Byspz S tnsr- If we can write 
members of Tysp as the union of members of Bysp, then Bysp is called NSR-basis for the NSR- 
topology Tnsr.- 
Proposition 3.9 If tysr(Q) is an NSR-topology on U w.r.t 9 the the collection 
Bysr = {U, aprnsr(Y), Bysr(Q)} 


is a base for Tysp(Q)) 
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Theorem 3.10 Let (U, tysp(Q), E) and (U, tysp’(Y’), E) be two NSR-topological spaces w.r.t Y and 
Y' respectively. Let Bysp and Bysp, be NSR-bases for tysr and tysp,, respectively. If Bysr, © Buse 
then Tysp is finer than tTysp, and tysp, is weaker than tTysp. 
Theorem 3.11 Let (U,tysr(Q),£) be an NSR-topological space. If Bysr is an NSR-basis for Tys,p. 
Then, the collection Bysrz = {Ai NB: A; € Bysp,i € 1 S N} is an NSR-basis for the NSR-subspace 
topology on B. 
Proof. Consider A; € Tysrz- By definition of NSR-subspace topology, C = DN B,where D € tyspr. 
Since D € Tysp, it follows that D = Usjepgysp Ai- Therefore, 
C= (Uajegnse Aj) B= Uaiebnsr (A; 1B). 

3.1 Main Results 
We present some results of neutrosophic soft rough topology including NSR-interior, NSR-exterior, 
NSR-closure, NSR-frontier, NSR-neighbourhood and NSR-limit point. These are some topological 
properties of NSR-topology and can be used to prove various results related to NSR-topological 
spaces. 
Definition 3.12 Let (U,tysr(Q),E) be an NSR-topological space w.r.t 9, where T GU be an 
arbitrary subset. The NSR-interior of T is union of all NSR-open subsets of T and we denote it as 
Intysr(T). 
We verify that Intyspr(T) is the largest NSR-open set contained by T. 
Theorem 3.13 Let (U,tysp(Q),E) be a NSR-topological space over U w.r.t Y, S and T are NSR- 
sets over U. Then 

° Intysr@) = @ and Intysa(U) = U, 

© Intysp(S) SS, 

e S is NSR-open set © Intysp(S) = S, 

© IntyspUntysp(S)) = Intysr(S), 

° SCT implies Intysp(S) & Intysa(T), 

© Intysp(S) U Intysr(T) S Intysr(S UT), 

e Intysr(S) NIntysp(T) = Intysr(S NT). 
Proof. (i) and (ii) are obvious. 
(iii) First, suppose that Intysr(S) = S. Since Intysp(S) is an NSR-open set, it follows that S is NSR- 
open set. For the converse, if S is a NSR-open set, then the largest NSR-open set that is contained in 
S is S itself. Thus, Intysp(S) = S. 
(iv) Since Intysp(S) is an NSR-open set, by part (iii) we get Intysp(Intysp(S)) = ntysp(S). 
(v) Suppose that S & T. By (ii) Intysp(S) SS. Then Intysp(S) ST. Since Intysg(S) is NSR-open set 
contained by T.So by definition of NSR-interior Intysp(S) S Intysp(T). 
(vi) By using (ii) Intysp(S) GS and Intysp(T) ST. Then, Intysp(S) U Intysa(T) SUT. Since 
Intysp(S) U Intysp(T) is an NSR-open, it follows that Intysp(S) U Intysp(T) S ntysr(S UT). 
(vii) By using (ii) Intysr(S) GS and Intysr(T) ST. Then, Intysr(S)N ntysr(T) SSNT. Since 
Intysr(S) NIntysr(T) is NSR-open, it follows that Intysp(S) N Intysr(T) S Intysr(S NT). For the 
converse, SNTES also SNTET. Then, Intysrp(S NT) & Intysp(S) and Intysp(SNT) S&S 
Intysp(T). Hence Intysp(S NT) & Intysp(S) N Intysp(T). 
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Definition 3.14 Let (U, tysr(Q), E) be an NSR-topological space w.r.t Y, where YG U. Let T CU. 
Then, NSR-exterior of T is defined as Intysp(T°), where T° is complement of T. NSR-exterior of T 
is denoted by Extysp(T). 


Definition 3.15 Let (U, tysr(Q), E) be an NSR-topological space w.r.t Y, where YG U. Let T CU. 
Then, NSR-closure of T is defined to be intersection of all NSR-closed supersets of T and is denoted 
by Clysp(T). 

Example 3.16 Consider the NSR-topology given in Example 3.2, taking T = {9,, 92,93}, so T° = 

{94,95}. Then Intysr(T) = {91,92}, Extwsracr) = Intnsr (T°) = {94} and Clysr(T) = (91,92) 93) 9s}- 

Theorem 3.17 Let (U,tysp(Q),E) be a NSR-topological space over U w.r.t Y, S and T are NSR- 

sets over U. Then 

* Clysr(O) = 9 and Clyse(U) = U, 

¢ SCS Clysp(S), 

e S is NSR-closed set & S = Clysp(S), 
© Clysr(Clysr(S)) = Clysr(S), 

° SCT implies Clysp(S) © Clysr(T), 
© Clysr(S UT) = Clysp(S) UV Clysr(T), 
© Clysr(S NT) & Clysa(S) O Clysp(T). 

Proof. (i) and (ii) are straightforward. 

(iii) First, consider S = Clysp(S). Since Clysp(S) isan NSR-closed set, so S isan NSR-closed set over 

U. For the converse, suppose that S be an NSR-closed set over U. Then, S is NSR-closed superset of 

S.So that S = Clysp(S). 

(iv) By definition Clysg(S) is always NSR-closed set. Therefore, by part (iii) we have 
Clysr(Clysr(S)) = Clse(S). 

(v) Let S&T. By (ii) T S Clysa(T). Then, S & Clysa(T). Since Clysr(T) is a NSR-closed superset of 

S, it follows that Clysp(S) & Clysr(T). 

(vi) Since SESUT and TESUT, by part (v), Clysr(S)& Clysr(SUT) and Clyspa(T) S 
Clysp(S UT). Hence Clysp(S) U Clysp(S) © Clysp(S UT). For the converse, let SE 
Cinse(S)o and. FS Clysa(2). Theny-SU T © Clyen(S) U Clea?) Since. Clyan (5) U Clea (P) 484 

NSR-closed superset of S UT. Thus, Clysp(S UT) = Clysp(S) U Clysp(T). 

(vii) Since SNTES and SNT ET, by part(S) Clysp(SAT) S Clysp(S) and Clysp(SN T)S 

Clysp(T). Thus, we obtain Clysp(S NT) & Clysp(S) N Clysp(T). 

Definition 3.18 Let (U,typ(%), EF) be a NSR-topological space w.r.t Y, where 9 GU. Let T GU. 

Then, NSR-frontier or NSR-boundary of T is denoted by F,.<,(T) or bysr(T) and mathematically 

defined as 

Feusp() = Clusr(T) 9 Clysr(T°). 

Clearly NSR-frontier F.,.,(T) is an NSR-closed set. 

Example 3.19 Consider the NSR-topology given in Example 3.2, taking T = {91, 92,93}, so T° = 

{94,95}. Then, Clysr(T) = {91 9293, gs} and Clysr(T°) = (93, 94, 9s}- 

Fesp (T) = Clyspa(T) 1 Clysr(T°) = (93, 9s} 


NSR 
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Definition 3.20 Let (U, tyr(Q),£) be an NSR-topological space. A subset X of U is said to be NSR- 
neighborhood of g € U if there exist an NSR-open set W, containing g so that 

g EW, EX. 
Definition 3.21 The set of all the NSR-limit points of S is known as NSR-derived set of S and is 
denoted by Siisp. 
4 NSR-set in multi-criteria decision-making 
In this section, we present an idea for multi-criteria decision-making method based on the 
neutrosophic soft rough sets NSR — set. 
Let U = {91, 92) 93)-++» Gm} is the set of objects under observation, E be the set of criteria to analyze 
the objects in U. Let U= {€1,65,63,...,&:} SE and (@,%) be a neutrosophic soft set over U. 
Suppose that H = {P,, P2,...,P,} be a set of experts, Y,,Y2,...,Y, are subsets of U which indicate 
results of initial evaluations of experts P,,P2,...,P,, respectively and T,,T2,...%, € NSy are real 


results that previously obtained for same or similar problems in different times or different places. 


Definition 4.1 Let API nsRe, (Qj), APT vs Re (Yj) be neutrosophic soft lower and upper approximations 
sy q 


of Y;G = 12,...,k) related to T,(q = 1,2,...,r). Then, 


nt nb + nk \ 
2 2 2 
nN Nn eee n 
Bae a a St (1) 
\ nyo nz | 
1. — 1" =f 
Ny Ng 7 \ 
= —2 —2 —2 
a= % Mm “" Ny (2) 


are called neutrosophic soft lower and neutrosophic upper approximations matrices, respectively, 


and represented by a and a. Here 


1} = Dip Ia) Ing) ©) 
n= Oi nde pad) (4) 
Where 
6 Gi € APT nsRy (D;) 
Gi, = As 
<I NO, 9 € aprvsrz, Bj) 
and 
fat 4 1, Ji € Wn sex (Dj) 


0, Giz Wn see (Q;) 
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Definition 4.2 Let n and 7 be neutrosophic soft lower and neutrosophic upper approximations 


matrices based on APT nsRe, (Qj, OPT spe (Y; for q =1,2,...r and j = 1,2,...,k. Neutrosophic soft 
———a q 


lower approximation vector represented by (n) and neutrosophic soft upper approximation vector 


represented by (n) are defined by, respectively, 


kK or 

n=O @ nj (5) 
j=1q=1 
Ks of 

n=O @ 7 (6) 
J=1q=1 


Here the operation @__ represents the vector summation. 
Definition 4.3 Let n and n be neutrosophic soft I,— lower approximation vector and 
neutrosophic soft I, — upper approximation vector, respectively. Then, vector summation n ®@ n = 
(W1,W2,...,Wy) is called decision vector. 
Definition 4.4 Let n @ 7 = (Wy, W2,...,Wy) be the decision vector. Then, each w;, is called a weighted 
number of g; € U and gj; is called an optimum element of U if it weighted number is maximum of 
w,Vi € I,. In this case, if there are more then one optimum elements of U, select one of them. 
Algorithm 1 for neutrosophic soft rough set: 
Input 
Step-1: Take initial evaluations Y,,Y2,...,Y, of experts P,,P5,..., Py. 


Step-2: Construct T,,T>,..., neutrosophic soft sets using real results. 


Step-3: Compute AInsRe,g (Yj) and OPT seq Bi) foreach q = 1,2,...,r and j = 1,2,...,k. 


Step-4: Construct neutrosophic soft lower and neutrosophic soft upper approximations matrices a 
and a. 

Step-5: Compute n and 7, 

Step-6: Compute n © 7, 

Output 

Step-7: Select maxje),,Wi- 


The flow chart of proposed algorithm 1 is represented in Figure.1 
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Fig 1: Flow chart diagram of proposed algorithm 1 for NSR-set. 


Example 4.5 In finance company three finance experts P,, P,P; want to make investment one of the 
clothing brand 
{91 = Jor, gz = Aero, g3 = Chan, g, = Li, gs = Srk}. 
The set of parameters include the following parameters 
WU = {€, = Market Share, é, = Acknowledgement, é3 = Uniqueness, é, = 


Economical Magnification} 


Step1: D1 = {91,92 Ga}, V2 = {91 93,95}, 93 = {92) Ga, Gs} are primary evaluations of experts 
P,, Pz, P3, respectively. 
Step2: Neutrosophic soft sets T,,T,,T3 are the actual results in individual three periods 


and tabular representations of these neutrosophic soft sets are given in Table 2, Table 3 and Table 4, 
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respectively. 

q, a1 b2 §3 §4 
n (0.6,0.6,0.2) (0.8,0.4.0.3) (0.7,0.4,0.3) (0.8,0.6,0.4) 
J2 (0.4,0.6,0.6) (0.6,0.2,0.4) (0.6,0.4,0.3) (0.7,0.6,0.6) 
93 (0.6,0.4,0.2) (0.8,0.1,0.3) (0.7,0.2,0.5) (0.7,0.6,0.4) 
94 (0.6,0.3,0.3) (0.8,0.2,0.2) (0.5,0.2,0.6) (0.7,0.5,0.6) 
Is (0.8,0.2,0.3) (0.8,0.3,0.2) (0.7,0.3,0.4) (0.9,0.5,0.7) 

Table 2: Neutrosophic soft set T, 

qT, a1 §2 §3 §4 
n (0.6,0.4,0.2) (0.8,0.1,0.3) (0.7,0,2,0.5) (0.7,0.6,0.4) 
92 (0.4,0.6,0.6) (0.6,0.2,0.4) (0.6,0.4,0.3) (0.7,0.6,0.6) 
93 (0.8,0.2,0.3) (0.8,0.3,0.2) (0.7,0.3,0.4) (0.9,0.5,0.7) 
94 (0.6,0.3,0.3) (0.8,0.2,0.2) (0.5,0.2,0.6) (0.7,0.5,0.6) 
Is (0.6,0.6,0.2) (0.8,0.4.0.3) (0.7,0.4,0.3) (0.8,0.6,0.4) 


Table 3: Neutrosophic soft set T, 
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qs 4 ba §3 ba 

n (0.6,0.6,0.2) (0.8,0.4.0.3) (0.7,0.4,0.3) (0.8,0.6,0.4) 
9 (0.6,0.3,0.3) (0.8,0.2,0.2) (0.5,0.2,0.6) (0.7,0.5,0.6) 
93 (0.6,0.4,0.2) (0.8,0.1,0.3) (0.7,0.2,0.5) (0.7,0.6,0.4) 
9% (0.4,0.6,0.6) (0.6,0.2,0.4) (0.6,0.4,0.3) (0.7,0.6,0.6) 
9s (0.8,0.2,0.3) (0.8,0.3,0.2) (0.7,0.3,0.4) (0.9,0.5,0.7) 


Table 4: Neutrosophic soft set T3 


The tabular representation of the neutrosophic right neighborhoods of 41, T2,3 are given in 
Table5, Table 6 and Table 7 respectively. 


Neighborhoods of T 
Gila {915 
Gala {91,92} 
Gala {91,93} 
Gala {94} 
Isla {9s} 
Table 5: Neutrosophic right neighborhoods of I, w.r.t set UW 
Neighborhoods of T, 
Iila (91 9s} 
alu (92 9s} 
Gala {93} 
Gala {94} 
Islu {9s} 


Table 6: Neutrosophic right neighborhoods of T, w.r.t set UW 


Neighborhoods of T3 
Sila {91} 
Gala {92} 
Gala {91,93} 
Gala {91 9a} 
Isla {95} 


Table 7: Neutrosophic right neighborhoods of 13 w.r.t set UW 


659 


Florentin Smarandache (author and editor) Collected Papers, XIl 


Step3: Next we find APY ysRx, and QT sry for each Yj, where j = 1,2,3. 
—— 1 


QPTnsRx, (D1) = (91, 9a Ga}, 

OPT ype, (D1) = (91 92» 93,94}; 
aptysry, Y2) = {9193 9s}; 

OPT yspe, (D2) = (91 92» 939s}; 
QPTNsRe, (Ys) = {949s}, 

APT sre, (Ms) = (91 Ja 93 Ga 9s} 


Similarly we find API NsRz,/APT and aptysrz,, OPT corresponding to each Yj, where j = 


NSRx NSRx3 

1,2,3. 

aPTnsrx, (D1) = {ga}, 

OP y spe, (D1) = (91 92» Ga 9s}; 

aptysry, Y2) = {9193 9s}; 

OP y spe, (D2) = (91 92» 939s}; 

aPTnsrz, (Ys) = (94, 9s}, 

OP y spa, (D3) = {9192 Gar 9s} 
and 


aPTnsrx, (D1) = {91,92 Ga}, 
APT sry, (D1) = (91, 92) 93, 9a}, 
aPTnsrx, (D2) = {91,93 Gs}, 
APT yspy, V2) = (91 9319495}; 
QPTNsRe, (Ys) = {929s}, 
APY sry, D3) = (91 G2» Ga» Is} 
Step4: Neutrosophic soft lower approximation matrix and neutrosophic soft upper approximation 


matrix are obtained as follows: 


(1,1,0,1,0) (1,0,1,0,1) (0,0,0,1,1) 
a=| (0,0,0,1,0) (1,0,1,0,1) (0,0,0,1,1) (7) 
(1,1,0,1,0) (1,0,1,0,1) (0,1,0,0,0) 


CeO) 1 4,0,1y 3a) 
a=( (1,1,0,1,1) (1,1,1,0,1) (1,1,0,1,1) (8) 
(LG110) C0444) Gi011) 
Step5: Using Eqs. 7 and 8, neutrosophic soft lower approximation vector and neutrosophic soft 


upper approximation vector are obtained as follows: 
n = (5,3,3,5,5) 


7 = (9,8,6,7,7) 


Step6: Decision vector is obtained as n ®n = (14,11,9,12,12). 


Step7: Since Maxje),W; = W, = 14, optimal clothing brand is g, = Jor. 
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5 NSR-topology in multi-criteria decision-making 

In this section, we use the concept of NSR-topology in multi-criteria decision-making. The idea of 
core in the picking of attributes to the rough set was introduced by Thivagar in [45]. In the following 
definition, we develop this idea of core to the NSR-set. 

Definition 5.1 Let U be the set of objects, K = (®, U) is the neutrosophic soft set and G = (U,K) is 
the the corresponding neutrosophic soft approximation space. Let ® be an indiscernibility relation. 
Let Tysp be an NSR-topology on U and fysp be the basis defined for Tysp. Let Jt be the subset of 
Y, is said to be core of R if Py # Pysr—(s) for each's'in J. ie. a core of R is the subset of attributes 
with the condition that if we remove any element from Jt it will affect the classification power of the 
attributes. 

Algorithm 2 for neutrosophic soft rough topology: 

Input 

Step-1: Consider initial universe U, set of attributes & which can be classified into division D of 
decision attributes, C of condition attributes and an indiscernibility relation ® on U. Construct the 
neutrosophic soft set in tabular form corresponding to C condition attributes and a subset % of U. 
The columns indicate the elements of universe, rows represent the attributes and entries of table give 
attribute values. 


Output 
Step-2: Classify set Y and find the NSR-approximation subsets (%. (Q), Re ()) and Bg(Q) 


wir.t R. 

Step-3: Define Neutrosophic Soft Rough Topology tg on U and find basis Bysp. 

Step-4: By removing an attribute € from C, find again the NSR-approximation subsets 
(Re (Y), Re (Y)), Bg (Y)) w-r.t RonC — (€). 

Step-5: Generate NSR — topology Tysp-(¢) on U,define its basis Bysp_ce)- 

Step-6: Repeat step 4 and step 5 for each attribute in C. 

Step-7: The attributes for which Bysr_(z) # Bsr gives the core(R). 


The flow chart diagram of proposed algorithm 2 is represented as Figure 2. 


661 


Florentin Smarandache (author and editor) Collected Papers, XIl 


Fig 2: The flow chart diagram of algorithm 2 for NSR-topology. 


Example 5.2 Here we consider the problem of Crime rate in developing countries of Asia, Crime is 
an unlawful act punishable by a state or other authority. In other words, we can say that a crime is 
an act harmful not only to some individual but also to a community, society or the state. A developing 
country is a country with a less developed industrial base and a low Human Development Index 
(HDI) relative to other countries. Developing countries are facing so many issues including high 
crime rate. This is the fundamental reason of emerging questions in our mind, that why the crime 
rate is higher in developing countries? 

We apply the concept of NSR-topology in Crime rate of developing countries of Asia. 
Consider the following information table which shows data about 5 developing countries. The rows 
of the table represent the objects(countries). Let U = {g, = Bangladesh, g, = Af ghanistan, gz = 
SriLanka, g, = Nepal, g; = Pakistan} be the set of developing countries and UW = {&,€2,&3,é4}, 
where €, stands for ‘corruption’, ¢, stands for ‘poverty ', €, stands for ‘self actualization' and 4 
stands for ‘lack of education’. Let K = (®,X) is the neutrosophic soft set over U shown by Table 


8,corresponding soft approximation space G = (U,K). 


K & &, &5 é, Crime Rate 
on (0.6,0.6,0.2) | (0.8,0.4.0.3) | (0.7,0.4,0.3) |  (0.8,0.6,0.4) High 
% (0.4,0.6,0.6) | (0.6,0.2,04) | (0.6,0.4,0.3) |  (0.7,0.6,0.6) Medium 
93 (0.6,0.4,0.2) | (0.8,0.1,03) | (0.7,0.2,0.5) | (0.7,0.6,04) Medium 
94 (0.6,0.3,0.3) | (0.8,0.2,0.2) | (0.5,0.2,0.6) |  (0.7,0.5,0.6) High 
9s (0.8,0.2,0.3) | (0.8,0.3,0.2) | (0.7,0.3,0.4) |  (0.9,05,0.7) High 


Table 8: Neutrosophic soft set K = (, U1) 
The tabular representation of neutrosophic right neighborhoods of K w.r.t set 2 is given Table 9. 


Neighborhoods of K 
ila {91} 
Gala {91,92} 
Gala {91,93} 
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Gala {ga} 


Isla {9s} 
Table 9: Neutrosophic right neighborhoods of K w.r.t set U 


For Y = {91,93,9s} and indiscernibility relation 'Crime rate’ we have R¢(Q) = {91,93,9s}, 
Re (D) = (91, 92 93, 9s} and Be) = {92}. 
So we define NSR-topology as tysr(Q) = {U, 9, {91 93, 9s} {91 92) 93 9s}, {82}} and its basis Bysr = 
, {91 93, 9s}, {G2}}- 
If we remove the attribute ‘Corruption’, then the tabular representation of neutrosophic 


right neighborhoods of K w.r.t set U—é, is given Table 10. 


Neighborhoods of K 
Iilu-<, {915 
G2lu-e, {91,92} 
Gslu-e, {91,93} 
Galu-e, {94} 
Gslu-z, {9s} 


Table 10: Neutrosophic right neighborhoods of K w.r.t set U— 1 


we have 
Tysr-§,Q) = U, 9, (91 939s} (Iv G2 G3 Ish {Gah} 
is a NSR-topology and its basis is 
Buse — $1 = (U, {91 93, 9s}, {923} = Busr- 
If we remove the attribute ‘poverty’, then the tabular representation of neutrosophic right 


neighborhoods of K w.r.t set U&—¢, is given Table 11. 


Neighborhoods of K 
Gilu-<, {91} 
Galu-z, {91,92} 
Galu-z, {91,93} 
Galu-z, {91 93, Ja} 
9slu-z, {95} 


Table 11: Neutrosophic right neighborhoods of K w.r.t set &— é, 
We have an NSR-topology and its base as follows: 
Tysr—é(Y) = {U, 9, (91,93) 9s} (92, Ga}} 


and Buse — §2 = {91 93 Ish (92, 94}3} # Bsr, 
respectively. If we remove the attribute ‘self actualization’, then the tabular representation of 


neutrosophic right neighborhoods of K w.r.t set &— 3 is given Table 12. 


Neighborhoods of K 


luz, 


{91} 


Jelu-e, 


{91,92} 
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Islu-z, {91,93} 
Galu-<e, {ga} 
Islu-e, {gs} 


Table 12: Neutrosophic right neighborhoods of K w.r.t set &— é3 


We have an NSR-topology and its base as follows: 
TNSR-E3 (Y) = UU, B,{91,93) Ish {91 92,93 Ish {92}} 
and 
Bsr — §3 = (U,9, {91 93, 95}, {92} = Bsr}, 
respectively. If we remove the attribute ‘lack of education’, then the tabular representation of 


neutrosophic right neighborhoods of K w.r.t set &— ¢, is given Table 13. 


Neighborhoods of K 
Gilu-z, {91} 
Galu-z, {91,92} 
G3\u-z, {91,93} 
Galu-z, {94} 
Gslu-z, {95} 


Table 13: Neutrosophic right neighborhoods of K w.r.t set U— &, 
We have an NSR-topology and its base as follows: 
Twsr—-€,(V) = WU, O, {9193 Ish {91 92 Gs» Ish {G23} 
and 
Buse — $4 = {U,®, {91 93,95}, {92} = Busrd, 
respectively. Thus, CORE(NSR) = {£3}, i.e., ‘poverty’ is the deciding attributes of the Crime Rate in 
developing countries of Asia. 
Discussion and comparitive analysis 5.3 In this section, we discuss our results obtained from both 
numerical examples and present a comparative analysis of proposed topological space to some 
existing topological spaces. Table 14 describes the comparison of both proposed algorithms based on 
NSR-sets and NSR-topology. The algorithm 1 is used to find the optimal decision about the set of 
alternatives and establish the ranking order between them. We can choose the best and worst 
alternative from the given input information. While algorithm 2 is used to choose the most relevant 
and significant attribute to which one can observe the specific characteristic of the alternatives. This 
is called the CORE of the problem, which is an essential part of the decision-making difficulty. Both 
algorithms have their own merits and can be used to solve decision-making problems in medical, 


artificial intelligence, business, agriculture, engineering, etc. 


Proposed Algorithms Choice values Final Decision | Selection criteria 
Algorithm 1 (NSR-sets) 1>94>9s >G2>93 1 Based on alternatives 
Algorithm 2 (NSR-topology) CORE(NSR) = {&} €, = poverty | Based on attributes 


Table 14: Comparison of prooposed algorithms 
Now we present a soft comparative analysis of proposed approach with some existing approaches. 


In Table 15, we describe the comparison and discuss about their advantages and limitations. 
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and 


topology 
(proposed) 


Set theories Informa- | Upper and | Parameter- | Advantages Limitations 
tion lower izations 
about approxi- 
Indeter- mations 
minacy with 
part boundary 
region 

Fuzzy sets [1] No No No Deal with the | Do not collect any 

hesitations. information about the 
indeterminacy of input 
data. 

Neutrosophic Yes No No Deal with the data | Do not deal with the 

sets [4, 5] having roughness and 
indeterminacy parameterizations. 
information. 

Rough sets No Yes No Deal with the |Do not give any 

[2, 3] roughness of input | information about the 
information and | parameterizations. 
create upper, lower 
and boundary 
regions. 

Soft sets [6] No No Yes Deal with the | Do not provide 
uncertainity with | information about the 
parameterizations. roughness of data. 

Soft rough sets No Yes Yes Deal with | Do not give information 

[17] uncertainities and | about the indeterminacy 
roughness of data. part of problem. 

Rough Yes Yes No Deal with the | Do not deal with the 

neutrosophic roughness _ having | parameterizations. 

sets [47] indeterminacy 
information. 

Neutrosophic Yes Yes Yes Provide the data of | Effective but heavy 

soft rough sets indeterminacy part | calculations as 


and remove 
roughness under 
parameterizations 


without any loss of 


information. 


compared to above 


existing theories. 


Table 15: Comparitive analysis of proposed approach with some exsting theories. 
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6. Conclusion 


Most of the issues in decision-making problems are associated with uncertain, imprecise and, 
multipolar information, which cannot be tackled properly through the fuzzy set. So to overcome this 
particular deficiency rough set was introduced by Pawlak, which deals with the vagueness of input 
data. This research implies the novel approach of neutrosophic soft rough set (NSR-set) with 
neutrosophic soft rough topology (NSR-topology). We presented various topological structures of 
NSR-topology named as NSR-interior, NSR-closure, NSR-exterior, NSR-neighborhood, NSR-limit 
point and, NSR-bases with numerous examples. We established two novel algorithms to deal with 
multi-criteria decision-making (MCDM) problems under NSR-data. One is based on NSR-sets and 
the other is based on NSR-topology with NSR-bases. This research is more efficient and flexible than 
the other approaches. The proposed algorithms are simple and easy to understand which can be 
applied easily on whatever type of alternatives and measures. Both algorithms are flexible and easily 
altered according to the different situations, inputs and, outputs. In the future, we will extend our 
work to solve the MCDM problems by using TOPSIS, AHP, VIKOR, ELECTRE family and, 
PROMETHEE family using different hybrid structures of fuzzy and rough sets. 
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(2020). Exploration of the Factors Causing Autoimmune Diseases using Fuzzy Cognitive 
Maps with Concentric Neutrosophic Hypergraphic Approach. Neutrosophic Sets and Systems 
35, 232-238 


Abstract: Neutrosophic sets are comprehensively used in decision making environment. The 
manifestation of neutrosophic sets in concentric hypergraphs is proposed in this research work. 
The intention of developing a decision making model using the combination of Fuzzy Cognitive 
Maps and concentric neutrosophic hypergraph is to rank the core factors of decision making 
problem and find the inter relational impacts. This proposed model is validated with the 
exploration of the causative factors of autoimmune diseases. The proposed model is highly 
compatible as it assists in determining the core factors and their inter association. This model will 
certainly benefit the decision maker at all managerial levels to design optimal decisions. 


Keywords: Autoimmune disease, fuzzy cognitive maps, neutrosophic hypergraphs, optimal decision making 


1. Introduction 


Westernization the cause of modernization has unlocked the portals of cultural, behavioural 
and environmental changes of the people which greatly influence the biological system of human 
and this also lays the core reason for the outbreak of novel diseases. Presently the people of the 
world are characterized by multicultural and multi technological adoption. The integration and the 
association between people of varied culture have brought diverse implications on the external and 
internal environment of the human. Not just the social interactions contribute to such modifications; 
also the technological advancement and the work space of an individual cause a varied range of 
changes in the mankind. The tendency of manhood repelling from indigenous practices is the 
gateway for several health woes. The health system of the human is getting affected by several 
factors and especially the vulnerable target group is the women. In recent days, the people are 
chained by diseases of various kinds, even the economy of the nation face huge falls due to the effect 
of epidemic diseases, amidst such miserable situations, the immunity of the human is the only 
armed force against these viruses, but if the immune system fails to be defensive in nature and if it 
joins hand with the external invaders the entire human health system collapses and it ends in 
fatality. This is the characterization of auto immune diseases and the women are greatly affected by 
these diseases. It is highly a dreadful circumstance to tackle the consequences of these self- 
destructing diseases. The autoimmune diseases predominantly affecting the women are Rheumatoid 
Arthritis, Multiple Sclerosis, Systemic lupus Erythematosus, Grave’s disease, Hashimoto’s 
thyroiditis and Myasthenia gravis. Presently the rate of occurrences of such diseases is at its pinnacle 
and the medical experts are investigating the ways and means of its mitigation. [1] 


670 


Florentin Smarandache (author and editor) Collected Papers, XIl 


Generally the women are highly susceptible to these autoimmune diseases as the immune system 
gets weakened during pre and post pregnancy stages. This scenario has gained the medical concerns 
and medical researchers are on their study, to render support to it, this paper aims to underlie the 
core factors contributing to autoimmune diseases in women and to find the inter association 
between the core factors. Optimal decisions can be made by applying scientific methods in the 
process of decision making process. The entire scenario of decision making must be modeled based 
on decisive factors of the study. One of the realistic tools of decision making is fuzzy cognitive maps 
(FCM), introduced by Kosko [2], later several academicians extended this FCM tool based on the 
requirements. FCM is a directed graph representing the casual relationship between factors 
considered for study. The nodes and the edges of the graph represent the study factors and their 
association. The weights [-1,1] represent the nature of the association. The integration of FCM with 
other graphic structures was initiated by Nivetha and Pradeepa [3]. The hypergraphic and fuzzy 
hypergraphic approaches with FCM unlocked the construction of concentric fuzzy hypergraphs and 
its integration with FCM [4,5]. This field of integrated FCM with fuzzy hypergraphs has made the 
researchers explore by introducing various types of concentric fuzzy hypergraphs. 


In this research work, a fuzzy cognitive map with concentric neutrosophic hypergraphic approach is 
introduced. The notion of neutrosophic fuzzy sets and neutrosophic logic was first coined by 
Smarandache [6] and presently many researchers are highly interested to carry out their research in 
this field, the concepts of neutrosophic is applied in almost all types of decision making tools. 
Neutrosophic sets, play significant role in making decisions in uncertain environment as it provides 
space for the pragmatic representation of the expert’s opinion. Abdel Basset et al [7]developed a 
decision making model for evaluating the framework for smart disaster response system in an 
uncertain environment, neutrosophic sets are used for uncertainty assessments of linear time-cost 
tradeoffs [8]; resource levelling problem[9] in construction project was modeled under neutrosophic 
environment. The concept of neutrosophic sets was extended to bipolar neutrosophic representation 
[10] and it is used in multi criteria decision making framework for professional selection. Das et al 
[11] developed neutrosophic fuzzy matrices and algebraic operation that had some utility in 
decision making. Plithogenic sets, the extension of neutrosophic sets are used in solving supply 
chain problem with the development of a novel plithogenic model [12]. Such massive applications of 
neutrosophic sets in decision making and its robust nature triggered the idea of integrating 
neutrosophic sets to concentric hypergraphs. To the best of our knowledge, the integration of 
neutrosophic concentric fuzzy hypergraphs with FCM has not been instituted and so this is a new 
arena of research towards optimal decision making. 


Fuzzy Cognitive Maps are more useful in determining the association between study factors, if 
the number of study factors is less, FCM’s are highly compatible, but if the number of factors is 
more, then comparative analysis between the factors is difficult and tedious, to resolve such crisis, 
the core factors of the problem are to be decided and then the inter association between the core 
factors can be determined easily. To find the core factors, the intervention of various experts is 
mandatory, based on which the factors can be ranked and the core factors are decided based on the 
rank positions of the factors. This eases the process of making decisions as it helps in filtering the 
non- core factors. Generally in medicinal environment, the medical experts analyze the factors 
contributing to diseases, initially the causative factors taken for study will be more in number, but 
the factors have to drop at each stage of their research to find the prime causative factors. In the 
process of factor filtration, the expert’s opinions play a vital role. The role of each causative factor of 
a disease cannot be certainly express but representation using neutrosophic sets makes it possible 
and more meaningful. Thus the integration of FCM with concentric neutrosophic hypergraph will 
help to tackle the difficulties in handling large number of study factors. 
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The paper is structured as follows: section 2consists of the methodology in which the algorithm of 
finding optimal decision is presented; section 3 comprises of the adaptation of the proposed model 
to the decision making problem; section 4 discusses the results and the last section summarizes the 
research work. 


2. Methodology and its application 


The steps in making optimal decisions is presented as an algorithm as follows, 

Step 1: The expert’s opinion of the study factors are represented by concentric fuzzy hypergraphs 

with neutrosophic fuzzy sets representations of the envelope. 

Step 2: The score values of the neutrosophic fuzzy sets are determined. 

Step 3: The factors are ranked based on the score values. 

Step 4: The core factors are determined based on the ranking positions. 

Step5: The inter association between the core factors is obtained based on the conventional FCM 
procedure. 


The case histories of patients belonging to women gender suffering from autoimmune diseases are 
taken as the source of data collection and the factors contributing to the occurrence of auto immune 
disease in women [13] are presented below based on the medical expert’s opinion and data obtained 
from questionnaire. 


F1. Excess presence of VGLL3 (Vestigial Like Family Member 3) in skin cells 
F2. Changes in the gene system 

F3. Exposure to ultraviolet radiation from sunlight 
F4. Acquaintance with organic mercury 

F5. Alteration in food habits 

F6. Gene-Environment interface 

F7. Fluctuations in sex hormones 

F8. Modifications in Nutritional diet 

F9. Post pregnancy impacts 

F10. Genetic vulnerability 

F11. Genetic differences in immunity 


Fig.3.1.Concentric Neutrosophic Fuzzy Hypergraphic representation 
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The concentric neutrosophic fuzzy hyper envelopes with neutrosophic representations of the 
expert’s opinion are presented below in Table 3.1. 


Table 3.1 Representations of Expert’s opinion 


Experts | F1 F2 F3 F4 F5 F6 E7 F8 F9 F10 Fil 
El (0.3,0.2, | (0.5,0.2, | (0.4,0.1, | (0.3,0.4, | (0.8,0.1, | (0.7,0.2, | (0.7,0.3, | (0.7,0.2, | (0.3,0.2, | (0.5,0.2, | (0.5,0.2, 
0.8) 0.3) 0.5) 0.6) 0.2) 0.3) 0.4) 0.3) 0.8) 0.3) 0.3) 
E2 (0.2,0.2, | (0.4,0.3, | (0.5,0.2, | (0.2,0.2, | (0.7,0.2, | (0.6,0.2, | (0.7,0.5, | (0.6,0.2, | (0.4,0.3, | (0.6,0.2, | (0.8,0.3, 
0.9) 0.5) 0.3) 0.9) 0.3) 0.3) 0.4) 0.3) 0.5) 0.3) 0.2) 
E3 (0.3,0.4, | (0.3,0.5, | (0.4,0.3, | (0.3,0.2, | (0.8,0.3, | (0.9,0.2, | (0.9,0.1, | (0.6,0.2, | (0.3,0.5, | (0.7,0.3, | (0.6,0.2, 
0.6) 0.6) 0.5) 0.8) 0.2) 0.3) 0.3) 0.3) 0.6) 0.4) 0.3) 
F4 (0.5,0.2, | (0.2,0.2, | (0.5,0.2, | (0.4,0.4, | (0.7,0.1, | (0.7,0.3, | (0.6,0.2, | (0.7,0.1, | (0.2,0.2, | (0.6,0.2, | (0.4,0.3, 
0.3) 0.9) 0.3) 0.6) 0.2) 0.4) 0.3) 0.2) 0.9) 0.3) 0.5) 
E5 (0.2,0.5 | (0.3,0.2, | (0.6,0.2, | (0.5,0.2, | (0.6,0.2, | (0.8,0.1, | (0.6,0.2, | (0.9,0.2, | (0.4,0.4, | (0.5,0.2, | (0.7,0.3, 
0.6) 0.8) 0.3) 0.3) 0.3) 0.2) 0.3) 0.3) 0.6) 0.3) 0.4) 


The score values of the factors are presented in Table 3.2 and it is represented graphically in Fig.3.2 


Table 3.2 Score values of the Factors 


Fl F2 F3 F4 F5 F6 F7 F8 F9 F10 F1l 


0.571 | 0.571 | 0.546 | 0.538 | 0.667 | 0.783 | 0.756 | 0.573 | 0.445 | 0.636 | 0.667 


Ranking of the Factors 


Based on the scores, the following factors are considered as the core factors and their inter 
association is expressed as linguistic variables, which then later quantified by heptagonal fuzzy 
numbers. 

HP1. Alteration in food habits 

HP2. Gene-Environment interface 
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HP3. Fluctuations in sex hormones 

HP4. Genetic vulnerability 

HP5. Genetic differences in immunity 

The connection matric between the factors, based on the expert’s opinion 


Pl HP2 HP3 HP4 HP 
HP1 0 M H L L 
HP2 L 0 M H H 
HP3 L M 0 M L 
HP4 L M H 0 M 
HP5 L M M H 0 


The modified matrix based on the values of quantification in Table 3.3 


Linguistic | Heptagonal Weight Membership 
Variable value 
Low (0,0.1,0.2,0.3,0.35,0.4,0.45) 0.26 
Medium (0.4,0.45,0.5,0.55,0.6,0.65,0.7) 0.55 
High (0.65,0.7,0.8,0.9,1,1,1) 0.86 

HP2 HP3 HP4 HP 
HP1 0.55 0.86 0.26 0.26 
HP2 0 0.55 0.86 0.86 
HP3 0.55 0 0.55 0.26 
HP4 0.55 0.86 0 0.55 
HP5 0.55 0.55 0.86 0 


The interrelationship between the factors is determined by the similar application of FCM 
methodology [9-10] and it is presented graphically in Fig 3.2 


Fig.3.2 FCM representation of the inter association of the core factors 
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4, Results and Discussion 
Fig. 3.2 clearly states the factor, fluctuations in sex hormone is the core causative factor of auto 

immune diseases. The findings of this research will certainly assist the medical experts to ascertain 
the causes of the auto immune disease in women and give treatment in accordance to it. Hormonal 
imbalance is quite common in the life of the women as they undergo various stages of puberty, 
maternity, menopause, but still proper medications has to be given to avoid the risks of such fatal 
diseases. The representation of the imprecise data in the form neutrosophic sets is the pragmatic 
reflection of the expert’s opinion, as the factors contributing to the diseases are quite uncertain. The 
degree of truth values, indeterminacy and false values are indeed very essential in making optimal 
decisions. 

5. Conclusion 
The proposed decision making tool with the integration of FCM and concentric neutrosophic fuzzy 
hypergraphs is a highly feasible tool to obtain optimal decisions. The difficulty in handling several 
factors in FCM is reduced and this integrated approach facilitate the determination of inter 
association between the factors. This method of decision making can be extended to other kinds of 
concentric fuzzy hypergraphs with various representations. Plithogenic sets representation is the 


future extension of this proposed research work. 
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Translative and Multiplicative Interpretation of Neutrosophic Cubic Set. Neutrosophic Sets 
and Systems 35, 299-239 


Abstract: In this paper, we introduce the idea of neutrosophic cubic translation (NCT) and neutrosophic cubic 
multiplication (NCM) and provide entirely new type of conditions for neutrosophic cubic translation and 
neutrosophic cubic multiplication on BF-algebra. This is the new kind of approach towards translation and 
multiplication which involves the indeterminacy membership function. We also define neutrosophic cubic 
magnified translation (NCMT) on BF-algebra which handles the neutrosophic cubic translation and 
neutrosophic cubic multiplication at the same time on membership function, indeterminacy membership 
function and non-membership function. We present the examples for better understanding of neutrosophic 
cubic translation, neutrosophic cubic multiplication, and neutrosophic cubic magnified translation, and 
investigate significant results of BF-ideal and BF-subalgebra by applying the ideas of NCT, NCM and NCMT. 
Intersection and union of neutrosophic cubic BF-ideals are also explained through this new type of 
translation and multiplication. 


Keywords: BF-algebra, neutrosophic cubic translation, neutrosophic cubic multiplication, neutrosophic cubic 
BF ideal, neutrosophic cubic BF subalgebra, neutrosophic cubic magnified translation. 


1. Introduction 


Zadeh [1] presented the theory of fuzzy set in 1965. Fuzzy idea has been applied to different algebraic structures 
like groups, rings, modules, vector spaces and topologies. In this way, Iseki and Tanaka [2] introduced the idea 
of BCK-algebra in 1978. Iseki [3] introduced the idea of BCI-algebra in 1980 and it is obvious that the class of 
BCK-algebra is a proper sub class of the class of BCI-algebra. Lee et al. [4] studied the fuzzy translation, 
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(normalized, maximal) fuzzy extension and fuzzy multiplication of fuzzy subalgebra in BCK/BCI-algebra. Link 
among fuzzy translation, (normalized, maximal) fuzzy extension and fuzzy multiplication are also discussed. 
Ansari and Chandramouleeswaran [5] introduced the idea of fuzzy translation, fuzzy extension and fuzzy 
multiplication of fuzzy B ideal of B-algebra and investigated some of their properties. Satyanarayana [6] 
introduced the concepts of fuzzy ideals, fuzzy implicative ideals and fuzzy p-ideals in BF-algebras and 
investigate some of its properties. Andrzej [7] defined the BF-algebra. Lekkoksung [8] focused on fuzzy 
magnified translation in ternary hemirings, which is a extension of BCI / BCK/Q / KU / d-algebra. Senapati et 
al. [9] have done much work on intuitionistic fuzzy H-ideal in BCK/BCI-algebra. Jana et al. [10] wrote on 
intuitionistic fuzzy G-algebra. Senapati et al. [11] studied fuzzy translations of fuzzy H-ideals in BCK/BCI- 
algebra. Atanassov [12] introduced the intuitionistic fuzzy sets. Senapati [13] investigated the relationship 
among intuitionistic fuzzy translation, intuitionistic fuzzy extension and intuitionistic fuzzy multiplication in 
B-algebra. Kim and Jeong [14] defined the intuitionistic fuzzy structure of B-algebra. Senapati et al. [15] 
introduced the cubic subalgebras and cubic closed ideals of B-algebras. Senapati et al. [16] discussed the fuzzy 
dot subalgebra and fuzzy dot ideal of B-algebras. Priya and Ramachandran [17] worked on fuzzy translation 
and fuzzy multiplication in PS-algebra. Chandramouleeswaran et al. [18] worked on fuzzy translation and fuzzy 
multiplication in BF/BG-algebra. Jana et al. [19] studied the cubic G-subalgebra of G-algebra. Smarandache 
[20,21] extended the intuitionistic fuzzy set, paraconsistent set, and intuitionistic set to the neutrosophic set 
through Several examples. Jun et al. [22] studied the Cubic set and apply the idea of cubic sets in group and 
gave the definition of cubic subgroups. Saeid and Rezvani [23] introduced and studied fuzzy BF-algebra, fuzzy 
BF-subalgebras, level subalgebras,fuzzy topological BF-algebra. Jun et al. [24] defined the neutrosophic cubic 
set introduced truth-internal and truth-external and discuss the many properties. Jun et al. [25] investigated the 
commutative falling neutrosophic ideals in BCK-algebra. C. H. Park [26] defined the neutrosophic ideal in 
subtraction algebra and studied it through several properties, he also discussed conditions for a neutrosophic set 
to be a neutrosophic ideal along with properties of neutrosophic ideal. Khalid et al. [27] investigated the 
neutrosophic soft cubic subalgebra through significant characteristic like P-union, R-intersection etc. Khalid et 
al. [28] interestinly investigated the intuitionistic fuzzy translation and multiplication through subalgebra and 
ideals. Khalid et al. [29] defined the T-neutrosophic cubic set and studied this set through ideals and subalgebras 


and investigated many results. 


The purpose of this paper is to introduce the idea of neutrosophic cubic translation (NCT), neutrosophic cubic 
multiplication (NCM) and neutrosophic cubic magnified translation (NCMT) on BF-algebra. In second section 
we discuss some fundamental definitions which are used to develop the paper. In third’s first subsection we 
discuss the neutrosophic cubic translation (NCT) and neutrosophic cubic multiplication (NCM) of BF 
subalgebra. In second subsection we discuss the neutrosophic cubic translation (NCT) and neutrosophic cubic 
multiplication (NCM) of BF ideal. In third subsection we discuss the neutrosophic cubic magnified translation 
(NCMT) of BF ideal and BF subalgebra. 


2 Preliminaries 


First we discuss some definitions which are used to present this paper. 
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Definition 2.1 [3] An algebra (Y,*,0) of type (2,0) is called a BClI-algebra if it satisfies the following 


conditions: 
i) (ty * tz) * (t, * tz) S (ty * ty), 
li) ty * (ty * tz) St, 
iii) ty St, 
iv) t, St, andt, <t, >t, =ty, 
v) t; <0 >t, =0, where t, < ty is defined by t, * tz = 0, forall t,,t2,t3 € Y. 


Definition 2.2 [1] An algebra (Y,* ,0) of type (2,0) is called a BCK-algebra if it satisfies the following 


conditions: 
i) (ty * tz) * (t, * tz) S (tz * ty), 
ji) t, * (ty *t.) Sty, 
iii) ty St, 
iv) ty St, andt, St; >t; =ty, 
v) O<t, >t, = 0, where t, < ty is defined by t, + tz = 0, forall t,,t,,t3 € Y. 


Definition 2.3 [7] A nonempty set Y with a constant 0 and a binary operation * is called BF—algebra when it 


fulfills these axioms. 

i) t; +t, =0 

ii) t; *0=0 

iii) O* (t, *t,) =t, *t, forall t,,t, EY. 
A BF-algebra is denoted by (Y,* ,0). 


Definition 2.4 [7] Let S be a nonempty subset of BF-algebra Y, then S is called a BF-subalgebra of Y if t, * 
t. € S, forall t,,t, € S. 


Definition 2.5 [6] Let Y ba a BF-algebra and | is a subset of Y, then I is called a BF ideal of Y if it satisfies 


the following conditions: 
i) OE], 
ii) t, *t, El andt, El >t, EL. 


Definition 2.6 [6] Let Y be a BF-algebra. A fuzzy set B of Y is called a fuzzy BF ideal of Y if it satisfies the 


following conditions: 
1) K(O) = K(t,), 
li) K(t,) = min{k(t, * t,), K(t2)}, for all t,,t, € Y. 


Definition 2.7 [1] Let Y be a group of objects denoted generally by t,. Then a fuzzy set B of Y is defined as 
B= {<t,,kp(t,) > |t, © Y}, where kg(t,) is called the membership value of t, in B and Kg(t,) € [0,1]. 


Definition 2.8 [23] A fuzzy set B of BF-algebra Y is called a fuzzy PS subalgebra of Y if K(t, *t2) = 
min{k(t,), K(tz)}, forall t,,t, € Y. 
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Definition 2.9 [4,5] Let a fuzzy subset B of Y and a € [0,1 — sup{kgp(t,)|t, € Y}]. A mapping (kg)Z/Y € 
[0,1] is said to be a fuzzy a translation of kg if it satisfies (Kg)}(t,) = Kp(t,) +a, forall t, € Y. 


Definition 2.9 [4,5] Let a fuzzy subset B of Y and a € [0,1]. A mapping (Kg)M:Y > [0,1] is said to be a 
fuzzy a multiplication of B if it satisfies (kg)M(t,) = a. (Kg)(t,), forall t, € Y. 
Definition 2.10 [12] An intuitionistic fuzzy set (IFS) B over Y is an object having the form B= 
{(t,, Kg (ty), Ug(t,))|t, € Y}, where kg(t,):Y > [0,1] and vg(t,)|Y > [0,1], with the condition 0< 
Kp(t,) + up(t,) <1, for all t; € Y. Kg(t,) and vg(t,) represent the degree of membership and the degree 
of non-membership of the element t, in the set B respectively. 
Definition 2.11 [12] Let B = {(t,, kg(t,), vg(t,))|t, € Y} and B = {(t,, kg (t,), vg(t,))|t, 
€ Y} be two IFSs_ on Y. Then intersection and union of A and B are indicated by ANB and AUB 
respectively and are given by 
ANB = {(t, min(Ka(t,), kg (t,)), max(va (ty), Vg (ts )))Itr € 3, 
AUB = {(t,, max(Ka (ty), kp (ti)), min(va (ty), Up (t1)))It € Y}. 

Definition 2.12 [14] AnIFS B = {(t,, kg(t,), Ug(t,))|t; © Y} of Y is called an IFSU of Y ifit satisfies these 
two conditions: 

(i) kKp(t; * tz) = min{kg(t), kp (t2)}, 

(ii) Up(t, * tz) < max{up(t,), Ug(tz)}, for all t,,t, € Y. 
Definition 2.13 An IFS B = {(t,, kg(t,), Ug(t,))|t; € Y} of Y is said to be an IFID of Y if it satisfies these 
three conditions: 

(i) kg(0) = kg(t1), Up (0) S Up(tr), 

(ii) kg (t,) = min{Kkg(t; * tz), Kp (tz )}, 

(iii) Ug(t,) < max{ug(t, * tz), vg(t2)}, for all t,t, € Y. 
Definition 2.14 [8] Let k bea fuzzy subset of Y, a € [0,T] and 6 € [0,1]. A mapping Kpa lY [0,1] is said 
to be a fuzzy magnified Ba translation of « if it satisfies: KB a (ty) = B.k(t,) + a forall t, € Y. 

Jun et al. [22,24]introduced neutrosophic cubic set and investigated several properties. 


Definition 2.15 [24] Suppose X be a nonempty set. A neutrosophic cubic set in X is pair C = (k,o) where 
K = {(ty3 Ke (tz), Ky (ty), Ky(t,)) [t; © X} is an interval neutrosophic set in X and oF 
{(ty; Og(t,), 0 (t,), On (tz )) |t, © X} is a neutrosophic set in X. 
Definition 2.16 [15] Let C = {(t,, k(t,), o(t,))} be a cubic set, where K(t,) is an interval-valued fuzzy set in 
X, o(t,) is a fuzzy set in X. Then C is cubic subalgebra under binary operation " *”, if following axioms are 
satisfied: 

i) K(t, * t,) = rmin{k(t,), K(t,)}, 

ii) o(t, * tz) < max{o(t,), o(t,)} V t,,t, EX. 
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Definition 2.17 [28] Let A = (Kg, U,) be an IFS of G-algebra and let « € [0, ¥]. An object of the form Al, = 
((ka)d, (Va)2) is called an intuitionistic fuzzy a-translation (IFAT) of A when (Kq)}(t,) = Ka(t,) + @ and 


(vq)e(t1) = va(t,) — a forall t, € Y. 


3. Translative and Multiplicative Interpretation of Neutrosophic Cubic Set 
For our simplicity, we use the notation B = (Kp, p,Ur,p) for the NCS B = {(t,, Kpy p(t), Upp p(ty)) [ty © Y}. 
In this paper, we used 7 = [1,1] —rsup{kppy(t))|t; EY} , ¥=rinf{kp(t,)|t, EY} , T=1- 
sup {Urry (ty) ty E Y}, £ = inf{up(t,)|t, E Y for any NCS B = (Kr pp, Ur iF) of Y. 


3.1. Translative and Multiplicative Interpretation of Neutrosophic Cubic Subalgebra 


Definition 3.1.1 Let B = (kp, p,Ur;p) be a NCS of Y and for Ky;p, a, B € [[0,0], 7] and y € [[0,0], ¥], 
where for Ur;p, a, 8 € [0,F] and y € [0,£]. An object of the form Be ay = (Cer rragy» (UriF apy) is 
called a NCT of B, when (kp) 2 (ty) = Kp(t,) +a, (11) (tr) = Kp(t,) + B, (Ke) (ty) = Kp(t,) —y and 
(Up )a(ti) = Vr(ty) + a, (v)p(tr) = vp(tr) + B, (Up) }y(ti) = Vp(ti) — y forall ty € Y. 


Example 3.1.1 Let Y = {0,1,2} be a BF-algebra with the following Cayley table: 


- 0 1 2 
0 0 1 2 
1 0 0 1 
2 0 2 0 


Let B = (ky) p, Upp) be a NCS of Y is defined as 


(04,08) Aftp=0 
a is [0.4,0.7] if otherwise 


_( [02,04]  ift; =0 
(th) = [0.5,0.7] if otherwise 


_(¢ [04,06]  ift, =0 
Kr(t1) = { [0.3,0.8] if otherwise 


and 


0.1 ift, =0 
0.4 = if otherwise 


ur(ty) = { 


0.2 ift,; = 0 
0.3 if otherwise 


uit) = { 
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0.5 if ty = 0 
0.7 ‘if otherwise. 


Up(t,) = { 


Then B is a neutrosophic cubic subalgebra. Here we choose for Ur; p, « = 0.01, 8 = 0.02, y = 0.03, and for 
Kryr, & = [0.1,0.2], B = [0.2,0.25], y = [0.2,0.3] then the mapping B’: Y > [0,1] is given by 


: _( [02,05]  ift, =0 
(Kr YPoaoa(ty) = | [0.5,0.9] if otherwise 


z 7 [0.4, 0.7] ift, =0 
(1) fo.2,0.25](t1) x { [0.7,0.95] if otherwise 


P _(¢ [0.2,0.3] ift, =0 
(Kg) jo.2,0.3](t1) = { [0.1,0.5] if otherwise 


and 


0.11 ift; =0 
0.41 if otherwise. 


(vr)301(ts) = { 


0.22 ift, =0 
0.32 if otherwise. 


(Dbo2(ta) = { 


0.47 ift, =0 
T = 1 
(Ue)o.03 (ti) = 0.67 _ if otherwise, 


which imply — (kr)fo.102) (ta) = Kr(ti) + [0.1,0.2] ,  (Ky)fo.2,0.25)(tr) = Ki(ti) + [0.2,0.25 J, 
(Kp) fo0.2,0.3)(t1) = Ke(tr) — [0.2,0.3] and (vr)gor(ti) = Vr(ti) + 0.01 , (UP bo2(ti) = vi(tr) + 0.02 , 
(Vp)}.03(t1) = Up(t,) — 0.03 for all t; € Y. Hence B™ is a neutrosophic cubic translation. 


Theorem 3.1.1 Let B be a NCSU of Y and for ky ,p, a, B € [[0,0], 7] and y € [[0,0], ¥], where for uy; p, 


a,B € [0,I'] and y € [0,£]. Then NCT By gy of B isa NCSU of Y. 


Proof. Assume t,,t, € Y. Then 
(kro (ty * tz) = Kp(t; *t2) +a 
> rmin{ky(t,), Kr(t2)} +a 
= rmin{ky(t,) + a, Kp(t2) + a} 
(Kr)a(tr * to) = rmin{(kr)¢ (tr), (Kr)a(t2)}, 
(icy) g (ti * tz) = Ky(ty * tz) + B 


> rmin{k,(t,), Kj(t2)} + B 


= rmin{k,(t,) + B, «(t2) + B} 
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(Ky)g (ti * ta) = rmin{(K)g(t), (Ky) 6 (t2)}, 
(Kr)y (tr * tz) = kp(t, *t2) —y 

> rmin{kp(t,), Kp(tz)} —y 

= rmin{kp(t;) — y, kp(tz) — y} 


(Kp)y(ty * te) = rmin{(kp)y(t1), (Ke) (t2)} 
and 

(Ur)a(ty * ty) = v(t, * ty) +a 

< max{u7(t,), ur(tz)} + a 

= max{u7(t,) + a, vp(tz) + a} 

(Ura (ts * t2) = max{(vr)a(tr), (Ura(ta)} 

(up) a(tr * tz) = vj (ty * tz) +B 


< max{vu,(t,), v;(t2)} + B 


= max{v;(t,) + B,v;(t2) + B} 

(up (tr * tz) = max{(v;)4(t1), (Vg (t2)}, 
(up)y (ty * tz) = Up(ty * tz) —y 

< max{vp(t;), Up(t2)} —Y 

= max{vp(t1) — y, Up(tz) — y} 

(vp)E(t, * tz) = max{(vp)2 (ty), (vp)2(tz)}. 


Hence NCT Big, of B is a NCSU of Y. 


Theorem 3.1.2 Let B be a NCS of Y such that NCT Bi py of B is a NCSU of Y for some Kyjp, 0,8 € 


[[0,0], 7] and y € [[0,0], ¥], where for vp;p, a, 8 € [0,I] and y € [0,£]. Then B isa NCSU of Y. 


Proof. Let Big, = ((Kriplagy Urirapy) be a NCSU of Y for some Kr;p, o,B € [[0,0], 7] and y € 


[[0,0], ¥], where for vp;p, a, 6B € [0,T] and y € [0,£] and t,,t, € Y. Then 
Kep(ty * tz) + = (Kya (ty * ta) 
= rmin{(Kr) q(t), (Kr)a(te)} 
= rmin{ky(t,) + a, Kp(t2) + a} 


Kp(t, * tz) +a = rmin{kp(t,), kp(tz)} + a, 


k(t, *t2) +B = (iq) (ta * tz) 
> rmin{(q) 8 (t1), (1) g (t2)} 
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= rmin{;(t,) + B, K;(t2) + B} 


Ky (ty * tz) + B = rminfiy (ty), Ky(t2)} + B, 


Kp(ty * tg) — ¥ = (Kp) y (tr * ta) 

> rmin{(kp)y (ti), (kp)y (t2)} 

= rmin{kp(t,) — y, Kp(tz) — y} 

Kp(t, * t.) — y = rmin{kp(t, ), kp(tz)} — y 

and 

Up (ty * tz) +a = (Up)a(ti * ta) 

< max{(vp)a(t1), Ur)a(te)} 

= max{vr(t,) + a, Ug(ty) + a} 


up(ty * tz) +a = max{ur(t,), vr(tz)} + a, 


Uj(ty * tz) + B = (ue (tr * ta) 
< max{(v,)4(t1), (og (t2)} 
= max{v,(t,) + B, Ug(t2) + B} 


Uy(ty * tz) + B = maxf{uj(t), vy(t2)} + B, 


Up(ty * tz) — ¥ = (Up)y (tr * te) 

< max{(Up)y (tr), (Ur) y(t2)} 

= max{vp(t,) — Y, Up(tz) — y} 

Up(t, * tz) —y = max{up(t;), Up(tz)} — y, 
which imply Kr(t, *t2.) = rmin{ky(t,), Kp(t2)} , Ky (t, *t.) = rmin{K,(t,),«qj(t,)} , Kp(t, *t,)= 
rmin{kp(t,),kKp(tz)}, and vup(t, *t,) < max{ur(t,), vp(tz)}, v,(ty * t2) < max{u;(t,),v;(tz)}, vUp(t, * 
t2.) S max{up(t,), Up(t)}, for all t,,t. € Y. Hence B isa NCSU of Y. 
Definition 3.1.2 Let B be a NCS of Y and & € [0,1]. An object having the form Bs! = 
(Or) §) (8) Ce )S), (CUT)3 (VDS (VAIS) is called a NCM of B, when  (kp)§'(ts) = 


S.rer(tr) . Ces (tr) = 6. y(t), (ep) (ty) = 6 wp (ty) and (Up F(t) = Bvp(t:) . (UDF (t) = 
5.0;(ty),(Ug)M(t,) = S.vp(t,) forall t, € Y. 


Example 3.1.2 Let Y = {0,1,2} be a BF-algebra with the following Cayley table: 
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* 0 1 2 
0 0 l 2 
1 0 0 / 
2 0 2 0 


Let B = (Ky, p, Upyp) be a NCS of Y is defined as 


_ ((0.1,0.3] ift, =0 
Kr(ti) = (oan if otherwise 


_ /[0.2,0.4] ift,; =0 
Ki (t) = eee if otherwise 


_ ([0.4,0.6] ift, =0 
Ke(ty) = Ges 0.8] if otherwise 


and 
Ur(t) = te Ea 
Ui(ty) = ee ae 
Up(ti) = Gy Tai. 


Then B is a neutrosophic cubic subalgebra, choose 6 = 0.01 for v and 6 = [0.1,0.2] for « then the mapping 


BS'1Y > [0,1] is given by 
_ /[0.01, 0.06] 
(Kr )fo.1,0.2](t1) = (od oia 


[0.02, 0.08] 
(K1)fo0.2y(t.) = (aos 0.14] 


[0.04,0.12] 
(Kp) [0.1.0.2] (t1) - lacs 0.16] 


and 


0.001 ift, =0 


ift; =1 
if otherwise, 


if otherwise, 


ift,; =1 
if otherwise 


M _ 
(r)oor (ty) = (ean, if otherwise, 


0.002 ift, =0 


M = 
(Y1o.01 (41) = ae if otherwise, 


0.005 ift; =0 
M _ 1 
(Up)o.01(t1) = Gee if otherwise, 
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which imply (Kr)Mso2y(ts) = er(tr)-[0.1,0.2] , (4)Mao2j(tr) = Ki(ts)-[0.1,0.2] , Ce) Maoaj(ts) = 
Kp(t,)-[0.1,0.2] and (vp)o'o1 (ti) = vp(ty). (0.01) , (up )olor(t1) = p(t). (0.01), (Up)olor (ta) = 
Up(t,).(0.01) for all t; € Y. Hence Bs is a neutrosophic cubic multiplication. 


Theorem 3.1.3 Let B be a NCS of Y such that NCM Bs! of B isa NCSU of Y forsome 6 € [0,1]. Then B 
is a NCSU of Y. 


Proof. Assume B®’ of B isa NCSU of Y for some & € [0,1]. Now forall t,,tz € Y, we have 
Kr(t, *t2).6 = (ter) 5 (ty * tz) 
> rmin{ (Ker) § (ti), (er) § (t2)} 
= rmin{ky(t,). 5, Kp (tz). 5} 


Kp(t *tz).6 = rmin{ky(t;), kp(tz)}. 6, 


k(t, *ty).5 = (M(t, * ty) 
> rmin{(K,)¥(t,), (kp s (t2)} 
= rmin{x,(t,). 5, k;(tz). 5} 


Ky (ty * tz).6 = rmin{iq (ty), Ky(tz)}. 6, 


Ke (ty 05) 8 Se) Cet) 

> rmin{(kp)§ (ti), (ke) § (t2)} 

= rmin{kp(t,). 8, Kp(t). 5} 

Kp(t, * ty). = rmin{xkg(t,), kp(to)}. 6 

and 

Up(ty * te). 6 = (Ups (ty * ty) 

< max{(vr)$ (tr), (Ur)§ (t2)} 

= max{v7(t,). 5, Up (ty). 5} 


Up(t, * t).6 = max{ur(t;), vr(tz)}. 4, 
Ui(ty * tz). 6 = (upg (tr * te) 

< max{(vj)§' (ti), (Us (t2)} 

= max{u,(t,). 5, v;(t2). 5} 


uj(ty * tz).6 = max{u; (ty), vy(tz)}. 6, 


Up(ty * tz).6 = (Up)§ (ty * ty) 


686 


Florentin Smarandache (author and editor) Collected Papers, XIl 


which 


< max{(vp)¥(t,), (up)e (t2)} 


= max{uUr-(t,). 6, Up(t,). 6} 


Up(t, *tz).6 = max{up(t), Up(tz)}. 6, 


Ky(ty * tz) = rmin{kp(t,), Kr(t2)} , Ky (ty * tz) > rmin{Ky (ty), qj (t2)} , Kp(ty *t2) > 


rmin{kp(t;),kp(tz)} and vur(t, * tz) < max{ur(t,), vr(tz)} , vy(ty * t2) < max {vj (ty), vj(tz)} , UFCtr * 
tz) S max{up(t,), Up(t,)} for all t,,t. € Y. Hence B isa NCSU of Y. 


Theorem 3.1.4 Let B be a NCSU of Y for 5 € [0,1]. Then NCM B*" of B isa NCSU of Y. 


Proof. Assume t;,tz € Y. Then 


and 


(Kr)§ (ty * tz) = 6. up (t, * ty) 
= 6.rmin{(kr)(t,), (Kr) (t2)} 
= rmin{6. kr (t,), 6. Kp(t,)} 

= rmin{(Kr)3 (tr), (er)§ (t2)} 


(Kr)§ (ty * tp) = rmin{(Ky)§'(t,), (Kr) §'(t2)}, 


(iqy)§ (ty * tz) = 5. (ty * ty) 
=> 6.rmin{(k;)(t,), (ky) (t2)} 
= rmin{6. «;(t,), 5. ky; (t2)} 

= rmin{(K)§ (tr), (K1)§ (t2)} 


(Ky)§ (ty * to) = rmin{(Ky)§'(t,), (q)3 (te)}, 


(icp) § (ty * tz) = 6. Kp(ty * te) 
> 6.rmin{(kp)(t,), (kp) (t2)} 
= rmin{6. Kp(t,), 6. Kp(t2)} 

= rmin{(kp)§ (ty), (kp)§ (te)} 


(Kp)§ (ty * tp) = rmin{(Kp)5'(t1), (Kp) 5 (t2)} 


(vr)§ (ty * tz) = S. vp(ty * ty) 
< 6.max{(v7)(t,), (Ur) (t2)} 
= max{6. vr(t,), 6. up (t2)} 

= max{(Kkg)§ (tr), (tp) (tz)} 


(ur)§ (ty * tz) < max{(vr)s'(t1), (Vp) f (ta)}, 
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(up M(t, * tz) = 6. u;(ty * tz) 
<6. max{(v,;)(t;), (v;)(t2)} 
= max{6. v;(t,), 6. vy (t2)} 

= max{(Kg)§(t), (kp) (t2)} 


(Ups (tr * te) S max{(vp)§'(t), (DS (ta)}, 


(up) M(t, * tz) = 5. p(t, * tz) 
< 6. max{(vg)(t,), (Ug)(t>)} 
= max{6. p(t), 6. Up(t>)} 
= max{(Kg)§ (t1), (Kp) § (t2)} 
(vp)g (ty * te) S max{(vp)$ (tr), (UES (t2)}, 
which imply Kr(t, * ty) > rmin{kr(t,), Kp(t2)} , Ky (ty * tp) > rminfi,(t,), Kj(tz)} ,  Kp(ty * ty) > 


rmin{kp(t;),Kp(tz)} and vuy(t, * tz) S max{ur(t)), vr(t2)}, vjy(ty * tz) S max{u;(t,), vj(t2)}, vp(ty * 


t2) < max{up(t,), Up(tz)} for all t,t. € Y. Hence BS is a NCSU of Y. 


3.2 Translative and Multiplicative Interpretation of Neutrosophic Cubic Ideal 


In this section, neutrosophic cubic translation of NCID, neutrosophic cubic multiplication of NCID, union and 


intersection of neutrosophic cubic translation of NCID are investigated through some results. 


Theorem 3.2.1 If NCT Bo ay of B is a neutrosophic cubic BF ideal, then it fulfills the conditions (K;)](t, * 


(to *t1)) = Cer)a(ta), Cerdp(tr * (te * tr) = Cag (te). Cem )y (tr * (te * tr) = (kr) y (te) and (vp)a(t * 
(tz *t)) S (vp )a(ta), (upp (tr *(t,*t))) S (vg (te), (vp) } (ty *(t,*t))) S (Up) } (tz). 


Proof. Let NCT Bay of B be a neutrosophic cubic BF ideal. Then 


(Kr )a(ty * (tz *t,)) = Kp(ty * (tz *t,)) +o 

= rmin{ky(t, * (ty * (tz *t1))) +a, Kp(tz) + a} 
= rmin{k,;(0) + a, Kr(t2) + a} 

= rmin{(Kr)q(0), (Kr) @(tz)} 


(Kr) (ty *(t, *t,)) = (kp) Q(t), 
(1) o(ty * (t, *t,)) = k(t, * (t, *t,)) +B 


= rmin{k;(t, * (ty * (tz *t,))) + B, Ky (tz) + B} 


= rmin{k,(0) + B, «;(t2) + B} 
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and 


= rmin{(K)4 (0), (q) g(t2)} 


(iq) a (ty *(t, *t)) = (Ky)g (te), 


(Kp)y (ty * (tz *ty)) = Kp(ty * (tz *t1)) —y 

> rmin{kp(t, * (ty * (tz * t1))) — y, Ke(tz) — y} 
= rmin{«p(0) — y, Kp(tz) — y} 

= rmin{(kg)} (0), (kp)7(tz)} 


(Kp) y (ty *(t, *t,)) = (Kp) (tz) 


(Ur )a(ty * (tz *ty)) = up(ty * (tz * ty) +0 

S max{vuy(ty * (ty * (t, *t,))) +a, vp(tz) + a} 
= max{v7(0) + a, ur(t2) + a} 

= max{(v7)q(0), (Ur)a(tz)} 


(vr) a(t *(t, *t,)) = (Ur) Q(t), 


(vats * (te * ty) = p(t, * (t, *t,)) +B 

< max{u;(tz * (t, * (tz * t,))) + B, vu; (tz) + B} 
= max{v,(0) + B, vu; (t,) + B} 

= max{(v,)5 (0), (vp)6 (t2)} 


(upp (tr *(t2*t))) = (vy) a(te), 


(Up)y (tr * (ty * ty) = Up(ty * (t, *t,)) -y 

S max{up(ty * (ty * (tz *t1))) — v, UR(t) — vy} 
= max{up(0) — y, Up(tz) — Y} 

= max{(Up)y (0), (Up)y(t2)} 


(up)y (ty *(t, *t,)) = (Up) (tz). 


Hence (kr)q(ty * (tz *t1)) = (Kr)a(te) , (xy) (tr *(t2*t))2 (iz) g (ta) »  (Kp)y (ty * (ty *ty)) = 
(p)p(tz) and (v_)e(ty * (tz *ti)) S Wra(te) . (UDs(tr * (te *t1)) S DBlte) » CRY (tr * (he * 
t1)) S (Up) } (ta). 


Theorem 3.2.2 Let B be a NCID of Y and for Ky; p, a, B € [[0,0], 7] and y € [[0,0], ¥], where for uy p, 
a,8 € [0,I'] and y € [0,£]. Then NCT Bg, of B isa NCID of Y. 


a,B,y 


Proof. Let B be a NCID of Y and for kryp, a, 8 € [[0,0], 7] and y € [[0,0], ¥], where for Upjp, a B € 
[0,T] and ye [0,£]. Then (Kr) (0) = Kp(0) + a > er(tr) +a = (kr)a(tr) , (11g (0) = (0) +B = 
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(ty) + B= Cq)p(ti) . Ckp)¥(O) = Kp(O) — y = kp (ty) — vy = (ep) 7 (t,) and (vz) Z(0) = vp(0) tas 
Ur(ty) +a = (Ve)a(ts) . (YB) =v,(0) +B Sut) +B = (pet) . (p)yO) =vp(0) -y S 
Up(t,) -yY = (up)y (ty ). So 


(kp )a(t) = Kp(t,) + a 

> rmin{ky(t, * tz), Kr(tz)} +a 

= rmin{ky(t, * t2) + a, Kp(ty) + a} 

(kp)a(t,) = rmin{(kp) a(t * tz), (Kr)a(te)}, 

(xf (tr) = Kr(ty) +B 

> rmin{k,(t, * tz), K(t2)} + B 

= rmin{k,(t, * tz) + B, «j(tz) + B} 

(Ky) f(t) = rmin{(K,)§ (ty * te), (Kp (te)}, 

(kp)a(t1) = kr(ti) —y 

> rmin{kg(t, * tz), Kp(t2)} —y 

= rmin{kp(t, * tz) — y, Kp(tz) — y} 

(kp) 7 (t,) = rmin{ (Kp) 2 (ty * tz), (kp) F(ty)} 
and 

(vr)a(ti) = vr(ti) + a 

< max{ur(t; * tz), vp(tz)} + a 

= max{uz(t, * tz) + a,v7(t,) + a} 

(vpa(ty) = max{(Up)a(tr * tz), Vr)a(te)}, 

(ve (tr) = v(t.) + B 

< max{v,(t, * t2), U;(t2)} + B 


= max{u;(t; * tz) + B,vy(t2) + B} 
(vp) a (tr) = max{(u))g (ty * tp), (v;)g(t2)}, 


(vp)y (ti) = Up(ty) —y 
< max{u;(t, * t,), Up(t2)} — y 
= max{u,(t, * t) — y, Up(tz) — y} 


(vp)y (ti) = max{(Up)y(ty * ty), (Up)y (te) }, 
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for all ty,t. € Y and for Kyyp, a, B € [[0,0], 7] and y € [[0,0],¥], where for uyyp, a,B € [0,F] and y € 


[0, £]. Hence Big, of B is a NCID of Y. 


Theorem 3.2.3 Let B be a neutrosophic cubic set of Y such that NCT Bay of B is a NCID of Y for all 


Krzr, OB € [[0,0],7] and y € [[0,0], ¥], where for vpyp, a, 6 € [0,I] and y € [0,£]. Then B isa NCID of 
Y. 


Proof. Suppose Bees is a NCID of Y, where for Ky; , a, 8 € [[0,0], 7] and y € [[0,0], ¥], and for vy; p, 


a,B € [0,I'] and y € [0,£] and t,,t, € Y. Then 


Kr (0) + a = (Kr) @(0) = (Kr)a(ti) = Kr(ty) + a, 
K,(0) + B = (Ky) (0) = (Kg (tr) = Ki(t) + B, 
Kp (0) —y = (Kp)y (0) = (ke) y(t) = kp(t,) —y, 


and 


Up(0) + & = (¥7)G(0) S (Ur)a(ti) = vr(ti) +. 

v1(0) + B = (v)g(0) S (Dg (tr) = I(t.) + B 

Up(0) — y = (Up) ¥(0) S (Up)y (tr) = Ue(tL) — ¥, 
which imply Kr(0) > Kr(t,), (0) > (ty), Kp(0) > Kp(t,) and vp(O) < vp(t,), v,(0) < v;(t,), 
Up(0) < up(t,), now 

Kr(ty) + @ = (Kp )o (ty) = rmin{(kp)E(t, * te), (kp)a(te)} 

= rmin{kp(t, * ty) + a, Kp(tr) + @ 


Ky (t,) + a = rmin{Kr(t, * tz), Kp(t2)} + a, 


Ki(tr) + B = (ky) a (tr) = rmin{(1q)g (tr * te), (Kg (t2)} 


= rmin{k,(t, * t2) + B, K(t2) + B} 


Ky (t,) + B = rmin{k;(t, * tz), Kj(t2)} + B, 


Ke(ty) — y = (kp)y(t,) = rmin{(Kkp)y (tr * tz), (ke)y(te)} 
= rmin{kp(t; * tz) — y, kp(tz) — y} 
kp(ti) — y = rmin{kp(t; * tz), Kp(t2)} —y, 
and 
Up(ty) + & = (Up)a(tr) S max{(Ur)a (tr * te), (Ur)a(te)} 


= max{vu7(t, * t2) + a, ur (tz) + a} 
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up(ty) + a = max{ur(t, * tz), vr(tz)} + a, 
u,(t,) + B= (vp) a (tr) = max{(u))@ (ty * tp), (v,)g(t2)} 
= max{u;(t; * tz) + B, uy(t2) + B} 


vu; (t,) + B = max{u,(t, * tz), vj(tz)} + B, 


Up(ti) —y = (Up)y(ti) S max{(up)y (tr * te), (UF) y(te)} 

= max{up(t; * tz) — y, Up(tz) — y} 

Up(t;) — Y = max{up(t, * tz), Up(tz)} —, 
which imply «p(t,) > rminficp(t, * tz), ep(tz)}, Ky(t,) > rminfie(t, * tz), «(ty)}, Kp(ty) > rmin{Ke(t; * 
ty), Kp(tz)} and up(t,) < max{uq(t, * ty), vp(tz)} , Uy(t,) < maxf{u;(t; * tz), u;(tz)}, Ue(ty) < 


max{Up(t, * tz), Up(t2)} for all t;,t. € Y. Hence B isa NCID of Y. 


Theorem 3.2.4 Let B be a NCID of Y for some kr ,, a, 6 € [[0,0], 7] and y € [[0,0], ¥], where for uyyp, 
a, 8 € [0,I] and y € [0,£]. Then NCT B1., of B isa NCSU of Y. 


aB,y 
Proof. Assume t,,tz € Y. Then 
(ipa (ty * ty) = Kp(ty *t,) +a 
> rmin{ky(t, * (t, * tz)), Kp(tz)} + 
= rmin{ky(0), kr(tz)} +a 
> rmin{ky(t,), Kp(t2,)} + a 
= rmin{ky(t,) + a, Kp(t2) + a} 
(Kr)a(tr * to) = rmin{(kr) q(t), (Kr)a(t2)} 


(Kr)a(ty * tp) = rmin{(Kp)¢ (tr), (ier)a(te)}, 


(Ky) p(t *t2) = k(t, *t2) +B 


> rmin{k;(tz * (t, * tp)), K(tz)} + B 

= rmin{x;(0), K;(t2)} + B 

> rmin{x;(t,), K(t2)} + B 

= rmin{i(t,) + B, Kj (t,) + B} 

(Ky) f(t * te) = rmin{ (Ky) f(t), (Ky 6 (t2)} 


(Ky)g (ti * ta) = rmin{(K)g(t1), (Kr) 6 (t2)}, 


(Kp) } (ty *t2) = Kp(t, *t2) -Y 
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and 


T 
Hence Bagy 


> rmin{kp(t, * (ty * t2)), Kp(t2)} —y 

= rmin{xp(0), kp(t2)} — y 

> rmin{kp(t,), kp(t,)} — y 

= rmin{kp(t,) — y, Kp(t2) — y} 

(Kp)y (tr * te) = rmin{(kp)y (tr), (kr)y(t2)} 


(Kp)y(ty * t2) = rmin{(Kp)y (ty), (Ke), (t2)} 


(Ura (tr * to) = Ur(t * tr) +o 

< max{ur(ty * (t, * tz)), Ur(t2)} + a 

= max{ur(0), up(tz)} + a 

< max{u7(t,), vp(ty)} + a 

= max{u7(t,) + a Up(t,) + a} 

(Ura (ts * t) = max{(vr)a(tr), (Ur)a(ta)} 


(Ura(tr * tz) < max{(vr)a(t), Vr)a(te)}, 


(up) a(ty * tz) = vy (ty *t2) +B 

< max{v;(t, * (t, * t2)), V7 (t2)} + B 

= max{v;(0), v;(tz)} + B 

< max{u,(t,), v;(ty)} + B 

= max{v,(t,) + B,v;(t2) + B} 

(vp A(tr * to) = max{(v,)5 (t,), (vf (t2)} 


(vy) g(t * te) < max{(v)p (tr), (Up (ta)}, 


(up)y (ty * tz) = Up(t, *t2) —y 

< max{up(t, * (t, * tz)), Up(t2)} —Y 

= max{vu,(0), vp(tz)} —y 

< max{up(ty), Up(tz)} — y 

= max{ug(t,) — y, Up(tz) — y} 

(up)y (tr * tz) = max{(vp)} (ty), (Up); (t)} 


(Up)y (ti * tz) < max{(Up)y (t1), (VE)y (t2)}. 


is a NCSU of Y. 
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Theorem 3.2.5 If NCT Bay of B is a NCID of Y for some Kryyp, a, 8 € [[0,0], 7] and y € [[0,0], ¥], and 


for Upp, a, B € [0,T] and y € [0,£]. Then B is a NCSU of Y. 


Proof. Suppose Big of B isa NCID of Y. Then 


(ep) (ty * tz) +. = (ep )a(ty * te) 

> rmin{(Ky) Z(t * (ty * t2)), (Kp) E(t2)} 
= rmin{(Kkr)4 (0), (kr)a(tz)} 

> rmin{(kr)a (tr), (kr) a(te)} 

= rmin{ky(t,) + a, Kp(t2) + a} 


(Kp)(ty * t2) +a = rmin{ky(t,), Kr(t2)} + a, 


(Ki )(ty * tz) +B = qh (tr * te) 

> rmin{(Kk)) (te * (ty * t2)), (eg (to)} 
= rmin{(K;)g (0), («16 (t2)} 

> rmin{ (Ky) 4 (tr), (K1)p(t2)} 

= rmin{i(t,) + B, Kj (t,) + B} 


(y)(ty * t2) + B= rminfiq(t;), mj (t2)} + B, 


(Kp) (ty * to) —y = (Kp)y (ty * te) 

> rmin{(Kp)y (tz * (t, * tz), (ke) y(te)} 

= rmin{(Kp)y (0), (Kp) y (t2)} 

= rmin{(Kp)y (t1), (ip) y (t2)} 

= rmin{kp(t;) — y, kp(tz) — y} 

(Kp) (ty * tz) — y = rmin{kp(ty), Kp(tz)} — y 
> Kp(ty * tz) = rmin{ky(t,), kp(t2)}, k(t, * tz) = rminf{ic;(t,), «j(tz)} and Kp(t, * tz) 
=> rmin{kp(t,), Kp(t2)} and now 

(Up)(ty * ty) + a = (Up)a(ty * tr) 

S max{(Up)a(ty * (ty * te)), Ur)a(te)} 

= max{(vr)4a(0), (Ur)a(te)} 

< max{(vp)a(ty), (Ur)a(ta)} 

= max{u7(t,) + a, vp(tz) + a} 


(vr)(t, * tz) + a = max{vr(t,), vp(tz)} + a, 
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(vj) (ty * tz) + B = (pg (th * tz) 

< max{(v1)§ (te * (ty * te)), (U)A(te)} 
= max{(v;)g(0), (op (t2)} 

< max{(v,)6(tr), (Vp (t2)} 

= max{v;(t,) + B,v; (tz) + B} 


(up) Gy * tz) + B = max{v;(t,), vj(t2)} + B, 


(Up) (ty * te) —y = (Up)y (ty * te) 

< max{(Up)y (te * (ty * t2)), (Up)y(t2)} 

= max{(vg)y (0), (Up)y (t2)} 

< max{(Up)y (ts), (Up) y (t2)} 

= max{Up(t1) — y, Up(tz) — v3 

(vp) (ty * tz) — y = max{up(ty), Up(tz)} — y 
> Ur(t, * tz) S max{vuy7(t,), vp (tz)}, vy (ty * tz) < max{v;(t,), v;(tz)} and Up(t; * tz) < 
max{u,(t,), Up(t2)}. Hence B isa NCSU of Y. 
Theorem 3.2.6 Intersection of any two neutrosophic cubic translations of a neutrosophic cubic BF ideals B of 


Y is aneutrosophic cubic BF ideal of Y. 


Proof. Suppose Bees and Bi g’y’ are two neutrosophic cubic translations of neutrosophic cubic BF ideal B 


and C of Y respectively, where for Biay for Kryp, o B € [[0,0], 7], y € [[0,0],¥], for vpip, a 6 € [0,T], 
y € [0,£] and for Bo aa for Kryp @’,B’ € [[0,0], 7], y’ € [[0,0], ¥], for upp, a’, B’ € [0,T], y’ € [0, £] 
and a<a’, B < B’, y<y' as we know that, By, and Bare’, 


7 y' are neutrosophic cubic BF ideals of Y. So 


(ep) & 9 (ep) Fr) (ty) = rmin{ (ep) 4g (ty), (Kr) Fr (ty)} 
rmin{ky(t,) + a, Kp(t,) + a’} 
Kr(t,) + a 


(Cera 9 Cera (t) = Cer )a(ty), 


(Ce) B OM Cee (tr) = rmin{(1q)p (tr), (Ker (tr)} 
= rmin{k;(t,) + B, «(t1) + BY 

= k(t) +B 

(Ces 9 (gr )(t1) = (p(t), 


695 


Florentin Smarandache (author and editor) Collected Papers, XIl 


(Ckp)y 9 (ke) (tr) = rmin{(eg)y (t1), (kr) y(t) 
= rmin{kp(t,) — y, Kp(t,) — y'} 
= Kp(ty) — y’ 
(Ckp)y 9 (Ke) y(t) = Cee) y(t) 
and 
(Wr) Wr) g(t) = maxf{(vp)a(tr), Ur)y (t)} 
= max{u7(t,) + a, vp (ty) + a’} 
= Ur(ty) +a’ 


(na Ure (tr) = Wr)gr (ty), 


((u)hO (U)FI(ta) = max{(vy)h (t.), ODF} 
= max{uj(ty) + B,vi(t,) + BY} 

= v(ty) + B 

(CODEN (WH) Ct) = (Fr Ct, 


(Wp)y 9 (Up) y(t) = max{(Vp)y (tr), (Up) y(t} 
= max{up(t,) — y,Up(t,) — y'} 

= Up(t,) —Y 

(Wr)y 9 (Up) (th) = Wr) y(t). 


Hence Biay nN Burpy! is a neutrosophic cubic BF ideal of Y. 


Theorem 3.2.7 Union of any two neutrosophic cubic translations of a neutrosophic cubic BF ideals B of Y is 


a neutrosophic cubic BF ideal of Y. 
Proof. Suppose By.gy 
of Y respectively, where for B) for Kpyp, o B € [[0,0], 7], y € [[0,0], ¥], for vpyp, a BE [0,T], ye 


a,B,y? 
[0,£] and for Baran for Kpyr a’, B’ € [[0,0],7], y’ € [[0,0], ¥], for vprp, a’, B’ € [0,F], y’ € [0,£] and 
a2a’,B =’, yy’ as we know that, B 


and Bi, gly! are two neutrosophic cubic translations of neutrosophic cubic BF ideal B 


T 
a,B,y 


and Burpy! are neutrosophic cubic BF ideals of Y. Then 
(Ce) U Cer) gr) (tr) = rmax{ (ep) i (tr), Cer) y(t} 

= rmax{kr(t,) + a, Kp(ty) +0} 

=kr(t;) +a 


(Cera U Cera (t) = Cer )a(ty), 


(CKD YU (ia)gr)(tr) = rmax{(K,) 6 (tr), (Kr) gr (ta)} 
= rmax{k;(t,) + B, k;(t,) + B’} 

= k(t) + B 

(CKDB YU Cq)pr (ti) = Cp (ts), 
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and 


Hence BI 


((kp)y U (ke) (tr) = rmax{(kp)y(ty), (Kp) (ti )} 
= rmax{Kkp(t;) — y, Kp(t1) — y’} 
= Kp(ti) — y’ 


(Ciep)T U (ip) E(t) = Cee) (ty) 


(Cup) U (Up) ir) (ty) = min{(Up)Z (ty), (Vp) Ar(t1)} 
= min{ur(t,) + a, vp(t,) + a} 
= Ur(ti) +a’ 


(ona YU (Ure (tr) = (Ur) gr (ty), 


(DB Y &pDg (tr) = min{(vp) E(t), WDg (t1)} 
= min{v;(t,) + B, vy (t,) + B’} 

= u(t) +B’ 

(Cone YU WD— (tL) = CDE (ty), 


((vg)} U (vp) (ti) = min{(vp)} (ty), (Up) (t,)} 
= min{up(t,) — y, Up(t,) — v7} 
= up(t,) -Y 


(Cup)y YU (Wr) (tr) = Cry (tr) 


UB?) ar, is a neutrosophic cubic BF ideal of Y. 


apy 


Theorem 3.2.8 Let B be a NCS of Y such that NCM B¢" of B is a NCID of Y for & € (0,1] then B isa 


NCID of Y. 


Proof. Suppose that BS is a NCID of Y for & € (0,1] and t,,t, € Y. Then &«7(0) = (ky)#(0) = 
(ep )§ (tr) = 5. Kp(ty), so Kp(0) S wep (t),5. (0) = (1e;)§'(0) = (e1)§'(t1) = 5. j(t), so (0) = Kj (ty), 
5.«p(0) = (ep)3'(0) = (Kp) (ti) = 6.Kp(ty), so Kp(0) > Kp(ty) and 6.v7(0) = (v7)§'(0) S Wr) F(t) 
= 6.Ur(ty), so v_(0) S$ vr(ty) , vj) = (FO) SOPs) =6 v(t), so v,(0) < u(t) , 
5.0p(0) = (Up)3'(0) S (vps (ti) = 6. Up(ty), so Up(O) < vp(t,). Now 


§.x7(t1) = (cr) Mt) 
> rmin{(Kr)# (ty * ta), (Kr) §(t2)} 
= rmin{6. «p(t, * tz), 6. kp (t2)} 


5. Kp(t,) = d.rminf{ip(t, * tz), Kr(tz)}, 


5. y(t.) = (1) 3'(ty) 
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> rmin{(kp)§ (ty * tz), (Ky) § (t2)} 
= rmin{6.K,(t, * t,), 6.«;(t,)} 


5. ky (t,) = 6. rmin{t;(t, * tz), Ky(tz)}, 


Ske(t) = Ge) SC) 
> rmin{(kp)$! (ty * to), (Kp) § (t2)} 
= rmin{6. Kp(t, * tz), 6. Kp(t2)} 


6. kp(t,) = 6. rmin{kp(t, * tz), Kp(t2)}, 


so Kp (ty) = rmin{kp(t; * tz), Kp (t2)}, y(t) = rmin{Kkj(t, * tz), Kj(t2)} and 


tz), Kp(t2)} and also 


5. Up (ty) = (Up)s (tr) 
< max{(v7)§ (ty *t), (vr)§ (t2)} 
= max{6. v(t, * tz), 6. Up (tz)} 


5. vp (t,) = 6. max{ur(t, * tz), Up(tz)}, 


5.u,(t,) = (ups (tr) 
< max{(u)M (ty * tz), (Vp) M(t2)} 
= max{6. vy (ty * t2), 6. U; (tz )} 


6.u;(t,) = 6.max{u,(t, * tz), vj(t2)}, 


5.up(t,) = (vp) (4) 
< max{(ug)§ (ty * tz), (Ups (t2)} 
= max{6. vp(t, * tz), 6. Up(tz)} 


5. Up(t,) = 6. max{up(t, * tz), Up(tz)}, 


so - Ur (ty) S max{ur(t; * tz), ur(t2)}, vy(t1) S max{u;(t; * tz), vj;(t2)} and 


tz), Up(t2)}. Hence B isa NCID of Y. 
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Kp(t,) = rmin{kp(t, * 


Up(t,) < max{up(t * 


Theorem 3.2.9 If B is a NCID of Y, then NCM BM of B isa NCID of Y, for all 5 € (0,1). 


Proof. Let B bea NCID of Y and & € (0,1]. Then we have (Ky)#'(0) = 6. K7(0) = 5. K7(t,) (Kp) (0) = 


(er) § (t1), 


(1)§' (0) = 5.4 (0) > SB. (ty) > (30) = (DS (th), 
5.kp(t;) > (Kp)§'(O) = (Kp) S(t) 
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(v1)§ (0) = 6.0,(0) < S.uj(t.) > CVs O) = (ODS (tr), (UF) (0) = 5. vg(0) < 6. Up(t) > (UF)§'(0) = 


(vp)§ (t1). 


Now 


and 


(Kr) § (tr) = 6. Kr (ty) 

> 6.rmin{ky(t, * tz), Kp(t2)} 

= rmin{6. kr(t, * tz), 6. Kp(tz)} 

(ier) § (tr) = rmin{ (ep) 5 (ty * tz), (Ker)! (tz)} 


(Kr)§ (ty) = rmin{(Kr)¥ (ty * te), (Kr)§'(te)}, 


(1)3 (ty) = 5. (ty) 

> 6.rmin{K;(t, * tz), Ky(t2)} 

= rmin{6. kj (t, * t2), 5. Kj (t)} 

(ky) s(t.) = rmin{(«,) F(t, * tz), (K)s(t2)} 


(1c1)$ (tr) = rmin{(«y)§' (ty * tz), (1e1)$' (te) }, 


(Kp)§ (ti) = 6. Kp(ty) 

> 6.rmin{kp(t, * tz), Kp(t2)} 

= rmin{6. kp(t, * tz), 6. Kp(t2)} 

(xp) M(t.) a rmin{(kp)s (t, * to), (kp)§ (t2)} 


(Kp)§ (ti) = rmin{(Kp)5'(t, * te), (Kp) 5 (t2)} 


(vr )§ (ty) = 6. vp (ty) 

< 6.max{ur(t, * tz), Up(tz)} 

= max{6. vp(t, * tz), 5. up(tz)} 

(ur) § (ty) = max{(v7)5 (t, * ty), (Ur) $ (ty)} 


(ur)§ (ti) < max{(ur)§' (ty * tz), (Ur)§ (te) }, 


(ups (tr) = 6.0; (ty) 

< 6.max{u;(t, * t,), U;(t2)} 

= max{6. uy (ty * t2), 6. U; (tz )} 

(oS (tr) = max{(U s(t * tz), (VDE (ta)} 


(vy) 8 (t.) S max{(vp)3 (tr * te), (DS (ta)}, 
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(Up)§ (tr) = 6. up(ty) 
< 6.max{up(t, * tz), Up(tz)} 
= max{6. up(t, * tz), 6. Up(t2)} 
(up) M(t.) = max{(up)M (t, * ty), (op) M(t.) 
(vp)§ (ti) S max{(vp)§ (ti * tz), (Up) s'(ta)}. 
Hence Bs of B isa NCID of Y, forall 5 € (0,1]. 
Theorem 3.2.10 Let B be a NCID of Y and & € [0,1] then NCM Bs of B isa NCSU of Y. 


Proof. Suppose t,,tz € Y. Then 
(ky) s (ty * tz) = & Kp (ty * ty) 
> 6. rmin{kr(tz * (ty * tz)), Kp (tz)} 
= 6.rmin{«y(0), kr(t2)} 
> §.rmin{Ky(t,), Kp(tz)} 
= rmin{6. Ky(t,), 6. kp(t>)} 
(Kr)§ (ti * te) = rmin{(Kkr)¥ (t), (Kr) § (t2)} 


(Kr) § (ty * to) = rmin{(Ky)§ (ty), (Kr) 5 (t2)}, 


(a(t; * ty) =.7G (ty * ty) 

> S.rmin{t; (tz * (t, * tz)), Ky (t2)} 

= 6.rmin{k,(0), k,(t2)} 

> &.rmin{k;(t,), k;(t2)} 

= rmin{6. «;(t,), 6. «;(t,)} 

(ko (ty * to) = rmin{(k,)§(t,), (Kf (t2)} 


(1) 5 (ty * tz) > rmin{(1)§ (ty), (1) 5! (t2)}, 


(Kp)B (ty * tz) = 6. p(t, * ty) 

> S.rmin{kp(t, * (t, * tz)), Kp(tz)} 
= 6.rmin{kp(0), kp(tz)} 

> S.rmin{k,(t,), kp(ty)} 

= rmin{6. kp(t,), 5. Ke (tz)} 


(kp) § (ty * tz) = rmin{ (Kp) (t1), (kp) §' (t2)} 
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(kp)e (ty * tz) > rmin{(kp)¥(t,), (Kp) SM (t2)} 
and 

(Oey et3) = 6.05 +2) 

< 6.max{ur(t, * (t, * t2)), ur (t2)} 

= 6.max{vu7(0), vr (t2)} 

< 6.max{ur(t,), ur(t2)} 

= max{6. vr(t,), 6. up (t2)} 

(vr) s(t, * tz) = max{(vr)M (ty), (Ur) M (t2)} 


(ur)§ (ty * tz) < max{(ur)s'(t1), (Vr) § (ta)} 


(up) M(t, * te) = 8. v,(ty * tz) 

< &.max{u;(t, * (t, * tz)), Uj (tz)} 

= &.max{v,(0), v;(t2)} 

< 5. max{v,(t,), v;(t2)} 

= max{6. u,(t,), 6. U;(t2)} 

(v1)8 (tr * tz) = max{(v))§'(tr), VDF (ta)} 


(Ups (ty * te) S max{(vp)§'(t), (DS (ta)}, 


(vp)e (ty * tr) = S.up(t, * tp) 

< 5.max{up(t, * (t, * tz)), Up(t2)} 

= §.max{vp(0), Up(t2)} 

< &. max{up(t,), Up(tz)} 

= max{6. p(t), 6. Up(tz)} 

(vp)g (ty * tz) = max{(Up)§ (ti), (Ups (ta)} 

(vp)§ (tr * te) S max{(Up)§ (ti), (UE)S (ta) 
Hence Bg! isa NCSU of Y. 


Theorem 3.2.11 If the NCM B}#' of B is a NCID of Y, for 5 € (0,1]. Then B is a neutrosophic cubic BF- 
subalgebra of Y. 


Proof. Assume B@' of B isa NCID of Y. Then 
5. (Kp)(ty * tz) = (ep) 5! (ty * tz) 
> rmin{(Kr)§ (te * (ty * te)), (Kr)§ (te)} 


= rmin{(kr)§'(0), (Kr)§ (t2)} 
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and 


> rmin{(Kr)3 (ty), (er) § (t2)} 
= rmin{6. «r(t,), 5. Kp (t,)} 
5. (Kr) (t, * tz) = 6. rmin{ky(t,), Kp (t2)} 


> Kr(t, * tz) = rmin{kr(t,), Kr(t2)}, 


5. (Ky) (tr * te) = (Ki) 8'(th * ty) 

> rmin{(ky)§ (tz * (ty * tz)), (K,)§'(t)} 
= rmin{(k)§'(0), (1) § (t2)} 

> rmin{(Ky)§ (tr), (143 (ta)} 

= rmin{5.«;(t,), 5.«;(ty)} 

5. (ky) (ty * tz) = & rminf«;(t,), kj (t2)} 


> k(t, * t,) = rmin{k;(t,), «j(t2)}, 


5. (kp) (ty * ta) = (ep) 5 (ty * ta) 

> rmin{(Kp)§ (ty * (t, * tz), (Kp)§ (t2)} 
= rmin{(kp)§ (0), (kp) §'(ta)} 

> rmin{(kp)§ (ty), (kp)§ (ta)} 

= rmin{6. Kp(t,), 5. Kp(t2)} 

5. (kp)(ty * tz) = S&. rmin{Kkp(t,), Kp(t2)} 


=> Kp(ty * tz) = rmin{kp(t,), Kp(t2)} 


5. (Up) (ty * te) = (Ur) s(t * te) 

< max{(vr)§'(te * (ty * te), (Ur)$ (t2)} 
= max{(vr)3 (0), (Vr)3 (t2)} 

< max{(vr)§'(t1), (Vr)$ (t2)} 

= max{6. vr(t,), 6. up (t2)} 

6. (Ur) (ty * tz) = 6. max{ur(t,), Ur(tz)} 


=> ur(t; * tz) S max{ur(ty), vp (tz)}, 
5. (uy) (ty * tz) = (Ups (tr * tz) 


< max{(vy)$ (te * (tr * t2)), (US (t2)} 


= max{(v,)§ (0), (v3 (t2)} 
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< max{(vp)§ (ti), (Ups (tz)} 
= max{6. v;(t,), 6. vy (t2)} 
5. (up) (ty * tz) = &. max{v,(t,), v;(t,)} 


=> uj (ty * tz) S max{v;(tz), vy (tz)}, 


5. (Up)(ti * tz) = (op) gs (ti * tz) 

< max{(vp)§ (ty * (ty * t2)), (Vp) §(te)} 
= max{(vp)§ (0), (up)s (t2)} 

< max{(vp)§ (ti), (F)s (t2)} 

= max{6. Up(t;), 6. Up(ty)} 

8. (Up)(t, * tz) = &. max{up(t,), Up(t2)} 


=> Up(t, * tz) S max{Up(t,), Up(t2)}. 


Hence B isa NCSU of Y. 
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Theorem 3.2.12 Intersection of any two neutrosophic cubic multiplications of a NCID B of Y is a NCID of 


Y. 


Proof. Suppose Bj‘ and Bu are neutrosophic cubic multiplications of NCID B of Y, where 6,5’ € (0,1] 
and 6 < 6’, as we know that Bs and Bal are NCIDs of Y. Then 


and 


(Cer)8! A Cer)§/) (tr) = rmin{(er)§' (tr), Cer) 9! (t1)} 
= rmin{ky(t,). 6, Kp (t,). 67} 
= Kr(ty).6 


(Cer)3 9 (Kr) 51) (tr) = (er) §'(tr), 


(CDS A CG) (tr) = rmin{ (13 (ty), (14) $1 (t.)} 
= rmin{k;(t,). 8, K;(t,). 67} 

= kj(t;).6 

(CKDS A C1) 87) (tr) = 3" (tr), 


(CKp)S A (icp) gr) (tr) = rmin{(Kp)§ (ty), (Kp) sr (t1)} 
= rmin{kp(t,). 6, kp(t,). 67} 
= Kp(ty).6 


(Ck) 59 (Kp) 5") (ty) = (kp)! (ty) 
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(Cor)! A (Up)gr) (tr) = max{(vy)§' (tr), (Ur) gr (t1)} 
= max{u7(t,). 6, up(t,). 6} 
= Ur(ty). 6 


(Cur)§ 9 (vr )gr)(ta) = (vr) gr (ta), 


(Cos N CUDs/ (ta) = max{(v F(t), (D5! (t1)} 
= max{u,(t,). 6, v;(t,). 6} 

= u(t). 6" 

(Cos 9 CDs (tr) = COD5' (ta), 


(Cup)S 9 (Ue) §) (tr) = max{(vp)$ (tr), (Fs! (t1)} 
= max{ug(t,). 6, Up(t,). 5} 

= Up(t,). 6” 

(Cup)S 9 (UE) 8) (tr) = (Ue) 5 (tr). 


Hence Bs! N Bar is NCID of Y. 


Theorem 3.2.13 Union of any two neutrosophic cubic multiplications of a NCID B of Y is a NCID of Y. 


Proof. Suppose Bj‘ and Bu are neutrosophic cubic multiplications of NCID B of Y, where 6,5’ € (0,1] 
and 6 < 6’, as we know that BS’ and Bar are NCIDs of Y. Then 


(Cer)S U (er) gr) (ta) = rmax{(Kr)F (tr), (kr) 37 (ta)} 
= rmax{ky(t,). 5, Kp (t,). 67} 

= Kr (t,). 6" 

(Cer)B" U Cor) gr (ta) = (ler) g7(ta), 


(Ce)B' U (Hei) g7) (ta) = rmax{(K,)§' (tr), (1) 5" (ta)} 
= rmax{k;(t,). 5, k(t, ). 67} 

= k,(t,). 6’ 

(CDS U Ce) 3/)(t1) = (ar (tr), 


(Ckp)§ U (Kp) 57) (ta) = rmax{(Kep)$" (ta), (Ke) 5" (ta)} 
= rmax{kr(t,). 5, Kp(t,). 57} 
= Kp(t,). 8" 


(Cee )B' U (Ke) 51) (tr) = Cee) 5/ (tr) 
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and 


(Cor)gi U (Urs) (tr) = min{(vy)§' (ty), (Ur)s (t1)} 
= minf{ur(t,). 6, vp(t,). 6} 

= vr(t,). 6 

(Con) U (Urs (ta) = (or)3 (ty), 


(ODS Y DSC) = min{(CYpF (ty), CDs! (t1)} 
= min{v;(t,). 6, vj (t,). 6} 

= u;(t,).6 

(ODS Y DS) (t) = CDS Ct), 


((op)S U (Up) sr) (tr) = min{(Up)F (ty), (Ves (t1)} 

= min{ug(t,). 5, vp(t,). 6} 

= Up(t,).6 

((up)§ U (Up) §/) (tr) = (vp) S(t). 
Hence Bs! U Ba! is NCID of Y. 
3.3 Magnified Translative Interpretation of Neutrosophic Cubic Subalgebra and Neutrosophic Cubic 
Ideal 
In this section, we define the notion of neutrosophic cubic magnified translation NCMT and investigate some 
results. 


Definition 3.3.1 Let B = (kpyp,UriF) be a NCS of Y and for ky;p, a, B € [[0,0], 7] and y € [[0,0], ¥], 
where for Ur;, a, 8 €[0,I'] and y € [0,£] and for all 6 € [0,1]. An object having the form BeaBy = 
{(kripeapy Uripeapy} is said to be a NCMT of B, when (kr) fig (ty) = 6. Wp(t,) + a, (11) 3g (ty) = 
S.K(tr) +B, (kp sy (tr) = 6.kp(ty) - y and (up)gig (t) = Sve(t,) +a, CUpsp (tr) = 5.vj(t) +B, 
(Up)Sy (tr) = 6. up(t,)-y forall t, € Y. 


Example 3.3.1 Let Y = {0,1,2} be a BF-algebra as defined in Example 3.2.1. ANCS B = (kyyp,Uryp) of Y 
is defined as 


oe Cea ift, =0 
Kr(ta) = [0.4,0.7] if otherwise 


_ /[0.2,0.4] ift, =0 
Ky (t,) = (eg if otherwise 


_ ([0.4,0.6] if t; =0 
Ke(ts) = Cos 0.8] if otherwise 


and 
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0.1 ift; =0 
t = 
vat) t 4 if otherwise 
0.2 ift, =0 
t,)= e 
vi(t) (j 3 if otherwise 
0.5 if ty = 0 
t — 
ve (ta) G 7 if otherwise. 


Then B is a neutrosophic cubic subalgebra, for vp;p choose 5 = 0.1,a = 0.02, B = 0.03, y = 0.04 and for 
KrF choose 5 = [0.1,0.4], a = [0.03,0.07], 8 = [0.04,0.08], y = [0.02,0.06] then the mapping 
B(O.4) apy) IY > [0,1] is given by 

M _ (0.04,0.19] ift, =1 
(Kr )f0.1,0.4] [0.03,0.07] (ti) = loge 0.35] if otherwise 


sii _ /(0.06,0.24] ift, =1 
(K1)f0.1,04] (0.04,0.08) (44) = (ro.09, 0.36] if otherwise 


Sa _ /(0.02,0.18] ift, =1 
(Kr)[0.1,04] 0.02,0.06)(t1) = (ro.03, 0.26] if otherwise 


and 
(P8.00e(6) = (0.6 iretherwise 
eoiaatto= 005 
(Up)oniooa(ta) = ae i SHerAiee 


which —_ imply (Kr) [0.1,0.4][0.03,0.07] (t,) = [0.1,0.4]. «p(t,) + [0.03,0.07] (1) [0.1,0.4][0.04,0.08] (ty) = 
[0.1,0.4]. kp (t,) + [0.04,0.08] ; (Kg){0.1,0.4]{0.02,0.06](t1) = [0.1,0.4]. «p(t, ) — [0.02,0.06] and 
(Ur) (0.10.02) (ti) = (0.1). vr (ty) + 0.02 , (Y1)(0.1y¢0.03) (1) = (0.1). vr(ti) + 0.03, (vE)(0.4y (0.04) (ta) = 
(0.1). vp(t,) — 0.04 for all t; € Y. Hence BM™ is a neutrosophic cubic magnified translation. 


Theorem 3.3.1 Let B be a neutrosophic cubic subset of Y such that for Kp;p, a, 6 € [[0,0],7] and y € 
[[0,0], ¥], where for vp;p, a, B € [0,F] and y € [0,£] and6 € [0,1] and a mapping BeagylY > [0,1] bea 
NCMT of B. If B is NCSU of Y, then Bsivg', is a NCSU of Y. 


Proof. Let B be a neutrosophic cubic subset of Y such that for Kp; p, a, 6 € [[0,0],7] and y € [[0,0], ¥], 
where for vr ip, o,B € [0,T'] and y € [0,£] and6 € [0,1] and a mapping ByagylY > [0,1] be a NCMT of 
B. Suppose B is a NCSU of Y. Then xkp(t, * tz) => rmin{kr(t,), ep (t2)} «(ty *t2) = 
rmin{k;(t,), kj (t2)}, Kp(t, * tz) = rmin{kp(t,), Kp (tt, ) } and vup(ty * tz) < maxf{ur(t,), vp(tz)}, uh * 
tz) S max{u;(t,), vj(ty)}, vp (ty * tz) < max{up(t,), vp(t2)}. Now 

(ep )Bi@ (ty * tz) = 6.ep(ty * tz) +a 


> 6.rmin{ky(t,), Kr(t2)} + a 
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and 


= rmin{6. Kr(t,) + a, 6. Kp (tz) + a} 
(iep)Gig (ty * te) = rmin{(Kr) Fy (tr), Cer )g a (t2)} 


(Kr)Siq (ty * to) = rmin{(Kp) sq (tr), (Kr)siq (te)}, 


(Ky)§ig (ty * tr) = 6.uj,(t, *t.) +B 

> 6.rmin{k;(t,), k;(t,)} + B 

= rmin{6. K)(t,) + B, 5.K,(t,) + B} 

(1) 5'g (tr *t2) = rmin{()§'g (ti), (sig (tz)} 


(psig (ty *t2)2 rmin{(i)§g (ti), (iq )eig (ta)}, 


(KES y (tr *t2) = 6. kp(t; * tz) —y 

> 6.rmin{kp(t,), Kp(t,)} —y 

= rmin{6. kp(t,) — y, 6. ke(t,) — y} 

(Kp) T (ty * to) = rmin{ (Kp) M7 (t,), (eM (t2)} 


(Kp)Sy (ty * te) = rmin{ (Kp) sy (t1), (Kp)sy (te) 


(ur )MT (ty # ty) = 6.up(ty * te) + a 

< 6.max{up(t,), vp(tz)} + a 

= max{6. vr(t,) + a, 6. up(tz) + a} 

(Ur Bia (tr * te) = max{(vr) Fg (tr), (Ursa (t2)} 


(Ursa (ty * tz) S max{(vp) sg (ti), Ur)s'e (t2)}, 


(up sig (ty *t,) =6.u,(t, *t.) +B 

< &.max{u;,(t,), v;(t2)} + B 

= max{6. v;,(t,) + B, 6. u;(t2) + B} 

(oDBp (ta * te) = max{(v)8F (t.), (ODE (ta)} 


(vp sip (tr * tz) S max{(yy)s'g (tr), (Usp (ta)} 


(Up)sy (ty * tz) = 6.vp(t, * tz) —y 

< 6.max{ug(t,), Up(t2)} —y 

= max{6. up(t,) — y, 6. p(t.) — y} 

(up)sy (ty * tz) = max{(up)sy (tr), (VE)By (t2)} 


(up)Sy (tr *t2) S max{(vp)§'y (ti), (vp) sy (ta)}. 
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Hence NCMT Béigy isa NCSU of Y. 


Theorem 3.3.2 Let B be a NCS of Y such that and for Ky; ,, a, 6 € [[0,0], 7] and y € [[0,0], ¥], where for 
vUryr, % B € [0,P'] and y € [0,£] and 6 € [0,1] and a mapping Byagy:¥ > [0,1] be a NCMT of B. If 
Bs‘agy is NCSU of Y. Then B is a NCSU of Y. 


Proof. Let B be a neutrosophic cubic subset of Y, where a,B,y € [0,¥], 5 ©€ [0,1] and a mapping 
Beagy:¥ > [0,1] be a NCMT of B. Suppose Big y = {(ke)$ apy UB)sapyt isa NCSU of Y, then 


5. up(ty * ty) +o = (ep) MI(t, * ty) 
> rmin{(Kr) ge (ty), (kr) sa (t2)} 
= rmin{6. Kp(t,) + a, 6. Kp (tz) + a} 


6. Kr(t, * t2) + a = 6. rmin{ky(tz), ep (t,)} + a, 


6. kj (ty * tz) +B = (q)sig (ty * tz) 
> rmin{(K)§'g (ti), (K1)3'p (t2)} 
= rmin{6. Kj (t,) + B, 6.«;(t2) + B} 


6. k,(t, * tz) + B = 6. rmin{k;(t2), Kj(t,)} + B, 


5. kp(ty * tz) —y = (kep)s'y (th * tz) 

> rmin{(Kr)s¥y (t1), (Kr) sy (t2)} 

= rmin{6. Kp(t,) — y, 6. Kp(tz) — y} 

6. kKp(t, * tz) — y = 6. rmin{kp(tz), Kp(t,)} — y, 

and 

5. Up(ty * tz) +a = (Up)giq (ti * te) 

< max{(vr) $e (ti), (Ur) $a (t2)} 

= max{5.u7(t,) + a, &.v7(t) + 


6. Up(ty * tz) +a = 6.maxf{u7(t2), vp(ty)} + a, 


5.0; (t, * tz) + B = (Up g (th * te) 
< max{(v,)§'p (ti), (psig (tz)} 
= max{6. vu, (t,) + B, 6. vu, (t2) + B} 


5. u(t * tz) + B = 6. max{uj(tz), v1(t1)} + B, 
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5. Up(ty * tz) —y= (Up)by (tr * ty) 
s max{(vp)é'y (ti), (up)sy (tz)} 
= max{6. Up(t;) — y, 5. Up(tz) — y} 


6. Up(ty * tz) — y = 6. max{ug(t2), Up(t1)} — y, 


which imply kp(t, *t,) = rmin{ky(t,), Kp(t2)} , Ky (ty *t2) = rmin{iy(t,), Kj(t2)} , Kp(ty *t2) = 
rmin{kp(t,), Kp(tz)} and u(t, * tz) S max{up(t,), vp (tz) },uj(t, * tz) S max{v;(t,), vj (tz) }vp(t, * tz) S 


max{v,(t,), Up(tz)} for all t;,t, € Y. Hence B isa NCSU of Y. 


Theorem 3.3.3 If B is a NCID of Y. Then NCMT Bf‘'gy of B is a NCID of Y for all Krjp, a BE 
[[0,0], 7] and y € [[0,0], ¥], where for Upp, a,B € [0,I] and y € [0,£] and 6 € (0,1). 
Proof. Suppose B = (Ky) p,U7,7) isa NCID of Y. Then 
(ier)$'@ (0) = 6.«7(0) +a 
= 6. Kp(t,) + a 
(ier)$'@¢ (0) = (Kr) Bie (tr), 
(qy)§ig (0) = 6.14,(0) +B 
> 6.K;(t;) +B 
(iqy)5ip (0) = (qgig (tr), 
(ip)§'y (0) = 6.Kp(0) — y 
> 6.kp(t,) —y 
(iep)B'y (0) = (ep)5'y (tr) 
and 
(Up)§q (0) = 6.U7¢(0) +a 
< d.ur(ty) + a 
(vp )§a (0) = (Ur) 8a (tr), 
(up sig (0) = 6.v,(0) + B 
< 6.0;(t,) + B 
(upsig (0) = psig (ty), 
(up)Sy (0) = 6.up(0) — y 
< 6.Up(t,) —y 


(URS y (0) = (Up)sy (t1) 
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and 


(Kr)Sa (ti) = 5. Kp(ty) +a 

> S.rmin{xp(t, * ty), Kp(ty)} + a 

= rmin{5. «p(t, * tz) + o, 8. Kp (tz) + a} 

(Kr)§q (tr) = rmin{(kr) sg (tr * ta), Cer )gg (t2)} 


> (Kr) so (ty) = rmin{(ep) sie (tr * te), (Kr) sia (t2)}, 


(13g (t1) = 5.1q(t,) +B 

> S.rminfi(t; * ty), Kj(t2)} + B 

= rmin{5.1(t; * ty) + B, 6.1;(ty) + B} 

(K1)Sig (ta) = rmin{ (Ky )sig (tr * ta), (gig (te)} 


> (iq) sg (tr) 2 rmin{(Ky)§'g (ty * ta), (Ky) 5'p (ta)}, 


(Kr) Sy (ti) = 5. ke(tr) —Y 

> d.rmin{xp(t, * ty), Ke(ty)} — 

= rmin{6. «p(t, * tz) — y,5.Kp(tz) — y} 
(Kp) Sy (tr) = rmin{(Kp) sy (tr * te), (Kp)sy (te) 


> (kp)sy (tr) = rmin{(Kp)sy (tr * te), (Kp )sy (t2)} 


(ur) MT (ty) = 6.vr(ty) + 0 

< §.max{u7(t, * tz), Up(tz)} + a 

= max{5.uz(ty * ty) + a, 8. U¢(t,) + a} 

(up )MT(ty) = max{(vp MT (ty * te), (CUr)MI (t)} 


> (Up) Sa (tr) S max{(Up) sig (tr * te), (Ursa (ta)}, 


(upsig (tr) = 6. vu, (t,) +B 
< 6. max{v,(t, Z: tz), Uy(t2)} + B 
= max{6. v(t, * tz) + B, 6. vu; (tz) + B} 


(vp sig (t1) = max{(v,)gig (tr * tz), (Usp (ta)} 
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= (vp sig (tr) S max{(v,)sp (tr * te), (VDsig (ta)}, 


(vey (t1) = 5. up(ty) —y 

< §.max{up(t, * tz), Up(tz)} —y 

= max{6. Up(t; * tz) — y, 6. Up(t2) — y} 

(vp sy (tr) = max{(up)sy (tr * te), (VA)sy (t2)} 

> (vp)sy (tr) S max{(up)sy (tr * te), Up)sy (t2)}, 


for all t,,t. € Y and all for Ky; ,, a, 6 € [[0,0], 7] and y € [[0,0], ¥], where for vpjp, a, B € [0,T] and ye 
[0,£] and & € (0,1]. Hence Bg'gy of B is a NCID of Y. 


Theorem 3.3.3 If B is aneutrosophic cubic set of Y such that NCMT BeaBy of B isa NCID of Y for all for 
Kryp, OB € [[0,0], 7] and y € [[0,0],¥], where for vpyp, a, 6 € [0,T] and y € [0,£] and 6 € (0,1], then 
B isa NCID of Y. 


Proof. Suppose NCMT B5'xg,, is a NCID of Y for some Kryp, «8 € [[0,0], 7] and y € [[0,0], ¥], where 
for Urrr, a, B € [0,T] and y € [0,£] and 6 € (0,1] and t,,t, € Y. Then 


5.k_(0) + a = (Kp) M70) 
> (ier) Gia (ti) 


6. Kp(0) + a = 6. Kp(t,) + a, 


5.11(0) + B = (eq) §g (0) 

> (sip (tr) 

5.«,(0) + B = 5.«,(t,) + B, 
5.kp(0) — y = (kp) sy (0) 


> (kp) sy (tr) 


6. kp (0) — y = 6. Kp(t,) —y, 


and 
5.u_(0) + & = (v_)M7(0) 
< (vp)§ ia (ty) 


6.U7(0) +a = 6.ur(ty) + a, 


5.0,(0) + B = (up sg (0) 
< (v1) Sip (ts) 


6.u;(0) + B = 6.u;(t,) + B, 
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6. uF(0) =F (vp)sy (0) 
< (vp) sy (t) 


5. Up(0) — y = 6.Up(ty) —y, 


which imply Kr(0) = Kr(ty),«;(0) = (ty), kp(O) 2 kp(ty) and v7r(0) S up(ty), 7) S vy(t), ve(O) S 


Up(t,). Now, we have 


and 


5. Xr (ty) + 0 = (er) MIC) 
> rmin{(Kp) sq (ty * te), (Kr )Sa (t2)} 
= rmin{6. Kr(t, * t2) + a, 6. Kp(t2) + a} 


6. kp(t,) + a = 6. rmin{kr(t, * tz), Kr(t2)} + a, 


5.) (t.) +B = OK) MF (ty) 
= rmin{(i)§g (ty *t2), (iq) g'8 (tz)} 
= rmin{6.K)(t, * tz) + B, 6.«j(t2) + B} 


6. k;(t,) + B = 6. rmin{k;(t, * t,), k,(t,)} + B, 


5. Kp(ty) —¥ = (kp) py (tr) 
=> rmin{(Kp)3y (ty * tp), (Kp)sy (t2)} 
= rmin{6. kp(t, * tz) — y, 6. Kp(t2) — y} 


6. Kp(t,) —y = 6. rmin{kp(t, * tz), Kp(t2)} — y 


S.up(ti) +0 = (orgie (tr) 
< max{(Up)$ iu (tr * te), (Vr) Su (ta)} 
= max{6. vr(t, * tz) + a, 6.U7(t2) + a} 


6. up (ty) + a = 6. max{ur(t, * tz), vr (t2)} + a, 
6.u;(t;) + B = (psig (tr) 

s max{(uj)§\g (t1 *t2), (vse (t2)} 

= max{6. v(t, * tz) + B, 6. vu; (tz) + B} 


5. u(t) + B = 6.max{uj(t * tz), vi(tz)} + B, 


5. Up(t1) — ¥ = (Up)sy (tr) 
< max{(vp)sy (ti * te), (Up)sy (t2)} 


= max{6. Up(t, * tz) — y, 6. up(tz) — y} 
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6. Up(t,) — y = 6. max{up(t; * tz), Up(t2)} —Y 


which imply Kp(t,) > rmin{kp(t, * tz), kp(tz)}, my (t,) = rmin{k;(t, * tz), Ky(t2)}, Kp(t,) = rmin{kp(t, + 


tz), Kp(tz)} and v(t) S max{ur(t, * tz), vp (ty) },u;(t,) S max{u;(t, * tz), vy(tz)},Vp(t,) S max{vup(t, * 


tz), Up(t2)} for all t,,t. € Y. Hence B isa NCID of Y. 


Theorem 3.3.4 Intersection of any two NCMT of a NCID B of Y isa NCID of Y. 


Proof. Suppose BeaBy and Berar ply’ are two NCMTs of NCID B ofY, where for Bugy >for Krpp OBE 
[I 0,0 L7),y € [I 0,0 1, ¥|, for Ur, % 6 € [0,T],y € [0,£] and for Bar ply! for Krpp a’, B’ € [I 0,0], 7], € 
[[0,0], ¥], for vrrp,a’,B’ € [0,T], y’ € [0,£]. Assume a<a’,B < By <y’ and 6 = 8’. Then by Theorem 


3.3.3, Begiay and Bg, X.,g),y, are NCIDs of Y. So 


(Cer) Sa O Cer )8) a) (ta) = rmin{(er)¥e (tr), Cer) $e (t1)} 
= rmin{6. K7(t,) + a, 6" Kp(t,) +0} 
= 6.Kp(t,) + a 


(Cer) Sie O (kr) 8 (tr) = (Kr) Sie (t), 


(CK) Sip 9 (1)8 (tr) = rmin{(Ky)§'g (tr), (1) § g(t.) } 
= rmin{6. K;(t,) + B, 6’. «(t,) + B} 

= 6.K,(t,) +B 

(CK) Sip 1 (3 (tr) = CKD sip (tr), 


(Ckp sy 9 (kp) gy )(tr) = rmin{(p)§'y (tr), (Ke) $, yr (tr) 
= rmin{5. Kp(t,) — y, 6. Kp(t,) — y} 
= 5’. Kp(t,) — y' 
(Oke sy 9 (kp) 8 y(t) = (ee)’S, yr (tr) 
and 
(Orso a) (ur) an(ty) = _ max{(Ur)$/¢ (ti), (ur)g witht 
= max{6. vp(t,) + a, 6’. up (ty) + a} 
= 6’.u7(t,) +0’ 
(CUp)sa A (UPS w(t) = (Up) srgr (ta), 


(ODss O (O)31 b(t.) = max{(UD sg (tr), (UDB B/(tr)} 
= max{6. v,(t,) + B, 6’. uv, (t,) + 8} 

= 6'.u,(t,) + B’ 

(CODE 9 ME) = DMT (ty), 
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(Cup)sy 9 (Up) gr yr (ta) = max{(vp)sy (tr), (Ag y(t} 
= max{6. up(t,) — y, 6’. up(t,) — y} 

= 6.up(t,) —y 

(WUn)sy O (UES y(t) = (URS y (tr). 


Hence Byagy 1 Bs'q'gry’ is NCID of Y. 


Theorem 3.3.5 Union of any two NCMT B#,, py ofa NCID B of Y is a NCID of Y. 


Proof. Suppose BeaBy and Baral ply’ are two NCMTs of NCID B of Y , where for By ays 
[I 0,0], 7],v € [I 0,0], ¥], for Upp, % 8 € [0,T],y € [0,£] and for Bar ply! ,for Krpp a’, B’ € [I 0,0], 7], € 
[[0,0], ¥], for vpyp,a’,B’ € [0,T], y’ € [0,£]. Assume a> a’,B > B,y>y’' and & = 6’. Then by Theorem 
3.3.3, BeaBy and Bye 1, are NCIDs of Y. So 


for Krrp, 6 € 


a’.py 
(Cer) Bie U Cer )S) ar) (tr) = rmax{ (Ker) 37 (tr), Cer) gr qr (tr) 
= rmax{6. Kr(t,) + a, 6’. Kp (t,) + a} 

= 6.Kp(t,) +a 

(Cer)§a U (Kr) gra (tr) = (kr) Sig (ta), 


(CKDSip UY Cay) srgr)(ta) = rmax{(1q) 3g (tr), (KDgrgr (ta) 
= rmax{6. k(t) + B, 5’. Ky (t,) + B} 

= 6.K;(t,) +B 

(CK) Sip U (3) (tr) = Ce sip (tr), 


(Cep)By U (iee)Br y(t.) = rmax{(Kke) Sy (tr), (ke) 5” y(t} 
= rmax{6. kp(t,) — y, 8’. Kp(t,) — y} 
= 6’ Kp(t1) — y'} 
COKE) U Ck dey (tr) = Cede yr (ta) 
and 


(rsa U Urs a(t) = min{(Uy) se (tr), (Urs aw (t1)} 


= min{6.v_(t,) + a, 8" v_(t,) + a} 


6’. up (t,) +0’ 


(Cur )Ba U (r)B a(t) = (rsa (ta), 


(Use U (US B)(ti) = min{(V,)§'p (tr), (DS, Br (t1)} 
= min{6. vu, (t,) + B, 6’. u,(t,) + B} 
= 6'.u;(t1) + B’ 
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(CODs's YU CDS, p(t) = CD5rgr (ta), 


(Cup)sy UY (FIs y/) (tr) = min{ (up) sy (tr), (VF)3r y(t} 
= min{6.up(t,) — y, 8. up(t,) — y} 
= 6.up(t,) —y 


(Urey U (UF)Sr yr) (tr) = (psy (ti). 


Hence Bs‘agy U BS: argryr is NCID of Y. 


Bry? 


4. Conclusion 


In this paper, we defined neutrosophic cubic translation,, neutrosophic cubic multiplication and neutrosophic 
cubic magnified translation for neutrosophic cubic set on BF-algebra. We provided the new sort of different 
conditions for neutrosophic cubic translation, neutrosophic cubic multiplication and neutrosophic cubic 
magnified translation and proved with examples. Moreover, for better understanding we investigated many 
results for NCT, NCM and NCMT using the subalgebra and ideals. For future work, translation and 


multiplication can be applied on neutrosophic cubic soft set and T-neutrosophic cubic set. 
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A new distance measure for trapezoidal fuzzy 
neutrosophic numbers based on the centroids 


Broumi Said, Malayalan Lathamaheswari, Ruipu Tan, Deivanayagampillai Nagarajan, 
Talea Mohamed, Florentin Smarandache, Assia Bakali 


Broumi Said, Malayalan Lathamaheswari, Ruipu Tan, Deivanayagampillai Nagarajan, Talea 
Mohamed, Florentin Smarandache, Assia Bakali (2020). A new distance measure for 
trapezoidal fuzzy neutrosophic numbers based on the centroids. Neutrosophic Sets and 
Systems 35, 478-502 


Abstract: Distance measure is a numerical measurement of the distance between any two objects. 
The aim of this paper is to propose a new distance measure for trapezoidal fuzzy neutrosophic 
numbers based on the centroids with graphical representation. In addition, the metric properties of 
the proposed measure are examined in detail. A decision making problem also has been solved 
using the proposed distance measure for a software selection process. comparative analysis has 
been done with the existing methods to show the potential of the proposed distance measure and 
various forms of trapezoidal fuzzy neutrosophic number have been listed out to show the 
uniqueness of the proposed graphical representation. Further, advantages of the proposed 
distance measure have been given. 


Keywords: trapezoidal fuzzy neutrosophic numbers; centroids; distance measure 


1-Introduction 

Zadeh introduced a mathematical frame work called fuzzy set [43] which plays a very significant role 
in many aspects of science. Intuitionistic fuzzy set is the generalization of the Zadeh’s fuzzy set which 
was presented by Atanassov [3]. Later, triangular intuitionistic fuzzy sets was developed by Liu and 
Yuan [22] which is based on the combination of triangular fuzzy numbers and intuitionistic fuzzy 
sets. The fundamental characteristic of the triangular intuitionistic fuzzy set is that the values of its 
membership function and non-membership function are triangular fuzzy numbers rather than exact 
numbers. Furthermore, Ye [38] extended the triangular intuitionistic fuzzy set to the trapezoidal 
intuitionistic fuzzy set, where its fundamental characteristic is that the values of its membership 
function and non-membership function are trapezoidal fuzzy numbers rather than triangular fuzzy 
numbers, and proposed the trapezoidal intuitionistic fuzzy prioritized weighted averaging 
(TIFPWA) operator and trapezoidal intuitionistic fuzzy prioritized weighted geometric (TIFPWG) 


operator and their multi-criteria decision-making method, in which the criteria are in different 
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priority level. Recently, Wang et al. [35] introduced a single-valued neutrosophic set, which is a 
subclass of a neutrosophic set presented by Smarandache [30], as a generalization of the classic set, 
fuzzy set and intuitionistic fuzzy set. The single-valued neutrosophic set can independently express 
truth-membership degree, indeterminacy-membership degree and falsity-membership degree and 
deal with incomplete, indeterminate and inconsistent information. All the factors described by the 
single-valued neutrosophic set are very suitable for human thinking due to the imperfection of 
knowledge that human receives or observes from the external world. For example, for a given 
proposition “Movie X would be hit,” in this situation human brain certainly cannot generate precise 
answers in terms of yes or no, as indeterminacy is the sector of unawareness of a proposition’s value 
between truth and falsehood. Obviously, the neutrosophic components are best fit in the 
representation of indeterminacy and inconsistent information, while the intuitionistic fuzzy set 
cannot represent and handle indeterminacy and inconsistent information. Hence, the single-valued 
neutrosophic set has been a rapid development and a wide range of applications [39, 40]. Ye [42] 
introduced the trapezoidal neutrosophic set and its application to multiple attribute decision-making. 
Cui and Ye [10], Donghai et al. [16], Ebadi et al. [17], Guha and Chakraborty [18], Hajjari [19], 
Nayagam et al. [25], Rouhparvar et al. [29], Wu [37], Ye [40], Zou et al. [45] and more researchers have 
shown interest on decision making problem using distance measures. Weighted projection 
measure, the combination of angle cosine and weighted projection measure,similarity measure, 
hybrid vector similarity measure of single valued neutrosophic set and interval valued neutrosophic 
set, outranking strategy, complete ranking, new ranking function have been introduced so far under 
fuzzy, intuitionistic fuzzy and neutrosophic environments and applied in decision making problem. 
The rest of the paper is organized as follows. In section 2, literature review is given. In section 3, basic 
concepts are presented for better understanding. In section 4, proposed a new distnace measure and 
its graphical representation, and derived its properties in detail. In section 5, new methodology is 
described for a decision making process using the proposed measure. In section 6, a numerical 
example is using the proposed methodology to choose the best software system. In section 7, 
comparative analysis has been done with the existing methods and various forms of trapezoidal 
fuzzy neutrosophic numbers have been listed out to ahow the uniqueness of the proposed graphical 
representation. In section 8, advantages of the proposed measure are given. In section 9, conclusion 


of the present work is given with the future direction. 


2-Literature Review 


The authors of, Ahmad et al. [1] proposed a similarity measure based on the distance and set theory 
for generalized trapezoidal fuzzy numbers. Allahviranloo et al. [2] contributed a new distance 
measure and ranking method for generalized trapezoidal fuzzy numbers. Atanassov [3] introduced 
intuitionistic fuzzy sets. Azman and Abdullah [4] proposed a novel centroid method for trapezoidal 
fuzzy numbers for ranking. Biswas et al. [6] solved a decision making problem using expected value 
of neutrosophic trapezoidal numbers. Biswas et al. [6] solved a decision making problem using 
distance measure under interval trapezoidal neutrosophic numbers. Bolos et al. [7] designed the 
performance indicators of financial assets using neutrosophic fuzzy numbers. Bora and Gupta [8] 
studied the reaction of distance measure on the work of K-Means algorithm Matlab. Chakraborty et 


al. [9] presented different forms of trapezoidal neutrosophic number and deneutrosophication 
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techniques. Cui and Ye [10] proposed logarithmic similarity measure and applied in medical 
diagnosis under dynamic neutrosophic cubic setting. Darehmiraki [11] introduced a new ranking 
methodology to solve linear programming problem. Das and De [12] introduced a new distance 
measure for the ranking IFNs. Das and Guha [13] introduced a ranking method for IFN using the 
point of centroid. Deli and Oztaurk [14] introduced a defuzzification method and applied in a 
decision-making problem for single valued trapezoidal neutrosophic numbers. Dhar et al. [15] 
indicated square neutrosophic fuzzy matrices. Donghai et al. [16] proposed a new similarity measure 
and distance measure between hesitant linguisticterm sets and applied the proposed concepts in a 
decision making problem. Ebadi et al. [17] proposed a novel distance measure for trapezoidal fuzzy 
numbers. Guha and Chakraborty [18] contributed a theoretical development of distance measure for 
intuitionistic fuzzy numbers (IFNs). Hajjari [19] conferred a new distance measure for Trapezoidal 
fuzzy numbers. Huang and Wu [20] presented equivalent forms of the triangle inequalities in fuzzy 
metric spaces. Liang et al. [21] proposed an integrated approach under a single valued trapezoidal 
neutrosophic environment. Liu and Yuan [22] prospected fuzzy number of intuitionistic fuzzy set. 
Llopis and Micheli [23] rectified a state of conflict in the sequence of input images. Minculete and 
Paltanea [24] introduced an enhanced estimates for the triangle inequality. Nayagam et al. [25] 
contributed a complete ranking of IFNs. Pardha Saradhi et al. [26] presented ordering of IFNs using 
centroids of centroids. Ravi Shankar et al. [27] developed a new ranking formula using centroid of 
centroids for fuzzy numbers and applied in a fuzzy critical path method. Rezvani [28] proposed a 
new ranking exponential formula using median value for trapezoidal fuzzy numbers. Rouhparvar et 
al. [29] introduced a novel fuzzy distance measure. Uppada [31] examined clustering algorithm using 
centroid clearly. Varghese and Kuriakose [32] proposed a formula to find the centroid of the fuzzy 
number. Wang [33] introduced geometric aggregation operator and applied in a decision making 
problem under intuitionistic fuzzy environment. Wang [34] proposed arithmetic aggregation 
operators. Wang et al. [35] introduced single valued neutrosophic sets. Wei et al. [36] introduced 
some persuaded aggregation operators under intuinistic fuzzy setting and applied in a group 
decision making problem. Wu [37] explained about distance metrics and their role in data 
transformations.Ye [38] proposed prioritized aggregation operators based on _ trapezoidal 
intuitionistic fuzzy concept and applied in a multi-criteria decision making problem. Ye [39] solved 
minimum spanning tree problem under single valued neutrosophic setting and its clustering method. 
Ye [40] proposed single valued neutrosophic cross entropy measure and applied in a decision making 
problem. Ye [41] introduced the expected Dice similarity measure and applied in a decision making 
problem. Ye [42] projected trapezoidal neutrosophic set and applied in a multiple attribute decision 
making. Zhang et al. [44] introduced interval neutrosophic sets and used in multi criteria decision 
making problem. Zou et al. [45] introduced a distance measure between neutrosophic sets as an 
evidential approach. From the literature, it is found that distance measure for trapezoidal 
neutrosophic numbers using centroids with its properties has not yet been studied so far. Hence the 


motivation of the present study. 


Hence, in this paper a new distance measure for trapezoidal fuzzy neutrosophic numbers based on 
centroids has been proposed with its metric properties in detail. Also the graphical representation is 


presented for trapezoidal fuzzy neutrosophic number. Comparative study also have been made with 
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the existing cases for both proposed distance measure and proposed graphical representation. 


Further advantages of the proposed distance measure are presented. 


3-Preliminaries 


Definition 1. [38] Let X be a space of discourse, a trapezoidal intuitionistic fuzzy set B in X is 


defined as:B ={(y,a,(v).By(y))|y <X }, where & (y)<[0,1] and B,(y)<[0,1] are 
two trapezoidal fuzzy numbers a, (vy )=(a5 (y),@5 (7). (v),@%5 (y )):¥ [0,1] and 
Bs (v )=(Bs (v),5 (v )- 45 (v),45 (v)):¥ [0.1] with the condition that 
0<ajz(y)+By(y)<L Vy eY. 


For Convenience, let Q, (y )=(a,b,c.d ) and B, (y )=(e.f.g./) be two trapezoidal 
fuzzy numbers, thus a trapezoidal intuitionistic fuzzy number (TrIFN) can be denoted by 


j= (a,b c,d ) (e J >Z,h )) , which is basic element in a trapezoidal intuitionistic fuzzy set. 
If b=c and f =g hold ina TrIFNj, whichis a special case of the TrIFN. 
Definition 2. [38] Let j, =((4,,b,,¢,.d,),(€:./1,81.4,)) and 


= ((a, vee Room: oe ) : (e, of 39825> h, )) , be two TrIFNs. Then there are the following operational 


rules: 
a (a, +a, —a,a,,b, +b, —b,b,,c, +c, -—c,c,,d, +d, -dd,), 
1. ] J2= 
: (C.62.f f22182Mh ) 
7 (GiGasD Ps:0 5.0 :0s)s 
. . (e, +e, -e2,, Aad fied OT ee et ee ee 
i-G-@  j--6. ¥ (1-2, y j-0-—2@,)"), 
ay a [rad One taay)\ 
(eee) 
(a}.b',c/,4?),(1-(1-e,)".1-(1-f,)’.1-(1-g,)’.1-(1-4,)' J, 
4. Mm, = Az0 


(I-01) 1-0-a) I 0-bY 1-0-1) 


Definition 3. [30] From philosophical point of view, Smarandache [30] originally presented the 


concept of a neutrosophic set B ina universal set Y , which is characterized independently by a 
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truth-membership function T, a y) , an indeterminacy membership function /, ( y) and a falsity- 
membership function F, (y). The function T, ( y) ple ( y) and F, ( y) in Y are real standard or 
nonstandard subsets of J] 0,I'[, such that 7,(y):Y>] OV J,(y):Y 701, and 
F,(y):Y >] 0,1. .Then, the sum of 7,(y),J,(y) and F,(y) satisfies the condition 


~O<supT7, ( y) +supl, ( y) +sup F;, ( y) <3". Obviously, it is difficult to apply the neutrosophic set 


to practical problems. To easily apply it in science and engineering fields, Wang et al. [35] introduced 
the concept of a single-valued neutrosophic set as a subclass of the neutrosophic set and gave the 
following definition. 


Definition 4. [35] A single-valued neutrosophic set B in a universal set Y is characterized by a 


truth-membership function T, ( y), an indeterminacy-membership function /, ( y) and a falsity- 
membership function F, ( y) . Then, a single-valued neutrosophic set B can be denoted by 


B ={(y.T, (v).L5 (y). Fe (v))]y eY} 


where, T, 


(¥).Lp().Fy(v) €[0.1] foreach y ¢Y . Therefore, the sum of T, (y),15(¥) and 


F, (y) satisfies 0 < T, (v)+J,(y)+F;,(v)S3. 


Let M ={(¥.Ty (v).Lur (y). Fur (»))|y er} and N ={(y,Ty(¥).Jy(¥)Fv Oy e¥} be two single- 


valued neutrosophic sets, then we the following relations [8,11]: 
1. Complement: )4° = ((y.Fu (y),1-Iy (y).Ty (y))|y E y}; 


2. Inclusion: MCN ifand only if Til) ie): Iy(y)2Ly(y) and Fy, (v)2Fy(y) for 


any yeY; 
3. Equality: M=N ifandonlyif MCN and NcM; 
4. Union: MUN ={(y,Tu(¥)v Ty (9) Lu (¥) A Ly (¥)- Fur (v) A Fy (¥))|y € ¥} 


5. Intersection: MN ={(y,Ty (v)ATy (¥) Lu (¥) Vv Ly (v) Fu () v Fy (y))|y eY}; 
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6. Addition: — 


7. Multiplication: mon-|(i (v) Ty (y) Lie () +I (9) Lun (Ly “ 


Definition 5. [42] Let Y be a space of discourse, a trapezoidal neutrosophic set H in Y is defined 


as follow: 


1 {lot )olulo)eFa(oNrer} where Ty()e [OA fy (o)eLOl] and F,(9)¢[O] ae 
three trapezoidal fuzzy numbers Ty, ()=(t!,(9)st3 (»)sth (») th (y)):¥ > [Ol], 

In (¥)= (in (v )sia (Yat (Y Jaén (¥))-¥ [0.1] and 

Fi (v)=(fa (vf (vehi (vf (v )):¥ [0.1] with the condition 


O<ti(y)+in(y tha (vy )S3.¥ EY. 


For convenience, the three trapezoidal fuzzy numbers are denoted by 


T, (v)=(a4b,c4), Iy(y)=(ef.g.h) and F,(y)=(i,j,4,/) . Thus, a trapezoidal neutrosophic 


numbers is denoted by m= (a,b, c,d),(e, f. eh) (ij, k,l), which is a basic element in the 


trapezoidal neutrosophic set. 


If b=c, f =g and j =k hold ina trapezoidal neutrosophic number , , it reduces to the 


triangular neutrosophic number, which is considered as a special case of the trapezoidal neutrosophic 


number. 
Definition 6. [42] Let_m, =((4,.2,.¢,,d,).(€..f- 81+) (isi 5/,)) and 


m, = ((a, Uilys, sie fox Basty )s (Gx doshas )) be two trapezoidal neutrosophic numbers. Then 


there are the following operational rules: 


F . +d, —a,a,,b,+b, —bb,,c, +c, -—¢c,,d, +d, — 
- mOm,= , 


(ee, fi hr 2i8oMh )s (tips jj kk lL ) 
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(a,4, DD, 9630 a, ), 


m, @m, = (e, +4; -46, i+ fo -Ajnbi tS: - 28k +h —hh,), ; 
Phi ip es Oh LU) 


(1-(-a,)'.1-(1-4)' 1-(I-4)'1-(1-4,)'), 


3. Am = 
m, (7, Boe i 


,A>0; 


(ai,b/,c!,d#), 
mi =( (1-(1-¢)',1-(1- 4)’ .1-(1-2,)',.1-(1-4)"), 420 
(1-(-1)'.1-(-4).1-@-4)*.1-0-1)) 
Definition 7. [18] Let P and Q be the intuitionistic fuzzy sets with membership functions 
Lp Cae (x), non-membership functions Vp (x),Vp (x) and hesitation degree 7p (%)5%5 (x). Then 


the normalized Hamming distance is 


+|z» (x,)— 29 (x,) 


D(P.Q)= 5-9 [to (3) Ha (%1)) + (25) vo) 


And the normalized Euclidean distance is 


(x) +(¥e(%)-¥o(a)) #(ze(%)-70(%)) | 


Definition 8. [17] Consider the real values r, i=1,2,3,...6 and if KS Shs <% then the 


following results are true. 


Ve max ty %5} Smarr tafe} 
2. max {7, +h K+, %, +r7,} < max {7,,7,,7;}+max{7,7%,7%} 


Definition 9. [34] For any real numbers ts, 207= 12,68? the Euclidean distance is defined as, 


a Vp d Yp d Yp 
oe 2 Pp Pp Pp 
*') and satisfies the condition that be +8) 7 exo (E@) ‘ 
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Definition 10. [42] Let_m, =((4,.b,.C)+4p)s(€p>Sp»Sp-Mp)o(ip-Jp>Kpolp))»P =12.3,.40 be the 


trapezoidal fuzzy neutrosophic numbers then the trapezoidal fuzzy neurosophic weighted geometric 


operator is defined by 


TFNWG(m,,m,,...,m,) =m, @m? @mP @...@m 


p=l p=l 


-(( flere. 1 [ T(-e,)”.1-T 10-7)” 1-TH( s,)"1-T]0-4,)” } 
p= p= p= p= aa = 


p=l p=l p=l 
where, Q,, Dy 5..-5@, ALE the weight vectors and the sum of the weight vectors is 1. 


Definition 11. [9] Graphical representation of trapezoidal neutrosophic number 


Figure 1. Graphical representation of Trapezoidal neutrosophic number 


Figure 1 shows that graphical representation of trapezoidal fuzzy neutrosophic number can be 


done in different ways. It is a linear trapezoidal neutrosophic number. 
4-Proposed Distance Measure for Trapezoidal Fuzzy Neutrosophic Number 


Here we propose a new distance measure for trapezoidal fuzzy neutrosophic number based on 
centroids. Firstly, individual graphical representation proposed measure is presented here with the 
individual representation of truth, indeterminacy, falsity membership functions and trapezoidal 


fuzzy neutrosophic fuzzy number described by Figure 2-Figure 6. 


Centre point of the object is called centroid. It should lie inside the object. At this point, the three 
medians of the triangle intersect and is termed point of intersection. Centroid is the average of 
coordinate points in X axis and Y axis of each vertex of the triangle. Centroid is the fixed point of all 


linear transformation which maintains length in translation, rotation, glides and reflection. 


The centroid of the truth, indeterminacy and falsity trapezoid is treated as a balance point for the 
trapezoid. The centroid of each part are estimated using the calculation of centroid and the simple 
area and this combination will generate a triangle. Also the distance is measured from the centroid 


of all the parts to X axis and Y axis. Here the area of all the parts are multiplied by the distance and 
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find their sum to get the total value. And the sum of the products of the area and distances is divided 
by the total area and obtain the centroid of circumcentre described by x and y point. Since centroid 
based distance measure may be derived using Euclidean measure, here it is obtained from the 


circumcentre of the centroids and the authentic point for the trapezoidal fuzzy neutrosophic number. 
T(x) 
A 


1 


(é) a a, a, a, 1 


Figure 2. Truth membership function of trapezoidal fuzzy neutrosophic set with centroid 


0 1 T;, (x) 


Figure 3. Truth membership function of trapezoidal fuzzy neutrosophic set 
Suppose n= ((a, iy thy a,), (b,,D, Pili) (a a On OF )) be a trapezoidal fuzzy neutrosophic 
number. Based on the literature (Y. M. Wang et al. On the centroids of fuzzy numbers), we can get the 
centroid point on = (x! (n), y (n)) of the truth membership function of trapezoidal fuzzy 


neutrosophic number 71. 
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I ” fd + ik x-ldx + | : a as 


a 


a,a, —a,a, 
ee 4, 
(a, +a,)—(a, +a,) 


x, (A) 


=—[a,+a,+a,+a,- 


{. ( Le Vd 
yo er Br Bedi ai, 


Vo (”) = [, (et -sh ay 3 (a, +4,)—(a,+4,) 


T,(x) 


_ 
x 


Figure 4. Indeterminate membership function of trapezoidal fuzzy neutrosophic set with centroid 


t a 
1 I,(x) 


Figure 5. Indeterminate membership function of trapezoidal fuzzy neutrosophic number 
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we can get the centroid point O' = (x! (n), y, (n)) of indeterminacy membership function of 


trapezoidal fuzzy neutrosophic number 71. 


by Ld by ld by Ry 
i eet | ela | ee b,b, —bb, 
x, (1) = b, by by = [b, +b, +b, +b, - iF 
\, fiide+ | Ide+ i, fidx (b, +b,)—(b +b) 
E ( L_ ad 
y, (A) = a on i: 
(b, + b,) — (6, +b,) 


2) 
L 

J(gr-grdy 3 

Similarly, we can get the centroid point O" = (x) (n), y, (1)) of falsity membership function 


of trapezoidal fuzzy neutrosophic number 71. 


Cy L C3 C4 R 
— I, fede | x-lde+ | xfds 1 = Oe: 
x) (ft) = — = - =-[c,+¢,+¢,+¢,- 1 
[o fede [des [" fax (c, +¢;)-(G, +4) 
1 
eS gr-gndy 4 a 
y=", —, = 1l4 
(c,+¢;)—(¢, +¢,) 


= Jo: Z 
J(ge-gnay 3 


Ty (x), Li, (x), 
Fy (x) 


ie) a1 cy C2 A, b, C3 b2 43: Ca D3 agg 1 *¢ 


Figure 6. Trapezoidal fuzzy neutrosophic number with circumcentre of Centroids 
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In the above figure 5, the red dot represents the center of gravity of the triangle consisting of O', O' 
,and 0". According to the coordinate formula of the center of gravity of the triangle, we can get the 


coordinates of red dots O = (x(f), y(”)) 


_ x, (A) +x, (A) +x; A) 


x(n) A 


dd, —a,a, 
+a,t+a,+ 
1 La ag hota (a, +a,)—(a, +a,) 
2 ehh ab eb, coal aa ee ee ee ce 
(b; +b) — (0, +0;) 3 (CFG) (G+ e;) 


. oy Db ;-DD ei ie; 
= (a,+a,)—(a,+a,) (b,+6,)-(6,+6,) (c,+¢,)-(¢,+¢,) 


(y-2O+y.A+y @ 
3 


aie a, —a, renee b, —6, iS fis C,-6, 
- 3 (a, +a;)—(a, +4,) 3 (b, + b,)—(b, + 6,) 3 (c,+¢,)-(q +¢,) 
3 
z lis4 a; —a, b, -b, C,-C, 
9 (a, +a,)—(a, +a,) (d, +b,)-(b,+6,) (Fey (G FG) 


Definition1: Let 71, = ((digty.aeG,) (0.03 bud)) (Gsewese,)) and 


n, = 


((e, C5583, e,), hetateil (g,. 25,2324 )) be two trapezoidal fuzzy neutrosophic 
numbers, and their centroids are O, = (x(i,), v(7,)), O, = (x(%i,), v(H, )) Tespectively, then the 


distance between 7, and j, is 


. . . . . . a,0; - 4,0, ee; 2, 
dia : dt : de de Lf dé ‘G +a,)-(a, +d)) (e, +e,)-(@, +,) 
( b,b, — bb, Sif - Sh, = C43 O1€y 8483 — 818) Pr 
D(ii,,f,) =~ (b, + b,)—(, +b,) (it h)-GAth) (c,+¢,)-(¢, +c) (g,+8;)-(g, +g) 
2 ‘a aa; — Aa, _ €4€; — &C, b,b, bb, a SS -Sih ) 
(a, +a,)-(a, +4,) (e,+¢,)-(@ +) (b, +b) -(, +8,) Gatto + fy) 
Cyl ~ OC 8483 ~ 8182 Pr 
(g,+83)—(8, + 8) 


(C46) Het) 


Theorem 1: This distance D(a, ty ) of 7, and 7”, fulfills the following properties: 
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1. OS D(f,,7,) <1; 

2. D(i,A,)=0 ifandonlyif a, =A,,i¢, a, =e, b,=f and c,=g, hold for i=1,2,3,4; 
3, D(ii,,#,)=D(A,,A,). 

4. If ny st, &N, are the trapezoidal fuzzy neutrosophic numbers then 

D(ii,,7,) < D(H,,7, )+ D(/,,7, ) 

Proof 


1. Itis easy to prove 0< D(ii,,7,) . In addition, it can be seen from figure 1, the maximum distance is 
the distance between the point (0,0) and the point (1,1), or the point(0,1) and the point (1,0), 
assume the coordinates of centroids of #, and #, are O, and O,, and O, =(0,1) and 
O, =(,0), or O, =(1,0) and O, =(0,1), Or O, =(0,0) and O, =(1,1), Or O, =C,1) and 


O, =(0,0), then the D(i,,#,)=1, otherwise, D(i,,fi,)<1, thus 0< D(i,,7,)<1. 


2. if A, =fi,,1e., a, =e; b= f, and c, = g,, then 
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————————————— Ss... 
4 4 4 4 4 4 
a,a,—-aa a,a,—-aa 
[ya,+ b+ 6-Ya-¥b-Yc,-( 4s — 4) 443 44) 
i=l i=l i=l i=l i=l 


i=l (a,+4,)-(a,+4,) (a,+a,)—(a, +a,) 


_7byb,-55, 8b, - 8, 7 Cxlg~ Cy Lgl CYC .; 
Dii i ee (b, + b,)-(b, +b,) (b, + b,)-(b, +b,) (CFC )J-(G4+¢;) (CFG) (66, 
eae 20 aa,-aa, 4,4, ~ 4,0, : b,b,-bb, bb, - BD, 
(a,+4,)-(G,+0,) (a, +4;)—-(a,+4,) 


(D, +b,)-(b, +b,) (D, +b,)-(b, +b,) 
C,C; —C,C, C4C, —CC, 


(Cc, HOH, +¢,) : (Cy +¢,)=(¢ +¢,) 


=0. 


D(i,,7i,) =0),, then 


4 4 4 4 4 4 

a,a,—aa €,€, ee 

Aee3 1:2 4™3 12 
[Da + 2 b+) G »4 Dw »8i ( ar ee 
i=l i=l i=l i=l i=l 


i=l (a,+a,)-(a,+4,) (e, +e,)-(, +4) 
( b,b, — bb, Libs — Sih C gly Ges §483 — §182 2 
(6,+6;)-(6,+5,) (A+h)-“AtSA) (C,+¢,)-(.+¢,) (g,+83)-(8,+2)) 
+{( aa, — 4,4, _ C4€, — E€> b,b; — 5b, _ Sihs-Sihs ) 
(a,+a,)—(a,+a,) (e,+e;)-(@ +e) (6,+6,)-(,4+5,) (A+h)-“AtSh) 


C40, — CC, §483 — 8182 2 


(4G)—(G4G) (e,+2)-@+8,) 


Thus, 
4 4 4 4 4 4 a,0,—a,a €,e, —@e 
GES DAY OV ERY fay pe ee 
2 2 2 2 2 2 (a, +4;,)—(a, +4) (e,+e;,)—(e, +e) 
Zi b,b, — bb, Sib = Sihr C43 —C,€o §483 — 8182 


GG). Gee. Greece) Gee ey 
= 0, 


a4a, — 4a, = €4€3 — €y yA b,b; — bb, = fads “hh ) 
(a,+a,)—(a,+4a,) (e,+@;)-(4 +2) (b, +b,)—(b, +5,) (fg + J) -—h +2) 
C40; — CC, 


a §483 — 8182 
(6,+¢,)—(G +,) (g,+2;)- (2, +2) 
=0, 


thus 
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OG GG, 9 Ge, 
(a,+4,)-(a,+4,) (e,+e,)-(@ +e) 
b,b, — bb, a fihs a fits = 
O,4b)-G4h) GAn-Gth ~ 

C4lz — CiCy 8483 — 8182 


(C, a) aa (5) +C,) (g, +E) (ey +2)) ae 


thus 


a,=e, b=f, c,=g,,thatis 4, =A,. 


3. Since, 


4 4 4 4 4 4 
Z0:-aa €,e,—ee 
4*3 aba) 43 Le? 
Lat Dot a2 =D.) 26 a 
i=l i=l i=l i=l i=l i=l 


(a,+a;,)—(a,+a@,) (e,+¢,)—-(e, +2) 


~( b,b, ~ bb, SAS; 2 i ae MB ____ 8483 ~ £18) 2 
(6,+5,)-G,+5,) Gath)-Gth) (ate)-(Gte) (g,+8,)-(2,+ 8) 
A,a, — aa, €4€, — Geo ee b,b, —b,b, Sids— Sih ) 


(a,+a,)—(a,+4,) (e,+2)—-(, +8) (&+b)-G 4b) Gth-Gth) 
Ce GS = §483 — 18 2 


(c, FE IAG CS) (2; +o) ( 8; +2) 


_< + + + - + e,€; —@,e5 a,a,—a,a, 
“Lhe + Lad +28 “2a “2 - i=l id ne +¢@,)—(€, +) A (a, +a,)—(a, +a) 
2 fits —Sihr i= b,b; — bb, = 483 — 8182 - Ci GS 2 
(fit h-AtA) (,4+5)-G +4) (84+ 83)“ (it 82.) (Cy tes)-(G +e) 
€4€3 — GE A4a, ~ BA, )+( Sih —Sh b,b; — bb, ) 


(e,+e;)-(@ +e) . (a, +4;)—(a, +4) 


Lt f-Gth) (by +b)-@+4,) 
§483 — 8182 _ C4C, — CC, 2 
(g, + 2,)-(g, +2,) (cy Pee, +€,) 
then D(fi,,i,)=D( fyi). 


4. Using Def. 8, we can prove (4). 


Let, =(( a), 5@;50,),(Bi, ysBysD, ) 3 Gse,c4,€4)) s 


ny = ((€,,2)5€;5€4) (Ao fas Sao Sa) (81s 82» S398a)) and 
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A, = ((Fisdosdssda)s Ao ks Kak ); (sdssbels)) are the three trapezoidal fuzzy neutrosophic 


numbers then D(ii,i, ) < D(ii,,i, ) + D(,,n,) 
Using the results we have, 


D(n,, 73) 


sy ( a4, — aa, — Iadsa ihe 


4 4 4 4 4 
a) DADE: ji k, ee ee 
d 2 d py py i=l (Gy :0,)=(G;+a;) GAG I-GE I) 


Ly bb, — bb, —_ kiyks ~ hk, = et ee ed a LA hl, Ni 
atk (6, +5,)-(6,+5,) (k,+4,)-(k,+4,) (c,+¢,)-( te) @+4)-G+h) 
9 4,4, — aa, —— Sad3 Sidr b,b, — bb, _ Kk, —kk, ) 


(a4,+a4,)-(4,+4,) G,4+7,)-Gt+s) (b, +.b,)-(b,+5,)  (k,+k,)-(k,+k,) 
( C4, — CC, _ Ld, = hl, Ne 
(Cheers). aU eh) 
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4 4 4 4 4 4 4 4 4 4 4 4 
oa, +>°b, +c, -Yie - Ds ->° 2, +>°e +h +> 2, —- di, — Dk, -> 1, 
i=l i=l i=l i=l i=l i=l i=l i=l i=l i=l i=l 


i=l 


a,a3 — 4a, €4€3 — Ey €4€3 — Ey Jad3 —IiJo 
(a,+4,)—-(a,+a,) (€,+e,)—(e,+e,) (e,+e,)—(e, +e) Gat d3)-Git J.) 
[( b,b, —bb, Sats —Sih ) ( Sits —Sih kk, —kk, y| 
(6, +b,)—-(6, + 6,) (f£,+ f)-G@4+ 4) (f£,4+ f)-(f,+ 4) (k,+k,)—(k,+k,) 
< 1 ( C403 — OCy 8483 — 8:82 8483 — 8:82 LL, —LL, ye 
9 (c, +¢e,)—(e, +¢,) (g,+ 2;)—-(2,+ 28>) (g,+ g,)—-(2,+ g,) (,+4)-G+4) 
{[( 4,43 — 4,4, €4,€3; — Gn + €4€3 — Ey Ids ~SiJo y| 
(a,+a,)—(a,+a,) (e,+e,)—(e,+e,) (e,+e,)-(e,+e,) Gyt43)-Gits) 
[( b,b; —bb, Sats = Sits jC Sits —Shito kk; —k,k, y] 
(6, + b,)—-(b, + b,) (f,+ f)-G4+ 4) (f+ f)-G,4+ fA) (k,+4,)—(k,+k,) 
( C403 — CC &483 — 8182 &483 — 8182 Ll, —4l, yh 
(cy +¢;)-(C, +6.) (844+ 83)-(8,4+ B) (24+ 23)-(2,.+2.) (44+4)-,4+4) 
l 4 4 4 4 4 4 4 4 4 4 4 4 Tk 
(oa, +>), +c, -Ye -Vf ->g, +e, +> f +) g, -Yi, ->ik, ->i), 
i=l i=l i=l i=l i=l i=l i=l i=l i=l i=l i=l i=l 
i a,a, — 4a, _ €4€; — &€, = €4€; — 2, _ JaJs ~Sido 
(a, +a4;)-(a, +d,) (e, +6) (6, +,) (e,+e,)—(e,+e,) Git I i) 
a b,b, —b,b, _ bibs —Sihr \=( Libs = Sihr = kk; — hk, )I 
(b, + b,)-(b, + b,) (yO fy) (ia) = Gt 5) (k,+k,)—-(k,+k,) 
< Ty |, C4, ~ QC, _ 8483 — 818) ~ 8483-88. ls -NL ye 
9 (GAG; )=(Gt<,) (g,+2;)-(g,+2;) (g,+2;)-(g,+ 2) Gaia G +b) 
[( 4,4, — aa, = €4€; —&€, €4€; — 2), = Jad Sidr 
a,+a,)—-(a,+a e,+e,)—-(e,+e e,t+e,)—(e,+e + j3)-QtJ 
(4,+4,)-(4+4,) (€,+@)—-(e+e) (,+e)-+e,) GytA)-G+4) 
AG b,b, —5,b, _ Sih -Sh, y+ fh, -Sih; = kk, ~hk, | 
(b, + b,)-(b, +) +f )-G4+f) (+ f,)-C+ fy) (k,+k;)—-(k,+k,) 
J Css — 8483 ~ 818 % 8183-88. als - Ad, yy 
L (Gj #6,)—(6+¢;) (g,+.2;)-(2,+ 2) (g,+.2;)-(8,+ 2) G+ )-@ +h) | 
y y y y y y d,a, -a,a, €,€; —@e, . 
[ a, + b, + Cc; — e;, — hfe £5 (ee 
| = i=l i=l i=l i=l (aa) (a ras) lephe) —(e e;) 

-( bbs-bb, Saf ths yal Calg3~ G0, 8483 818 2 
oh (OF) HMO- DL) ek ie ME reVG ac): (eet e. (e485) 
“9 +{( a,Q, — Aa, = €4€; — &€) yC b,b, — bb, _ Sih his ) 

@Fa)-(G+ay (ere) =e Fe) (bed) bts) Ut fo UF i) 
C,C, —C,C £42; — £2 
+( 4°3 172 pa 453 162 yr 


Cte JAG FG) (+8) -(e 83) 
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: : : ae : €4€; — Gp Jads= Sid2 i 
Ree Delite Beli he Ba feta) Gok) Uit h) 
( Sih = tih, Kk, — kk, ) £483 ~ 8182 Ll, —1b Pr 
i (at h)-G thy) (k,+k,)-(k,+k,) (g,+23)-(g,+ 8,) (7, +4)-( +1) 
9 F 23-8 Sud ~ Sida )+( Lifs-fih aks ih ) 
(e,+¢,)—(e,+e) 4+ Js) -Git J) (t+ h)-Gthy) (k,+k,)-(k,+k,) 
8483 ~ 818 Ww 
(g,+8;,)-(g,+8,) @+4)-G +4) 
Using Def.9 we have, 
+ 4 ~ a,a, —a,a, €,2; — Ce, 
et YD 2 dale Be aad), @ae)e 0a) 
=f bibs- bb, Sa th, ‘2S C403 =p 8 483 ~ 8182 2 
il (b, +b;)-(6, + ,) rij Gey) (Cy +0;)-(C, +¢)) (g,+8;)-(g,+2)) 
ig i aa, — aa, 43 — && var b,b, - 5b, - LA -hh ) 
(a,+4,)-(4,+4,) (e,+@)-(@ +e)  (b,+8,)-( +8) (t+ h)-Ath) 
+( a Ne a — 8483 — 818 2 


(c, Cs) UC, +¢,) (g, +os)-(8; +g,) 


4 


’ : : oy €4€; — 1€) JsJ3—hib2 
Bet Behe Bi Dd Bh Bh Ge tet) Gti Gt bd 
ef Lh-Sh asks nh a 8183-88 ys hb pr 
gh | Gat Ad Git hd Kithy)-Githy (ey +8s)-(8i +8) Gt4)-G th) 
9 4 C423-8@) Sad 3 Sida )+( Lif = Sih, kk hh, ) 
(e,+e)-(@4+@) Gti)-Gth) Athy-Ath) (kytk)-k+4) 
8483 ~ 818 Il, —L ly )p 


(g,+2,)-(g. +25) (y+h)-( 44) 


< D(f,,7, )+ D(%,, 7, ) and hence the result (4). 


5- Decision Making method based on new distance measure based on centroids 


In this section, we establish an approach based an trapezoidal fuzzy neutrosophic number weighted 
geometric arithmetic operator and a new distance measure based on centroid to deal with trapezoidal 
fuzzy neutrosophic information. The proposed approach is described as follows. 

Step 1: Apply trapezoidal fuzzy neutrosophic number weighted geometric arithmetic operator [39] 
to find the aggregated trapezoidal fuzzy neutrosophic numbers for all the alternatives. 

Step 2: Use the proposed distance measure, find the distances between all the alternatives and the 


ideal trapezoidal fuzzy neutrooshic number 
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Step 3: Rank the alternatives in which smaller value of distance indicate the best one. 
Step 4: End 


6- Numerical Example for the application of the proposed distance measure 


In this section, a numerical example of a software selection problem and the aggregation operator 
called trapezoidal neutrosophic number weighted geometric averaging operator are get used from 
Ye [39] for a multiple attribute decision making problem is contributed to exhibit the application and 
effectiveness of the proposed distance measure under trapezoidal fuzzy neutrosophic environment. 


For a software selection process, consider candidate software systems are given as the set of five 


alternatives s5,.5,,5,,S,,S, and the investment company need to take a decision according to four 


criteria: (i). the contribution to organization performance, (ii). The effort totranform from current 


system, (iii). The costs of hardware/software investment, (iv). The outsourcing software deneloper 


reliability denoted by c,c,,c,,c, respectively with the weight vector ,,-(0,25,0,25,0.3,0.2)' - The experts 


evaluate the five alternatives with repect to the four criteions under trapezoidal fuzzy neutrosophic 


environment and thus we can form the trapezoidal fuzzy neutrosophic decision matrix: 


Table 1: Decision matrix using trapezoidal fuzzy neutrosophic numbers 


0.4,0.5,0.6,0.7),(0.0,0.1,0.2,0.3),(0.1,0.1,0.1,0.1) 
0.3,0.4,0.5,0.5),(0.1,0.2,0.3,0.4),(0.0,0.1,0.1,0.1) 


 (( ) 0.0,0.1,0.2,0.3),(0.0,0.1,0.2, 0.3), (0.2,0.3,0.4,0.5 
(( )) 
((0.1,0.1,0.1,0.1),(0.1,1.1,0.1,0.1),(0.6,0.7,0.8,0.9) ) 
(( ) 
(( )) 


0.2,0.3, 0.4, 0.5),(0.0,0.1,0.2,0.3),(0.0,0.1,0.2,0.3 
0.0,0.1,0.1,0.2),(0.0,0.1,0.2, 0.3), (0.3,0.4,0.5, 0.6 


—> aa 


S 
ll 


’ 


) 
}; 
) 
) 


oe 


(0.7,0.7,0.7,0.7),(0.0,0.1,0.2,0.3),(0.1,0.1,0.1,0.1) 
0.0,0.1,0.2,0.2),(0.1,0.1,0.1,0.1),(0.5,0.6,0.7,0.8) 


)) 
)) 
)) 
0.4,0.5,0.6,0.7),(0.1,0.1,0.1,0.1),(0.0,0.1,0.2,0.2) ) 
0.4,0.4,0.4,0.4),(0.0,0.1,0.2,0.3),(0.0,0.1,0.2,0.3) ) 
) 
)) 


— 
eS SS —_~ SE OE~ I~. 


((0.3,0.4,0.5,0.6), (0.0,0.1,0.2,0.3),(0.1,0.1,0.1,0.1)) ((0.3,0.4,0.5,0.6),(0.1,0.1,0.1,0.1),(0.1,0.2,0.3,0.4) 
((0.0,0.1,0.1,0.2),(0.1,0.1,0.1,0.1),(0.5,0.6,0.7,0.8)) ((0.3,0.4,0.5,0.6),(0.0,0.1,0.2,0.3),(0.1,0.1,0.1,0.2) 
((0.2,0.3,0.4,0.5),(0.0,0.1,0.2,0.3),(0.1,0.2,0.2,0.3)) ((0.1,0.2,0.3,0.4),(0.1,0.1,0.1,0.1),(0.3,0.4,0.5,0.6) 
((0.2,0.3,0.4,0.5),(0.0,0.1,0.2,0.3),(0.1,0.2,0.3,0.3)) ((0.1,0.2,0.3,0.4), (0.1,0.1,0.1,0.1),(0.1,0.1,0.1,0.1) 
((0.6,0.7,0.7,0.8),(0.1,0.1,0.1,0.1),(0.0,0.1,0.1,0.2)) ((0.1,0.2,0.3,0.3), (0.1,0.2,0.3,0.4), (0.2,0.3,0.4,0.5) ) 


Here we used the developed method to obtain the best software system(s) and it is described as 
follows: 


Step 1: Using trapezoidal fuzzy neutrosophic weighted geometric operator in Definition 10, get the 


ageregated trapezoidal fuzzy neutrosophic numbers of 7,,/=1,2,3,4,5 for the software system 


S,, i= 1, 2, 3, 4, > as follows: 
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n, = ((0.0000,0.2985,0.4162,0.5244 ,(0.0209,0.1003,0.1809, 0.2639),(0.1261,0.1745,0.2266,0.2836)) 
0.0000, 0.2458, 0.2919, 0.3798 ), (0.0563, 0.1262,0.1984, 0.2739 ),(0.1879, 0.2944, 0.3717,0.4743 


) 

n, =( )( )( 

n, = ((0.0000, 0.1599, 0.1888,0.2545), (0.0464, 0.1000, 0.1566,0.2162), (0.3437, 0.4502,0.5424, 0.6655 
( ).( )( 
( )( )( 


nN, = ((0.2833,0.3885,0.4807,0.5658 ), (0.0464, 0.1000,0.1566,0.2162),(0.1480,0.2276,0.3109,0.3 109 


n; =((0.0000,0.2912,0.3756, 0.3910), (0.0760, 0.1210, 0.1690,0.2208 ),( 0.1958, 0.3012,0.3877,0.5020 


)) 
) 
)) 
) 


Step 2: Use the proposed distance measure and find the distance between all ,,, ;=1,2,3,4,5 and 


the ideal trapezoidal fuzzy neutrosophic number 72j4¢,; 


= ((1,1,1,1),(0,0,0,0),(0,0,0,0)). 


The obtained distances are as follows: 
D(n,,1) =0.1712 =D, 
D(n,,/) = 0.1276 = D, 
D(n,,1) = 0.1000 = D, 
D(n,,1) = 0.1280 =D, 
D(n,,1) = 0.1246 = D, 


Step 3: Find the best alternative by considering the smaller value of the distance as the smaller value 


of distance indicates the best one. 
Using step 2 it is found that, D,>D,;>D,>D,>D, and from the ranking order, S,is the best is 


the best software system. 


7- Comparative analysis for the proposed distance measure and graphical representation 
In this section, a comparative study is made to show the effectiveness of the proposed distance 
measure with the existing methods and to show the uniqueness of the proposed graphical 


representation. 


Table 2: Comparative analysis with the existing methods 


Collected Papers, XIl 


Existing Score/ distance values Ranking 

Methods D, Dy D, Dy De 

[6] 0.6092 | 0.4512 0.6039 0.6121 | 9.6321 So >S3 > 51 >S4 > Ss 
[16] 0.2788 | 0.6790 0.9394 0.6564 0.4014 SPs So Ses 5555; 
[42] 0.6553 | 0.5779 0.5069 0.6835 | 0.5904 Sq > 51 >S5 >So > S3 
[45] 0.7716 | 0.7798 0.7349 0.8124 0.8201 S3 > S| >S2>S4>Ss5 


From the Table 2, itis found that, the third software system is the best one among the five alternatives. 


The results in the existing methods overlaps the proposed result. Theresore the proposed 


methodology using the proposed under trapezoidal fuzzy neutrosophic environment to solve the 


decision making problem suitably in comparision with the existing methods. 
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Table 3 represents the various forms of trapezoidal fuzzy neutrosophic numbers (TrFNN) have been 


listed out and it shows the uniqueness of the proposed graphical representation among the existing 


graphical representations. 


Table 3: Comparative analysis with the existing graphical representation 


Trapezoidal fuzzy neutrosophic forms 


Graphical representation 


Darehmiraki [11]; A is a TrFNN, 


A, 54,5 4,,4,A;,A,,a,,a, € R such that 


a, Sa, Sa, Sa, <a, <a, <a,<a, 


A= ((4),4,54),,54,54,,4,,4,),T,,1,,F;) 


T,(x), I4(x), Fax) 


Liang [21]; Ais a TrFNN, 


,,4,,;,a, €[0,1] such that 


O<a, <a, <a,<a,<l 


A= (([a,,4,,4,,4,},(T,L,F,)) 


Biswas [5]; A is a TpFNN, 
(mg seisisthigsAay )s( Des Deis Bape ), 


(Gagea@ustay) ER 


such that 
Cy Sb, Sa, SC, Sb, Say, 


Say, Sb; Sc, Sa, Sb, Sey, 


and 


AEN (Gipsy stig) (Dias Onis Disa): 


(Giatnsenaea )) 


dy Dy Cy iby 


3 


Cy 
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8-Advantages of the proposed measure 


An efficient distance measure boosts the performance of task analysis or clustering. Also centroid 
method is specific and location based one and acquire the best geographical location in consideration 
of the distance between all the competences. Though the existing methods namely Euclidean 
measure, Manhattan measure Minkowski measure and Hamming distance measure have been 
applied in many real time problems they could not provide good results for the indeterminate data. 
Hence in this paper, we proposed a new distance measure for trapezoidal neutrosophic fuzzy 
numbers based on centroids and the significant advantages of the proposed measure are given as 


follows. 


(i). Trapezoidal fuzzy neutrosophic number is a simple design of arithmetic operations and easy and 
perceptive interpretation as well. Therefore the proposed measure is an easy and effective one under 


neutrosophic environment. 


(ii). Distance measure can be estimated with simple algorithm and significant level of accuracy can 


be acquired as well. 


(iii). While taking the important decision of choosing the method to measure a distance it can be used 


due its simplicity. 


(iv). The proposed distance measure is based on centroid and hence estimation of the distance 


between all objects of the data set is possible and indeterminacy also can be addressed. 
(v). It is derived using Euclidean distance and hence it is very useful in correlation analysis. 


(vi). Also it can be applied in location planning, operations management, Neutrosophic Statistics, 
clustering, medical diagnosis, Optimization and image processing to get more accurate results 


without any computational complexity. 
9-Conclusion and Future Research 


The concept of distance measure of trapezoidal fuzzy neutrosophic number has sufficient scope of 
utilization in different studies in various domain. In this paper, we proposed a new distance measure 
for the trapezoidal fuzzy neutrosophic number based on centroid with the graphical representation. 
Also, the properties of the proposed measure have been derived in detail. In addition, a decision 
making problem has been solved using the proposed measure as a numerical example. Further, 
comparative analysis has been done with the existing methods to show the potential of the proposed 
distance measure and various forms of trapezoidal fuzzy neutrosophic number have been listed and 
shown the uniqueness of the proposed graphical representation. Furthermore, advantages of the 
proposed measure are given. In future, the present work may be extended to other special types of 
neutrosophic set like pentagonal neutrosophic set, neutrosophic rough set, interval valued 


neutrosophic set and plithogeneic environments. 
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Neutrosophic Soft Fixed Points 
Madad Khan, Muhammad Zeeshan, Saima Anis, Abdul Sami Awan, Florentin Smarandache 


Madad Khan, Muhammad Zeeshan, Saima Anis, Abdul Sami Awan, Florentin Smarandache 
(2020). Neutrosophic Soft Fixed Points. Neutrosophic Sets and Systems 35, 531-546 


Abstract. In a wide spectrum of mathematical issues, the presence of a fixed point (FP) is equal to the presence 
of a appropriate map solution. Thus in several fields of math and science, the presence of a fixed point is im- 
portant. Furthermore, an interesting field of mathematics has been the study of the existence and uniqueness 
of common fixed point (CFP) and coincidence points of mappings fulfilling the contractive conditions. There- 
fore, the existence of a FP is of significant importance in several fields of mathematics and science. Results of 
the FP, coincidence point (CP) contribute conditions under which maps have solutions. The aim of this paper 
is to explore these conditions (mappings) used to obtain the FP, CP and CFP of aneutrosophic soft set. We study 
some of these mappings (conditions) such as contraction map, L-lipschitz map, non-expansive map, compatible 
map, commuting map, weakly commuting map, increasing map, dominating map, dominated map of a neu- 
trosophic soft set. Moreover we introduce some new points like a coincidence point, common fixed point and 
periodic point of neutrosophic soft mapping. We establish some basic results, particular examples on these 
mappings and points. In these results we show the link between FP and CP. Moreover we show the importance 
of mappings for obtaining the FP, CP and CFP of neutrosophic soft mapping. 


Keyword. Neutrosophic set, fuzzy neutrosophic soft mapping, fixed point, coincidence point. 


1. Introduction 
It is well known fact that fuzzy sets (FS) [1], complex fuzzy sets (CFS) [2], intuitionistic fuzzy sets (IFSs), 
the soft sets [3], fuzzy soft sets (FSS) and the fuzzy parameterized fuzzy soft sets (FPFS-sets) [4], [5] have been 
used to model the real life problems in various fields like in medical science, environments, economics, engi- 
neering, quantum physics and psychology etc. 
In 1965, L. A. Zadeh [1] introduced a FS, which is the generalization of a crisp set. A grade value of a crisp set 
is either 1 or 0 but a grade value of fuzzy set has all the values in closed interval [0,1]. A FS plays a central 


role in modeling of real world problems. There are a lot of applications of FS theory in various branches of 
science such as in engineering, economics, medical science, mathematical chemistry, image processing, non- 
equilibrium thermodynamics etc. The concept for IFSs is provided in [3] which are generalizations of FS. An 


IFS P can be expressed as P = {(v, »Pr(V).Yp (v)) : vEX}, where (vy) represents the degree of mem- 
bership, y,,(v) represents the degree of non-membership of the element Vv €_X. FPFS-sets is the extension of 


a FS and soft set proposed in [4], [5]. FPFS-sets maintain a proper degree of membership to both elements and 
parameters. 

The notion of a complex CFS, the extension of the fuszy set, was introduced by Ramot et, al., [2]. A CFS mem- 
bership function has all the values in the unit disk. A complex fuzzy set is used for representing two-dimen- 
sional phenomena and plays an important role in periodic phenomena. Complex fuzzy set is used in signals 
and systems to identify a reference signal out of large signals detected by a digital receiver. Moreover it is used 
for expressing complex fuzzy solar activity (solar maximum and solar minimum) through the average number 
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of sunspot. 

Smarandache [6], [7] has given the notion of a neutrosophic set (NS). A NS is the extension of a crisp set, FS and 
IFS. In NS, truth membership (TM), falsity membership (FM) and indeterminacy membership (IM) are inde- 
pendent. In decision-making problems, the indeterminacy function is very significant. A NS and its extensions 
plays a vital role in many fields such as decision making problems, educational problems, image processing, 
medical diagnosis and conflict resolution. Moreover the field of neutrosophic probability, statistics, measures 
and logic have been developed in [8]. The generalization of fuzzy logic (FL) has been suggested by Smarandache 
in [8] and is termed as neutrosophic logic (NL). A proposition in NL is true (¢), indeterminate (i) and false 
(f) are real values from the ranges T,/,F. T,7,F and also the sum of f,i, f are not restricted. In neutro- 
sophic logic, there is indeterminacy term, which have no other logics, such as intuitionistic logic (IL), FL, bool- 
ean logic (BL) etc. Neutrosophic probability (NP) [8] is the extension of imprecise probability and classical prob- 
ability. In NP, the chance occurs by an event is 1% true, i% indeterminate and f% false where 1,i, f varies 


inthe subsets 7, and F’ respectively. Dynamically these subsets are functions based on parameters, but they 


are subsets on a static basis. In NP _ SUP S os while in classical probability m _sup <1. The extension of 
classical statistics is neutrosophic statistics [8] which is the analysis of events described by NP. There are twenty 
seven new definitions derived from NS, neutrosophic statistics and a neutrosophic probability. Each of these 
are independent. The sets derived from NS are intuitionistic set, paradoxist set, paraconsistent set, nihilist set, 
faillibilist set, trivialist set, and dialetheist set. Intuitionistic probability and statistics, faillibilist probability and 
statistics,tautological probability and statistics, dialetheist probabilityand statistics, paraconsistent probability 
and statistics, nihilist probability and statistics and trivialist probability and statistics are derived from neuto- 
sophic probability and statistics. N. A. Nabeeh [9] suggested a technique that would promote a personal selec- 
tion process by integrating the neutrosophic analytical hierarchy process to show the ideal solution among 
distinct options with order preference tevhnique similar to an ideal solution (TOPSIS). M. A. Baset [10] intro- 
duced a new type of neutrosophy technique called type 2 neutrosophic numbers. By combining type 2 neutro- 
sophic number and TOPSIS, they suggested a novel method T2NN-TOPSIS which is very useful in group deci- 
sion making. They researched a multi criteria group decision making technique of the analytical network pro- 
cess method and Visekriterijusmska Optmzacija I Kommpromisno Resenje method under neutrosophic envi- 
ronment that deals high order imprecision and incomplete information [11]. M. A. Baet suggested a new strat- 
egy for estimating the smart medical device selecting process ina GDM in a vague decision environment. Neu- 
trosophic with TOPSIS strategy is used in decision-making processes to deal with incomplete information, 
vagueness and uncertainty, taking into account the decision requirements in the information gathered by deci- 
sion-makers [12]. They suggested the robust ranking method with NS to manage supply chain management 
(GSCM) performance and methods that have been widely employed to promote environmental efficiency and 
gain competitive benefits. The NS theory was used to manage imprecise understanding, linguistic imprecision, 
vague data and incomplete information [13]. Moreover M. A. Baset [14] et, al., used NS for assessment technique 
and decision-making to determine and evaluate the factors affecting supplier selection of supply chain man- 
agement. T. Bera [15] et, al., defined a neutrosophic norm on a soft linear space known as neutrosophic soft 
linear space. They also modified the concept of neutrosophic soft (Ns) prime ideal over a ring. They presented 
the notion of Ns completely semi prime ideals, Ns completely prime ideals and Ns prime K-ideals [16]. Moreo- 
ver T. Bera [17] introduced the concept of compactness and connectedness on Ns topological space along with 
their several characteristics. R. A. Cruz [18] et, al., discussed P-intersection, P- union, P-AND and P-OR of neu- 
trosophic cubic sets and their related properties. N. Shah [19] et, al., studied neutrosophic soft graphs. They 
presented a link between neutorosophic soft sets and graphs. Moreover they also discussed the notion of strong 
neutosophic soft graphs. 

Smarandache [20] discussed the idea of a single valued neutrosophic set (GSVNS). A SVNS defined as for any 
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space of points set U' with uin U', aSVNS W in U', the truth membership, false memebership and inde- 


terminac membership functions denoetd as 7,, F, and / , respectively with 7,, F,, 7, <[0,1] for each ! 


in U'. A SVNS W is expressed as W = |, (T, (v),L_(V), Fy (v))/v,Vv € X, when X is continous. For a dis- 
crete case, a SVNS can be expressed as W = S(T (vi), 1(vi),F())/ vi, vi € X. Later, Maji [21] gave a new 
i=l] 


concept neutrosophic soft set (NSS). For any initial universal set W and any parameters set E with AC E 
and P(W) represents all the NS of W . The order set (¢,A) is said to be the soft NS over W where 
gd : A— P(W). Arockiarani et al., [22] introduced fuzzy neutrosophic soft topological space and presents 


main results of fuzzy neutrosophic soft topological space. Later on the researchers linked the above theories 
with different field of sciences. 
The purpose of this paper is to study the mappings such as contraction mapping, expansive mapping, non- 
expansive mapping, commuting mapping, and weakly commuting mapping used to attain the FP, CP and CFP 
of a neutrosophic soft set. We present some basic resultsnd particular examples of fixed points, coincidence 
points, common fixed points in which contraction mapping, expansive mapping, non-expansive mapping, com- 
muting mapping, and weakly commuting mapping are used. 
2. Preliminaries 

We will discuss here the basic notions of NS and neutrosophic soft sets. We will also discuss some new 
neutrosophic soft mappings such as contraction mapping, increasing mapping, dominated mapping, dominat- 
ing mapping, K-lipschitz mapping, non-expansive mapping, commuting mapping, weakly compatible map- 
ping. Moreover we will study periodic point, common fixed point, coinciding point of neutrosophic soft-map- 


ping. Here NSU ) is the collection of all neutrosophic soft points. 
Definition 2.1 [7] Let U be any universal set, with generic element VEU’. A NS N is defined by 
~ ‘i — + 
N= (7. (v),1_(v),F. ())v EU, where T,1,F' : u-| 0,1 ee 
N N N 


“O02 T WHI) Fi@y<3" 
N N N 
T (v),/_(v) and F (Vv) denote TM, IM and FM functions respectively. In I 0,1° [1° =1+€, where & is 
N N N 


it's non-standard part and | is it's standard part. Likely 0=0-€, ¢ is it's non-standard part and Dis it's 


standard part. It is difficult to employ these values in real life applications. Hence we take all the values of 
neutrosophic set from subset [0,1]. 


Definition 2.2 [23] Let E and W be the set of parameters and initial universal set respectively. Let the power set 
of W is denoted by P(W). Then a pair (, A) is called soft set (SS) over W, where ACE and 
B:A>PW). 

Definition 2.3 [21] Let E and W be the set of parameters and initial universal set respectively. Suppose that the 


set of all neutrosophic soft set (NSS) is denoted as N S(W) . Then for PC E, a pair (,P) is called a NSS 


over W, where 8 : P > NS(W) isamapping. 
Definition 2.4 [24] Let E and W be the set of parameters and initial universal set respectively. Suppose that the 


set of all NSS is denoted as NS (W).ANSS N over W isa set which defined by a set valued function P_ 
N 


representing a mapping P_ : E—> NS (W). P_ is known as approximate function of the N S(W). The 
N N 
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neutrosophic soft set can be written as: 
N= (6.{(0.Tp (a (Dhele yO-Fr o(W)) | BEM): ee B} 

where 7)(V),ly(V),/y(V) represents the TM, IM and FM functions of P (e) respectively and has val- 
ues in [0,1]. Also 

O< Tr (e) V).4p (ey Fo (v) $3. 
Definition 2.5 [22] Let U' be any aniversal set. The fuzzy neutrosophic set (fn-s) N' is defined as 

N'= {(a,Ty(a),1y(@), Fy (@)),a e X} 
where 1, (a),1 NI (a),F (Q) represents the TM, IM and FM functions respectively and 
T,1,F : N'’->[0,1]. Also 0S Ty (@)+1y(@)+ Fy (@) $3. 
Definition 2.6 [22] Let E and W be the set of parameters and initial universal set respectively. Suppose that the 
set of all fuzzy neutrosophic soft set (FNS-set) is denoted as FN S(U ;)- Then for PCE, apair (8,P) is said 


to be a FNS-set over W, where 8 : P > NSW) isa mapping. 
Definition 2.7 [25] Let A _,,, A, be two fuzzy neutrosophic soft set. An fuzzy neutrosophic soft (FNS) relation 
€ from A _, to A,, is known as FNS mapping if the two conditions are fulfilled. 


@O For every A, eA ,, there exists My EA», where QQ" 2, are FNS elements. 


@O For empty fuzzy FNS element in A_,,, the €(A_,,) is also empty FNS element. 
Definition 2.8 [25] Let A, <¢ FNS(W, R) bea FNS-set and g : A, — A, anFNS-mapping. A fuzzy neu- 


trosophic element NE is called a fixed point of ¢ if H(A“) = oe 
Criterion [26], [27] Let NS (W) be the set of all neutrosophic points over (W, E). Then the neutrosophic soft 


metric on based of neutrosophic points is defined as d : NS (W,z)> NS (W,, ) having the following prop- 
erties. 

M,). U(A%y,A%) 20 for all A%,,A%, e NS(W,). 

a). U(A%,A%,) =0 > AY = AY, 

M,). d(A%,,A%) =d(A%,,A%). 

M,). d(A%,A%) S d(A2,,A%) + d(A%, AY). 


Then (NS(U ;):2) is said to be neutrosophic soft metric space. Here Ni = Ae implies 
Pa, = Lat and Fi, =F. 


Aa? NS 
3. Mappings on Neutrosophic Soft Set 
Here, we introduced some new neutrosophic soft mappings such as contraction mapping, increasing 
mapping, dominated mapping, dominating mapping, K-lipschitz mapping, non-expansive mapping, commut- 
ing mapping, weakly compatible mapping. Also we introduced periodic point, common fixed point, coinciding 


point of neutrosophic soft-mapping. Here N S(U,,) is the collection of all neutrosophic soft points. 
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Definition 3.1 Let * be a mapping from NS (U,,) to NS (U,,). Then ¢ is called neutrosophic soft contrac- 
tion if A(P(A%),@(A%,)) S kd(A%,, AS) for all A%,,A%, ¢ F NS(U|,) and ke[0,1). Where k is called 
contraction factor. 


Example 3.1 Let U' = {0,,0,,8;} be any initial universal set and R= A’ = B’ = {Qt,,Q5}- Define a NSS ver 


and A‘ as below: 
A%, = {(a,,{(0,,0.8,0.1,0.3), (,,0.6, 0.7, 0.4), (A,,1,0.2,0.4)}), 
(a,,{(0,,0.3,0.7,0.6),(0,,0.1,0.9, 0.3), (0, ,0.1,0.8,0.7)})} 
and. 
AS, = {(@,,{(0,,0.9,0.7, 0.1), (0,1, 0.8, 0.6), (A,,1,0.2,0.4)}}), 
(a, {(0,,0.1,0.3, 0.6), (0,,0.2,0.3,0.9),(A;,0.1,0.8,0.7)})}. 
The distance defined [27] as 
d (GAG) AAG) = min{(|T, 


(p 21). 
In this example, we take p=1, now 


(GAN) OCAT I) = mai] Py (Gi) — Fyn Od 1+ Liga, Oi) — Fin (1) 
+| Pia (8) — Fan (F,) 1} 


AG AR 
=| Ta (Oa) — Tyas (Fg) | + | Lye (A) — Fey (2) | 
+ | Fey (0,)— Fg (2)! 
=|1-0.2|+]0.8-0.3]+|0.6-0.9| 
= 0.8+0.5+0.3 
= 0.16 
= (0.2)(0.8) 
= 0.2d(A",,A%). 


(Gi) — Tyas (9,) |’ ig | I (Gi) — Lye (9) ik + | Day (Gi) — Tyas (9,) P)"} 


a 
AY 


Here &k =0.2, so ¢ is a contraction. 
Definition 3.2 Let * be a mapping from NS (W,,) to F NS (W,,). Then ¢ is called neutrosophic soft non- 
expansive mapping if d(G( A), QA )) < kd( My le) for all A%,, AG € NS(W,) and k=1. 


Example 3.2 Let W= {v, , D,,0;} and R = A’ = B’ = {a,,a,}. Define a neutrosophic soft sets M, and AG 
as follows: 


AY, = {(a,,{(v,,1,0.1,0.2), (v,,0.6,0.7,0.4), (v,,0.2,0.4,0.6)}), 
(a,,{(v,,0.3,0.7,0.6),(v,,0.1,0.9,0.3),(v,,0.4,0.6,0.7)})} 


and 
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A%, = {(a,, {(v,,1,0.5,0.2),(v,,1,0.5,0.6), (v,,0.2,0.4,0.6)}}), 
(a,,{(v,,0.1,0.3,0.6),(v,,0.2,0.3,0.9),(v,,0.4,0.6,0.7)})}. 


d (GAY) P(ATG)) = mint! Fug 0) — Pye O14 | Lag ©) Lyn 0) 
+| Fre 0) — Fy (0) 2 
=| Pay (V3) —Tyeg (O3) 1+ [Ly (05) — Lg (3) 
+| Fy 03) — Fg (03) 
=| 0.2 -0.4|+|0.4-0.6|+]|0.6—-0.7| 
= 0.2+0.2+0.1 
=05 
= (1)(0.5) 
= ld (A", AN ). 


Here k =1, so ¢ is non-expansive. 
Definition 3.3 Let ¢ be a mapping from N S(W,,) to N S(W,, ). Then ¢ is called neutrosophic soft k-Lip- 
schitz mapping if d(@(A“,),@(A%)) S kd(A“,, AG) for all A%,,A%, e FNS(W,,) and k>0. 
Example 3.3 Let W = {V,,0,,0;} and R= 4’ = B’ ={a,,a,}.DefineaNss A“ and A‘ as below: 
A“, = {(a,{(v,,0.3, 0.4, 0.3), (v,,0.6,0.7, 0.4), (v;,0.2,0.4,0.6)}), 

(a, {(v,,0.5,0.6,0.4),(v,,0.1,0.9,0.3),(v;,0.4,0.6,0.7)})} 

and 
A‘, = {(a,,{(v,,1,0.4, 0.3), (v,,1,0.6,0.3), (v,,0.2,0.4,0.6)}}), 
(a, {(v,,0.5,0.7,0.5), (v,,0.3,0.2,0.9), (v;,1,0.3,0.9)})}. 
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AGA"), 6(A%)) = min{| Tyy (0) - Ty (0) [+ [Tyg 0) —Lyy (0) | 
+| Py ®)—Fye Dh 


=P C1) — Py 1+ Ly Lag 0 


+ Fg )-Fig | 
=|1-0.5|+|0.4-0.7|+|0.3-0.5| 
= 0.54 0.3+0.2 
=| 


= (2)(0.5) 
= 200 5G): 


Here k =2, so ¢ is k-lipschitz. 
Note: Every neutrosophic soft contraction mapping is neutrosophic soft K-lipschitz mapping but its converse 
does not hold. 


Definition 3.4 Let “ be a mapping from NS (W,, ) to NS (W,, ). Then 4 is said to be neutrosophic soft kanan 
contraction if U(P(Aly), O(N) S Kld(AYy OIA) + UA OA ))] for all A“), A% ¢ NSW,) and 
ke [0, ay Where fk is called contraction factor. 

Definition 3.5 Let ¢ and WY be two mappings from NS (U,,) to NS (U,,). Then ¢ and W are called neu- 
trosophic soft commuting mapping if d(y(Q%, )) = y(d(Q%, )) forall O4% € NS (U - ). 

Definition 3.6 Let ¢ and WY be two mappings from NS(U',) to N S(U ,,).Then ¢ and W are called neu- 
trosophic soft weakly commuting mapping if @(P(y(A’y)),W(P(A%,))) S d(G(Ay )W(A'y) for all 
At, eNS(U,). 

Definition 3.7 Let ¢ and ¥ be two mappings from N S(U|,) to NS(U|,) . If for G(Q",) > QQ". and 


y(Q",) > OQ". as 1! > and OQ", QO", eNS(U ;): Then it is called neutrosophic soft compatible map- 
ping if limd (Gy(Q%,)),w(GQ%4))) > 0. 

Definition 3.8 Let ¢,w : NS(U;) +N S(U,) be two mappings. If there is Q%, € NS(U;) such that 
b(02%,) = y(Q%) = OF then 4%, € NSU -) is called common fixed point neutrosophic soft mappings. 
Definition 3.9 If OF is a fixed point of ¢ : N S(U;,)> N S(U,,), then Of is also a fixed point ¢" that is 


k(—Qe a = , a 
p (Q 4) =Q 4 forall O%, e NS(U,,). So Q 4 is called periodic point of neutrosophic soft mapping ¢ and 
k is called period of ¢. 


Remark Every fixed point of neutrosophic soft mapping is a periodic point but every periodic point of neutro- 
sophic soft mapping is not a fixed point. 


Definition 3.9 Let ¢, Y be two mappings from NSU.) to NS(U,). If $(Q%,) = y(Q%,) = Oo for all 
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0% OF EF NS (U,,). Then OF is called coincidence point of ¢ and W and OF is called point of coinci- 
dence for ¢ and Y. 


Definition 3.10 Let @ : NS(U no NSU ;) be amapping. Then ¢ is said to be neutrosophic soft increas- 
ing map if for any OF 505 implies b(Q%,) = H(Q5,) for all O%,,0% € NS(U,,). 

Definition 3.11 Let ¢ : NS(U n> NSU ;-) be a mapping. Then ¢ is said to be neutrosophic soft domi- 
nated map if b(Q%,) s Oo for all Q4, € NS(U,.). 

Definition 3.12 Let ¢@ : NS (U,)> NS (U,,,) be a mapping. Then ¢ is said to be neutrosophic soft domi- 


nating map if Q%, S o(Q°%,) for all Q4, € NS(U,). 
4. Main Results 
Banach Contraction Theorem 


Proposition 1 Let NS (U,,,) be anon-empty set of neutrosophic points and (N S(U,,),d) be a complete neu- 
trosophic soft metric space. Suppose ¢ is a mapping from NS (U,,) to NS (U,,,) be contraction. Then fixed 
point of ¢ exists and unique. 


a 


Proof Let QQ" ENS (U,,) be arbitrary. Define Q a 


form OQ" = G(Q2", ). Now 


$(Q*, ) and by continuing we have a sequence in the 


d(Q*, ,Q°,) = d(gQ*, ), GQ", J) 
S$ kd(Q*, ,Q", ) 
= kd(g(Q*, ).G(Q%,_)) 
< k’d(Q%, 0%, ) 
= k*d(g(Q*,_),4(Q%,_)) 
<k’d(Q4, ,Q% ) 


< k"d(Q",,Q*,). 


Now for 1,1 >), we have 
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dh sOe Ved (OF) eaQGt. 20". Je and 208) 
n a a n+l a a m-1 a a 
< k"d(Q*,,Q%, )+k""'d(Q%,,0%,) +... +k" d(Q*%,,0%,) 
=k"L4+h +k? +..48" ]d(Q%,,Q°%,) 
k" a a 
= rae, 


d(Q*, 2") > 0asn> oo. 
So OQ" is a cauchy sequence in (N S(U,,),d), but (N S(U,,),d) is complete, so there exists 
Q% = NS(U_,) such that d(Q", 504%) 20 as 14. Now 
d(Q%, .GQW)) = dQ’, ).G(Q4)) 
< kd(Q",. 4"). 
On taking limit as 1 > ©, we get 


d($(Q%),Q%) <0. 


But 


d(G(Q%),Q%)20. 


d($QY), 27°) = 0 
PQA) = 2%. 


So 


So O14" is the FP of 2 
Now we have to show that OF is unique. Suppose there exists another FP Of" e NS (U,,) such that 
HOS) =O. Now 
d(Q6 25°) = A GOQ%),GOQ5)) 
= kd O77) 
(l—k)d(Q4',O%") < 0. 
Here (1—k) £0,580 
a? a? 
d(Q°,0°”) <0. 
But 
d(Q% QF) = 0 
d(Q% , QS") = 0. 
Hence OF = OF » so the fixed point is unique. 
Proposition 2 Let (N S(U ;,),@) be a complete neutrosophic soft metric space. Suppose ¢ be a mapping from 


FNS(U,) to FNS(U;,) satisfies the contraction d(¢”(Q%,),0"(Q%,)) < kd(Q%,,Q%,) for all 


QO", O1, E NSU;), where k €[0,1) and is any natural number. Then ¢ has a FP. 


750 


Florentin Smarandache (author and editor) Collected Papers, XII 


7 m a a 
Proof It follows from banach contraction theorem that 9” has unique a FP thatis @"(Q*,)=0%,. Now 
8” (G(Q4,)) = G""'(Q%) 
= 69"(2%)) 
- P(Q2", ). 
By the uniqueness of FP, we have H(Q%, =e QQ". 


Proposition 3 Let (N S(U,,),d) be a complete neutrosophic soft metric space. Suppose ¢, YW satisfy 
d(HQ%,),W(Q%,)) < ad Q%, GQ", )) + BAD, yO) + dO", .wOQs,)) + d(Q%, GQ" )] for al 


OQ", Q', E FNSU;,) with a, B,y are non-negative and a+ #8+y7<1. Then ¢ and WY have a unique FP. 


Proof Let Q%, € N S(U,,) bea fixed point of ¢ that is 9(Q",) =Q",. We need to show that y(Q*,) = Q*.. 
Now 
d(Q%, ,W(Q",)) = AGO, ),W(Q%,)) 

< ad(Q", ,g(Q%, )) + Bd(Q2, .W(Q4 + Md Qh, wQ%))+ dQ’, GQ!,))] 

= ad(Q", ,Q",) + Bd(Q", ,y(Q*,)) + Vd Q",,.WQ’,)) +d Q",,Q")] 

= fd(Q",,y(Q%,) + AQ", .W(Q’,)) 

(1- B= 7)d(Q", ,y(Q",)) <0 
Since (1- B—y) £0, so 
d(Q%,,y(Q',)) <0. 


But 
d(Q%,,y(Q',))20 


hence 


d(Q,,y(Q,))=0. 
Thus y(Q",)=Q",. 
Proposition 4 Let NS (U,,) beanon-empty set of neutrosophic points and (N S(U,,),d) be a complete neu- 


trosophic soft metric space. Suppose ¢ isa mapping from NS (U,,) to NS (U,,,) bekanan contraction. Then 


fixed point of ¢ exists and unique. 

Proof Let Q%. € NS(U’,) be arbitrary. Define Q*. = 9(Q".) and by continuing we have a sequence in the 
Ay E y A Ay vy & q 

form Or = g(Q", ). Now 
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MUO, 2.) = AGO) 6Q,) 
SK d(Q*, GQ, ))+dQ*%, .~Q%, )) 
= Kd(Q*, ,Q%, )+d(Q*, ,Q%,)] 
_ kd(Q*, 24, y+ kd(Qy, 02", ) 
(I-k)d(Q%, ,0%,)< kd(Q%, 2", ) 


a a k a a 
d(Q%,.2,)< —dQ4,Q% ) 


= hd(Q", ,.Q", ) 


for h= 
d(Q%, 04) < hdQ*, ,Q". ) 
< hdQy, Q%,) 
< Wd(Q, | 2%) 
< h"d(Q*,,Q*). 
For M>n 


d(O%,,0%, )SdO%, 0%, )+d(Q%, 0%. )+..4dQ%, ,0%,) 
<h'dQ) OF tn dQe 0%) tt h™ dQ, 2%.) 
=A"[l+ht+h? +...4h" d(Q*,Q*) 

1 
= h"(——)d(Q%,,Q*. 
Fer (Q%,,Q%,) 
dA(Q%, ,Q4.) > Oasn > ow. 


The sequence (2°, 


is acauchy sequence in (N S(U',),d). Since (N S(U‘,),d) is complete, so OQ", converges 
to any Q%’ e NS(U|,). Now 
d(HQ%),2%, ) = dGO%), GO, )) 
< hld(Qe GQ ))+dQ*, ,g(Q%, V1 
Taking limit as > %, we have 
d( HQ), 28) < Md QF, GQX) +d QF, $Q*))] 
= 2hd(Q% ,g(Q%")) 
(1— 2h)d(g(Q4"),Q4) < 0 
As (1—2h) £0, so 
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d(d(Q%; ),Q7) <0 
but 
d(g(Q%; ),Q7) 20 
thus 
d(9(Q4 ),Q4) = 0. 
Hence Q%7 e N S(U;,) isaFP of ¢. 
Suppose Q2" e N S(U|,) be another FP. Now 
d(Q% ,Q5') = A $Q% ),9QF )) 
< hld(Qh , dQ%))+d Qe ~Q5 ))] 
< hld(Q% ,Q%) + d(Q2*,Q%)] 
d(O% QS ) <0 (1) 
but 
d(O4 ,Q%) = 0. (2) 
From (1) and (2) we have 
a, OF )=0: 
Hence Se 
Proposition 5 Let gy : N S(U,,) > N S(U;,) be weakly compatible maps. If ¢ and WY have unique coin- 


cidence point. Then ¢ and Y have unique common fixed point (CFP). 
Proof Suppose there is Q", € NS(U’,) such that $(2",) =y(Q%,) =Q%,. Since ¢ and W are weakly 
compatible, so Py (Q%,)) =y(H(Q%, )) for all Q", € NS(U,,). Now 
PQ) = GQL) = PY (Q!,))=VGO%,)). 
So QQ’, is also coincidence point (CP) of ¢ and Y, but OQ" is the unique CP of ¢ and Y,so 
PO") = YWQE)= GQ, )=VO;) 
Or = PQ, = Vv Q,). 
So O%, € NS(U,,) is CEP. 
Proposition 6 Let (N S(U|,),d) be a complete metric space and ¢ : N S(U..) > N S(U_,) be a mapping 


satisfies d(¢° (Q%, ),G(Q%, )) < kd(G(Q", ),Q%,) for all Q%, € NS(U',) and k €[0,1). Then fixed point of 


¢ is singleton. 


Proof Let 0" E NS(U;) be arbitrary and defines Qe = p" ( Q",) = 0 QQ". ). Now 


753 


Florentin Smarandache (author and editor) Collected Papers, XII 


d($""(Q%,),9" (Q%,)) < kag" (Q%,),8" (2%, )) 
< k7d(g""(Q%,),8"? (Q%,)) 
< dg"? (Q%,),0"4(Q%,)) 


< k"d(g(Q", ),Q%,). 


Now for M>N 
dG" (2, ).8" OQ.) < dG" Q4),8" OQ.) +d G"(Q4).8""(Q4,)) 
+t d(o"™'(Q%),0"(Q’,) 
< k"d(G(Q’, ),Q%, )+k""'d GQ’, ),2%.) 
ti. +k™'d(g(Q*, ),Q% ) 
Sk thee teehee MGQ%,),Q%,) 
k" eeesa 
< A —a(W(O",).2%,) 
d(¢” (Q". ), 9" (Q*.)) > 0asn > o. 
So ¢” (Q%, ) isa cauchy sequence in (N S(U',),d), but (N S(U|,),d) is complete, so every cauchy sequence 
is convergent that is g” (Q",) > OQ" as 1%. Now 
d($""'(Q*, ), Qs, )) < kd($" (Q",),Q%) 
taking limit as 1 — 0, we have 
d(QY, GQU,)) S kd Qh, ,Q% ) 
d(Q%; WQ%))< 0 
but 
d(Q% ,(Q" ))> 0 
d(Q%;,@(Q":))= 0 
= GQ": ) = OQ". 


Hence Q”, € N S(U|,) is the FP of ¢. 


Ay 


Now suppose QQ € NS(U;) is another FP of with GQ: )= oe , then 
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d(Q5 2%.) = dGQ', ),G(Q%, )) 
= A(P(GOQ', )),.PQY)) 
< kd(gQ’, )),G(Q%, )) 
= kd(Q%; .Q") 
(I-k)d(Q% ,Q%) <0. 
As (l1-k) £0, so 
d(Q%; 0°) <0 (1) 
but 
d(Q% 0%) >0, (2) 
From (1) and (2) we have 
d(Q* 0%) =0 
> Qe = QQ". 
Hence the FP is unique. 
Proposition 7 Let ¢,y : NS(U;,.)—> NS(U,,) be commuting maps. If ¢ and WY have unique coincidence 
point. Then ¢ and Y have unique common fixed point. 
Proof Suppose there is Q%, € N S(U’,) such that Hy (Q",))=y(G(Q%,)). Since § and Y have unique co- 
incidence point, so let GQ, ey (Q* j= OQ . Now 
P(2,) = PY OQ! D=VGOQ{))=YVO4)- 
Here Q%, € N S(U;,) is also a coincidence point, but Q“, € N S(U;,) is unique coincidence point, so 
P(QE = WQY = YWQ4,) = GQ) =QY. 


Hence 9% € N S(U,) is also a fixed point. 
1 
Proposition 8 Every neutrosophic soft identity map is non-expansive. 


Proof Suppose that J from N S(U;) to N S(U,,) be a neutrosophic soft identity map such that 
1(Q",) = OQ". for all QQ" eNS(U,). Now 
dQ"), 1(Q5,)) =A Q%,.O5,) 


Here k =1, so J is non-expansive map. 
5. Conclusion 

In this paper, we have discussed some new mappings of NSS and some basic results and particular 
examples. Like fixed point, here also present some new concepts of points that is coincidence point, periodic 
point and CFP. 
FP theory has a lot of applications in control and communicating system. FP theory is an important mathemat- 
ical instrument used to demonstrate the existence of a solution in mathematical economics and game theory. So 
the notion of a neutrosophic soft fixed point can be used in these areas. For stabilization of dynamic systems, 
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neutrosophic soft fixed point can be used. In addition, dynamic programming may employ the notion of pres- 
ence and uniqueness of the common solution of neutrosophic soft set. 
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Soft Subring Theory Under Interval-Valued 
Neutrosophic Environment 
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Sudipta Gayen, Florentin Smarandache, Sripati Jna, Manoranjan Kumar Singh, Said 
Broumi, Ranjan Kumar (2020). Soft Subring Theory Under Interval-valued Neutrosophic 
Environment. Neutrosophic Sets and Systems 36, 193-219 


Abstract. The primary goal of this article is to establish and investigate the idea of interval-valued neutrosophic 
soft subring. Again, we have introduced function under interval-valued neutrosophic soft environment and 
investigated some of its homomorphic attributes. Additionally, we have established product of two interval- 
valued neutrosophic soft subrings and analyzed some of its fundamental attributes. Furthermore, we have 
presented the notion of interval-valued neutrosophic normal soft subring and investigated some of its algebraic 


properties and homomorphic attributes. 


Keywords: Neutrosophic set; Interval-valued neutrosophic soft set; Interval-valued neutrosophic soft subring; 


Interval-valued neutrosophic normal soft subring 


ABBREVIATIONS 

TN indicates “T-norm”. 

SN indicates “S-norm”. 

IVTN indicates “Interval-valued T-norm”. 
IVSN indicates “Interval-valued S-norm”. 
CS indicates “Crisp set”. 

US indicates “Universal set”. 

FS indicates “Fuzzy set”. 

IFS indicates “Intuitionistic fuzzy set”. 
NS indicates “Neutrosophic set”. 

PS indicates “Plithogenic set”. 

SS indicates “Soft set”. 
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IVES indicates “Interval-valued fuzzy set”. 

IVIFS indicates “Interval-valued intuitionistic fuzzy set”. 
IVNS indicates “Interval-valued neutrosophic set”. 

NSSR indicates “Neutrosophic soft subring”. 

NNSSR indicates “Neutrosophic normal soft subring”. 
IVNSR indicates “Interval-valued neutrosophic subring” . 
IVNSSR indicates “Interval-valued neutrosophic soft subring”. 
IVNNSSR indicates “Interval-valued neutrosophic normal soft subring”. 
DMP indicates “Decision making problem”. 

o(F) indicates “Power set of F”. 

K indicates “The set [0, 1]”. 


1. Introduction 


Uncertainty plays a huge part in different economical, sociological, biological, as well as 
other scientific fields. It is not always possible to tackle ambiguous data using CS theory. 
To cope with its limitations Zadeh introduced the groundbreaking concept of FS theory. 
Which was further generalized by Atanassov as IFS theory. Later on, Smarandache ex- 
tended these notions by introducing NS |3] theory, which became more reasonable for managing 
indeterminate situations. From the beginning, NS theory became very popular among various 
researchers. Nowadays, it is heavily utilized in numerous research domains. PS theory is 
another innovative concept introduced by Smarandache, which is more general than all the 
previously mentioned notions. In NS and PS theory some of Smarandache’s remarkable contri- 
butions are the notions of neutrosophic robotics [5], neutrosophic psychology GF neutrosophic 
measure (7). neutrosophic calculus [3]. neutrosophic statistics (1, neutrosophic probability [10], 
neutrosophic triplet group (12), plithogenic logic, probability (12, plithogenic subgroup [13], 
plithogenic aggregation operators (14], plithogenic hypersoft set [15], plithogenic fuzzy whole 
hypersoft set [16], plithogenic hypersoft subgroup (17, etc. Moreover, NS and PS theory 
has several contributions in various other scientific fields, for instance, in selection of suppli- 
ers [18], professional selection [19], fog and mobile-edge computing (20, fractional program- 
ming (21], linear programming (22, shortest path problem [23}30], supply chain problem (31), 
DMP 37), healthcare (38}/39), etc. 

Interval-valued versions of FS (40, IFS [41], and NS are further generalizations of their 
previously discussed counterparts. Since the beginning, various researchers have carried out 
this concepts and explored them in different research domains. For instance, nowadays in 


logic [42], abstract algebra [43}{46}, graph theory [47/48], DMPs [49}{51), etc., these concepts 


are widely used. 
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Another set theory of utmost importance is SS theory. It was introduced by Molodtsov 
to deal with uncertainty more conveniently and easily. At present, it is extensively used in 
different scientific areas, like in DMPs [53}57], abstract algebra [58}61), stock treading , etc. 
Furthermore, to achieve higher uncertainty handling potentials researchers have implemented 
SS theory in different interval-valued environments. The following Table |1] comprises some 


momentous aspects of different interval-valued soft notions. 


TABLE 1. Significance of different interval-valued soft notions in various fields. 


Author & references Year Contributions in various fields 

Yang et al. 2009 Introduced soft IVFS and defined complement, 
“and” and “or” operations on them. 

Jiang et al. 2010 Proposed soft IVIFS and defined complement, 


“and”, “or”, union, intersection, necessity, and pos- 
sibility operations on them. 

Feng et al. 2010 Introduced soft reduct fuzzy sets of soft IVFS and 
utilizing soft versions of reduct fuzzy sets and level 


sets, proposed flexible strategy for DMP. 


Broumi et al. 2014 Presented generalized soft IVNS, analyzed some set 
operations and further, applied it in DMP. 

Mukherje et al. 2014 Proposed relation on soft IVIFSs and presented a 
solution to a DMP. 

Broumi et al. 2014 Proposed relation on soft IVNSs and studied reflex- 
ivity, symmetry, transitivity of it. 

Mukherje and Sarkar 2015 Defined Euclidean and Hamming distances between 


two soft IVNSs and presented similarity measures 


according to distances within them. 


Deli 2017 Defined soft IVNS and introduced some operations. 
Further, implemented this in DMP. 
Garg and Arora 2018 Solved DMP with soft IVIFS information. 


Group theory and ring theory are essential parts of abstract algebra, which have various 
applications in different research domains. But these were initially introduced under the crisp 
environment, which has certain limitations. From the year 1971, various mathematicians 
started implementing uncertainty theories to generalize these notions. Some noteworthy con- 
tributions in the field of group theory under uncertainty can be found on [721176]. In ring theory 
under uncertainty, the following articles are some important developments. Again, sev- 
eral researchers introduced these notions under soft environments. For instance, researchers 


have introduced the concepts of ring theory under soft fuzzy (81), soft intuitionistic fuzzy (82, 
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and soft neutrosophic environments. Also, some more articles which can be helpful to 
different researchers are (84}91], etc. Now, by mixing interval-valued environment with soft 
neutrosophic environment, we can introduce a more general version of NSSR, which will be 
called IVNSSR. Also, their homomorphic attributes can be studied. Again, their product and 
normal versions can be introduced and studied. Based on these perceptions, the followings are 


our primary objectives for this article: 


e Introducing the concept of IVNSSR and a analyzing its homomorphic attributes. 

e Introducing the product of IVNSSRs. 

e Introducing subring of a IVNSSR. 

e Introducing the concept of IVNNSSR and a analyzing its homomorphic properties. 

The arrangement our article is: in Section |2} some desk researches of IVI'N, IVSN, NS, 

IVNS, IVNSS, NSR, NSSR, etc., are discussed. In Section |3} the concept of IVNSSR. has 
been introduced and some fundamental theories are provided. Also, their product and nor- 
mal versions are defined and some theories are given to understand their different algebraic 
characteristics. Lastly, in Section [4] mentioning some future scopes, the concluding segment 


is given. 


2. Literature Review 


Definition 2.1. A function T: K — K is known as a TN iff Vg,n, z € K, the followings 


can be concluded 


Definition 2.2. A function T : ¢(K) x ¢(K) — $(K) defined as T(g,n) = 
[T(g-,n-), T(gt,n*)] (L is a TN) is known as an IVTN. 


Definition 2.3. A function S$ : kK — K is known as SN iff Vg,n,z € K, the followings 


can be concluded 


Definition 2.4. The function S : ¢(K) x ¢(K) > $(K) defined as S(g,n) = 
[S(g-,n~), S(gt,nt)] (S is a SN) is called an IVSN. 
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Definition 2.5. A NS o of aCS Q is denoted as o = {(9,to(9),io(9), fo(g)) 2g € Q}. 
Here Vg € Q, to(g),t(g), and f-(g) are known as degree of truth, indeterminacy, and falsity 
which satisfy the inequality ~0 < te(g) +ic(g) + fo(g) < 3°. 


The set of all NSs of Q will be expressed as NS(Q). 


Definition 2.6. Let Q be a US and A be a set of parameters. Also, let L C A. Then 
the ordered pair (f, L) is called a SS over Q, where f : L > ¢(Q) is a function. 


Definition 2.7. Let Q be a US and A be a set of parameters. Also, let MC A. Then a 
NSS over Q is denoted as (f, M) where f : M — NS(Q) is a function. 


The following Definition is a redefined version of NSS, which we have adopted in this 


article. 


Definition 2.8. Let Q be a US and A be a set of parameters. Then a NSS 6 of Q is 
denoted as 6 = {(r, Is(r)) ire A} where ls : A — NS(Q) is a function which is also known 
as an approximate function of NSS 6 and I(r) = = 1 (1.650 eta @rluc@ yi ge Q}. 
Here, Vg € Q, ti (9), tg(ry(g), and fisey(g ‘ € [0,1] and they satisfy the inequality 3 > 
tig(r) (9) + tig (ry (9) + Sis(ry(g) = 0. 


The set of all NSSs of a set Q will be expressed as NSS(Q). 


Definition 2.9. An IVNS of Q is defined as the mapping o : Q > ¢(K) x ¢(K) 


x (Kk), 
where a(g) = { (9, t(9), ts (9), f(g) 1g € Q}, where Vg € Q, ta(g), is(g), and fs(g) C [ 


0, 1). 
The set of all IVNSs of a set Q will be expressed as IVNS(Q). 


Definition 2.10. Let Q be a US and A be a set of parameters. Then aIVNSS W of Q is 
denoted as UW = {(r,lw(r)) : r € A}, where ly : A + IVNS(Q) is a function which is also known 
as an approximate function of IVNSS W and ly(r) = { (9, tg (r) (9), tig (r) (9), hee (9)): 9 € Q}. 
Here, Vg € Q, tig(ry(9), tty (r)(9), and fig (r(g) E [0, 1]. 


The set of all IVNSSs of a set Q will be expressed as IVNSS(Q). 


Definition 2.11. UV = {(r,ly,(r)) : r € A} and U2 = {(r,ly,(r)) : r € A} be two 
IVNSSs of Q. Then VW = UW, U V2 = he lu (r)) ire A} is defined as 


ror) = [max {Ey (yt, (n dt MX (EL, 7 ta (n 3] 


tiy(r) = [min {7, * hnin he tt wt] 
tiy(r) = [min {fig ( ydiggwyt min {fy (9 firs! 
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Definition 2.12. Wi = {(r,lw,(r)) : r € A} and Wo = {(r,lw.(r)) : r € A} be two 
IVNSSs of Q. Then VW = Uy N Vg = ate ly(r)) ire A} is defined as 


for) = [min {ey oy ty tO {EL thin 
Fiy(r) = [max {iy (ry My, (nr) J MAX (i, (r) Mya (r) | 


tty (r) = [max {fig (9 figa(r)) max {fy (9 i wt] 
2.1. Neutrosophic subring 


Definition 2.13. Let (Q,+,:) be acrisp ring. A NS o = {(9,to(9), ic(9), fo(g)) 29 € Q$ 
is called a NSR of F, iff Vg,n € Q, 
(i) to(g +n) = T(to(9),to(n)), to(g +n) = Tic(g),to(n)), folg +n) < F(fo(9), fo(n)) 
(ii) to(—g) 2 tog), to(—9) 2 to(9), fo(—g) < fo(9) 
(iii) to(g-n) > T(to(g), to(n)), to(g-n) > T(io(g),to(n)), folg-n) < S(fo(g), fo(n)). 
Here, T and J are two TNs and S is a SN. 


The set of all NSR of a crisp ring (Q,+,-) will be expressed as NSR(Q). 


Proposition 2.1. A NSo= { (9, to(9), tc (9), fo(9)) 1g € Q} is called a NSR of Q, iff 
Vg,neQ, 
(i) to(g—n) > T(to(9),to(n)), to(g — 2) = T(io(g), io(n)), folg—n) < a ), fo(n)) 
(ii) to(g : n) = Tigo) tae) io(g . n) = Tag); tan )), fo( g° n) ee S(fo( (n)). 
Here, T and I are two TNs and S is a SN. 


Proposition 2.2. Let 01,02 € NSR(Q). Then o, N02 € NSR(Q). 


Theorem 2.3. Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, leth:Q—> Y bea 
homomorphism. If o is a NSR of Q then h(a) is a NSR of Y. 


Theorem 2.4. Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, leth:Q—> Y bea 
homomorphism. If a’ is a NSR of Y then h~(a') is a NSR of Q. 


Definition 2.14. Let o = { (9, to(9), to(9), fo(9)) :g € Q} be a NSR of Q. Then 
Ys € [0,1] the s-level sets of Q are defined as 
(i) (te)s ={g © Q: to(g) = $}, 
(ii) (ic)s ={9 € Q : i(g) = s}, and 
(iii) (fo)? = {9g EQ: fo(g) < s}. 


Proposition 2.5. A NSo= { (9, to(9), tc(9), fo(9)) :g € Q} of a crisp ring (Q,+,-) is 
a NSR of Q iff Vs € [0,1] the s-level sets of Q, i.e. (te)s, (ic)s, and (fz)*® are crisp rings of 


Q. 
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2.2. Neutrosophic soft subring 


Definition 2.15. Let (Q,+,-) be a crisp ring and A be a set of parameters. Then a NSS 
6 = {(r,ls(r)) : r € A} with Is : A + NS(Q) is called a NSSR if Vr € A, Is(r) € NSR(Q). 


The set of all NSSR of a crisp ring (Q,+,-) will be expressed as NSSR(Q). 


Proposition 2.6. A NSS 6 = {(r, {(9, tis(r) (9 )s ts(r)(9)s Fas cr) (9 )y:ge€ Q}) Ire A} 
over a crisp ring : +,-) is called a NSSR iff the following conditions hold: 


(i) taser) (9 T (Eig(r(9)s tiger), taser) (9 — 2) = I (tiger) (9), tiger) (™)), Sige (9-7) < 
Fu fe n)) and 
(ii) tis (ry ( Fiz @ ty)»: jing? 2) = [gw @).tg@H@®), Fp < 
a (g i i. (n)). 


Proposition 2.7. Let 61,62 € NSSR(Q). Then 6162 € NSSR(Q). 


Theorem 2.8. Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, let h: Q— Y be an 
isomorphism. If 6 is a NSSR of Q then h(d) is a NSSR of Y. 


Theorem 2.9. Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, let h:Q—> Y bea 
homomorphism. If 6' is a NSSR of Y then h~'(6') is a NSSR of Q. 


Theorem 2.10. 6, € NSSR(Q) and 62 € NSSR(Y), then their cartesian product 6, x 62 € 
NSSR(Q x Y). 


Definition 2.16. A NSSR 6 = {(r, Is(r)) ire A} of a crisp ring (Q,+,-) is known as a 
NNSSR of Q iff ty,() (9-7) = tis(r) (2-9); ts(r) (9-2) = tag ry(M-g), and fis(r)(9-”) = ig(r) (9). 


The set of all NNSSR of Q will be expressed as NNSSR(Q). 
Proposition 2.11. Let 61,62 € NNSSR(Q). Then 61M 62 € NNSSR(Q). 


Theorem 2.12. Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, leth:Q—-Y be an 
isomorphism. If 6 is a NNSSR of Q then h(d) is a NNSSR of Y. 


Theorem 2.13. Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, leth:Q—> Y bea 
ring homomorphism. If 6' is a NNSSR of Y then h~'(6') is a NNSSR of Q. 
3. Proposed notion of interval-valued neutrosophic soft subring 


Definition 3.1. Let (Q,+,-) be a crisp ring and A be a set of parameters. An IVNSS 


v= 1G { (95 tty (r) (9), 4 tints y(g ), Fite \(g )) 1g € Q}) Ire A} is called an IVNSSR of (Q,+,-) 
if Vg,n € Q, and Vr € A, the followings can be concluded: 
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) 
(iii) 9 try(r(9-”) S L(ttg(r)(9) try (2), 
fiero”) < F( fim (9)s fio”), 
The set of all IVNSSR of a crisp ring (Q,+,-) will be expressed as IVNSSR(Q). 


Example 3.2. Let (Z,+,-) be the ring and N be a set of parameters. Also, let VU = 


{ (1, {(9.trory(g y, ligt )(9)s Fla (r y(g )) :g € Z}) :ee€ n} be an IVNSS of Z, where 
ly : N- IVNS(Q) and Vg € Z, Vr € N corresponding memberships are 


\- [— <] ifge m7 


fig (g) = ¢ LPF) 
(0, 0] if g €2Z4+1 
; (0, 0] if g €2Z 
Uy (r)(9) = 1 , and 
if g € 2Z 1 
Fat 2r sl a 
; (0, 0] if g €2Z 
fia) (9) = 4 pr —1 
| r aq] fg 2a 


Here, considering minimum TN and maximum SNs Vr € N, UW € IVNSSR(Z). 


Example 3.3. Let (Z4,+,-) be the ring of integers modulo 4 and A = {ri,r2,7r3} be a set 
of parameters. Also, let UV = GAG try (r) (9) tw (r) (9) ae (9)):9€ Zs}) re A} be an 
IVNSS of Z4, where ly : A + IVNS(Q). Again, let the membership values of the elements 
belonging to W are specified in Table [2| and [4] 


TABLE 2. Membership values of elements with respect to parameter r1 


V(ri) | tig(rs) tte (r1) f(r) 
0 | (0.64, 0.66] | [0.33, 0.35] | (0.13, 0.14] 
I | [0.7,0.72] | (0.21, 0.23] | (0.77, 0.79] 
5 | [0.74,0.76] | (0.24, 0.26] | [0.51, 0.53] 
3 | (0.66, 0.68] | [0.31, 0.33] | (0.28, 0.3] 
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TABLE 3. Membership values of elements with respect to parameter r2 


V(r2) tia (r2) ta (72) Fra (or) 
0 | [0.68,0.7] | [0.3,0.32] | [0.31, 0.33] 
1 | (0.61, 0.63] | [0.31, 0.33] | [0.41, 0.43] 
2 | [0.57,0.59] | [0.4,0.42] | [0.65, 0.67] 
3 (0.7, 0.72] | [0.26, 0.28] | [0.52, 0.54] 


TABLE 4. Membership values of elements with respect to parameter r3 


U(rs) | tv(rs) ity (rs) fig (ra) 
0 | (0.71,0.73] | [0.2,0.23] | [0.15, 0.17] 
1 | [0.83, 0.85] | [0.15, 0.17] | [0.24, 0.26] 
2 (0.68, 0.7] | [0.3,0.32] | [0.38, 0.4] 
3 (0.78, 0.8] | [0.18,0.2] | [0.4, 0.43] 


Here, considering the Lukasiewicz TN (T(g,n) = max{0,g +n —1}) and bounded sum SNs 
(S(g,n) = min{g+n,1}), Vr € A, YU € IVNSSR(Za). 


Proposition 3.1. An IVNSS U = { (0, {(9, bv (9)s7 Uy (r)(9)s fet (9)):g € Q}) Ire A} 
of a crisp ring (Q,+,-) is an IVNSSR iff the following conditions hold (considering idempotent 


IVTN and IVSNs): 


(i) tigan(g — 2) = (r) 
n)s ae 2 

(i) trees a ly (r) a 
ome —s )(n)). 


Proof. Let V € IVNSSR(Q). Then 


ty (r) (9 


Similary, we will have 


oh ))s ta (rg — 2) 


ly (r tay (r) (9° n)< 


< Itty (9), tigi (™)), Frew (9 - 


Lieaa), tow) > fetes (9 <2) S 


—n) > T (big (r)(9)s bia (ry) (—7)) [by Definition [3.1] 
> T (tig (r)(9), tig (ry (7)) [by Definition [3.1] 


fair\(9 —”) < F (fig (9s fiery (™)); 


Again, (ii) follows immediately from condition (iii) of Definition [3.1] 


Conversely, let conditions (i) and (ii) of Proposition [8.1] hold. Assuming 6g as the additive 
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neutral member of (Q,+,-), we have 


Z 


tmilg=@) 
T (Eig (r) (9) tig (ry (9)) 


tty (r) (9) 


tyr) (OQ) < tig (r) (9) 
fiw(r)(9Q) < Fiw(r)(9) 


> i . )) 
> T (ty (ry) (9 1, tig (r) (9 )) [by 3.3] 


tiy(r)(g) [since T is idempotent] 


tty (r)(—9) < tty (r)(g) [since I is idempotent] 


w(r)(g) [since F is idempotent] 


(r)(g — (—n)) 


oP hts), gah 
rat MOC RM CL )) [by [3-4] 


Similaly, 
Now, 
tiy(r)(—9) = tyr) (PQ — 9) 
Similarly, 
fig (—9) < fi 
Hence, 
Similarly, 


OC Tr n) = F( 


Uy (r) (9 Tv n) < Tin (g ); tg (y(n )) [by 3.5] 


fists @tigt n)) [by 3.6 


Collected Papers, XII 


(3.1) 


(3.8) 
(3.9) 


Hence, Equations and prove part (i) of Proposition Again, part (ii) of 


Proposition |3.1}is similar to condition (iii) of Definition [3.1] So, W € IVNSSR(Q). 


Theorem 3.2. Let (Q,+,-) be a crisp ring. If V1,V2 € IVNSSR(Q), then Uy ON V2 € 
IVNSSR(Q) (considering idempotent IVTN and IVSNs). 
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Proof. Let V = U,M V2. Now, Vg,n€ Q and VreA 
tiy(r(g +n) = T (hy ee ti, (r)(g +2) 

( T (Fig, (r)(9)> Fxg (”))) 

= T(T (he, (9 (9). iy, 7) ()) T (bry) Bg (0) (9))) [as T is commutative] 

= T(T( ¥4(9)s Figg (r)(9)) sF (Fy, (> Ba, () (n))) [as T is associative] 


= Thee OG tigta() (3.10) 


and 


tty (r)(—9) = T (fig, (7) (-9) btw, (r) (9) 
> T (tig, (r) (9); ftw, (r)(g)) [by Definition 3-1] 


= Fyn) (0) (3.11) 

Similarly, we can show 
tg (r) (9G +2) < I (tg (9), tty (ry (M)) (3.12) 
fig (G +7) < F(ftgir\(9)s Fig (ry (2) (3.13) 

and 

figtr)(-9) < fray) (3.15) 

Also, we can show that 
tiyr(g-”) > T (ty (ry) (9); trv (™)), (3.16) 
hee (g : n) < I (i, tty (r) ( oer (r)(n n)), and (3.17) 
fiair(g-n) < at (9); fig (r)(™)) (3.18) 


So, from Equations WV € IVNSSR(Q). 


Remark 3.3. In general, if U1, V2 € IVNSSR(Q), then V{UWV2 may not always be an IVNSSR 
of (Qi, +; Ji 


The following Example [3.4] will prove Remark [3.3] 


Example 3.4. Let (Z,+,-) be the ring of integers and N be a set of parameters. Again, 
let Vi = {(r,{(G 10,0) -de (9): fio,n(9) 2 9 € Z}) 7 € Nh and W = 


767 


Florentin Smarandache (author and editor) Collected Papers, XII 


{(r, {(9; fiw, (r) (9); tow, (ry (9): fia,(r)(9)) :g € Z}) :rEeN\ {iy} be two IVNSSs of Z, where 
ly, : N- IVNSS(Q) be defined as 


a [—.-] if g € 2Z 
tty, (r)(9) = 4 07 r 
; (0, 0] ifg€2Z+1 
; (0, 0] if g € 2Z 
ty. (r)(g) = 1 1 ioe ae and 
Or +2 ar} 9 | 
; (0, 0] if g € 2Z 
fia (9) r-l rq. 
= | ify 2Z+1 
and ly, : N \ {1} > IVNSS(Q) be defined as 
1 1 
; -, — if g € 3Z 
tiy, (r) (9) = e —1 ’ 
(0, 0] ifg€3Z+1 
; (0, 0] if g € 3Z 
ty (r(9=Fr1 1 4. , and 
pe Eg oes 
(0, 0] if g € 3Z 
fiw, (r) (9) AD shes 
v2 (7) B a2 ‘) fg C3Z41 
r—1l 


Here, considering minimum TN and maximum SNs ©, V2 € IVNSSR(Z). Let UV = VW, UW». 


Now considering r = 3 we will have 


thy, (3) (g) = and 


tig, (8)(9 
0,0] ifge3Z+1 


Now, taking g = 10 and n = 15, we will have 


ty (3)(g +) = tiy(3)(10 + 15) 

= ty,(3) (25) 

= max{ty,,, (3) (25), tiy,, (3) (25) } 
max{[0, 0], [0, 0]} 


= (0, 0] 
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Again, if ¥ ¢ IVNSSR(Q), then Vg,n € Q, tiy(3)(g +n) > min{t, (3) ) 
for g = 10 and n = 15, min{t,,(3) (10), #7, (3) (15) } = min { [43], f, i} = [3.3| * (0,0) = 
ty(3) (10 +15). So, Vg IVNSSR(Q). 


Corollary 3.4. If U;, V2 € IVNSSR(Q), then WV, U V2 € IVNSSR(Q) iff one is a subset of 


other. 


Definition 3.5. let UV = { (0 {(9, Fig 0 (9)s Fem (099) Fi \(9)) : 9 € Zs}) Ire A} be an 
IVNSS of a crisp ring (Q,+,-). Also, let [g1, 71], [g2,n2], and [g3,n3] € o(K). Then the CS 
Piss Jshiemal lesa) is called a level set of IVNSSR W, where for any g € 2G CeCe ee) 
the following inequalities will hold: t),(,)(g) = [gi,ma], ligt )(g) < [g2,n2], and Fak )(g) < 


[93,3]. 


Theorem 3.5. Let (Q,+,:) be a crisp ring. Then UW € IVNSSR(Q) iff 
V[g1, 4], [92,2], [93,73] € O(K) with ty@y(q) > [gm], tyr (O@) < [g2,n2], and 


fiir) (PQ) < (93, ns], Y avin 
potent IVTN and IVSNs). 


) is a crisp subring of (Q,+,-) (considering idem- 


Proof. Since, ty (r) (AQ) Ba [m1], tty (r) (OQ) < [g2, na], and fia (r) (8Q) = [93, n3], 9Q = 
Le, U ) is non-empty. Now, let V € IVNSSR(Q) and 


Pas na},[g2,n2],{ga.ns])’ ([91,n1],[92,n2],lgs,nal 


es * (pottiieamaciaiel Ho showshat, (=m) andl Goi » (geal aendl asl)? more 
try(r)(g — 2) = T (frg(r) (9), ttg(r)(")) [by Proposition 33.1] 
= T([g1,m), [1,m1]) [as ae . ce ee 
> [g1,n1] [as T’ is idempotent] (3.19) 
Again, 
tig(r(g +m) > T (ty (r) (9); tg (r)(m)) [by Proposition [3-7] 
> T([91, 71], [g1,71]) [as 9g, ne ee) 
> [91,71] [as T is idempotent] (3.20) 
Similarly, as J and F are idempotent, we can prove that 
tty (r) (9 —n) < [g2, na], (3-21) 
tg(r) (9) < [92, na], G27) 
fiw (9 — 2) < [g3,n3], and (3.23) 
fiw (ry (9°) < (93, na}. (3.24) 
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i.e., 


So, from Equations 3.24|(g—n) and g-n€ uy 


is a crisp subring of (Q,+,- 


[91,n1],[92,n2],[93,ns]) ’ ([91,n1],l92,n2I,[g3,ns]) 


Conversely, let WU ( is a crisp subring of (Q,+,-). To show that, UV € 
IVNSSR(Q). 


Let g,n € Q, then there exists [gj,n1] € ¢(K) such that T(t), (r)(9),tig@ry(m)) = [91,21]. 


[91,71],[92,n2],[93 .ns]) 


Wherefrom t,,(r)(g) = [91,71] and tiy(r)(m) = [91,71]. Also, let there exist [92,2], [93,73] € 


(i) such that I (ity (r) (9); tty (r)(")) = |ge,n2] and F (fia (r)(9)s fle (r)(™)) = [g3,n3]. Then 
am . * (ounilonnel enna) 


Now, as oi is a crisp subring, g —n € WU and g-n € 


[91,71], [92,n2],[93,ns]) ({91,m1],[92,n2],[93,n3]) 


(a .n1],[g2,n2],[93.3]) , 
Hence, 


ty (r) (9 ~~ n) 2 [k1, $1] 


= T (tig(r) (9), tty (ry (m)) and (3.25) 
tig(ry(g-m) = [k1, 81] 
= T (tiy(r) (9), tyr) (")) (3.26) 


Similarly, we can prove that 


ty (r)(g — 2) < [k2, 82] 


= Tig) (D)s tory (”)), (3.27) 

tty (r)(g-) < [ke, 82] 
=T (ity(r)(9)s tty (r)()); (3.28) 

fia(r)(9 — 2) < [k3, 83 
=F (fig(r(9)s fig(ry(m)), and (3.29) 

fiw (ry (92) < [ks, 83 
= F (fig(r)(9)s fiw (r) (7) (3.30) 


Hence, from Equations Ww € IVNSSR(Q). 


Definition 3.6. Let Y and W’ be two IVNSSs of two CSs Q and Y, respectively. Also, let 
h:Q-—Y bea function. Then 


(i) image of V under h will be 
h(w) = iG {(n, thitw(r))(™); try (r)) (™), Frcig(ry)(m)) 2 € Y}) Ts A}, 


where trig (r))(%) = scream to) 9)» th(ly(r)) (2) = cen yy tv ey): and fry (ry)(¥) = 
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x 
sEh-l(n 


tn(ly(r))(™) = tiger) (h(n), Fata (ry) (™) = fig ry (A ()). 
(i) preimage of W’ under h will be 


foviry(8). Wherefrom, if h is injective then thuy(ry)(n) = tiger) (h-'(n)), 


AW) = iG {(9, th-1ty(r)) (9) 2n-2dgr(r)) (G)s Fr-2dgr(r)) (9) 2.9 € Q}) TS A}, 


where ¢),-1(1,,(r)) (9) 
Figr(r) (R(g))- 


= tr(ry(A(9)), trv (ry (9) 


= tyr (h(9)), fr-raye(ry) (9) 


Theorem 3.6. Let (Q,+,:) and (Y,+,-) be two crisp rings. Also, leth : Q > Y be an 
isomorphism. If V is an IVNSSR of Q then h(W) is an IVNSSR of Y. 


Proof. Let n, = h(gi) and nz = h(g2), where gi, go € Q and ni, no € Y. Now, 


ta(iy(r)) (M1 — M2) = tig (r 


(h~!(m1 — ng) [as h is injective] 


(h-* (ni) — h—!(ng)) [as h—! is a homomorphism] 


—_ lo (r 
= try (r)(91 — 92) 
2 T(t, (r)(91), Eig (r) (92) 


=F (fin (OMe) Feo (0 Ma))) 


= T (En(te(r)) (1); Erg (ry) (M2) (3.31) 
Again, 
En(iy(r)) (M1 * 22) = ty (ry (7 '(m1 + n2)) [as h is injective] 
= tryin) (h-1(m1) -h71(ng)) [as A! is a homomorphism] 
= tig (r) (91 * 92) 
Pad T(t (r) (91); tig (r) (92) 
=T (ty) (A-"(n1)) fron (n-(n2)) ) 
= T (nay (ry) (1), tniw (ry) (M2) (3.32) 
Similarly, 
indy (r)) (M1 — M2) < Tiny (ry) (M1), trig (ry) (M2), (3.33) 
tn(tw(r)) (M1 - 22) < I (indy (ry) (1); try (ry) (m2), (3.34) 
Fr(tu (ry) (m — n2) < F (frig (ry) (1), Faig (ry) (m2)), and (3.35) 
Fry (r)) (M1 - 22) < F (fate ry) (M1); Fain (ry) (2) (3.36) 


So, from Equations h(W) is an IVNSSR of Y. 
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Theorem 3.7. Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, leth : Q > Y bea 
homomorphism. If VW’ is an IVNSSR of Y then h~!(W’) is an IVNSSR of Q. (Note that, h~! 


may not be an inverse function but h~!(W’) is an inverse image of WV’). 
Proof. Let ni = h(gi) and nz = h(g2), where gi, g2 € Q and n1,n2 € Y. Now, 


En (dge(n)) (91 — 92) = fayr(ry (h(i — 92)) 
= ty, (r) (h(g1) — h(g2)) [as h is a homomorphism] 
= th, (r)(m1 — n2) 
> T (ty, (r) (m1), ty, (7) (2) 


= T (fig) (A(91)) 5 g(r) (h(92)) J 


= T (tp-1(0y,(r)) (91) Eh-1 (Lys (r)) (92)) (3.37) 
Again, 
th-1(tyr(r)) (91 -g2) = Eres (r) (A(91 - g2)) 
= ts (r) (h(g1) . h(g2)) [as h is a homomorphism] 
= thy (r)(m1 + n2) 
> T (tig (r) (M1), ty, (r) (2) 
= T (Fig) (A(91)) Fig r(r) (1(92)) J 
= T (Ep-1(0y,(r)) (91) Eh-1 (1g, (r)) (92)) (3.38) 
Similarly, 
tn-1 (ly (r)) (91 — 92) S L(Gn-1(0y,(r)) (91) th-1 (Uys (r)) (92) (3.39) 
th-1 (y(n) (G1 * 92) S L(tn-11y, (r)) (91) tr-1 (ig (r)) (92) (3.40) 
Fr-1(ty (r)) (91 — 92) S F(Fr-1 yr (r)) (91) Fr-1 tys (r) (92)) (3.41) 
fr-1y(v)) (91° 92) S F(Fr-1ays (v9) (91) Fr-2 (dg (v)) (92) (3.42) 


So, from Equations h~!(W’) is an IVNSSR of Q. 


Definition 3.7. Let (Q,+,-) be acrisp ring and UV € IVNSSR(Q). Again, let @ = [a1, a2],7 = 
[11,2], X = [x15 x2] € o(k). Then 
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(i) W is called a (a, 0, ¥)—identity IVNSSR over Q, if Vg © Q 


_ a if g = 0g 
[0,0] if g FAQ 


_ Vv if g = Ag 
Uy (r (9) = , and 
ow [1,1] ifg FQ 


2 xX ifg=4Q 
Tie (9) = ’ 
oe [1,1] ifg AQ 
where 6g is the additive zero element of Q. 
(ii) W is called a (a, 7, ¥)—absolute IVNSSR over Q, if Vg € Q, tig (r)(g) = &, Tis’ (g) =, 
and fig (r)(g) = X. 
Theorem 3.8. Let (Q,+,-) and (Y,+,-) be two crisp rings and V EIVNSSR (Q). Again, let 
h:Q—Y be a homomorphism. Then 
(i) h(W) will be a (a, 0, X)—identity IVNSSR over Y, if Vg € Q 


- a  ifg € Ker(h) 
ty r (9) = 
ae [0,0] otherwise 


’ 


, and 


7 Dv ifg € Ker(h) 
ty (r)(g) = 


[1,1] otherwise 
7 X if g © Ker(h) 
fan'o) = I 1] otherwise 
(ii) A(W) will be a (a@,v, X)—absolute IVNSSR over Y, if VU is a (a,v,x)—absolute IVNSSR 


over Q. 


Proof. (i) Clearly, by Theorem [3.6] h(W) € IVNSSR(Y). Let g € Ker(h), then h(g) = Oy. 
So, 


=a (3.43) 

Similarly, 
tn(ly(r)) (Ov) = %, and (3.44) 
Fay (r)) (Ov) = X (3.45) 
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Again, let g € Q \ Ker(h) and h(g) =n. Then 


En(ty(r))(®) = fig (ry (h* (n)) 


= tig (ry (9) 
= [0,0] (3.46) 
Similarly, 
trig (r)) (m2) = [1,1] and (3.47) 


So, from the Equations [3.43} [3.48] h(w ) is a (@, 0, X)—identity IVNSSR over Y. 
(ii) Let h(g) =n, forg€ Q andneY. Then 


= tiy(r) (9) 
=@ (3.49) 
Similarly, 
Peet Saeed (3.50) 
fren) (n) = X (3.51) 


So, from the Equations h(W) is a (@,7, ¥)—absolute IVNSSR over Y. 


3.1. Product of interval-valued neutrosophic subrings 


Definition 3.8. Let (Q,+,-) and (Y,+,-) be two crisp rings. Again, let ¥; ¢ IVNSSR(Q) 
and U2 € IVNSSR(Y), where U1 = { (ri, {(9, Fy, (r1) (9) dtu, (71) (9), Fir (ry) 2-9 © QH) 


rr e€ A} and V2 = { (2s { (0, Fg (r2) (7)s Hag (2) (02): Fs (r2)(®)) Ine Y}) 72 € A}. Then 
cartesian product of Vy and W» will be 


V=V, x Vo 
= {((r1, 72), lw, xw2(T1,72)) : (T1,72) € Ax A} 
where the approximate function ly,.w, : Ax A— IVNS(Q x Y) is defined as 
Far cag (risra) (G17) = T (fy, (r1)(G)s fy, (ray ("))s 
tty, vy (risra) (Gs 7) = I(t, (ny (9 )s Mw, (r)(m)), and 
Fast taa Get n) = Pak (rs) (9 )s Fi, (ra) (7) 


Similarly, product of 3 or more IVNSSRs can be defined. 
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Theorem 3.9. Let (Q,+,-) and (Y,+,-) be two crisp rings with UV; © IVNSSR(Q) and V2 € 
IVNSSR(Y ). Then Vy x Va € IVNSSR(Q x Y). 


Proof. Let UV = VW, x We and (91,71), (g2,n2) € Q x R. Then 


tig (mara) ((g1s m1) — (ga; 2) 

= by euy (rusra) ((91 — 92,1 — 2) 

= T (tig, (r1)(91 — 92); btw, (r2) (M1 — 22) 
(T(t, (r)(91) 5 Ba, (r1) (92) » T (Ete, (ra) (1)s te, (ra) (n2))) 
(Thy, rl); tig, (r2)(™1)) 1 T'(Ery, (v1) (92) boy, (r2)(n2))) 


[as T' is associative] 


IV 
SI 


l| 
SI 


= T (tia (ri,ra) (91s 1), boy (ra ra) (92s "2)) (3.52) 


Again, 


Eig (rire) (gis 4) + (92, M2)) 
= tha sevy (rare) ((91 * gas 71 * 22) 
= T (tig, (r1) (91 * 92), Fg, (ra) (M1 * N2)) 
2 T(T (fy, oy), Eig, (r1)(92))s F (Ey, (ra) (™) Fig, (-2)(n2))) 
= T(T (ba, (r1)(): thy, (r2)(M1)) 5 T (tha, (rr) (92), fv, (r2)(n2))) 


[as T is associative] 


= Pea eepey Gis n1), CCE n2)) (3.53) 
Similary, 
Uy (rayra) (91,71) — (ga, M2)) < L (tty (rryra) (Gs 1)» By (rr sro) (G25 M2) 5 (3.54) 
Uy (rar) (C9151) * (92, 2)) < L (tty (ry r2) (91s M1) ty (rrr) (925 M2)) 5 (3.55) 
Stet (r1,r2) \((gi,7 = (g2,n2)) = F (fro (risra) (Gs); Sitar 92,2 ? and (3.56) 
Fas (ragra) (G11) « (g2,n2)) < FE (ftg rire) (91s 1)+ Fig (r1,ro) (G2, 2) (3.57) 


So, by Proposition [3.1] and from Equations 3.57| U1 x Vo € IVNSSR(Q x Y). 


Corollary 3.10. Let Vi € {1,2,...,n}, (Qi, +,-) are crisp rings and UV; © IVNSSR(Q;). Then 
Wy x Wo x--- xX Wy, is a IVNSSR of Qi x Q2 x +--+ X Qn, wheren EN. 
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3.2. Subring of a interval-valued neutrosophic soft subgring 

Definition 3.9. Let (Q,+,-) be a crisp ring and W,,W2 ©€ IVNSSR(Q), where 
WH = {(r,{(Gin, (iv, 099) fn, 2 9 € Qh): r € A} and ® = 
{ (5 {(9 Biv (r)(9) sy (7)(9)> Fis (9) 9g € Q}) ire A}. Then W, is called a subring 
of Wo if Vg € Q, thy, (ry (9) S thy g(r) (9), tw, (7) (G) 2 tty, (9), and fig, (7) (9) = Sw, (r)(9)- 


Theorem 3.11. Let (Q,+,-) be a crisp ring and VW € IVNSSR(Q). Again, let Vi and V2 be 
two subrings of UV. Then V1, M We is also a subring of V, considering all the IVT'N and IVS'Ns 


as idempotent. 


Proof. Here, Vg € Q 


tia nw,(r)(9) = T (thw, (7) (9)> thw, (r) (9) 
< T (fy (7) (9): tyr) (9)) 
= tiy(r)(g) [as T is idempotent] (3.58) 
Similarly, since J and F' are idempotent we have, 
tty aw, (r)(9) = tty (r)(g) and (3.59) 
frasnwy(r)(9) = Fry (r)(9) (3.60) 


So, from Equations |3.58}/3.60| ¥; 9 We is a subring of W. 


Theorem 3.12. Let (Q,+,-) be a crisp ring and V,,V2 € IVNSSR(Q) such that Vy is a 
subring of V2. Let (Y,+,-) is another crisp ring andh:Q— Y be an isomorphism. Then 
(i) h(W1) and h(W2) are two IVNSSRs over Y and 
(i) h(W1) ts a subring of h(V2). 


Proof. (i) can be proved by using Theorem |3.6 
(ii) Let n = h(g), where g € Q andne€ Y. Then 


(2)) < tay (h(n) 
= trio, (r))(™) S tritg, (ry) () (3.61) 
Similarly, 
th(ly, (r))(%) = thy, (ry) (7) and (3.62) 
Frwy) 2 Frctog (ry) (”) (3.63) 


So, from Equations h(W1) is a subring of h(W2). 
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3.3. Interval-valued neutrosophic normal soft subrings 


Definition 3.10. Let (Q,+,-) be a crisp ring and WV is an IVNSS of Q, where V = 
{ (1, {(9 Biv. (9)s tg(e9(9)s Fav (9)) :g €Q}s):re A}. Then W is called an IVNNSSR 
over Q if 
(i) YW is an IVNSSR of Q and 
(ii) Van €Q, tym (9°) = tym (n- 9), ty(n(G- Dr) = ty (n-g), and fig (g-n) = 
fiy(r)( 9). 
The set of all IVNNSSR of (Q,+,-) will be expressed as IVNNSSR(Q). 


Example 3.11. Let (Z,+,-) be the ring and N be the set of parameters. Also, let UV = 


{(r, { (95 ta (r) (9); tte (r) (9) Fig (ry (9) :g€ Z}) ire n} be an IVNSS of Z, where ly(r) : N > 
IVNSS(Q) and Vg € Z, Vr € N corresponding membership values are 


= is ] fg €2z 


CoC) ea a Mle 
(0, 0] ifg€2Z+1 
(0, 0] if g € 2Z 

tty (r)(9) = 1 i , and 

ifg €2Z41 

aoe ol g = 
(0, 0] if g € 2Z 

fis(r) (9) = = 

u(r) [ a r Jifge2u+1 
r-lr+l 


Here, considering minimum TN and maximum SNs Vr € N, © € IVNNSSR(Z). 


Theorem 3.13. Let (Q,+,-) be a crisp ring. If V1,V2g € IVNNSSR(Q), then Vy V2 € 
IVNNSSR(Q). 


Proof. As V1, V2 € IVNSSR(Q) by Theorem [3.2] Vy MW. € IVNSSR(Q). Again, 


een (r) (9 . n) a= T (tig, (r) (g . n), Lig: (r) (g n)) 
= T (fig, (n(n . 9); ty, (r)(n : g)) [as Wi, Wo € IVNNSSR(Q)| 


= ty,nv2(n- 9) (3.64) 

Similarly, 
ity avg (r) (g , n) = ty, aw, (r)(n : 9) (3.65) 
Foaynug(r) (9 ‘ n) a Tous) (n : 9) (3.66) 


Hence, Uy 1 V2 € IVNNSSR(Q). 
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Remark 3.14. In general, if U1,V2 © IVNNSSR(Q), then UV, U V2 may not always be an 
IVNNSSR of (Q,+,°)- 


Remark can be shown by Example[3.4] 


Theorem 3.15. Let (Q,+,:) be a crisp ring. Then VW € IVNNSSR(Q) iff 
Vii, 1]; [g2,n2], [93,73] € O(K) with tiywy(q) > [91,ma], ty(ry(Q) < [g2,n2], and 


fiw (r) (OQ) < [93, n3], » (Gaeiionnal endl) 
idempotent IVTN and IVSNs). 


is a crisp normal subring of (Q,+,-) (considering 


Proof. This can be proved using T heorem [3.5] 


Theorem 3.16. Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, leth:Q— Y be a ring 
isomorphism. If V is an IVNNSSR of Q then h(W) is an IVNNSSR of Y. 


Proof. As V is an IVNSSR of Q, by Theorem [3.6] h(W) is an IVNSSR of Y. Let h(gi) = 14 
and h(g2) = n2, where gi, g2 € Q and n1,n2 € Y. Then 


th(te(r)) (1 * M2) = tig (h-!(n1 + n2)) [as h is injective] 
(h-!(m,)-h7*(ng)) [as h~! is a homomorphism] 
= try (ry (M1 + 92) 

(g2- 91) [as © is an IVNNSSR of Q] 


= th(ly(r)) (2-71) (3.67) 


Similarly, 


in(w(r)) (M1 * 22) = th(ty(r)) (M2 +1) and (3.68) 
Frcig(ry) (1 “ng) = Fin(ty (ry) (m2 “n1) (3.69) 
So, from Equations h(W) is an IVNNSSR of Y. 


4. Conclusions 


Interval-valued neutrosophic field is a dynamic research domain. Under soft environment, 
it becomes more general and productive. For this reason, we have adopted this mixed envi- 
ronment and defined the notions of interval-valued neutrosophic soft subring along with its 
normal version. Also, we have studied several homomorphic attributes of these newly intro- 


duced notions. Again, we have introduced the product of two interval-valued neutrosophic 
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soft subrings. Furthermore, we have given several fundamental theories to understand some 
of its algebraic characteristics. These newly introduced notions have the potentials to become 
fruitful research domains. In future, for generalizing this concepts one can introduce them 


under the hypersoft set environment. 
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Introduction to Interval-valued Neutrosophic Subring 


Sudipta Gayen, Florentin Smarandache, Sripati Jna, Ranjan Kumar 


Sudipta Gayen, Florentin Smarandache, Sripati Jna, Ranjan Kumar (2020). Introduction 


to Interval-valued Neutrosophic Subring. Neutrosophic Sets and Systems 36, 220-245 


Abstract. The main purpose of this article is to develop and study the notion of interval-valued neutrosophic 


subring. Also, we have studied some homomorphic characteristics of interval-valued neutrosophic subring. 


Again, we have defined the concept of product of two interval-valued neutrosophic subrings and analyzed some 


of its important properties. Furthermore, we have developed the notion of interval-valued neutrosophic normal 


subring and studied some of its basic characteristics and homomorphic properties. 


Keywords: Neutrosophic set; Interval-valued neutrosophic set; Interval-valued neutrosophic subring; Interval- 


valued neutrosophic normal subring 


ABBREVIATIONS 

TN signifies “T-norm”. 

SN signifies “S-norm”. 

IVTN signifies “interval-valued T-norm” . 
IVSWN signifies “interval-valued S-norm”. 
CS signifies “crisp set”. 

FS signifies “fuzzy set”. 

IFS signifies “intuitionistic fuzzy set”. 
NS signifies “neutrosophic set”. 

PS signifies “plithogenic set”. 

FSG signifies “fuzzy subgroup”. 

IFSG signifies “intuitionistic fuzzy subgroup”. 
NSG signifies “neutrosophic subgroup”. 
CR signifies “crisp ring”. 

FSR signifies “fuzzy subring”. 


IFSR signifies “intuitionistic fuzzy subring”. 


784 


Florentin Smarandache (author and editor) Collected Papers, XII 


NSR signifies “neutrosophic subring”. 

IVFSR signifies “interval-valued fuzzy subring”. 

IVIFSR signifies “interval-valued intuitionistic fuzzy subring”. 
IVNSR signifies “interval-valued neutrosophic subring”. 
IVNNSR signifies “interval-valued neutrosophic normal subring”. 
DMP signifies “decision making problem”. 

w(P) signifies “power set of P”. 


L signifies “the set [0,1]”. 
1. Introduction 


Zadeh’s vision behind introducing the revolutionary concept of FS |1| theory was to tackle 
uncertainty in a better way than CS theory, which has certain drawbacks. Later on, following 
his vision Atanassov introduced a more general version of it, which is known as IFS |2) theory. 
These IFSs are a little step ahead in managing ambiguities and hence are welcomed by numer- 
ous researchers. Furthermore, following their footsteps Smarandache introduced NS |3] theory, 
which is more capable of handling vague situations. It is a significant generalization over CS, 
FS, and IFS theories. Smarandache has also initiated the concept of PS |4| theory which has 
broader aspects than those previously discussed concepts. In NS and PS theory, he has also 
developed the notions of neutrosophic calculus I, neutrosophic probability (6}, neutrosophic 
statistics [7], integral, measure (3). neutrosophic psychology (91, neutrosophic robotics (10, 
neutrosophic triplet group (12), plithogenic hypersoft set We plithogenic fuzzy whole hyper- 
soft set [13], plithogenic logic, probability [14], plithogenic subgroup [15], plithogenic hypersoft 
subgroup [16], etc. Again, NS theory has various other contributions in different scientific re- 


searches, like in linear programming , decision making (21}{27], healthcare [28/29], short- 


est path problem (30}{37], neutrosophic forecasting [38], resource leveling [39], transportation 
problem (401/41), project scheduling [42], brain processing [43], etc. 

Gradually, interval-valued versions of FS (44. IFS [45], and NS were introduced, which 
are further generalizations of their CS, FS, IFS, and NS counterparts. Presently, these set 
theories are extensively used in different scientific domains. From the very start, various 
researchers have carried out this concepts and explored them in different dimensions. In the 


subsequent Table [1] we have referred some significant aspects of these notions. 


TABLE 1. Importance of interval-valued notions in different domains. 


Author & references Year Contributions in various fields 
Biswas 1994 Introduced interval-valued FSG. 


continued ... 
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Author & references Year Contributions in various fields 

Atanassov 1999 Studied basic definition and some properties of 
IVFS. 

Mondal & Samanta 2001 Defined and studied topology of IVIFSs. 

Wang et al. 2005 Proposed and studied IVNS and _interval-valued 
neutrosophic logic. 

Ye 2009 Worked on multi-criteria DMP under IVIFSs. 

Kang & Hur 2010 Introduced and studied the notion of IVFSR. 

Akram & Dudek 2011 Defined some basic operations on interval-valued 
fuzzy graphs and studied some of their properties. 

Aygitnoglu et al. 2012 Introduced interval-valued IFSG and studied some 
homomorphic properties of it. 

Moorthy & Arjunan 2014 Introduced and studied some properties of IVIFSR. 

Aiwu et al. 2015 Worked on multi-attribute DMP under IVNSs. 

Broumi et al. 56 2016 Worked on interval-valued neutrosophic graph the- 
ory. 

Deli 2017 Applied soft version of IVNS in DMP. 

Broumi et al. 2019 Studied some properties of interval-valued neutro- 


sophic graphs. 


Group theory and ring theory are fundamental building blocks of abstract algebra, which 
are utilized in different scientific domains. But, initially, these concepts were introduced upon 
crisp environment. Gradually, from 1971 on-wards researchers started introducing these con- 
cepts under various uncertain environments. Some significant developments of these notions 
under uncertainty are the concepts of FSG [57], IFSG [58], NSG [59], FSR (60)/61), IFSR (62, 
NSR [63], etc. Again some researchers have introduced these concepts under interval-valued 
environments and initiated the notions of interval-valued FSG , interval-valued IFSG [52], 
interval-valued NSG [64], interval-valued FSR (50, interval-valued IFSR 53}, etc. Some more 
articles which can be helpful to different researchers are (65}{71), etc. But, still, the notion 
of interval-valued NSR is undefined. Hence, by mixing interval-valued environment with neu- 
trosophic environment, we can introduce a more general version of NSR, which will be called 
IVNSR. Also, their homomorphic properties can be studied. Again, their product and normal 
forms can be developed and analyzed. Based on these observations, the followings are some 


of our main objectives for this article: 


e Introducing the notion of IVNSR and a analyzing its homomorphic properties. 
e Introducing the product of IVNSRs. 
e Introducing subring of a IVNSR. 
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e Introducing the notion of IVNNSR and a analyzing its homomorphic attributes. 


The subsequent arrangement of this article is: in Section |2| some desk researches of FS, 
IFS, NS, IVFS, IVIFS, IVNS, FSR, IFSR, NSR, IVFSR, IVIFSR, etc., are discussed. In 
Section 3} the idea of IVNSR has been introduced and some basic theories are provided. Also, 
their product and normal versions are defined. Also, some theories are given to understand 
their algebraic attributes. Lastly, in Section [4] the concluding segment is given and also some 


opportunities for further studies are mentioned. 


2. Literature Review 
Definition 2.1. A FS of a CS P is defined as the function vy: P > L. 


Definition 2.2. An IFS p of a CS P is defined as p = {(r,tp(r), fy(r)) : r € P}, where 
Vr € P,t,(r) and f,(r) known as the degree of membership and non-membership which satisfy 
the inequality 0 < tp,(r) + fp(r) <1 


Definition 2.3. A NS « of a CS P is defined as « = {(r,t,(r),ix(r), fx(r)) 2 r € PS, 
where Vr € P,t,(r),i,(r), and f,,(7) are known as degree of truth, indeterminacy, and falsity 
which satisfy the inequality ~0 < t,(r) + in(r) + f(r) < 3°. 


Definition 2.4. An interval number of L = [0,1] is denoted as k = [k~,k*], where 
lek ok 20. 
Definition 2.5. An IVFS of P is defined as the mapping v : P > (LZ). 
Definition 2.6. An IVIFS of P is defined as the mapping p : P > 7(L) x w(ZL), It is 
denoted as p = {(r,é,(r), fa(r)) :r € P}, where tp(r), fa(r) C (0, 1]. 
Definition 2.7. An IVNS of P is defined as the mapping & : P > o)(L) x w(L) x ¥(L), I 
is denoted as & = {(r,ta(r), ta(r), fa(r)) : 7 € P} where Vr € P, tx(r), iz(r), and fg(r) C L 
Definition 2.8. Let & = {ria@vial)fa@®)) 2 7 © P} and fe = 
{ (r, ta (1), te (7), fra(r)) +r € P} be two IVNSs of P. Then union of # and 2 is defined as 
bei = [max {f.5,, be} max {tf te} 
tum = [min {t,,i¢,},min {it ,7t }] 
five = [min {fas fe ts min {fir Se 3] 
Then intersection of K, and Ka is defined as 


tank = [ min {t2,, te a7 min {éf,, tt }] 


bank = [ max {iz , i hs max {i,,, ig }] 


tan = [max {fe fa },max {fa fa} 
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Definition 2.9. A function T: L > L is called a TN iff Vr,v,z € L, the followings can 


be concluded 


Definition 2.10. A function T : ¥(L) x ¥(L) > W(L) defined as T(k,w) = 
[T(k-,w),T(k*,wt)], where T is a TN is known as an IVTN. 


Definition 2.11. A function S : L > L is called a SN iff Vr,v, z € L, the followings can 


be concluded 


Definition 2.12. The function S : ~(L) x ¥(L) > y(L) defined as S(k,w) = 
[S(k-,w), S(k*,wt)], where S is a SN is called an IVSN. 


2.1. Fuzzy, Intuitionistic fuzzy €& Neutrosophic subrings 


Definition 2.13. |60) Let (P,+,-) be a crisp ring. A FS 4 is called a FSR of P, iff Vr,u € P, 
(i) A(r—v) 2 min{A(r), A(v)}, 
(ii) A(r-v) > min{A(r), A(v) } 


The set of all FSR of a crisp ring (P,+,-) will be denoted as FSR(P). 


Theorem 2.1. Any FS X of a ring (P,+,-) is a FSR of P iff the level sets Xs (A(Op) => 


s > 0) are crisp subrings of P, where Op is the zero element of P. 


Definition 2.14. Let \ be a FSR of (P,4+,-) and \(6p) > s > 0, where Op is the zero 


element of P. Then A, is called a level subring of X. 
Proposition 2.2. Let 1,A2 € FSR(P). Then A192 © FSR(P). 


Theorem 2.3. Let (P,+,-) and (R,+,-) be two crisp rings. Also, letl: P > R be a 
homomorphism. If X is a FSR of P then l(X) is a FSR of R. 


Theorem 2.4. Let (P,+,-) and (R,+,-) be two crisp rings. Also, let l: P— R be a 
homomorphism. If is a FSR of R then 1l~'(X) is a FSR of P. 
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Definition 2.15. Let (P,+,:) be a crisp ring. An IFS y = {(r,ty(r), fy(r)) : r € P} is 
called an IFSR of P, iff Vr,u € P, 
(i) yr v) = PET) sto) )3 filrtu)s S(fy(r), t(v)) 
(ii) t(-r) 2 t(r), f(-r) < Ar) 
(ili) 4(r<v) > Tt, (r),t(v)), (re) < S(,@), 7 ())- 
Here, JT isa TN and S isa SN. 


The set of all IFSR of a crisp ring (P,+,-) will be denoted as IFSR(P). 


Proposition 2.5. [62] Let y € IFSR(P). Then the followings will hold 


() (A) =), fy(—r) = fy) and 
(ii) t,(@p) > ty(r), fy(OP) < fy(r), where Op is the zero element of P. 


Proposition 2.6. [oq An IFS y = 1G tT )ida)) Ire Fag is called an IFSR of P, iff 
Vr,uv € P, 

(i) ty(r —v) > (MCE Coren ae fy(r-—v)< SUA) 

(ii) ty(r-v) > T(r), tye)), yr) < S(A(r), (2) 
Proposition 2.7. [6g] Let 71,72 € IFSR(P). Then 1972 € IFSR(P). 


Theorem 2.8. Let (P,+,-) and (R,+,-) be two crisp rings. Also, let l: P > R be a 
homomorphism. If y is an IFSR of P then l(y) is an IFSR of R. 


Theorem 2.9. Let (P,+,-) and (R,+,-) be two crisp rings. Also, let l: P + R be a 
homomorphism. If 7! is an IFSR of R then 1~1(9’) is an IFSR of P. 


Definition 2.16. Let (P,+,-) be acrisp ring. ANS w = {(r,t.(r),iu(r), fu(r)) sr € P} 
is called a NSR of P, iff Vr,v € P, 
(i) tur +) > T(t.(r), tov), to(r + v) 2 Tia (r), te), fol +) < F(fu(r), fale) 
(ii) tu(—r) 2 tu(r), tu(-r) 2 tulr), ful—r) < flr) 
GH) too) ST Ger )ta@)) tale) STG) a), fae o) Ss Say fale) - 
Here, T and I are two TNs and S isa SN. 


The set of all NSR of a crisp ring (P,+,-) will be denoted as NSR(P). 


Proposition 2.10. [oxy A NSw= {(r, balt is Pi dl) ire a is called a NSR of P, iff 
Vr,uv € P, 
(i) tu(r —v) > Tal hav) ig(r —v) > TAT) tal ®))s fu(r—v) < Pit): fus(v)) 
(il) Zig(r 2B). = T(t (P tal ®))s ini hoe) > Tig?) teal®) \s falf <0) < Bia to) 
Here, T and I are two TNs and S is a SN. 
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Proposition 2.11. [63] Let wi,w2 € NSR(P). Then wi N we € NSR(P). 


Theorem 2.12. [6x Let (P,+,-) and (R,+,-) be two crisp rings. Also, let l: P > R be a 
homomorphism. If w is a NSR of P then l(w) is a NSR of R. 


Theorem 2.13. [63] Let (P,+,-) and (R,+,-) be two crisp rings. Also, let l: P > R be a 
homomorphism. If w! is a NSR of R then l-+(w") is a NSR of P. 


Definition 2.17. Let w = {(r,tu(r),iv(r), fu(r)) : r € P} be a NSR of P. Then 
Ys € [0,1] the s-level sets of P are defined as 
(i) (tals ={r € P: tu(r) 2 s}, 
(ii) (ae = {r € P:i(r) > s}, and 
(i) (ial ={r 6 Ps folr) Ssh 


Proposition 2.14. lex] A NS w = {(r,tw(r), tw(r), fu(r)) sr € P} of a crisp ring (P,+,°:) 
is a NSR of P iffs € [0,1] the s-level sets of P, i.e. (tw)s, (tw)s, and (f.)* are crisp rings of 
Re 


2.2. Interval-valued Fuzzy and intuitionistic fuzzy subrings 


Definition 2.18. Let (P,+,-) be acrisp ring. An IVFS A = Ge ta(r)) ire P} is called 
an IVFSR of (P,+,-) with respect to IVIN T if Vr,v € P, the followings can be concluded: 


(i) ta(r +v) = T(Ea(r), fav), 


The set of all IVFSR of a crisp ring (P,+,-) with respect to an IVTN T will be denoted as 
IVFSR(P, T). 


Proposition 2.15. [oo] Let \= {(r,ta(r)) :r € P} be a FSR of (P,+,-). Then A = [ty, ta] 
is an IVFSR of P. 


Proposition 2.16. [50] Let A = {(r,ta(r)) : r € P} be an IVFSR of (P,+,-). Then 
~={(r,q(r)): re P} and At = {(r,e{(r)): 7 € P} are FSRs of P. 


Definition 2.19. Let (P,+,-) be a crisp ring. An IVIFS T= {(r,ér(r), fr(r)) :r € P} 
is called an IVIFSR of (P,+,-) if Vr,v € P, the followings can be concluded: 


(i) tr(r + v) > T(r), fr r(r+v) < F(fr(r), fr(e)), 


(ii) tr(—r) > tr(r), fr(—r) < fr(r), and 
(iii) tr(r-v) > T(ér(r), &(v)), fr(r-v) < F(fe(r), fr(v)). 


The set of all IVIFSR of a crisp ring (P,+,-) will be denoted as IVIFSR(P). 
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Theorem 2.17. [53] If = {(r,ir(r), fr(r)) : r € P} € IVIFSR(P), then tp(r) < tr(6P) 
and fr(r) = fr(@p). 


Theorem 2.18. [53] IfT, and I) € IVIFSR(P), then Tl, V2 € IVIFSR(P). 
Theorem 2.19. Let = {(r,ér(r), fr(r)) :r € P} € IVIFSR(P), then Vr,v € P 


(i) tr(r — v) = tp(@p) implies that tp(r) = tr(v). 
(ii) fr(r — v) = fr(@p) implies that fr(r) = fr(v). 


3. Proposed notion of interval-valued neutrosophic subring 


Definition 3.1. Let (P,+,-) be a crisp ring. An IVNS 2 = {(r,to(r), ia(r), fa(r)) :r € P} 
is called an IVNSR of (P,+,-) if Vr,v € P, the followings can be concluded: 


ta(r i v) >T (ta(r), ta(v)), 
(i) ¢ ta(r +) <I (ia(r), ia(v)), 
fo(r +0) <F(fa(r), fa(r)) 
to(—r) >to(r), 
(ii) 4 ta(—r) <ia(r), 
fa(-r) <fo(r) 
to(r-v) >T(ta(r), ta(v)), 
(iii) ¢ ta(r-v) <I (ia(r),ia(v)), 


(fo(r), fa(r)), 
where T' is an IVIN, J and F are two IVSNs. 


The set of all IVNSR of a crisp ring (P,+,-) will be denoted as IVNSR(P). 


Example 3.2. Let (Z,+,-) be the ring of integers with respect to usual addition and multi- 
plication. Let 2 = {(r,ta(r),ia(r), fa(r)) :r € Z} be an IVNS of Z, where Vr € Z 

0.2, 0.25] if r € 2Z 

0,0) ifre2Z4+1 

0, 0] if r € 2Z 

ig(r) = and 


0.1,0.12] ifr €2Z4+1° 


- fs ifr €2Z 


0.75, 0.8] ifr €2Z4+1_ 


Now, if we consider minimum TN and maximum SNs, then 2 € IVNSR(Z). 
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Example 3.3. Let (Z4,+,-) be the ring of integers modulo 4 with usual addition and multi- 
plication. Let Q = {(r,ta(r),ia(r), fa(r)) +r € Za} be an IVNS of Z4, where interval-valued 


memberships of elements belonging to 2 are mentioned in Table 


TABLE 2. Membership values of elements belonging to 2 


Q to 10 fo 

0 | [0.6,0.7] | (0.33, 0.35] | [0.2, 0.3] 
1] [0.7,0.8] | (0.21, 0.23] | (0.5, 0.6] 
3 | (0.75, 0.85] | (0.24, 0.26] | (0.3, 0.7] 
3 | [0.75,0.9] | (0.31, 0.33] | (0.5, 0.7] 


Now, if we consider the Lukasiewicz T-norm (T(r,v) = max{0,r + v —1}) and bounded sum 


S-norms (S(r,v) = min{r + v,1}), then Q € IVNSR(Za,). 


Proposition 3.1. An IVNS Q = {(r,toa(r),ia(r), fa(r)) : r © P} of a crisp ring (P,+,-:) 
is an IVNSR iff the followings can be concluded (assuming that all the IVTN and IVSNs are 
idempotent): 


(i) ¢ ta(r —v) SI (ia(r),ia(r)), 


(ii) ¢ te 


Proof. Let Q€ IVNSR(P). Then we have 


ta(r — v) > T(ta(r), ta(—v)) [by condition (i) of Definition [3.1] 
T (ta(r), ta(v)) [by condition (ii) of Definition [3.1] 


IV 


Similary, we will have 


which proves (i). 
Again, (ii) follows immediately from condition (iii) of Definition [3.1] 
Conversely, let (i) and (ii) of Proposition|3.1|hold. Also, let 0p be the additive neutral element 
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in (P,+,-). Then 


Similaly, we can show that 


Now, 


Similarly, we can prove 


Hence, 


Similarly, 


> T (ta (4p), ta(r)) 


> T(fa(r),fa(r) bby BA] 


= ta(r) [since T is idempotent] 


ig(—r) < ig(r) [since I is idempotent] 


fa(—r) < fa(r) [since F is idempotent] 
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(3.7) 


(3.8) 
(3.9) 


So, by Equations and condition (i) of Proposition has been proved. Also, 
condition (ii) of Proposition is same as condition (iii) of Definition Hence, 2 € 


IVNSR(P). 


Theorem 3.2. Let (P,+,-) be a crisp ring. If Q1,0Q2 € IVNSR(P), then Q)0Q2 € IVNSR(P) 
(assuming all the IVTN and IVSNs are idempotent). 


793 


Florentin Smarandache (author and editor) Collected Papers, XII 


Proof. Let Q = 01M Qe. Now, Vr,v € P 


to(r +v) = T (to, (r + v), to, (7 + v)) 
> T(T (Ea, (r),f2, (v), T (Ena(r), f0(0))) 
= T(T (to, (r), £9, (v)), T (Fos (v), Fos (r))) las T’ is commutative] 
= T (T(t, (r), fa,(r)), T (Ea, (v), fo, (v))) [as T is associative] 
= T(éa(r), ta(v)) (3.10) 
Similarly, as both J and S are commutative as well as associative, we will have 
in(r +0) < I(éa(r),ia(v)) (3.11) 
fo(r +v) < F(fa(r), fa(v)) (3.12) 
Again, 
ig—?) = (fg, (—?),40,(-1)) 
> T (to, (7), ta,(r)) [by Definition 3.1] 
= fo(r) (3.13) 
Also, 
io(—r) < ia(r) (3.14) 
fo(-r) < folr) (3.15) 
Similarly, we can show that 
to(r-v) > T(to(r), ta(v)), (3.16) 
ig(r-v) < T(ia(r),ia(v)), and (3.17) 
fo(r-v) < F(fa(r), fa(r)) (3.18) 


Hence, by Equations Q = 021002 € IVNSR(P). 


Remark 3.3. In general, if 01,Q2 € IVNSR(P), then Q] UQ2 may not always be an IVNSR 
of (2, +, )s 


The following Example [3.4] will prove our claim. 


Example 3.4. Let (Z,+,-) be the ring of integers with respect to usual addition and multi- 
plication. Let Q) = 1 ta, (r),i0,(r), fo, (r)) ire z} and Q25 = {(r, to(r), in, (r), fos(r)) : 
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re Zz} be two IVNSs of Z, where Vr € Z 

0.25, 0.4] if r € 2Z 

0,0) ifre2Z+1 
0, 0] ifr € 2Z 


, and 
0.17,0.2] ifr €2Z+1 


to, (r mt 

0, 0] ifr € 2Z 
fa, (r 
to, (r mt 


0.33, 0.4] ifr €2Z 41. 
and 
0.5, 0.67] if r € 3Z 

0,0) ifre3Z+1 
0,0] ifre3Z 

and 


0.2, 0.25] ifr e3Z+1 


7 0, 0] ifr Ee 3Z 
fa. (7) = 


0.33, 0.5] ifr €3Z4+1_ 
Now, if we consider minimum TN and maximum SNs, then 0), Q2 € IVNSR(Z). 
Now let Q = Q), UQ,. Then for r = 4 and v = 9 
ta(r + v) = ta(4 + 9) 

= 1913) 

= max{tg, (13), te, (13)} 

= max{[0, 0), [0, 0]} 
Again, if Q © IVNSR(P), then Vr,v € P, te(r + v) > min{ta(r),te(v)}. But, here for r = 4 


and v = 9, min{to(4), ta(9)} = min{[0.25, 0.4], [0.5, 0.67]} = [0.25,0.4] £ [0,0] = tp(4+9). 
Hence, 2 ¢ IVNSR(P). 


Corollary 3.4. If 0),Q2 € IVNSR(P), then Q]UQ2 € IVNSR(P) iff one is contained in 


other. 


Definition 3.5. Let Q = {(r,to(r),ia(r), fa(r)) : 7 € P} be an IVNS of a crisp ring (P, +,-). 
Also, let [k1, 1], [2,52] and [k3, 53] € U(L). Then the crisp set a 
a level set of IVNSR 2, where for any r € nail eae a 


hold: ta(r) > [ki, 81], ia(r) < [ke, 82], and fo(r) < [k3, s3]. 


[k1.81],[k2,52],[k3,53]) is called 


) the following inequalities will 
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Theorem 3.5. Let (P,+,-) be a crisp ring. ThenQ € IVNSR(P) iff V[k1, 81], [k2, 82], [k3, $3] € 
W(L) with te(Op) > [k1, 81], ig (Op) < [kg, 82], and fo(@r) < [kg, s3], a(n steal ead 
crisp subring of (P,+,-) (assuming all the IVTN and IVSNs are idempotent). 


‘ea 


Proof. Since, to(Op) > [ki,s1], ia(@p) < [ke,s2], and fo(Op) < [k3,s3], Op € 
SY (ie edieesaiiienaal)? L€., (ee se) is non-empty. 
Now, let Q € IVNSR(P) and r,v € my 


rae 


ieueilienel ead) To show that, (r — v) and 


[k1,81],[k2,82],[k3,s3] . Here, 


ta(r — v) > T(ta(r), ta(v)) [by Proposition 3.1] 
> T ([k1, 81], [k1, 81]) [as ies Ge cite | 


> [k1, 81] [as J’ is idempotent] (3.19) 
Again, 


to(r-v) > T(ta(r), ta(v)) [by Proposition [3-]] 
> P(r, si) (Fr, si) [as 750 € Oy, pas fAsel)| 


> [k1, 81] [as T’ is idempotent] (3.20) 


Similarly, we can show that 


ia(r —v) < (ka, 89], (3.21) 
in(r-v) < [ke, 89], (3.22) 
fa(r —v) < [kz, 83], and (3.23) 
fo(r-v) < [ks, 83 (3.24) 


ie., OQ 


Hence, by Equations (r—v) andr-veé ms 


is a crisp subring of (P,+,-). 


[k1,s1],[k2,82],[k3,s3]) ’ ({h1,s1],[k2,82],[k3.s3]) 


Conversely, let Q ( 
IVNSR(P). 

Let r,v € P, then there exists [k1,s1] € W(L) such that T(to(r),te(v)) = [k1,s1]. So, 
ta(r) > [k1,s1] and to(v) > [k1,s1]. Also, let there exist [ko, 59], [k3, 83] € Y(L) such that 


T(ig(r), ia(v)) = [ko, s2| and F(fo(r), fa(v)) = |k3, 53]. Then r,v € 2 
Again, as me 


fia ieeieed) is a crisp subgroup of (P,+,-). To show that, Q € 


[k1,81],[k2,52],[k3,s3]) ° 


is a crisp subring, r—v € Q ) and r-v € 


[k: ,s1],[k2,82], [ks,s3]) ({é1.,s1].[k2,59],[ks_s3] 


([k1,sa],[k2,s2],{k3,3]) 
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Hence, 


to(r —v) > [k1, 1] 
= T(ta(r),ta(v)) and (3.25) 

ta(r-v) > [k1, 81] 
= T (ta(r), ta(v)) (3.26) 


Similarly, we can prove that 


ig(r = v) — (ke, S| 


= I(ia(r),ia(v)), (3.27) 

in(r-v) < [ke, 89] 
= I(ia(r),ia(v)), (3.28) 

fa(r —v) < [ks, 83] 
= F(fa(r), fa(v)), and (3.29) 

fo(r-v) < [ks, 83] 
= F(fa(r), fa(v)) (3.30) 


So, Equations imply that 0 follows Proposition [3.1] i.e., Q € IVNSR(P). 


Definition 3.6. Let 2 and 2’ be two IVNSs of two CSs P and R, respectively. Also, let 
1: P—+ Rbea function. Then 


(i) image of Q under J will be 1(Q) = {(v,tiay(v), ta) (v), fuay(v)) : v € R}, where 


tay(v) = ae” a(s), ta) (v) = ann fuay(v) = set iy? s). Wherefrom, if 
I is injective then ty ” ie = to (es liy )), tyay(v) = ig (I-*(v)), fi (¢) = fa(l T( )) 
and 


(ii) preimage of 0 under J will be [71(’) = {(r, f-1an (7), 4-10) (7), fir-r (ay (r )):re R}, 
et ea) te Ws ie te) 


Theorem 3.6. Let (P,+,-) and (R,+,-) be two crisp rings. Also, let l: P > R be a ring 
isomorphism. If Q is an IVNSR of P. then 1(Q) is an IVNSR of R. 
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Proof. Let v1 = I(r1) and vg = I(r2), where ri1,r2 € P and v1,v2 € R. Now, 


f(a) (v1 — v2) = ta (I (v1 — v2) ”) [as I is injective] 
Stat (v9) [as /~+ is a homomorphism] 
= ta(ri — 12) 


= T(Byay(v1), fay (ev _ tee 
Again, 
ta) (v1 + v2) = to (1 lu, - v2)) [as | is injective] 
= fa (17! (v1) -I7"(v2)) [as [71 is a homomorphism] 
= ta(ri-r2) 
T (ta(ri), to(r2)) 
= T(ia(! '(v1)), ta(l "(v2))) 
= T (ta) (v1), ta) (v2)) (3.32) 
Similarly, 
a0) (v1 = v2) < — v2)), (3.33) 
ia) (v1 - v2) < L(iyay( v2)), (3.34) 
fay (v1 — v2) < F( fay (v1), a and (3.35) 
fay (v1: v2) < F( fay (1); fi@y (v2) (3.36) 


Hence, Equations imply that 1(Q) follows Proposition [3.1] ie., 1(Q) is an IVNSR of 
R. 


Theorem 3.7. Let (P,+,-) and (R,+,-) be two crisp rings. Also, let l: P > R be a ring 
homomorphism. If Q! is an IVNSR of R then I-+(Q’) is an IVNSR of P. (Note that, 1~! may 


not be an inverse mapping but 1~'(Q’) is an inverse image of 0’). 
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Proof. Let v1 = I(r1) and vg = I(r2), where ri,r2 € P and v1,v2 € R. Now, 


tan (r1 _— r2) =tg U(ry = r2)) 


= T (-1(@7) (11), f-1(a) (12) (3.37) 

Again, 
t-1(an (71-72) = tar (U(r1 - r2)) 

= ty (I(r1) - U(r2)) [as 1 is a homomorphism] 

= tov (v1 - v2) 

> T (tar(v1), fa (v2) 

=T (tay (U(r1)), for (U(r2)) J 

= T(t-10) (11), t-1(@7 (72) (3.38) 
Similarly, 


) < T(q-a(an (71), 4-1 (r2)) (3.39) 
) < T(q-1(@) (71), 1-1 (72) (3.40) 
fia”) ve —12) < F(ft-1ay(r1), fi-1(@7 (72) (3.41) 
) $ F(fia@y(1), fi-1@(r2)) (3.42) 


Hence, Equations |3.37 imply that 1~1(’) follows Proposition |3.1} ie., 171(/) is an 
IVNSR of P. 


Definition 3.7. Let (P,+,-) be a crisp ring and 2 € IVNSR(P). Again, let o = [o1, 02],7 = 
[71,72], 6 = [61, 62] € U(L). Then 
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(i) Q is called a (,7,6)—identity IVNSR over P, if Vr € P 


_ Oo ifr =Op 
ta(r) = : 
(0, 0] ifr #~ Op 


= T ifr =Op 
iolf) = , and 
[1,1] if r#Op 


_ 5 if r = Op 
for) = 
[1,1] ifr A Op 
where @p is the zero element of P. 
(ii) Q is called a (@,7,6)—absolute IVNSR over P, if Vr € P, to(r) = G, ig(r) = 7, and 
fo(r) =6. 


Theorem 3.8. Let (P,+,-) and (R,+,-) be two crisp rings and Q €IVNSR (P). Again, let 
1: P>R be a ring homomorphism. Then 
(i) 1(Q) will be a (,7,6)—identity IVNSR over R, if Vr € P 


7 a ifr € Ker(l) 
tale) = : 
[0,0] otherwise 


7 1 if r € Ker(l) 

io(r) = , and 
[1,1] otherwise 

_ 6 ifr Ker(l) 

fa(r) = 
[1,1] otherwise 


(ii) 1(Q) will be a (G,7,6)—absolute IVNSR over R, if Q is a (G,7,6)—absolute IVNSR 


over P. 


Proof. (i) Clearly, by Theorem [3.6] 1(Q) € IVNSR(R). Let r € Ker(1), then I(r) = Op. 
So, 


= ta(r) 
=6 (3.43) 
Similarly, we can show that 
a0) (Ge) =. and (3.44) 
fay (Or) = 6 (3.45) 
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Again, let r € P \ Ker(l) and I(r) =v. Then 


= ta(r) 
= [0,0] (3.46) 
Similarly, we can show that 
iQ) (v) = [1, 1] and (3.47) 
fuay(v) = [LU (3.48) 


Hence, by the Equations I(Q) is a (4,7, 6)—identity IVNSR over R. 
(ii) Let I(r) = v, forr € P and v € R. Then 


= to(r) 
=o (3.49) 
Similarly, we can show that 
iyay(v) =7 and (3.50) 
fuay(v) = 6 (3.51) 


Hence, by the Equations 1(Q) is a (a,7,6)—absolute IVNSR over R. 


3.1. Product of interval-valued neutrosophic subrings 


Definition 3.8. Let (P,+,-) and (R,+,-) be two crisp rings. Again, let Q] = 
{ (r, ta, (7), 70, (r), fa, (r)) sr € P} and Q2 = {(v, t9,(v), ia, (v), fa,(v)) :v € R} are IVNSRs 
of P and R respectively. Then Cartesian product of Q, and Q2 will be 


Q = Q4 x Qo 
= { ((r,0), P(E, (0), fa, (0), Fin, (r), I (0)), P(For (1), firg(v))) + (rv) € P x RY 
Similarly, product of 3 or more IVNSRs can be defined. 


Theorem 3.9. Let (P,+,-) and (R,+,-) be two crisp rings with Q) € IVNSR(P) and Q2 € 
IVNSR(R). Then Qy x Qe is a IVNSR of P x R. 
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Proof. Let Q = Q1 x Og and (71, v1), (r2,v2) € P x R. Then 


ta((ri, 01) — (re, ¥2)) = tax ((r1 — 72, 01 — v2) 
= T(t, (71 — r2), ta, (v1 — v2)) [by Definition 3.3] 
(7( Fo, (11), fay (2) F (Eng (v1), Fry (v2))) [by Proposition [BJ] 
= T(T( Eo, (r1), £0, (v1)), T (Ea, (r2), fo, (v2)) ) [as T is associative] 
T (ta(ri, v1), ta(ra, v2) (3.52) 
Again, 
fo ((ri, 01) - (12, 02)) = tayxae((r1 + 72, 01 - ¥2)) 
= T (to, (71-12), fa,(v1 - v2)) [by Definition 3.8} 
> T(T (Fa, (r1), €0, (r2)) , T (Eo, (v1), Fg (v2))) [by Proposition 
s T (T(t, (r1), f0,(v1)), T (Ea, (r2), Fog (v2)) ) las T is associative] 


= T (ta(r1, v1), ta(r2, v2)) (3.53) 


Similary, the followings can be shown 


io((r1, v1) — (r2, v2)) < I( a(r1, U1) ia(r2, v2) (3.54) 
ta((r1, 01) - (r2,02)) < L(éa(r1, 01), ta(r2, v2) (3.55) 
fa((r1, v1) — (r2, ¥2)) < F(fa(ri, 1), fa(ra, v2)), and (3.56) 
fa((r1, v1) « (72, 02)) < F(fa(ri, v1), fa(ra, v2) (3.57) 


Hence, using Proposition [3.1] and by Equations QO) x Q2 € IVNSR(P x R). 


Corollary 3.10. Let Vi € {1,2,...,n}, (P;,+,-) are crisp rings and Q; € IVNSR(P;). Then 
Qy x Qe +++ xX Oy is a IVNSR of Py x Py x +--+ x Py, wheren EN. 


3.2. Subring of a interval-valued neutrosophic subgring 


Definition 3.9. Let (P,+,-) be a crisp ring and 01,Q2 € IVNSR(P), where Q] = 
{(r,t0,(r),t0,(r), far(r)) : r € P} and Q2 = {(r,ta,(r),i0.(r), fa(r)) i r € P}. Then 
Q, is called a subring of Q2 if Vr € P, to, (r) < ta, (r), ie, (r) = ia, (r), and fo,(r) > fa,(r). 


Theorem 3.11. Let (P,+,-) be a crisp ring andQ € IVNSR(P). Again, let Q1 and Q2 be two 
subrings of Q. Then QY 0 Qe is also a subring of Q, assuming that all the IVTN and IVSNs 


are idempotent. 
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Proof. Here, Vr € P 


= ta(r) [as T is idempotent] (3.58) 

Similarly, as J and F are idempotent we can show that, 
1A NQ» (r) = ig(r) and (3.59) 
fornas(r) = falr) (3.60) 


Hence, by Equations 019 Q2 is a subring of 2. 


Theorem 3.12. Let (P,+,-) be a crisp ring and Q),Q2 € IVNSR(P) such that Q; is a subring 
of Q2. Let (R,+,-) is another crisp ring andl: P + R be a ring isomorphism. Then 


(i) U(Q1) and U(Q2) are two IVNSRs over R and 
(ii) 1(Q1) is a subring of I(Qz2). 


Proof. (i) can be proved by using Theorem |3.6 
(ii) Let v = I(r), where r € P andv € R. Then 


ta, (r) < ta,(r) [as 1 is a subring of Og] 


( 
>tyo,)(v) < U(Q2)(V) (3.61) 


ia) (v) = ta.) (v) and (3.62) 
fray (v) = firasy(r) (3.63) 


Hence, by Equations 1(Q1) is a subring of 1(Q2). 


3.3. Interval-valued neutrosophic normal subrings 


Definition 3.10. Let (P,+,:) be a crisp ring and 2 is an IVNS of P, where Q = 
{(r, ta(r),ta(r), fa(r)) sr € P}. Then Q is called an IVNNSR over P if 

(i) Q is an IVNSR of P and 

(ii) Vr,u € P, to(r-v) =to(v-r), ia(r-v) =ig(v-r), and fo(r-v) = fa(u-r). 


The set of all IVNNSR of a crisp ring (P,+,-) will be denoted as IVNNSR(P). 
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Example 3.11. Let (Z,+,-) be the ring of integers with respect to usual addition and mul- 
tiplication. Let Q = {(r,ta(r),ia(r), fa(r)) :r € Z} be an IVNS of Z, where Wr € Z 
0.67, 1] ifr € 2Z 

0,0) ifre2Z+1- 

0,0) ifre2Z 

ig(r) = and 


0.33, 0.5] ifr €2Z4+1° 


0,0) ifre2Z 


0,0.33] ifr € 2Z 41 
Now, if we consider minimum TN and maximum SNs, then 2. «© IVNNSR(Z). 


Theorem 3.13. Let (P,+,-) be a crisp ring. If Q1,Q2 € IVNNSR(P), then Q)N Q2 € 
IVNNSR(P). 


Proof. As 0Q1,Q2 € IVNSR(P) by Theorem 3.2] Q1 MQ2 € IVNSR(P). Again, 


tana, (r-v) = T (ta, (7: v), ta, (7: v)) 


= T (tn, (v-r),ta,(v-7r)) [as N1,A2 € IVNNSR(P)| 


= tainas (v-r) (3.64) 

Similarly, 
Jayna, (7 + v) = tgyna2(v- 7) (3.65) 
farnas (r 7 v) = Forno, (v J r) (3.66) 


Hence, 219 Q2 € IVNNSR(P). 


Remark 3.14. In general, if 0Q1,Q2 € IVNNSR(P), then Q; UQ2 may not always be an 
IVNNSR of (P,+4,°:). 


Remark can be proved by Example [3.4] 


Theorem 3.15. Let (P,+,:) be a crisp ring. Then Q € IVNNSR(P) iff 
Viki, 81], [k2, 82], [k3, $3] € U(L) with ta(@p) > [k1, 81], ia(@pP) < [k2, se], and fa(@p) < [ks, ss], 
Oe allies ieael is a crisp normal subring of (P,+,-) (assuming all the IVTN and IVSNs 
are idempotent). 


Proof. This can be proved using Theorem |3.5 
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Theorem 3.16. Let (P,+,-) and (R,+,-) be two crisp rings. Also, let l: P > R be a ring 
isomorphism. If Q is an IVNNSR of P then I(Q) is an IVNNSR of R. 


Proof. As 2 is an IVNSR of P by Theorem [3.6] 1() is an IVNSR of R. Let I(r,) = v1, and 


(rg) = v2, where rj,7r2 € P and v4, v2 € R. Then 


tyay(v1 + v2) = to (I (v1 - v2)) [as 1 is injective] 


afi itn) (3.67) 

Binilanly: 
29) (U1 + V2) = ty) (v2 + v1) and (3.68) 
ficay (01 - v2) = Fay (va: v1) (3.69) 


Hence, by Equations 1(Q) is an IVNNSR of R. 


4. Conclusions 


As interval-valued neutrosophic environment is more general than regular one, we have 
adopted it and defined the notions of interval-valued neutrosophic subring and its normal 
version. Also, we have analyzed some homomorphic properties of these newly defined notions. 
Again, we have studied product of two interval-valued neutrosophic subrings. Furthermore, 
we have provided some essential theories to study some of their algebraic structures. These 
newly introduced notions have potentials to become fruitful research areas. For instance, soft 
set theory can be implemented and the notion of interval-valued neutrosophic soft subring can 
be defined. 
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Abstract: Multi-criteria decision making (MCDM) is concerned about coordinating as well as 
looking after selection as well as planning problems which included multi-criteria. The 
neutrosophic soft set cannot handle the environment which involved more than one attribute. To 
overcome those hurdles neutrosophic hypersoft set (NHSS) is defined. In this paper, we proposed 
the generalized aggregate operators on NHSS such as extended union, extended intersection, OR- 
operation, AND-operation, etc. with their properties. Finally, the necessity and possibility 
operations on NHSS with suitable examples and properties are presented in the following 
research. 


Keywords: Soft set; Neutrosophic Set; Neutrosophic soft set; Hypersoft set; Neutrosophic hypersoft set. 


1. Introduction 


Zadeh developed the notion of fuzzy sets [1] to solve those problems which contain uncertainty 
and vagueness. It is observed that in some cases circumstances cannot be handled by fuzzy sets, to 
overcome such types of situations Turksen [2] gave the idea of interval-valued fuzzy set. In some 
cases, we must deliberate membership unbiassed as the non- membership values for the suitable 
representation of an object in uncertain and indeterminate conditions that could not be handled by 
fuzzy sets nor interval-valued fuzzy sets. To overcome these difficulties Atanassov presented the 
notion of Intuitionistic fuzzy sets in [3]. The theory which was presented by Atanassov only deals the 
insufficient data considering both the membership and non-membership values, but the intuitionistic 
fuzzy set theory cannot handle the incompatible and imprecise information. To deal with such 
incompatible and imprecise data the idea of the neutrosophic set (NS) was developed by 
Smarandache [4]. 

A general mathematical tool was proposed by Molodtsov [5] to deal with indeterminate, fuzzy, 
and not clearly defined substances known as a soft set (SS). Maji et al. [6] extended the work on SS 
and defined some operations and their properties. In [7], they also used the SS theory for decision 
making. Ali et al. [8] revised the Maji approach to SS and developed some new operations with their 
properties. De Morgan’s Law on SS theory was proved in [9] by using different operators. Cagman 
and Enginoglu [10] developed the concept of soft matrices with operations and discussed their 
properties, they also introduced a decision-making method to resolve those problems which contain 
uncertainty. In [11], they revised the operations proposed by Molodtsov’s SS. In [12], the author’s 
proposed some new operations on soft matrices such as soft difference product, soft restricted 
difference product, soft extended difference product, and soft weak-extended difference product 
with their properties. 

Maji [13] offered the idea of a neutrosophic soft set (NSS) with necessary operations and 
properties. The idea of the possibility NSS was developed by Karaaslan [14] and introduced a 
possibility of neutrosophic soft decision-making method to solve those problems which contain 
uncertainty based on And-product. Broumi [15] developed the generalized NSS with some 
operations and properties and used the proposed concept for decision making. To solve MCDM 
problems with single-valued Neutrosophic numbers presented by Deli and Subas in [16], they 
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constructed the concept of cut sets of single-valued Neutrosophic numbers. On the base of the 
correlation of intuitionistic fuzzy sets, the term correlation coefficient of SVNSs [17] was introduced. 
In [18], the idea of simplified NSs introduced with some operational laws and aggregation operators 
such as real-life Neutrosophic weighted arithmetic average operator and weighted geometric average 
operator. They constructed an MCDM method on the base of proposed aggregation operators. 

Smarandache [19] generalized the SS to hypersoft set (HSS) by converting the function to a mullti- 
attribute function to deal with uncertainty. Saqlain et al. [20] developed the generalization of TOPSIS 
for the NHSS, by using the accuracy function they transformed the fuzzy neutrosophic numbers to 
crisp form. In [21],s the author’s proposed the fuzzy plithogenic hypersoft set in matrix form with 
some basic operations and properties. Martin and Smarandache developed the plithogenic hypersoft 
set by combining the plithogenic sets and hypersoft set in [22]. Saqlain et al. [23] proposed the 
aggregate operators and similarity measure [24] on NHSS. In [25], Abdel basset et al. applied TODIM 
and TOPSIS methods based on the best-worst method to increase the accuracy of evaluation under 
uncertainty according to the neutrosophic set. They also used the plithogenic set theory to solve the 
uncertain information and evaluate the financial performance of manufacturing industries, they used 
the AHP method to find the weight vector of the financial ratios to achieve this goal after that they 
used the VIKOR and TOPSIS methods to utilized the companies ranking in [26]. 

In the following paragraph, we explain some positive impacts of this research. The main focus 
of this study is too generalized the aggregate operators of the neutrosophic hypersoft set. We will use 
the proposed aggregate operators to solve multi-criteria decision-making problems after developing 
distance-based similarity measures. Saqlain et al. [23], developed the aggregate operators on NHSS 
but in some cases, we face some limitations such as in union and intersection. To overcome these 
limitations we develop the generalized version of aggregate operators on NHSS. 

The following research is organized as follows: In section 2, we recall some basic definitions used 
in the following research such as SS, NS, NSS, HSS, and NHSS. We develop the generalized aggregate 
operators on NHSS such as extended union, extended intersection, And-operation, etc. in section 3 
with properties. In section 4, the necessity and possibility of operations are presented with examples 
and properties. 


2. Preliminaries 


In this section, we recall some basic definitions such as SS, NSS, and NHSS which use in the following 
sequel. 

Definition 2.1 [5] Soft Set 

The soft set is a pair (F, A) over U if and only if F: A— P(O) is a mapping. That is the parameterized 
family of subsets of 0 known as a SS. 

Definition 2.2 [4] Neutrosophic Set 


Let 6 be a universe and A be an NS on U is defined as A = {< u, Ty (uw), I, (u), Fx(u) >:u € 6}, where T, 
LF:6 > J0-, 1*[ and 07 < T(u) + (uw) + Fy(u) < 3+. 

Definition 2.3 [13] Neutrosophic Soft Set 

Let U and E are universal set and set of attributes respectively. Let P(U) be the set of Neutrosophic 
values of J and ACE. A pair (F, A) is called an NSS over 6 and its mapping is given as 

F: A= P(0) 

Definition 2.4 [19] Hypersoft Set 

Let U be a universal set and P(U ) be a power set of U and for n> 1, there are n distinct attributes such 
as ky, kz, k3,..., Ky and Ky, Kz, K3,..., Ky, are sets for corresponding values attributes respectively 
with following conditions such as K; N K; =@ (i4/j) and i, j € {1,2,3 ... n}. Then the pair (F, K, x Kp 
x K3x ... x K,) is said to be Hypersoft set over U where F is a mapping from K, x Kz x K3x ... x Ky 
to P(U). 
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Definition 2.5 [22] Neutrosophic Hypersoft Set (NHSS) 
Let 6 be a universal set and P(t ) be a power set of U and for n> 1, there are n distinct attributes such 
as ky, kz, kz, ..., Ky and Ky, Kz, K3,..., Ky, are sets for corresponding values attributes respectively 
with following conditions such as kK; N K; = @ (i#j) and i, j € {1,2,3 ... n}. Then the pair (F, A) is said 
to be NHSS over U if there exists a relation K, x K, x K3x ...x K, =A. Fis a mapping from Kk, x 
Ky x K3X...* Ky to P(O) and F(K, x Kz x K3x ...* Kn) = {<u Tw), w), (wu) >: u € GO} where 
T, lL, Fare membership values for truthness, indeterminacy, and falsity respectively such that T, I, F: 
G = Jo-, 1*[ and 07 < Tw) + (wu) + Fw) < 3%. 
Example 2.6 Assume that a person examines the attractiveness of a living house. Let U be a universe 
which consists of three choices 0 = {u,, U2} and E= {é,, &, €3} be a set of decision parameters. Then, 
the NHSS is given as 

Fx ={< uy, (€,{0.4, 0.7, 0.5}, €5{0.8, 0.5, 0.3}, €3{0.6, 0.5, 0.9}) > 

< Up, (é,{0.1,0.5,0.7}, €9{0.5, 0.6, 0.2}, €3{0.7, 0.4, 0.6}) >} 


3. Generalized Aggregate Operators on Neutrosophic Hypersoft Set and Properties 


In this section, we present the generalized aggregate operations on NHSS with examples. We prove 
commutative and associative laws by using proposed aggregate operators in the following section. 
Definition 3.1 
Let F, € NHSS, then its complement, is written as (F,)° = F(A) and defined as 
F°(A) = {< u, T(FS(A)), [(F°(A)), FF (A)) > : u © U} such that 
TFS(A)) = 1- Ty), 
I(F°(A)) = 1- 1\(u), 
F(F(A)) =1- Fa(u). 
Example 3.2 Reconsider example 2.6 
F(A) = {< uy, (é,{0.6, 0.3, 0.5}, €,{0.2, 0.5, 0.7}, €3{0.4, 0.5, 0.1}) > 
< Up, (é1{0.9, 0.5, 0.3}, {0.5, 0.4, 0.8}, £3£0.3, 0.6, 0.4) >} 
Proposition 3.3 
If Fx, € NHSS, then (F°(A))° = Fy. 
Proof 
By using definition 3.1, we have 
FA) = {<u,T(F°(A)), I(FS(A)), FS (A)) > su € UF 
S(T 1 = = FS awe 
Thus 
(F°(A))S = {<ul — A TH), 1 — A 1a), 1- A FCRy)) > su € Uj, 
(F°(A))* = {< u,T(Fa), 1CFy), Fa) > su € US = Fy. 
Which completes the proof. 
Definition 3.4 Extended Union of Two Neutrosophic Hypersoft Set 
Let F,,, Fax, € NHSS, then their extended union is 
T(Fy,) ifu € A, — A, 
T (Fay U Fay) = 4 7a) ifue A,- Ay 
Max (T(Fi,),T(Faa))  ifu € ALN A, 
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(Fay) Tovey eon e 
I (Fa, U Fay) = 4 Far) ifue Ay—- My 
Min (1(Fa,),1(Fa.)) ifu EAN A, 
F(Fa,) ifu € A,— Ay 
F (Fu, U Fay)= 4 Fa) ifueA,—- A, 


Min(F(Fa,),F(Fay))  ifu € ANA, 
Example 3.5 Let U = {u,, uz, u3, U4} be a universal set and E = {€,, €2, €3, €,} be a set of decision 
parameters and Fy, ={u,, u,}and Fy, = {Uz, U4} 
Fy, ={< uz, (é1{0.4, 0.7, 0.5}, £2{0.8, 0.5, 0.3}, £5{0.6, 0.5, 0.9}, £4{0.3, 0.7, 0.2}) > 
< Uy, (é,{0.4, 0.7, 0.2}, 0.6, 0.5, 0.3}, £,{0.8, 0.4, 0.7}, €,{0.6, 0.4, 0.3}) >} 
Fy, ={< Up, (£1{0.7, 0.4, 0.6}, £2{0.4, 0.6, 0.9}, £{0.7, 0.4, 0.6}, £4{0.7, 0.6, 0.3}) > 
< U4, (é,{0.6, 0.2, 0.7}, 0.5, 0.7, 0.3}, £3{0.4, 0.8, 0.5}, £4{0.5, 0.6, 0.4}) >} 
_U Fay ={< uy, (E,{0.4, 0.7, 0.5}, ,£0.8, 0.5, 0.3}, ££0.6, 0.5, 0.9}, £,{0.3, 0.7, 0.2}) > 
< Up, (é1{0.7, 0.4, 0.6}, £2{0.4, 0.6, 0.9}, £3{0.7, 0.4, 0.6}, £4{0.7, 0.6, 0.3}) > 
< Uy, (é,{0.6, 0.7, 0.7}, {0.6, 0.7, 0.3}, £3{0.8, 0.8, 0.7}, £4{0.6, 0.6, 0.4}) >} 


Fa 


Proposition 3.6 
Let Fy,, Fa, and F,, are NHSSs than 
1. (Fa, U Fy.) = (Fa, U Fay) (Commutative law) 


2. (Fa, U Fa,) U Fag = Fa, U (Fa U Faz) (Associative law) 


Proof 1. In the following proof first two cases are trivial, we consider only the third case in this 
proposition 

(Fay U Fay) = {<u (max {7 (Fay), 7 (Fag) }. min (Fay), (Fag) }, min{F (Fay), F (Fay)3) >} 

= {<u (max{'(F,), T(Fa,)}min {1(Fag),t (Fa) min{F (Fa) FFag)3) >) 

= (Fay U Fay) 

Proof 2: Let Fy,, Fy, and Fa, are NHSSs than 


Fay yy Fry = {< u, (Max{T(Fy,),T(Faz)}, Min U (Fay): 1 (Fag) }, Min(F (Fy, ), F (Faz)}) >} 
(Fx, U Fay) U Faz = 


{< u,max {max{T(Fr, ),T7(Fa2)}T(Fas)}, min {min{ (Fa, ),1(Faz)},1(Fag)}-min {min {F (Fa, ), F Fa)} FFas)} >} 


= {< u, Max { T(Fy,), T(Fa,), T(Fr3)} min { { ia): I(Fay)}, I(Fas)}. min {{F (Fay), F(Fyy)}, F(Fa3)} >} 


{< u,max {7(Fy,), max {T(F,),T(Fag)}},min {I(Fy,), min {1(F,,),/(Fag)}},min {F(F,,),min {F(F,,),F(Fag)}} > 
7 Fa, U (Fa, U Fy) 


Definition 3.7 Extended Intersection of Two Neutrosophic Hypersoft Set 
Let F,,, F,, € NHSS, then their extended intersection is 


T(Fa,) ifu € Ay — Az 

T (Fa, A Fa,)= 4 7 Far) ifu € A,— Ay 
Min (T(Fa,),T (Fag) ifu € AN A, 
I(Fay) ifu € A Ay 

I (Faz 01 Fag) = 41 na) ifu € A,— Ay 


Max (1(Fa,),1(Faz)) ifu €A,N A, 
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F(F,,) ifu € A, — A, 
F (Fay A Fay) = 4 Fao) ifu€ Ag— Ay 
Max(F(Fa,),F(Fiz))  iftu € ALA Ay 
Proposition 3.8 Let F,,, Fy, and Fy, are NHSSs than 
1. Fay A Fay = Fa, O Fa, (Commutative law) 
2. (Fa, 9 Fay) 9 Fag = Fa, 9 (Fa, 9 Faz) (Associative law) 
Proof 1. Similar to Proposition 3.6. 
Proposition 3.9 Let F,,, Fy, are NHSSs then 
1. (Fa, U Fay)? = F°(Ay) A F°(A2) 
2. (Fa, 0 Fa) = FA) UF") 


Proof 1. Let F,, and F,, € NHSS, such as follows 
Fa, = {<u {7 (Fay), 1 (Fa), (Fay)} >} and Fay = {<u {7 (Fay), 1(Faz)) F(Fno)} >} 


(Fay U Fa)® = {<u (max{7(F,), T(Fag)} min (1(Fa,),1(Fag)},min{F (Fa), F (Fag) >} 


={< u,(min{1 —T(Fy,),1 — T(F,)},max {1 - 1(F,,),1— I(Fay)}, max{1 — F(Fy,),1 - F(Fag)) >} 


= {< u, (min{T(F(A;)), TFS (Az))}, max {(1(F(Ay)), [Fo (A2))}, max{F (F°(Ay)), FF “(A2))}) >} 

= F°(A,) N F°(A2) 

Proof 2. Similarly, we can prove 2. 

Definition 3.10 OR-Operation of Two Neutrosophic Hypersoft Set 

Let F,,, Fx, € NHSS. Consider k,, kz, kz, ..., ky, for n 21, be n well-defined attributes, whose 
corresponding attributive values are respectively the set K,, Kz, K3,..., Ky, with K; n Kj =9, fori# 


jand i, je{1,2,3 ... n} and their relation K, x Kz = K3x...* Ky, = A, then Fy, v Fy, = Fa,xa,, then 
a (Fa, x Ap) = Max (7(Fa,),T (Fag), 
I (Fa, x Ap) = Min (1(Fay)1(Fag)), 


F (Fa, xa.) = Min (F(Fa,), F(Faa)): 


Example 3.11 Reconsider example 3.5 
Fa, V Fay = Fay xay 
= {< (u,, Uy), (€, {0.7, 0.4, 0.5}, €2{0.8, 0.5, 0.3}, 50.7, 0.4, 0.6}, €,{0.7, 0.6, 0.2}) > 

< (uy, U4), (€,{0.6, 0.2, 0.5}, €,{0.8, 0.5, 0.3}, €5{0.6, 0.5, 0.5}, €,{0.5, 0.6, 0.2}) > 

< (U4, Uy), (é,{0.7, 0.4, 0.2}, £>{0.6, 0.5, 0.3}, €3{0.8, 0.4, 0.6}, £,{0.7, 0.4, 0.3}) > 

< (uy, U4), (€,{0.6, 0.2, 0.2}, £2{0.6, 0.5, 0.3}, £3{0.8, 0.4, 0.5}, €4{0.6, 0.4, 0.3}) >} 
Definition 3.12 AND-Operation of Two Neutrosophic Hypersoft Set 
Let Fy,, Fa, € NHSS. Consider k,, kz, kz, ..., ky, for n 21, be n well-defined attributes, whose 
corresponding attributive values are respectively the set K,, Kz, K3,..., Kn with K; N K; ==9, fori 


#j and i, je{1,2,3 ... n} and their relation K, x K, x K3x...* K, = A then Fy, A Fa, = Fy, xa,, then 
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T (Fa, xa) = Min (7(Fa,),T (Fag), 


I (Fa, x Ap) = Max (1(Fa,),1(Faa)), 


F (Fa, xa,) = Max (F(Fq,), F(Fag)): 

Proposition 3.13 Let Fy,, Fy, are NHSSs then 

1. (Fa, ¥Fa,) = F°CAy) a F°(A2) 

2. (Fa, A Fa.) = FO(Ay) v FS(Ag) 
Proof 1. Let F,, and F,, € NHSS, such as follows 
Fa, = {< up {T(Fa,),1(Fa,)) F(Fa,)} >: ui € US and Fy, = {< uj, {T(Fa,),1(Fa,), F(Fan)} >: uy € U} 
By using definition 3.10 we get 
Fy, V Fay = {< (ui u;), [e, max{T (Fy, ), T(Fa.)}, min{I (Fy, ),1(Fa,)}, min{F (Fy, ),F (Fa,)}] >} 
(Fa, v Fy)” = {< (uu), [e, 1 — max{T (Fy, ),T(Fa,)}, 1 — min{I(Fy, ), 1(Fa,)},1 — min{F(F,,), 1 — F(Fa,)}] >} 
(Fa, V Fay) = {< (ui uj), [e, min(1 — T(F,,), 1 — T(Fa,)}, max{1 — 1(Fy,), 1 — 1(Fa,)}, max{1 — F(Fy,),1 — F(Fa,)3] >} 
(Fay ¥ Fag) = {< (uw), Le, min{T (F*(Ay)), TCF*(Az))}, max{I(F°(A,)), (FS (A2))}, max{F (F*(Ay)), F(F*(A2))31 >} 
Since 
F°(Ay) = {< up {TFS (Ay)), TF (AL), FS (Ad) > uz € US and 
F°(Az) = {< uj, {TF %(Ag)), IF %(Ag)), F(FS(Az))} >: uy € US 
By using definition 3.12, we get 
F°(Ay) A F°(A2) = {< (uy), [e, min{7(F°(A,)), TF S(A2))}, max{I (F(A), 1(F°(A2))}, max{F (F°(A,)), F(F°(Az))}1 >} 
So 
(Fy, V Fay) = F°(Aq) & F°(Ag). 


Similarly, we can prove 2. 


4. Necessity and Possibility Operations 
The necessity and possibility operations on NHSS with some properties are presented in the 
following section. 
Definition 4.1 Necessity operation 
Let F, € NHSS, then necessity operation on NHSS represented by © F, and defined as follows 
® Fy = {<u, {T(Fy),1CF,), 1 — TFy)} >} for all u €U. 
Example 4.2 Reconsider example 2.6 
® Fy ={< uz, (€,{0.4, 0.7, 0.6}, €,£0.8, 0.5, 0.2}, €3{0.6, 0.5, 0.4}) > 
< Up, (é;{0.1,0.5,0.9}, £.{0.5, 0.6, 0.5}, £3{0.7, 0.4, 0.3}) >} 
Proposition 4.3 
1. @® (Fa, U Fan) =® Fa, U ® Fa, 
2, @ (Fa, OF) =@ Fy 1 @ Fy, 
Proof 1. Let Fy, U Fy, = Faz, then 


T(Fa,) ifué€ Ay— A, 
T (Fine) = Hr if u € Ag om Ay 
Max{T (Fy, ),T(Fa,)} ifu EANA, 
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I(Fy,) ifu€A,— A> 
I (Fy3)= I (Faz) ifu € Ay— Ay 
Min{I(F,,),1(Fa)} ifu EAN A, 
F(FA,) ifu€ A, — Ag 
EER = F (Fay) ifu € Ay— Ay 


Min{F (Fy,), F (Fa, )} 


ifu € A, N Az 


By using the definition of necessity operation 
@F,, = {<u,{®T(Fr;),@ 1(Frz),B F(Fa;)} >:u € U}, where 


T(Fa,) ifu € A, — A, 

@®T (Fy3) = 4 Tag) ifu € Ay— Ay 
Max{T (Fy, ),T(Fa>)} ifu EAN A, 
T(Fy,) ifu E Ay oe Ap 

®1 (Fy) = 4 1 Fa) ifue Ay— Ay 
Min{I(F,,),1(Fa,)} ifu EAN A, 

@F (Fas) =-J1- Ps) ifu Ee A,- Ay 
1 — Max{T(F,,),TFa,)} ifu EAN A, 

Assume 


@Fy, = (<w{T(Fa,)1(Fa,),1 —T(Fa,)} >: u € U} 


@F,, = {< u,{T(Fa,),1(Fa,), 1 — T(Fa,)} >:u € U} 

@Fy, U OFa, = Fs, where 

Fs = {< u, {T(Fs),1 (Fs), F(Fs)} >:u € U}, such that 
T(Fa,) ifu € Ay— Ag 

T (Fs) = 47 (Fay) ifu € A, — Ay 
Max{T (Fy,),T (Fa)} ifu EAN A, 
I(Fy,) ifu € Ay— A, 

I (Fs) = 41 (Faz) ifu © Ag— Ay 
Min{I(F,,),1(Fa)} ifu EAN A, 
1-T(F,,) ifue Ay — Ap 

F (Fs)= 4 1-T(Fa,) ifu € A, — Ay OR 
Min{1 —T(Fy,), 1 —T(Fa,)} ifu EAN A, 
1-T(Fa,) ifue A, — Ap 

F (Fs)= 4 1-T(Fa,) ifu € Ay— Ay 


1 — Max{T(Fy,),T(Fa)} 


ifu € A, N A, 


Consequently @F,, and Fs are same. So 
® (Fa, U Fa.) =® Fa, U ® Fay. 
Similarly, we can prove 2. 
Definition 4.4 Possibility operation 
Let F, € NHSS, then possibility operation on NHSS represented by ® Fy, and defined as follows 
® Fy = {<u,{1 — F(Fy), (Fy), FFD} >} for all u €U. 
Example 4.5 Reconsider the example 2.6 
® Fy ={< uy, (é,{0.5, 0.7, 0.5}, &){0.7, 0.5, 0.3}, ,{0.1, 0.5, 0.9}) > 
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< Up, (€;{0.3, 0.5, 0.7}, &,{0.8, 0.6, 0.2}, £,{0.4, 0.4, 0.6}) >} 
Proposition 4.6 


de ® (Fa, U Fay) = ® Fa, U ® Fa, 


2. @ (Fa, 9 Fy.) = @ Fx, N ® Fa, 
Proof 1. Let Fa, U Fa, = Fag, then 


T(Fa,) ifue A, — A, 
T (Faz) = TUF) ifu E Az 2e Ay 
Max{T (Fy, ),T(Fa)} ifu EAN A, 
T(Fy,) ifu E Ay -— Ap 
I (Fa) a I(Fa,) ifu € Ay _ Ay 
Min{I(Fy,),1(Fa)} ifu EAN A, 
F(F,) if U E Ay = Ap 
F (Faz) = F(FA,) if u € Ay om Ay 
Min{F (Fy, ),F (Fa)} ifu € AN A, 


By using the definition of necessity operation 


@ Fy, = {<u,{@ T(Fr,),@ I(Fa;),@ F(Fa,)} >:u € U}, where 
1—F(Fy,) 


ifu € A, — A, 
® T (Fy3)= 4 1— Fag) 


ifu € Ag — Ay 


1 — Max{F (Fy, ),F(Fa,)} ifu EAN A, 
= 11-F(F,,) ifueA,- A, 
Min{1 — F(F,,),1— F(Fa,)} ifu EAN A, 
T(F,,) if u E Ay i Ap 
® I (Faq) = 4 1 Faz) ifue Ay— Ay 
Min{I(F,,),1(Fa)} ifu EAN A, 
F(Fa,) ifu € Ay— A, 
®@ F (Fy3)= 4 Fag) ifu € A,— Ay 
Min{F (Fy,), F(Fa,)} ifu EAN A, 


Assume 


@ Fay = {< u, {1 = F(Fy,),1(Fa,)» F(Fa,)} >:u € U} 
@ Faz = {< u, {1 os F(Fy,),1 (Fa), F (Fap)} >:u € U} 
® Fy, U OFa, = Fs, where 

Fs = {< u, {T(F5), 1(F5), F (Fs)} >: u € U}, such that 


1 — F(Fa,) ifu € A,— A, 

OT jail =F) ifu € Ag— Ay 
1 — Max{F (F,,),F (Fa,)} ifu EAN A, 
(Fa) ifu € Ay— Ag 

@ I (Fs) = 4 1(Fag) ifu € A,— Ay 
Min{I(Fy,),1(Fa,)} ifu EAN A, 
F(Fy,) ifue A, — A, 

® F (Fs) = 4 Faz) ifu € Ay— Ay 
Min{F (Fa,), F (Fa)} ifu EAN A, 
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Consequently @ Fy, and Fs are same. So 
® (Fa, U Fan) = @ Fr, U @ Fr, 
Similarly, we can prove 2. 
Proposition 4.7 Let F,, and Fy, € NHSS, than we have the following 
1. @(Fa, 4 Fa.) = @Fa, 4 OFa, 
2. @(Fa, v Fan) = @Fay V OF, 
3. @ (Fa, Fay) = @ Fa, 9 @ Faz 
4. @(Fa, Vv Far) = @ Fa, vV @ Fay 
Proof 1. Assume Fy, A Fa, = Fa, xa, Where (uj,uj) € Ay X Ag 
Fa, xno = {< (ui uy), [e, min{T (Fy, ), 7 (Fa,)}, max{I (Fy, ), 1(Fa,)}, max{F (Fy, ), F(Fa,)3] >} 
By using definition 4.1, we have 
@(Fr, Fa) = {< (up uj), [e, min{T(Fy, ), T(Fa,)}, max{I (Fy, ), 1(Fa,)},1 — min{T (Fy, ),T(Fa,)3] >} 
Since 
® Fy, = {<u{P(Fa,), (Fay) 1 - T(Fa,)} >} and 
® Fy, = {<u {T(Fr,),1(Fa,), 1 — T(Fa,)} >}, then by using AND-operation, we get 
® Fx, ® Fa, = 
{< (uj, uj), [e, min{T (Fy, ), T(Fa.)}, max{I (Fa, ),1(Fa,)},max{1 — T(F,,),1 — T(Fy,)3] >} 
= {< (u;,u,), [e, min{7 (Fy, ), T(Fa,)}, max{I (Fa, ),1(Fa,)},1 — min{T(Fy,), T(Fa,)3] >} 
= O(Fay - Fry) 
Proof 2. Similar to Assertion 1. 
Proof 3. Assume Fy, 4 Fa, = Fa, xa, Where (uj,uj) € Ay x Ag 
Fay xn = {< (ui uy), [e, min{T (Fa, ), 7 Fa,)}, max{I (Fy, ),1(Fa,)}, max{F (Fy, ), F(Fa,)3] >} 
By using definition 4.4, we have 
® (Fa, 4 Fa) = {< (up uj), [e, 1 — max{F (Fy, ), F(Fx,)},max{I (Fy, ),1(Fa,)}, max{F (Fy, ), F(Fa,)3] >} 
Since 
@ Fa, = {<u,{1-F(Fa,), (Fay), F(Fay)} >} and 
®@ Fy, = {<u,{1— F(Fy,),1(Fa,), F(Fa,)} >}, then by using AND-operation, we get 
® Fa, A ® Fan = 
{< (uj, uj), [e, min{1 — F(F,,), 1 — F(Fa,)}, max{I (Fy, ), 1(Fa,)}, max{F (Fa, ), F (Fa,)3] >} 
= {< (u;,u;), [e, 1 — max{F (Fy, ), F(Fa,)}, max{I (Fy, ),1(Fa,)}, max{F (Fy, ), F (Fa,)}] >} 
= @ (Fag x Fry) 
Proof 4. Assume Fy, v Fy, = Fa, xa,, Where (uj,uj) € Ay x Ag 
Fay xy = {< (ui uy), [e, max{T (Fy, ), T(Fa,)},min{I (Fy, ),1(Fa,)}, min{F (Fa, ), F(Fa,)3] >} 
By using definition 4.4, we have 
® (Fa, v Fa) = {< (up uj), [e, 1 — min{F (Fy, ), F(Fa,)},min{I (Fy, ),1(Fa,)}, min{F (F,, ), F(Fa,)}] >} 
Since 
@ Fa, = {<u{1—-F(Fa,),!(Fay))F(Faa)} >} and 
®@ Fy, = {<u{1— F(Fy,),1(Fa,), F(Fa,)} >}, then by using OR-operation, we get 
® Fy,v ® Fa, = 
{< (u;,u;), [e, max{1 — F(F,,), 1 — F(Fa,)},min{I (Fy, ), 1(Fa,)}, min{F (Fy, ), F(Fa,)}] >} 
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= {< (u,,u;), [e, 1 — min{F (Fy, ), F(Fa,)}, min{I (Fy, ),/(Fx)}, min{F (Fy, ), F(Fa,)}] >} 
= ® (Fa, ‘ Fy.) 


5. Conclusion 


In this paper, we study neutrosophic hypersoft set with some basic definition. We proposed the 
generalized aggregate operators on neutrosophic hypersoft sets such as complement, extended 
union, extended intersection, And-operation, and Or-operation with their properties and proved the 
commutative and associative laws on NHSS by using extended union and extended intersection. 
Finally, the concept of necessity and possibility operations on NHSS with suitable numerical 
examples and properties are presented. For future trends, we can develop the distance-based 
similarity measure and will be used for decision making, medical diagnoses, pattern recognition, etc. 
We also develop the neutrosophic hypersoft matrices with its operations and properties by using 
proposed operations and use for decision making. 
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Composite Neutrosophic Finite Automata 


J. Kavikumar, D. Nagarajan, S. P. Tiwari, Said Broumi, Florentin Smarandache 


J. Kavikumar, D. Nagarajan, S. P. Tiwari, Said Broumi, Florentin Smarandache (2020). 
Composite Neutrosophic Finite Automata. Neutrosophic Sets and Systems 36, 282-291 


Abstract. The idea behind the neutrosophic set is we can connect the concept by dynamics of opposite interacts 
and its neutral that are uncertain and get common parts. Automata theory is beneficial to solve computational 
complexity problem and also it is an influential mathematical modeling tool in computer science. Inspired by 
the concepts of neutrosophic sets and automata theory, here, we are introducing and discussing the algebraic 
concept of neutrosophic finite automata based on the paper [10]. Generally, composite machines can be achieved 
by the output of the one machine that will be used as input for another machines. This paper introduced the 
concept of composite automata under the environment of the neutrosophic set and also examined the box 
function between the composite neutrosophic finite automata. 


Keywords: automata theory, stable, composite, box function, neutrosophic set 


1. Introduction 


Smarandache {2728} has proposed an idea of neutrosophic sets which was extending from 
fuzzy sets. Neutrosophic sets have membership values lies in ]0~,1*[, the nonstandard unit 
interval which includes the degree of truth, indeterminacy, and falsity. It is a device for 
handling the computational complexity of real-life and scientific problems whereas the fuzzy 
set has limited sources to depict it. The neutrosophic sets are different from intuitionistic fuzzy 
sets, it is because the neutrosophic set degree of indeterminacy can be defined independently 


since it is quantified explicitly. Aftermath, there are lots of research works done in various fields 
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such as algebraic structures (5/21]/29), topological structures (s20/24), control theory |17/18/36], 
decision-making (24(3)[2.41/22)/34], medical and smart product-service system (4). 


Generally, computational complexity problems are solved by the automata theory. It has a 
wide application in computer science and discrete mathematics which is also used to study the 
behavior of dynamical discrete systems. Fuzzy automata emerge from the inclusion of fuzzy 
logic into automata theory. Fuzzy finite automata are beneficial to model uncertainties which 
inherent in many applications (6). Wee and Santos first introduced the theory of 
fuzzy finite automata to deal with the notions frequently encountered in the study of natural 
languages such as vagueness and imprecision. Malik et al introduced a considerably simpler 
notion of a fuzzy finite state machine that is almost identical to fuzzy finite automatons and 
greatly contributed to the algebraic study of the fuzzy automaton and fuzzy languages. In 
addition, several researchers contributed to the development of the theory of fuzzy automata 
( (11}). Fuzzy finite automata with output offer further inclination in providing output compare 
to one without outputs. For each assigning input, the machine will generate output and its 
value is a function of the current state and the current input. Verma and Tiwari recently 
introduced and studied the concepts of state distinguishability, input-distinguishability, and 
output completeness of states of a crisp deterministic fuzzy automaton with output function 
based on (7. 

In recent years neutrosophic sets and systems have become an area of interest for many 
researchers in different areas because it can provide a practical way to address real-world prob- 
lems more efficiently along with indeterminacy naturally especially in the realm of decision- 
making. Neutrosophic automata is a newer model, which is extended from a fuzzy automata 
theory. The neutrosophic set idea was incorporated in automata theory by many researchers 
in different forms such as finite state machine and its switchboard machine was introduced by 
under the concept of interval neutrosophic sets and single-valued neutrosophic sets [31]. 
Further, the finite automata theory has been extended by the concept of general fuzzy au- 
tomata under the environment of neutrosophic sets, which is called as neutrosophic general 
finite automata [12]. In addition, the concept of distinguishability and inverse of neutrosophic 
finite automata was introduced by Kavikumar et al. in [10]. However, still, there are many 
algebraic structures of neutrosophic automata theory that haven’t been studied yet especially 
automaton with output. Hence, it is important to study more algebraic structures on neutro- 
sophic automata theory with outputs. Therefore, our motive is to study and introduce the 
concept of composite neutrosophic finite automata which we can obtain by using the outputs 


of one automaton as inputs to another automaton. 
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2. Preliminaries 


Definition 2.1. Let X be a universe of discourse. The neutrosophic set is an object having the 
form A = {~ x, 0)(«), 62(x), 63(a) > |\Va € X} where the functions can be defined by 064, 62, 63 : 
X —]0,1[ and 6; is the degree of membership or truth, 52 is the degree of indeterminancy and 
63 is the degree of non-membership or false of the element « € X to the set A with the 
condition 61(x) + 62(a) + 63(x) < 3. 


Let X be a universe of discourse and 4 is a neutrosophic subset of X. A map A: X > L, 


where L is a lattice-ordered monoid. The definition of lattice-ordered monoid is as follows: 


Definition 2.2. An algebra L = (L,<,/A,V,e,0,1) is called a lattice-ordered monoid if 
(1) L= (L,<,A,V,0,1) is a lattice with the least element 0 and the element element 1. 
(2) (Z,e,1) is a monoid with 1 identity 1 € L such that a,b,c € L. 
(a) ae0=OJN0ea=0, 
(b)a<bSaer<bebVre L, 
(c) ae (bVc) = (aeb) V (bec) and (bVc)ea= (bea) \V (cea). 


Throughout, we work with a lattice-ordered monoid L so that the monoid (L, e, 1) satisfies 
the left cancellation law. A neutrosophic finite automaton with outputs (in short; neutrosophic 
finite automata (NFA)) has considered with neutrosophic transition function and neutrosophic 


output function. 


Definition 2.3. A NFA is a five-tuple M = (Q,%, Z,6,0), where Q is a finite non-empty 
set of states, U is a finite set of input alphabet, Z is a finite set of output alphabet, 6 is a 
neutrosophic subset of Q x % x Q which represents neutrosophic transition function, and o is 


a neutrosophic subset of Q x % x Z which represents neutrosophic output function. 


Definition 2.4. Let M = (Q,», Z,6,0) be a NFA. 


(1) Q= {q,@,---;Qn}, is a finite set of states, 

(2) S = {21,%2,...,2n}, is a finite set of input symbols, 

(3) Z = {y1, y2,---,Yn}, is a finite set of output symbols, 

(4) Let 6 =~ 61, 62,63 > is a neutrosophic subset of Q x © x Q such that the neutrosophic 
transition function 6: A x & x Q > L x L x L is defined as follows: Vq@,q; € Q and 
%1,%2 €%, 

if qi = gy 

if Gi FG 


0 ifg =; 
iF Oj 


0 ifa=q 
iF Oj 


1 
51 (qi, A, g;) = 0 
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and 
01 (qi, 2122, q;) = VV 101(G;,2137) \ d1(r, x2, q;)} 


req 

62(qi, 122, q;) oa \ {62(q, 21,7) Vv da(r, x2, q;)} 
req 

d3(qi,0102,9;) = /\ {53(qi,21,7) V 63(r, 2, q)} 
req 


(5) Let ¢ =X 01, 02,03 > is a neutrosophic subset of Q x © x Z such that the neutrosophic 


output function a: @x Ux Z— Lx Lx Lis defined as follows: Vqj,q; € Q,21,%2 € U 


and yi, y2 € Z, 
7 1 ifa;=y,=A 
eee fe fay =A,y F#Aoray FAY =A 
0 ifaj;=y,=A 
02(Gi,1,4j) = 1 ifa@,=A,yAAorxz, AA M=A 
0 Hep yo 
rn 1 ifar=A,y AAora FAY =A 


and 


o1(Gi, 2102, y1y2) = o1(Gi 1,41) © \V {61 (Gi, 21,7) A o1(r, 2, y2)} 
req 


o2(Gi, 0102, y1y2) = o2(qi,21, 41) © A\ {52(qi, 21,7) V o2(r, 2, y2)} 
req 


o3(qi, 0102, y1y2) = 03(qi,21,41) © /\ {53(qi, 21,7) V o3(r, 2, y2)} 
req 


3. Composite Neutrosophic Finite Automata 


This section is interested in the concept of composite finite automata under the environment 


of neutrosophic sets. 


Definition 3.1. For i < n, let M; = (Q;,¥j, Z;,6°,0°) be NFA’s. Let Mp = M, > Mp > 
--.—» M,, be a composite NFA, where (qi, q2,---,;4n) = ar € Qr and each q € Q; if 
(1) Z C Di44, fori<n—1. 
(2) let {(a@7 € Up > 21 € N1)(yr € Zr > yn € Zn)lot(a, 27,91) > 0,04(H, 27,41) < 
1,03(m, 27,41) <1, for i=1} then define 
r ae F 6+(q1,21,9,) > 0 for 7 = 1, 
By [Cais das. ++ +Gn)s rs (M1, 935-9 Gn] = Oi(gis (OL (Gi, Y-1,4%)),%) for i> 1. 


53(q1,21,44) <1 for i= 1, 


OF. Gi sGdvaea hs SOP (de dexxcasd =~ 2 
lia Oates n)] 63(q:, (03 (Gi, Yi-1, ¥s)),G) fori > 1. 


823 


Florentin Smarandache (author and editor) Collected Papers, XII 


64(41,71,%) <1 fori =1 
83 [(q1,492,---54n), 27, (4% =< sah 
[ ; »In), LT; D n 63 (qi, (03 (Gi, Yi-1, i), @) fori > 1. 


and 


ifrr =Yy, =A 


fe 
a 5 G25+++39n),2Ts Yn) = 
1 (a1 4 Qn), 27, Yn) O if either rp 4 A and y, = A or rp =A and yn» A 


0 ifarp=Yyn=A 


T 
for 5 G25++659n), XT, Yn) = 
2 (41,42 Gn), ©2+Yn) if either ep # A and y, = A or rp =A and yn 4A 


0 ifarp=y=A 
Ps ieee ena ant, 


1(0.7,0.15,0.2)/0(0.7,0.1,0.25) 


pare a a —_— 


0(0.6,0.25,0.3)/0(0.35,0.37,0.45) 


1(0.7,0.15,0.2)/0(0.7,0.1,0.25) 


0(0.6,0.3,0.5}/1(0.3,0.4,0.5) 
1(0.8,0.4,0.5)/0(0.9,0.4,0.5) 


0(0.8,0.0,0.1)/4(0.9,0.1,0.2) 


Then the output for input #7 = 1001 is yr = 0010. 
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Definition 3.3. Let M = (Q,%, Z,6,0) be a NFA. A non-empty set of states Q4 C M is said 
to be stable if 

010; 2D) > Odo da p) < 1,03(0, 2,0) < 1, 
for all q,p € Q4 and x € &. 


Definition 3.4. Two NFA’s M; = (Q1,%1,2Z1,6',o'!) and Mg = (Qo, %e, Z2, 67,07) 
are said to be homomorphism if a [6'(q,2,p)] = 6°?(a(q),8(x),a(p)) and ot(q,2,y) < 
a*(a(q), B(x), y(y)), Vaap € Q1, x € Xy and y € Z,, where the mapping a : Qi > Qo, 
B: dy — Ne and y: Z, > Ze are monoid homomorphisms. Moreover, two NFA’s are said to 


be isomorphism when the mapping a, (6 and ¥ are bijective. 


Lemma _ 3.5. Let M, = (Qi, X1, 21, 6', 0°), Mp = (Qo, U2, Zo, 67, a”) and M3 = 
(Q3, 53, Z3, 6°, 0?) be NFA’s. Then My — (Mz > M3) and (M, + Mp2) > Ms are isomorphic. 


Proof. Since one neutrosophic finite automaton outputs are used as the another neutrosophic 
finite automaton inputs and omit the parentheses as follows M, — Mz > Ms. Now, we have 
an initial inputs for M, and its outputs will become an input of Mg. Then, the outputs of 
Mpa will be an input of Mg. In this manner, My, — (Mz — Ms) and (M, — M2) > Mz are 


isomorphic. 
Remark 3.6. Lemma|3.5|can be easily extend to four or more NFA’s. 


Lemma 3.7. Let M; = (Q;:, di, Z;, 5", o"), where i = 1,2,...,n, be NFA’s. If M, > My > 
---—> M,, ts a composite NFA if and only ifM, is a NFA. 


Proof. Assume that M, + My > --- — M, is a composite NFA. Then, by lemma [3.5] it is 
clear that M,, is a NFA. Conversely, since M,, is a NFA, the input of M, is a output of the 


M,,—1, so in this manner, M,; > My) > --- > M, is a composite NFA. 


Definition 3.8. A NFA M = (Q,», Z,6,o) is called free if Vq;i € Q, x € N J y € Z such that 
o1(G,2,y) >0, o2(G,2,y)<1, and o3(q,z,y) <1. 


Theorem 3.9. For each positive integer i <n, let M; is a free NFA, then M, ~ Mz > --- > 
M, is a composite NFA. 


Proof. Suppose M;, i = 1,2,...,n isa NFA. Let qg,p € Q; and x; € 41 and y; € Z. We prove 
the theorem by induction on |i| =n. 
If n = 1, then M, is a free NFA. Now, we have 


oi(q,t1,y1) >0, o3(q,21,y1) <1, and o3(m2x1,y1) <1, 


since 61(q@1,21,p1) > 0,63(q1,21,p1) < 1 and 63(q1,21,p1) < 1. This implies that My is a 


composite NFA. Hence, the theorem is true for n = 1. 
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Suppose the result is true for all x; € 4; and y € Z such that |i] =n—1. Let Z; C Nir 
fori <<n—1,n>1,s0 that M,_, is a free NFA. Now, we have, 
Ot (Gn—15Sn~iYn—1) 0, oF * (dn—1, €n—1; Yn—1) <1, and oR" (Gn—1, En—1; Yn—1) al OF 


Then by Definition [3.1] we have 


O01 (Gn: Yn—1;.Pn.) ou), 09 (Ons Unats Da) <1 and 63 (ns Yn—1; Pn) <1. 


By the induction hypothesis and consider yjn_1 = Xn, then we have 


O01 (Ga; fm Pa) a, Op (Gris Bne Pra) <1 and Os (Gras Brg Pa) <1. 


This implies that, for x, € i, there exists y, € Z, such that 


O7 Ge tus dn) > 0, Os On; Las Ua) <1, and 03 (Gn, Ln, Yn) <i. 


Hence, the theorem is true for induction. 


Remark 3.10. The converse of Theorem [3.9] is not true since the outputs of composite NFA 
need not be satisfy the condition of free NFA. 


Definition 3.11. Let My = (Q1,41, 2, 6',0') and Mz = (Qo, Xe, Zo, 6°,07) be NFA’s. A 
box function 6 of (My, Mb) is satisfy the following conditions, where 3 : Q; — Q2 such that 
(1) X41 C Ze 
(2) for all g,p € Q; and x € &j there exists y € Z such that 


B [5'(q,2,p)| = 6? [B(q), o' (4, 2, y), B(p)) - 


Definition 3.12. Let M; = (Qj, ¥;, Z;, 5", 0"), i=1,2,...,n, be NFA’s. To each box functions 
GB; of (M;,Mj41) for 1 < i < n —1, there is a corresponding sub NFA N((j, 62,..., Gn—1) of 
Mr =M, —- Mp >---> My. 


Proposition 3.13. Let Mp = (Q7,=7,Zr,6",07) be a composite NFA and N = 


(Qn, Un, Zy, 6,0") CM, where Qn = {(41,42,---5Qn)ln € M and q = Bi-1(qi-1) for i > 
1}. If Qr is stable, then N is a compositie NFA. 


Proof. Let q = (q1,---,4n),¢ = (G,---:%) € Qn, 27 € Ur and y € Zr. Then, by definition 
[3.1] and Yi-1 = 2. Since Qn C Qr, it is enough to prove that Qy is stable, for each i > 1. 
Then 
01 (G3, 2350, = oH Palais) (oi * (4; 1, Yi-2, Yi 1))s Bs i(q_1)] 

= Bi-1 [64-7 (ai-1, Li-1, ae 4) , since §;_1 is a box function of (M;_1,™M,), 

= 6+ * [B-1(a:-1), ti-1, Bi-1(4_1)] 
This implies that ie [Bi (Gi ) 5 Zi—15. Bi 1(G_1)] is stable, since 6 (qi-a, Li-1,4;_1) is sta- 
ble. Hence, Qy is stable. Therefore, N is a composite NFA. 
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Theorem 3.14. Let Mi = (Q1,%1,21,6',01) and My = (Qo, D2, Z2, 67,07) be two NFA’s 
and let H be a NFA with inputs iy which generating inputs set for 41. Suppose 7, C No 
and for all p,q € Qi, 41 € Ny, the map B : Q: > Qe such that B[d'(q,21,p)] = 
67[8(q),o'(q, 21,41), B(p)|. Then 8 is a box function of (My, Mbp). 


Proof. We will prove the result by mathematical induction on the generated set of inputs Uy. 
For n = 1, let x; € “vq the result follows from 
For n = 2, let 71,72 € “iq and q,p € Qj, then 


B(5\(4,2122,P)] =8 |Vreq, {8(G.21,7) A 5"(r,22,p)}| 
= Veg, {8(5'(4,21,7)) A B(O"(r, 2, p)) 
= Vairyeqn 19° (B(G), 01 (4, #1, 91), B(r)) A 67(B(r), 07(4, 22, y2), B(p))} 
= 6° [B(q), 0° (4, 41,1) © 0" (4,22, 2), B(D)| 
= 6° [B(q), 0° (g, e182, 192), B(p)] 
If the induction continues for any finite sequence of inputs such as n > 2 for each x; € “iq, 


the results follows by induction. Hence £ is a box function of (M1, Mz). 


4. Conclusions 


The main focus of this paper is to study the algebraic automata theory based on the concept 
of neutrosophic sets. Thus, this investigation contributes a small portion to algebraic automata 
theory such as composite neutrosophic finite automata which is established by outputs of one 
automaton as the inputs of another automaton. The future study will be concerned with 
similar concepts but the approaches are based on the combination of N-fuzzy structures (9)[23} 
and type-2 fuzzy structures under the environment of neutrosophic sets (271/28). 
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Fixed Point Results for Contraction Theorems 
in Neutrosophic Metric Spaces 


S Sowndrarajan, M Jeyaraman, Florentin Smarandache 


S. Sowndrarajan, M. Jeyaraman, Florentin Smarandache (2020). Fixed Point Results for 
Contraction Theorems in Neutrosophic Metric Spaces. Neutrosophic Sets and Systems 
36, 308-318 


Abstract. In this article, we present fixed and common fixed point results for Banach and Edelstein contraction 
theorems in neutrosophic metric spaces. Then some properties and examples are given for neutrosophic metric 
spaces. Thus, we added a new path in neutrosophic theory to obtain fixed point results. we investigate and 


prove some contraction theorems that are extended to neutrosophic metric space with the assistance of Grabiec. 


Keywords: Fixed point; Neutrosophic Metric Space; Banach Contraction; Edelstein Contraction. 


1. Introduction 


Fuzzy Sets was presented by Zadeh as a Class of elements with a grade of membership. 
Kramosil and Michalek (9| defined new notion called Fuzzy Metric Space (FMS). Later, many 
authors have examined the concept of fuzzy metric in various aspects. In 1984 Kaleva and 
Seikkala |8} have characterized the FMS, where separation between any two points to be posi- 
tive number. In particular, George and Veeramani redefined the concept of fuzzy metric 
space with the assistance of continuous t-norm, and continuous t-co norm. FMS has utilized in 
applied science fields such as fixed point theory, decision making, medical imaging and signal 
processing. Heilpern defined fuzzy contraction for Fixed point theorem. Park de- 
fined Intuitionistic Fuzzy Metric Space (IFMS) from the concept of FMS and given some fixed 
point results. Fixed point theorems related to FMS and IFMS given by Alaca et al and 
nemerous researchers (13}/19] In 1998, Smarandache characterized the new concept called 
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neutrosophic logic and neutrosophic set. In the idea of neutrosophic sets, there is T degree 
of membership, I degree of indeterminacy and F degree of non-membership. A neutrosophic 
value is appeared by (T, I, F). Hence, neutrosophic logic and neutrosophic set assists us to 
brief many uncertainties in our lives. In addition, several researchers have made significant 
development on this theory [26}30}. Recently, Baset et al. explored the neutrosophic 
applications in different fields such as model for sustainable supply chain risk management, 
resource levelling problem in construction projects, Decision Making and financial performance 
evaluation of manufacturing industries. In fact, the idea of fuzzy sets deals with only a degree 
of membership. In addition, the concept of intuitionistic fuzzy set established while adding 
degree of non - membership with degree of membership. But these degrees are characterized 
relatively one another. Therefore, neutrosophic set is a generalized state of fuzzy and intu- 
itionistic fuzzy set by incorporating degree of indeterminacy. In 2019, Kirisci et al 
defined neutrosophic metric space as a generalization of IFMS and brings about fixed point 
theorems in complete neutrosophic metric space. 

In this paper, we investigate and prove some contraction theorems that are extended to neu- 


trosophic metric space with the assistance of Grabiec (6). 


2. Preliminaries 


Definition 2.1 Let © be a non-empty fixed set. A Neutrosophic Set (NS for short) N 
in © is an object having the form N = {(a,é€n(a), en(a),vn(a)) : a € U} where the functions 
En(a), an(a) and vy(a) represent the degree of membership, degree of indeterminacy and the 
degree of non-membership respectively of each element a € N to the set &. 

A neutrosophic set N = {(a,&n(a), on(a),vn(a)) : a € &} is expressed as an ordered triple 
N = (a,én(a), on(a), vn (a)) in 5. 
In NS, there is no restriction on (€y(a), en (a), vy (a)) other than they are subsets of |~0,17/ 

Remark 2.2 Neutrosophic Set N is included in another Neutrosophic set T ( N CT) 
if and only if 

inf En(a) <infér(a) sup En(@) < sup Er(a) 
inf on(a) > infor(a) sup en(a) 2 sup er(a) 
inf vn(a) 2 infup(a) sup vy (a) = sup vy(a) 

Triangular Norms (TNs) were initiated by menger. Triangular co norms(TCs) knowns as 
dual operations of triangular norms (TNs). 

Definition 2.3 |4) A binary operation x : [0, 1] x [0,1] — [0,1] is called continuous t - norm 
(CTN) if it satisfies the following conditions; 

For all €1,€2,€3,€4 € (0, 1] 


(i) ey *0 = 4; 
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(ii) If ey < €3 and €2 < e4 then €1 * eg < €3* €4; 
(iii) x is continuous; 
(iv) x is commutative and associative. 
Definition 2.4 |4| A binary operation © : [0,1] x [0,1] > [0,1] is called continuous t - co 
norm (CTC) if it satisfies the following conditions; 
For all €1,€2,€3,€4 € (0, 1] 
(i) 100=61; 
(ii) If ey < €3 and €2 < e4 then €1 o €2 < €39¢€4; 
(iii) © is continuous; 
(iv) © is commutative and associative. 
Remark 2.5 From the definitions of CTN and CTC, we note that if we take 0 < €1,¢9 < 1 
for €1 < €2 then there exist 0 < €3,€4 < 1 such that €,*€3 >€2 and €1 > €2°¢€4. 
Further we choose ¢5 € (0,1) then there exists ¢g,¢7 € (0,1) such that ¢g * ¢g > €5 and 
ETO ET SEs. 
Definition 2.6 A Sequence {t,} is called s - non-decreasing sequence if there exists 


mo € N such that tm <tm4+1 for all m > mo. 


3. Neutrosophic Metric Space 


In this section, we apply neutrosophic theory to generalize the Intuitionistic fuzzy metric 
space. we also discuss some properties and examples in it. 
Definition 3.1 A 6 - tuple (©, =, 0, T, *,¢)is called Neutrosophic Metric Space(NMS), if © is 
an arbitrary non empty set, * is a neutrosophic CTN and ¢ is a neutrosophic CTC and &, 9, T 
are neutrosophic sets on ©? x Rt satisfying the following conditions: 
For all ¢,7,w € 5, € Rt 

“) 0< a <1,0<0(C 7.4) 51 0A TGA) <1 

+ (6,7, A) + T(¢, 7, A) S 3; 
or 

= Ey, CA) for. A> 0; 
ee ¢, ph) < E(¢,w,A + p), for all A, pw > 0; 


) EC. n,-) : [0,00) — [0,1] is neutrosophic continuous ; 


— 
ao 
< 
{1] 

a lie, Fite Yi. 
wy 
=, 

ce ce ce ce 


1) Him sso0E (G7 A) = 1 for all \ > 0; 

(¢,n, A) = 0 if and only if ¢ = 7; 

(C,7, A) = O(n, ¢, A) for A > 0; 

(€,7, A) o O(C,w, u) > O(C,w,A +p), for all A, pw > 0; 


(¢,7,.) : [0,00) — [0,1] is neutrosophic continuous ; 


\e) 
\e) 
\e) 
\e) 
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T(¢,, A) = T(n,¢, ) for A > 0; 
TC, d) oT (6,w, w) > T(6,w, A+ mw), for all A, > 0; 
Y 


(¢,7,.) : [0,00) — [0,1] is neutrosophic continuous ; 


(xiv) 


(xv 


limy-+00T (6,7, A) = 0 for all \ > 0; 
(xviii) If \ > 0 then &(¢, 7, A) = 0, O(¢, 7, A) = 1, T(¢,, A) = 1. 
Then (=, 0, YT) is called Neutrosophic Metric on ©. The functons =, 0 and YT denote degree of 


(xvii 


) 
(xvi) 
) 
) 


closedness, neturalness and non - closedness between ¢ and 7 with respect to respectively. 
Example 3.2 Let (©, d) be a metric space. Define ¢x7 = min{¢,n} and €on = maxr{¢, n}, 
and =,0,Y : ©? x Rt — [0,1] defined by , we define 


&(¢,7, A) =<; + d(¢,n)’ O(¢, 7, A) = A+ d(¢,n)’ T(¢,7, A) a dr 


for all ¢,n € % and A> 0. Then (%,=, 0, YT,x,©) is called neutrosophic metric space induced 


by a metric d the standard neutrosophic metric. 
Example 3.3 If we take © = N, consider the CTN, CTC are ¢* 7 = min{¢,n} and 


Con =mar{¢,n}, =, 0, : x? x Rt — [0,1] defined by 


Ge < 
tee 

Ook WEG 

mo if ¢<n 
OC. nA=4 .” 

Sl if n<¢ 

= ; < 
Menwea 2 

CH ap Hse 


for all ¢,n7 € X and A > 0. Then ©, 0, Y : ©? x Rt = [0,1] is a NMS. 
Remark 3.4 In Neutrosophic Metric space = is non - decreasing , © is a non - increasing , T 


is decreasing for all ¢,7 € &. 
Definition 3.5 Let (©,=,0,Y,*,°) be neutrosophic metric space . Then 


(a) a sequence {¢,} in } is converging to a point ¢ € ¥ if for each A > 0 
ios eeical (ae 1), A) =1; lim) +00 9(C, 1; A) = 0; Liss LCG 1; X) = 0. 


(b) a sequence ¢, in ¥ is said to be Cauchy if for each « > 0 and \ > 0 there exist N € N 
such that E(¢n,¢m,A) > 1—€ 3 O(Gn, Gnas A) < € 3 T(Gas Gm, A) < € for alln, m < N. 


(c) (1,5,0,Y,x*,°) is said to be complete neutrosophic metric space if every Cauchy 


sequence is convergent. 


(d) (4,5, 0, YT, x, ©) is called compact neutrosophic metric space if every sequence contains 


convergent sub sequence. 
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4. Main Results 


Theorem 4.1 (Neutrosophic Banach Contraction Theorem) Let (©,=,0,Y,*,°) be a 


complete neutrosophic metric space. Let F : i: > © be a function satisfying 


E(F C.F, A) > 2,7, A); OCF GF, A) <O(¢,7,A); TRC, Fn,A)< T(Gn,A) (4.1.1) 


for all ¢(,7 € ©. O< k <1. Then F has unique fixed point. 
Proof: Let ¢ € © and {¢,} =F "(a) (n € N). By Mathematical induction, we obtain 


r m 
E(Gns Gai A) = EG, C1, A) O(Gns Gn41 X) < BIG; C1, yn) F (Gn; Sn41 A) < T(CeGis i .. (4.1.2) 


for alln > 0 and \ > 0. Thus for any non-negative integer p, we have 


ti 


= = A —times 
2lGs Cntps Xd) Bs BC, Cn+1; ci Ket (pt ).. KE (Cate 1, Cn+ps ) 


a 
p 
ane 


i 


ane .. .(p—times) |, , 


(ci 


ti 


r 


A —times 
O(Cn, Gntp, A) < OC, G4, a o «MP times) |. 5 O(Grie 1, Gntps —) 


OGG; 


_. (p—times) |, , 
pk” a)? 


A —times 
TGn Gntpsd) S T(GsGn415 5) o* NDTIS) cl Ca tae 


a 
Pp 
Xr 
O(¢, C1, pRerp=1) 
Xr 
) 


Xr r 
7) o...(p-times) |, , ees eee 
< TGC Fen) © oT Cs eaepal 


by (4.1.2) and the definition of NMS conditions, we get 
LM AascceGa Cn-tp» A) = lx: pees) cok l=l 


limn+00O(Gn; Cn-tp» A) < Oo-- ipumes) + 00=0 


livin Seah (GiiGuap, d) 0S 0 = 0. 


Therefore, {¢,} is Cauchy sequence and it is convergent to a limit, let the limit point is 7. 


Thus, we get 


fe = Neo r 
(Fn, 0, t) az ECF, Fons 5) * E(Cnt1) 7 5) 


i 


vA. LE Xr 
(1, Gn 5p) * E(Gn41,% 5) 2 1exl=1. 


Xr 
O(F n,n, X) = O(F n, FGn: ) © O(n 5) 


r r 
_ O(n, Cn OK) © O(Gn415, a) > 0c0=0. 


r Xr 
Y(F n,n, X) < Ea; FGn) m) © T(Gn415 7 5) 


r r 
=> T(n, Gny 5K) oT (Gras —) >0c0=0. 


2 
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Since we see that 
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B(¢,n,A)=1 iff C=; O(¢,n,A)=0 iff C=n; T(C,n,A)=0 iff C=n 


we get Fy = 7, which is the fixed point of Neutrosophic metric space. 


To show the uniqueness, let us assume that fw =w for some w € U 


” a . Be 3 AG es 


i nr 


r 
2 BEC Wy 7 )>1lasn—- oo 


Xr r Xr 
O< O(¢, w, ) = O(F n, FwF w, X) < O(¢,w, 7) = O(F 1, Fw, 7) = O(6,w, 5) 
<< O(6,4, 2) + 0.48 n+ 00 
Xr Xr a 
0s T(¢,w, d) = T(F 7, Fw, ) = L(G,w, 7) = T(F 0, Fw, 7) < L(G, Fy) 


aN 
SS T(C,w, 77) 20 as n> 00. 


From the definition of NMS, We get 7 = w. Therefor, F has a unique fixed point. 


Lemma 4.2 (a) If limnoGn = ¢ and limn+otm = 7, then 


(6,7, A —€) < limnsooinf E(Gn, 1, ) 
O(¢,7, A —€) > limnsn0sup O(Gn, MA) 
YC; 1, A — €) > ltIMn—+00 SUD TGs Nn d) 


(b) If litmmnsootn = ¢ and limnscotm = 7, then 


BG 1, A+ €) > laIMn—+oo SUD El Gris Nn d) 
O(¢,n,A + €) < limnsoinf O(Gn, 1M, ) 
T(¢,n, Ate) < limnsoinf T(Gn, 1, ) 
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for all A > 0 and 0 <e<.. 
Proof for(a): By the definition of NMS, conditions (v),(x) and (xv) 


= (Cust) 2 E(Gns 6, 5) * (CA — €) * E(1 Ms 5) 
lita sooth? E(GastngaA) = 1ka(G, A= 6) el 
Hence, limnsoinf E(Gn, 1m, A) > E(¢,n, A — €) 
O(GnsMns A) S O(n 55) © (6m A — €) & OCH ns 5) 
limn+co8up O(n, tn: A) < 09 O(¢, 7, A— €) 00 
Hence, limn-sosup O(Cn, Mn, r) < O(C, 7, A — €) 
T Gusts A) S Tass 5) ° TCM A €) TMs 5) 
limn—oosup T(Cn, Mm, ) < 0° T(¢,n,A-—€) 00 
Hence, limn+oosup T (Gn 1) < O(6, 7, A — ©) 


Proof for (b):By the definition of NMS, conditions (v),(x) and (xv) 


Z(G A+ €) > BCC Gur 5) *BGus tins €) * (tas 5) 
Hence, =E(¢,7,A\ + €) > limn+oosupE(Gn, Mn: ©) 

O(,9.A + €) SECC Gus 5) © Cus tus €) © Ota 5) 
Hence, O(6,n,A + €) < limpnsnr0infO(Cn, 1M, ©) 

T(.m.A + €) STC, 6as 5) °F Gusts €) © TMs 5) 
Hence, Y(6,n,A +6) < limnsoinfT (Gr, Mn, €) 


Corollary 4.3 If limnso¢n =a and limns.onn = 7, then 
(a) EC iA) SS eiipscoin tf Sas tan); 
O(¢,7, A) = limn+oosup O(Gn; Ms A); 


VGA) S tip sccsup UG tap Alo 43.1) 


(b) E(¢,7, r) > limnsosup = E (Gaia A) 
O(¢, n, X) < lM o0tnf OG ns) 
(Cai Ay ss itin scott LG ag A) 1432) 


for all A >Oand0<e<X. 
Theorem 4.4 (Neutrosophic Edelstein Contraction Theorem) Let (©,=,0,YT,«,o) be com- 


pact neutrosophic metric space. Let F : 4% > % be a function satisfying 


BUG Ye Gs OLPGt a) < OG) LEG Pay = Cee 441) 
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Then F has fixed point. 
Proof Let a € Band ag — FC (wv € N). Assume G # Go for each n (lf not Ft, — G) 
SpRRSSUenE yA Gaal De Shem atle ewes 

E(Cns Gnt1s-) = E(Gms Smtis-) > E(Cm—114ms-) > + > SlCr Gna, +) 

O(n: Gntts+) = OG Smtts +) < OGm—15 Gms +) <2 < OGns Sn+1;) 

Ln: Gntts+) = TG Smtts +) < V(Gm—15 Gms +) <2 < T(Gns Sut) 


® 


where m > n, which is a contradiction. Since © is compact set, {¢,} has convergent sub 
sequence {¢,,}. Let 7 = limi-zoCn,, Also we assume that 7 such that Fn € {¢n,;7 © N}. 


According to the above assumption, we may now write, 
ECF Gris 1+) > EGnivm)3 OF Gris Fm) < OGnivtm )3 TR Gres m+) < Tris ts +) 
for alli ¢ N. Then by equation (4.3.1) we obtain 
lim infE(Fon,,F 1, A) > lim E(Cn,,, A) = E(n,n, A) = 1 
lim supO(F Gn;, FA) < lim O(Gn,,n, A) = O(n, n, A) = 0 
lim supT(F Cn;,F 7, A) < lim T(Gn,.7, A) = T(n, 7, A) = 0 


for each A > 0. Hence 
lim F Ga =F y(442) 


Simillarly 
lim F°¢y, = limF?n...(4.4.3) 


(we recall that lim F Gn, = Fn for all (¢ © N)), Now observe that, 


E (Gis F Gaes A) S ECF Gags F Gags A) So S BCnis Guar A) 
GARG Fo Cy A) tt SE (PGP Gage) 
SEE Gaal Gap See 
O( Gas Gis) SOF Ga Gas) SS OG Gad) 
SO(FGay PG A) SS OF Guo F Guay) 
> OF nisisF nis A) Bee SO. 
TGah Guo TE Gar Ga) = = UGeak Gad) 
> TCG Gad) Seer! WRG ak Gag) 
STAG Gia ee 
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for all A > 0. Thus {E(GnisF Gnis A)}s {O(Gmis F Gnis A) Fs {PGi F Gis A)$ and {(F Cnes Fn AD} 
(A > 0) are convergent to a common limit point . So by equations (4.3.1) , (4.3.2) and (4.4.1) 
and we get, 
E(n, Fn, A) > lim sup E(Gnj,F Gay A) = lim sup (Fn, F7Gni A) 
> lim infB(F Gnis Fn: A) 
> E(F n, Fn, d) 
O(n, Fn, r) < lim inf (Gris Gris A) = lim inf O(F Gai, FP? Gri A) 
< lim supO(F Gr,, FG, d) 
< O(F n, F?n, d) 
T(n, Fn, A) < liminf T (Gris Gus A) = lim inf TF Gass Fen: A) 
< lim supT(F CF Cn; FP Goss A) 
< (Fn, Fn, d) 
for all \ > 0. Suppose b 4 Fn, By equation (4.4.1) 
Bary) <SFRF a: SG Fin) SORE ne LaF, = Ta m,). 


which is a contradiction , because all the above functions are left continuous , non -decreasing 
and right continuous , non - increasing respectively. Hence 7 = F7 is a fixed point. 

To prove the uniqueness of the fixed point, let us consider F (¢) = w for some ¢ € ©. 

Then 


r r r 
LS E(C, wd) = E(F n, Fw, ») 2 E(6,4, 7) =E(Fn, Fw, 7) = ay 2 E(6,W, a) 

r r r 
0 < O(¢,w, A) = O(F n, Fw, r) < O64, 7) = O(F 9, Fw, 7) < ea < O(6,4, 77) 
05 T(6u,d) = TF Fwd) $160, 2) = TF, Fun, 2) SS TG A) 


Now , we easily verify that {A} is an s - increasing sequence, then by assumption for a given 


€ € (0,1), there exists no € N such that 


aN 
= Ba hese eee sey ate JN ee 
(¢, w, in) _ 1 €; O(¢, w, ae — €; es W, ee — € 
Clearly 
r 


= hits se OCG ws “) =U lina sds EUG, “) =0. 


rental Cae Ww, 


kn 
Hence =(¢,w,A)=1; O(¢,w,rA) =0; T(¢,w, A) = 0. Thus 7 = w. Hence proved. 
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Conclusion: In this study, we have investigated the concept of Neutrosophic Metric Space 
and its properties. We have proved fixed point results for contraction theorems in the setting 
of neutrosophic metric Space. There is a scope to establish many fixed point results in the 
areas such as fuzzy metric, generalized fuzzy metric, bipolar and partial fuzzy metric spaces 


by using the concept of Neutrosophic Set. 
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Neutrosophy for Survey Analysis in Social 
Sciences 


Carlos Rosero Martinez, German Acurio Hidalgo, Marvelio Alfaro Matos, 
Florentin Smarandache 


Carlos Rosero Martinez, German Acurio Hidalgo, Marvelio Alfaro Matos, Florentin Smarandache 
(2020). Neutrosophy for Survey Analysis in Social Sciences. Neutrosophic Sets and Systems 37, 
409-416 


Abstract. The survey is a research procedure used in sociology to determine the thoughts and feelings of a social group at a 
given time and context. Within the survey, the questionnaire is considered as a very useful instrument used to measure the state 
of opinions of social groups. Although it has been demonstrated that fuzzy responses to questionnaires are more appropriate than 
crisp ones, there may be indeterminacy and thus fuzzy processing does not accurately capture the thought that the respondent 
wants to express, due to doubts, unclear and vague thoughts, among others. Modeling such scenario by means of neutrosophic 
sets provides respondents a greater range of possible responses and hence it is more appropriate. In this paper, we propose a 
method to design single-valued neutrosophic sets from questionnaires to social groups. This method, inspired by another fuzzy 
one, allows us to create membership functions of truthfulness, indeterminacy and falseness through experimental data, which 
will let us find the essence of the thought of the human group under study to be captured with greater accuracy. 


Keywords: Neutrosociology, survey, questionnaire, single-valued neutrosophic set. 


1 Introduction 


Sociology is the social science that studies the collective phenomena produced by the social activity of human 
beings, within the historical-cultural context in which they are immersed. In sociology, multiple interdisciplinary 
research techniques are used to analyze and interpret from different theoretical perspectives the causes, meanings 
and cultural influences that motivate the appearance of various behavioral trends in the human being, especially 
when it is in social coexistence and within a shared habitat. One of the most widely used research methods is the 
survey. 

A survey is a research procedure, within descriptive research designs (not experimental) in which the re- 
searcher seeks to collect data through a previously designed questionnaire or an interview with someone, without 
modifying the environment or the phenomenon where the information is collected (just like in an experiment), [1]. 
The data are obtained by carrying out a set of standardized questions addressed to a representative sample or to 
the total set of the statistical population under study, often made up of people, companies or institutional entities, 
in order to know states of opinion, ideas, characteristics or facts. The researcher must select the most suitable 
questions, according to the nature of the investigation. 

On the other hand, a questionnaire is a research instrument that consists of a set of questions and other indica- 
tions to obtain information from those consulted [1,2]. Although they are often designed to allow statistical analysis 
of responses, this is not always the case. The questionnaire is a document formed by a set of questions that must 
be drafted in a coherent way. Those questions must be organized, sequenced and structured according to a certain 
planning, so that answers can offer us all the required information. 

The survey is often carried out based on a questionnaire, which is therefore the basic document to obtain 
information in the vast majority of research and market studies. Questionnaires have advantages over other types 
of surveys in that they are inexpensive, do not require much effort on the part of the respondent, such as oral or 
telephone surveys, and often have standardized responses that make data tabulation simpler. 

In sociology, surveys are usually designed such that the possible responses to the questionnaires are fixed 
values. An example of a sociological questionnaire is the opinion on the number of children that an ideal family 
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should have, which can force respondents to answer with a number (2, 3, 4) even though the respondent wishes to 
answer more exactly, although imprecise as in interval form such as 2 to 4, [3]. Some authors have studied and 
demonstrated the fuzzy rather than crisp essence of surveys, [3-7]. Fuzzy sets have been proven more effective in 
dealing with measurements related to human thought than classical sets. 

In this paper, we defend the thesis that neutrosophic sets are even more suitable than fuzzy sets to represent 
the possible responses to questionnaires. The former one allow the surveyed person to be able to express even 
more accurately and also with greater indeterminacy about their true thoughts and feelings, due to the indetermi- 
nacy membership function [8], which allows modeling the lack of knowledge, doubts or contradictions that may 
exist in the responses of any human being. 

Neutrosophic Sociology or Neutrosociology is the study of sociology using neutrosophic scientific methods, 
[9-13], because the data of sociology can be vague, incomplete, contradictory, hybrid, biased, ignorant, redundant, 
superfluous, meaningless, ambiguous, and unclear, among others. In this new approach to the study of sociology, 
the concepts are represented in the form of <A>, which is the primary concept, <Anti A>, which is its opposite, 
and <Neut A>, which represents those that are neither <A> nor <Anti A>. 

In this paper, we are inspired by a method in [4] for the construction of fuzzy membership functions [14,15] 
to construct neutrosophic sets as a result of the responses of a survey by a group of individuals under study. To 
design a priori fuzzy membership functions or neutrosophic sets is not sufficient and yet it is of great interest 
finding a more adequate application of these theories. With the use of neutrosophic sets instead of fuzzy sets, 
greater accuracy of the results is obtained, since the single-valued neutrosophic sets allow a greater range of ex- 
pression of the thoughts and feelings of the respondents, since they cannot only express their ideas, but also what 
they consider false and what they consider indeterminate. This method, like its predecessor, stands out for its 
simplicity and applicability. 

This paper is structured into the following sections: Section 2, which recalls the main concepts of Neutrosophy 
that will be used in the proposed method. In Section 3, we introduce the method proposed in the paper and we 
develop two illustrative examples. The last section contains the conclusions. 


2 Basic concepts of Neutrosophy 


This section describes the main concepts of Neutrosophy, such as neutrosophic sets, single-valued neutro- 
sophic sets, and single-valued neutrosophic numbers, among others. In addition, the main definitions of neutro- 
sophic statistics are described. 

Definition 1: ([8]) Let X be a universe of discourse. A Neutrosophic Set (NS) is characterized by three mem- 
bership functions, ug (x), r(x), Va(x) : X > ]70,1*[, which satisfy the condition ~0 < inf u,(x) + inf ra(x) + 
inf va (x) < sup ug(x) + sup ra(X) + sup va (x) < 3* for all xeEX. ug (x), ra (x) and va(x) are the membership 
functions of truthfulness, indeterminacy and falseness of x in A, respectively, and their images are standard or 
non-standard subsets of ]~0, 1t[. 

Definition 2: (8]) Let X be a universe of discourse. A Single-Valued Neutrosophic Set (SVNS) A on X is a set 
of the form: 

A = {(x, ua (X), q(x), Va(X)): x € X}e (1) 

Where ug,ra,Vq: X —> [0,1], satisfy the condition 0 < ug(x) +ra(x) +va(x) < 3 for all xeX. 
ua (x), ra (x) and v,q(x) denotes the membership functions of truthfulness, indeterminate and falseness of x in A, 
respectively. For convenience a Single-Valued Neutrosophic Number (SVNN) will be expressed as A = (a,b,c), 
where a,b,c € [0,1] and satisfyO < a+b+c < 3. 

Definition 3: (8]) A neutrosophic number N is defined as a number in the following expression: 

N=d+I (2) 
Where d is called determinate part and | is called indeterminate part. 


Given N, = a, +b,I and Nz = az + by! two neutrosophic numbers, some operations between them are de- 
fined as follows: 


N, + No =a, +a, + (b, + b2)I (Addition); 
N, — Nz =a, —a, + (b, — b2)I (Difference), 
N, X Ny = ayaz + (a,b2 + by az + by b2)I (Multiplication), 


Ny _ ay+biI — ay , agby—aib2 
N2 a. aztbgI ~ a2 a2(az2+b2) 


I (Division). 


Neutrosophy studies triads, where if <A> is an item or a concept then the triad is (<A>, <neut A>, <anti 
A>),[9,10]. Neutrosociology is based on triads. E.g., the concept A = imperialist society, has an antiA = communist 
society, and neutA = neutral society. 

Neutrosophic Statistics extends the classical statistics, such that we deal with set values rather than crisp values, 
[16-22]. Neutrosophic Statistics can be used as a quantitative research method in sociology for testing social hy- 
potheses. 
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Neutrosophic Descriptive Statistics is comprised of all techniques to summarize and describe the neutrosophic 
numerical data characteristics. 


Neutrosophic Inferential Statistics consists of methods to allow the generalization of a neutrosophic sampling 
to a population from which the sample was selected. 

Neutrosophic Data is the piece of information that contains some indeterminacy. Similar to the classical sta- 
tistics, it can be classified as: 

e Discrete neutrosophic data, if the values are isolated points. 

e §=Continuous neutrosophic data, if the values form one or more intervals. 

Another classification is: 

e =§=Quantitative (numerical) neutrosophic data; for example: a number in the interval [2, 5] (we do not know 

exactly), 47, 52, 67 or 69 (we do not know exactly); 

e Qualitative (categorical) neutrosophic data; for example: blue or red (we do not know exactly), white, 

black or green or yellow (not knowing exactly). 

The univariate neutrosophic data is a neutrosophic data that consists of observations on a neutrosophic single 
attribute. 

Multivariable neutrosophic data is neutrosophic data that consists of observations on two or more attributes. 

A Neutrosophic Statistical Number N has the form N = d_ + i, like Equation 2. 

A Neutrosophic Frequency Distribution is a table displaying the categories, frequencies, and relative frequen- 
cies with some indeterminacies. Most often, indeterminacies occur due to imprecise, incomplete or unknown data 
related to frequency. Therefore, relative frequency becomes imprecise, incomplete, or unknown too. 

Neutrosophic Survey Results are survey results that contain some indeterminacy. 

A Neutrosophic Population is a population not well determined at the level of membership (i.e. not sure if 
some individuals belong or not to the population). 

A simple random neutrosophic sample of size n from a classical or neutrosophic population is a sample of n 
individuals such that at least one of them has some indeterminacy. 

A stratified random neutrosophic sampling the researcher groups the (classical or neutrosophic) population by 
a strata according to a classification; afterwards the researcher takes a random sample (of appropriate size accord- 
ing to acriterion) from each group. If there is some indeterminacy, we deal with neutrosophic sampling. 


3 Application of neutrosophic theory in sociological surveys 


In the study carried out by Li in [4] about how to measure the people’s thoughts, the author acknowledges the 
existence of possible responses like “1 or 2 (sorry)” with respect to the size of an small family, whereas other 
answer is “not an exact age” for the question about the exact age of a “young person”. Thus, it is necessary to 
include the indeterminacy like a possible result of a survey. On the other hand, Li deals with indeterminacy when 
the range of responses is an interval rather than a single value. 

In this section, we deal with indeterminacy based on single-valued neutrosophic sets and Neutrosociology 
concepts. The method consists of the following aspects: 

1. Firstly, the sociologist must determine the primary concept he/she wants to measure, e.g., A = “small 
family”. Next, he/she determines anti A, e.g. “big family”, and neut A, e.g. “optimal family”. In addition, 
he/she establishes the social group to analyse. 

2. He/she asks to the group the questions he/she designed aiming to have information about the triad (<A>, 
<neut A>, <anti A>). Every question should have three variants, one of them related to one of the three 
elements of the triad. 

The ambiguous or vague answers like “I don’t know”, “certain number”, and so on are associated with 
<neut A>, even though they were responses for questions of <A> or <anti A>. 

The interviewer remarks that the responses can be given in form of intervals in case it makes sense or if 
respondent considers it better corresponds to his/her opinions. 

Questionnaires can also include answers in form of linguistic values. 

The respondent should feel free to write what he/she thinks on the subject of the questions. 


at 
Let us denote as X; = 4 le the set of possible responses to question qj (j= 1, 2,..., n). 


The frequency of every possible response is calculated for every element of the triad, let us call them f. Ob: 
feneut A> Ds and feanti a> (x}). 


If N is the size of the social group to study, we calculate the following probabilities: 


j 
Dea>(x)) = ae) (3) 
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, f 
P<neut A> (x}) = snout C5) x 
j f iA (x) 
P<anti A> (x}) = SS m 


The properties of pey> (x), Peneut Ge); and Deanti a> (x) are the following: 

e For every Xj then Deas (x), P<neut A> (x’), P<anti A> (x!) € [0,1]. 

e For every X; then er (pea>(x}) + Peanct a>(X1)) <1. 

e For every X; then ee (Pea> (x!) + Peneut A> (x!) + Denneias)) 2, 

Let us remark that the probabilities pe4, (x!) and Peanti a> (x!) should satisfy the property of subjective prob- 
ability approach, [23], whereas, when Peneut a> (xi) is included then the sum can exceed the unity. This is because 


of Deneut a> (x!) and the others two may have common answers for some individuals. 
Now, for every concept A the sociologists have a single-valued neutrosophic set defined as follows: 


A= {(x, min, (pea>(x})) , Max; (paieas)) , Maxj (Pecnsias (x}))):x €E ne. X;} (6) 


Let us note that I] is the Cartesian product and the set A contains the definition of n-norm, [17]. Also, let us 
remark we are using neutrosophic statistics with neutrosophic data. 

The single-valued neutrosophic set A can be de-neutrosophied to a crisp set where the elements of the triad are 
reduced to numerical values using the scoring function or a precision index. 

A scoring function s: [0,1]? > [0,3] is defined in Formula 7, it is an adapted scoring function from the one 
defined in [24]. 


s(a) =2+T-F-I (7) 
Where a is a SVNN with values (T, I, F). 

The definition of precision index is given in Equation 8. 
a(a) = T-F (8) 


Where a: [0,1]? > [-1, 1]. 
Below, we illustrate the method through two examples. 


Example 1 
Here, we revisit the example appeared in [4]. The survey aims to investigate what people considers is an ideal 
family size, thus <A> = <ideal family size>, <anti A> = <non- ideal family size>, and <neut A> = <indeterminate 
ideal family size>. Let us note we are dealing with three variants of the same concept instead of only one of them. 
Here, we use only one question, which is: 
1. Use any number (0, 1,2,...) or any range (1-4, 2-3,...) to indicate your perception of: 
1.1. the ideal family size. 
1.2. you cannot determinate it is neither ideal nor not an ideal family size. 
1.3. non- ideal family size. 
Let us assume that the population contains 6 respondents, which answer in the following way, where R; = 
(Rx4>, Rgneuta>” Rsantid>) — correspond to the responses given by the i-th respondent for the triad 
(<A>,<neutA>, < antiA >), respectively: 


R, = ({1,2,3,4}, {5}, {0,6,7,8,9,10}) 
Rz = ((2}, {3,4}, {0,1,5,6,7,8,9,10}) 
Rz = ({2,3}, {1}, {0,4,5,6,7,8,9,10}) 
R, = {1,2}, {0}, {3,4,5,6,7}) 

Rs = ({0}, 0, {x: x > 0}) 


Re = (2,3,4}, {5,6}, {1,7,8,9,10}). 
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That means, e.g., the first respondent thinks the ideal family size (number of children) is from | to 4, whereas 
to have not child or more than 6 is not ideal, however, 5 children is indeterminate for him/her. Contrarily, respond- 
ent 5 is against to have any child. 

Table | summarizes the frequency of each possible response in the example: 


Responses X1 fea> (x} ) feneut A> (xt ), feanti A> (xf ). 
0 1 1 3 
1 2 1 2 
2 5 0 1 
3 3 1 2 
4 2 1 3 
5 0 1 4 
6 0 1 5 
7 0 0 6 
8 0 0 5 
9 0 0 5 
10 0 0 5 


Table 1: Frequencies of the responses. 


The probabilities are obtained dividing the frequencies by N = 6. The truthfulness, indeterminacy and falseness 
membership functions are depicted in Figure 1. 


Truth value 


Family size 


Figure 1: Truthfulness-membership function in blue lines, indeterminacy-membership function in red lines, and falseness-membership func- 
tion in yellow lines, for the concept “ideal family size”. 


In Figure 2 shows the scoring function using Equation 7 for the possible responses about the concept “ideal 
family size”. 


3 
S 
é 
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Figure 2: Scoring function of the single-valued neutrosophic set in Figure 1. 
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Evidently, the ideal family size can be considered equal to 2 for this social group. 
Example 2 
In a community, sociologists want to know how members perceive two concepts: young and educated. To do 
this, they design a questionnaire, one where the triad is that of (<young>, <middle-aged>, <old>), while the second 
triad is (<instructed>, <borderline instruction>, <unlearned>). 
Questions are: 
1. How old must a person be to be considered: 
1.1. young? 
1.2. middle-aged? 
1.3. old? 
2. ~What level of education must a person have to be considered: 
2.1. instructed? 
2.2. borderline educated? 
2.3. not educated? 
For the first question, the possible answer is an age between 0 and 120 years old, it can also be expressed in 


the form of intervals, that is, X, = {G:G ¢ [0,120]}. 
For the second question, the possible answers are: "primary level of education", "secondary level of education", 
"upper secondary level of education", "higher level of education", and "MSc. or PhD degrees ”, these are the 


elements of X2. 
Suppose the population of study consists of 180 members. The results are shown in Figure 3: 


60 
Age (years) 


Figure 3: Truthfulness-membership function in solid lines, indeterminacy-membership function in dotted lines, and falseness-membership 


function in dashed lines, for the concept “young”. 
In Figure 4 it is depicted the scoring function of the triad related with young people. 


® 
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Figure 4: Scoring function for the single-valued neutrosophic set in Figure 3. 


Regarding the level of instruction, let us assume that the results were the following: 
e Primary level of education has the triple (0, 0.01, 0.93), 


846 


Florentin Smarandache (author and editor) Collected Papers, XII 


Secondary level of education has the triple (0.1, 0.6, 0.8), 
Upper secondary level of education has the triple (0.6, 0.4,0.1), 
Higher level of education has the triple (1, 0.1, 0), and 

MSc. or PhD degrees has the triple (1,0,0). 

Thus, to define the conjunction of young and instructed person, it is necessary to obtain the Cartesian product 
between the pair age and education level, where the n-norm of the triple of each of them is calculated. E.g., one 
young 20 years old person AND having a primary level of instruction has a triad value obtained since the n-norm 
between (1, 0,0) for young and (0, 0.01,0.93) for educated, which results in (0, 0.01,0.93) for this combination. 
Calculating the scoring function we have the value -0.94, thus it is very low. 


Conclusion 


This paper introduces a neutrosophic method for survey analysis in social sciences. The new method is inspired 
by another one where fuzzy sets were used. The advantage of the neutrosophic approach is that the respondents 
can express more accurately their thoughts and feelings, because indeterminacy is considered as well as an inde- 
pendent membership function of falseness. The method consists of designing a single-valued neutrosophic set from 
the collected data. This set serves to evaluate the satisfaction of a concept by a social group. The method is also 
based on the Neutrosociology theory, where the set A includes the notion of the triad of the aforementioned theory. 
This neutrosophic approach is applied to questionnaires where both discrete numerical and linguistic responses are 
possible. 
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Abstract. The sociogram is a technique of sociometry widely used in the field of sociology due to its simplicity and effectiveness. 
The purpose of this method is the graphical visualization of the relationships among the members of a social group. The socio- 
gram has been extended to the fuzzy framework to include uncertainty in the so-called fuzzy sociograms. However, there could 
be indeterminate relationships among some members of the group, because they have not experience in performing some activ- 
ities together, although potentially either future links or disagreements could be established among them. In this paper, we pro- 
pose a neutrosophic sociogram, which allows representing the indeterminacies in the relationships among some members of a 
group. The advantage of neutrosophic sociograms over fuzzy sociograms is that the representation and calculation considering 
indeterminacy, allow us to achieve greater accuracy in the results, and a greater approach to the potentialities of the group in 
terms of the future bond among the members. A hypothetical example is proposed to illustrate the applicability of the method. 


Keywords: Sociogram, neutrosophic sociogram, Neutrosociology, group analysis, sociometry analysis. 


1 Introduction 


The sociogram is a data analysis technique that focuses its attention on the way in which social relationships 
are established within any group, [1]. Jacob Levy Moreno, a Romanian psychiatrist, developed the technique in 
the mid-30s of the 20th century as a tool for exploratory and diagnostic purposes. Since its creation, sociometry 
appears as one of the most advanced and ordered strategies to describe and measure group dynamics, since it 
allows the quantitative study of interpersonal relationships in groups. The sociogram is an important example 
within sociometry. 

In essence, the sociogram allows us to study the existing interpersonal preferences in a group of people. Cur- 
rently it is widely used in various organizational settings, from small schools to large companies. It is also used in 
intelligence work in order to detect criminal networks. They can be briefly defined as graphics or tools used to 
determine the sociometry of a social space. 

A social bond is a set of social relationships established between two or more individuals, which together, 
results in a group of social interaction, that is, when several members establish social bonds between them, forming 
a small social group. The social position is the specific place that every member occupies either in relation to the 
group of interaction or to the group in general. 

This way, when applying a sociometric test or sociogram in a social group, the researcher may have knowledge 
of the way in which the group is socially related to each other, as well as the benefits and repercussions that this 
interaction has on each one of the members individually. This is very useful, since many times the degree of 
integration of an individual directly influences their performance. It is not groups dynamic but an easy-to-apply 
technique that can help us to better understand the world of relationships that is established in a social group. 

Specifically, the sociogram starts from a questionnaire applied to the social group under investigation, where 
each member of the group specifies, in order of preference, with which other members they would like to carry 
out the activities asked in the questionnaire. This way, it starts with a matrix that is represented in the form of a 
graph, where the individual of the group preferred by the others and the isolated individual are determined. 

In the classical sociogram, each member evaluates their preference through crisp values; however, some au- 
thors introduce the uncertainty that exists in these relationships, by using fuzzy graphs instead of crisp graphs with 
the so-called fuzzy sociogram, [2, 3]. Others make this type of graph even more complex with the definition of 
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fuzzy graphs for polyfactor analysis, that is, fuzzy graphs that allow us studying more than one relationship be- 
tween members of the social group. Some of these methods link this tool with classic cooperative game solutions 
such as Shapley value [2]. Sociograms can be applied in more than one moment to measure the change in relation- 
ships within the group. 

It is not difficult to accept that the relationships between the members of the social groups may contain inde- 
terminacies. Some members of the group may not know each other well, or may doubt on the behavior of the other 
in some activity. Therefore, in the classical sociogram and in the fuzzy sociogram it is not differentiated whether 
there is a mutual rejection between these individuals and therefore there is no possibility of a future relationship, 
or there is simply a potential bond that has not developed yet. 

This fact has motivated the authors to propose a neutrosophic sociogram, where indeterminacy is included as 
part of the relationships between two individuals, because they are not well known, or there has been no possibility 
of creating a link between them or they have not determined the impossibility of such relationship. 

Neutrosophy has served as the basis for sociology with the so-called Neutrosophic Sociology or Neutrosoci- 
ology, which is defined as the study of sociology using neutrosophic scientific methods, [4, 5]. There are also 
neutrosophic graphs that allow us to measure concepts using graphs within the framework of Neutrosophy. 

In this paper, neutrosophic sociograms are introduced, where the relationships among the members of a social 
group are graphically represented and quantitatively measured, including the indeterminacy of these relationships. 
Indeterminate relationships are considered as potential relationships in short, medium or long term, therefore it is 
a more accurate indicator than sociograms or fuzzy sociograms, since it guarantees a more precise measurement 
of group dynamics. 

The paper is structured into the following sections: section 2 contains the main concepts related to sociograms 
and Neutrosophy. In section 3 the method proposed in this paper is introduced and a hypothetical example is used 
to illustrate how to apply it. The last section contains the conclusions. 


2 Preliminaries 
In this section, we summarize the main concepts of sociogram and Neutrosophy that will be used in this paper. 
2.1 Sociogram 


A sociogram is a graph that represents the relationship among the members ofa social group. Firstly, the social 
group is identified. Then the investigator explains to the members the objective of the research. Next, the investi- 
gator designs a questionnaire for each member about the other members of the group he/she prefers to join in 
certain activities. E.g., in a group of students the teacher can ask every one of the members the following three 
questions [1]: 


In order of preference, write the friends with whom 

Q: : you want to join a quiz program. 

Qo : you want to study in group. 

Q3 : you want to do volunteer activity. 

Let us assume S = {s,,S>,-++,S,} denotes the set of interviewed. The results are represented in Table 1: 


Q1 Qo Q3 
Si Sui S42 S13 
S2 S21 S22 S23 
Sh Sn1 Sn2 Sn3 


Table 1: Generic table representing the relationship among the members of the social group. 


The elements of Table 1| are the sets of members S$; CS (i = 1,2,...,n)G = 1,2,3) such that the member s; 
has chosen for answering the j-th question (Q:, Qs, or Q3). 

The classical sociogram is formed from a square matrix where every member of S is represented in one row 
and one column, such that elements of the matrix contain one number from | to 3, which is used by every s;,, to 
evaluate his/her preference for member s). 

The results are depicted in a directed graph, where every node represents a member of the social group and the 
edges E,4 represent that k-th member of the group selected the I-th member. An example of sociogram is depicted 
in Figure 1. 
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Figure 1: Example of sociogram ofa group with seven members. 


For example, in Figure | a social group of 7 members is investigated, where every node represents a member 
and every edge represents that one member prefers the other. Let us note in the example most of the members 
preferred s,, while s7 is isolated, he/she does not prefer anybody and nobody prefers him/her. 

In the crisp sociogram, the graph is the final result, whereas in fuzzy sociogram the strength of every node 
(member) is measured with a function. f: {1,2,-+-,n} > [0,1], where the closer is f(i) to 0 the more isolated mem- 
ber 7 is, thus it is an unpopular member possibly discriminated by the others, and the closer is f(i) to 1 the more 
linked member i is, then, 7 is a popular member or possibly the group’s leader. This function can depend on fuzzy 
operators like t-norms or compensatory ones. 

On the other hand, the preferred member can be selected using Shapley value [2]. Sometimes dendrograms are 
used to represent the sociogram [3]. 


2.2 Basic concepts on Neutrosophy 


Definition 1: [6] Let X be a universe of discourse. A Neutrosophic Set (NS) is characterized by three mem- 
bership functions, ug (x), ra(xX), Va(X) : X > ]70,1*[, which satisfy the condition ‘0 < inf u,(x) + inf ry(x) + 
inf va (x) < sup uag(x) + sup ra(x) + sup va (x) < 3° for all xeX. ug (x), ra(X) and vq (x) denote the membership 
functions of truthfulness, indetermination and falsehood of x in A, respectively, and their images are standard or 
non-standard subsets of ]~0, 1t[. 

NS are useful only as a philosophical approach, so a Single-Valued Neutrosophic Set is defined to guarantee 
the applicability of Neutrosophy, see Definition 2. 

Definition 2: ([6]) Let X be a universe of discourse. A Single-Valued Neutrosophic Set (SVNS) A on X is an 
object of the form: 


A = {(x,Ua(X), a(x), Va(X)): x € X} (1) 


Where ug, 1a, Vq : X > [0,1], satisfy the condition 0 < ua(x) + ra(x) + va(x)S 3 for all xeX. ug (x), ra (x) 
and va(x) denote the membership functions of truthfulness, indetermination and falsehood of x in A, respectively. 
For convenience, a Single-Valued Neutrosophic Number (SVNN)[7, 8] will be expressed as A = (a,b,c), where 
a,b,c €[0,1] and satisfiesO < a+ b+c <3. 

Neutrosophic Logic (NL) extends fuzzy logic. As stated by Florentin Smarandache, its author, a proposition P 
is characterized by three components; see [9-12]: 

NL(P) =(T,LF) (2) 

Where component T is the degree of truthfulness, F is the degree of falsehood and I is the degree of indeter- 
mination. T, I and F belong to the interval [0, 1], and they are independent from each other. 

A neutrosophic number is formed by the algebraic structure at+blI, where I = indetermination. Below we for- 
mally describe some important concepts. 

Definition 3: ([13-18]) Let R be a ring. The neutrosophic ring (R U 1) is also a ring, generated by R and I 
under the operation of R, where I is a neutrosophic element that satisfies the property I? = I. Given an integer n, 
then, n+I and nl are neutrosophic elements of (R U I) and in addition 0-I = 0. Also, I!" the inverse of I is not defined. 

E.g., a neutrosophic ring is (Z U I) generated by Z, which is the set of integers. 

Some operation using I is I +I+...+] = nl. 

Definition 4: ([19, 20]) A neutrosophic number N is also defined as a number: 

N=d+1 (3) 

Where d is the determined part and I 1s the indeterminate part of N. 

Example 1. N = 1+1, where 1 is the determined part and I is the indeterminate part, and for I = [0, 1] we have 
N=[l, 2]. 

Let N, = a, + b,I and Nz = az + byl be two neutrosophic numbers, then some operations between them are: 


1. N, +N, =a, +a, + (b, + b,)I (Addition), 
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2. N,—N2 =a, —a, + (b, — b2)I (Difference), 
3. Ny X Ng = ajaz + (a, bz + byaz + by bz)I (Multiplication), 


Ni a,+b,I ay , apgby—-azb2 he wot 
= = = — + —— 1 (Division). 
N2 az+b2I a2 az(az+b2) ( ) 


4. 


A neutrosophic matrix is a matrix whose components are elements of (R U I). 
Thus, it is possible to generalize the operations between vectors and matrices on R to the ring (RU I). See 
Example 2. 


: , _(3 9 _f1 8 I _ (12 51 211 
Example 2. Given two matrices, A = (“, ;) and B= (| 3 a ABE (CE 13 au 


A neutrosophic graph is a graph with at least one neutrosophic edge linking two nodes, that is to say, there is 
an edge with an indetermination on its two nodes connection, [6, 21-23], see Figure 2. 


Figure 2: Example of neutrosophic graph. Source [6]. 


The de-neutrosophication process was introduced by Salmeron and Smarandache in [19], which converts a 
neutrosophic number in one numeric value. This process provides a range of numbers for centrality using as a base 
the maximum and minimum values of | = [a,,az] < [0,1], based on Equation 4: 

a, + ag 


Mla a2]) = 5 (4) 


3 Neutrosophic sociogram 


In this section, we introduce for the first time the concepts of neutrosophic sociograms. Firstly, the interviewers 
have to explain to the members of the social group the goal for applying the questionnaire and the type of possible 
answers required by the researchers[24, 25]. 

The new questionnaire is a variant of that summarized in Table 1. Now, we have Q, Qs,..., Qm the questions 
to be answered. Again, S = {s;, S2,-+-,S,} denotes the set of interviewed. 


The possible questions are the following: 

In order of preference, write the friends with whom: 
Q: : you want to join quiz program. 

Q» : you want to study in group. 

Q3 : you want to do volunteer activity. 

Apart, write the members of the group with whom: 
Q) : you are not sure to join quiz program. 

Q> : you are not sure to study in group. 

Q3 : you are not sure to do volunteer activity. 


With this new method we maintain the elements of Table 1 like Sj CSG = 1,2,..., n)(j = 1,2,--:,m) mean- 
ing the answers of s; about his/her preferred members for doing activity asked in Qj. Additionally, 0 CS (i = 
1,2,...,n)G = 1,2,---,m) means the list of the members of the group which s; is not sure to join in the activity 
asked in question Q;, they satisfy Sj, M 0, = @. Also, interviewer provides a weight to every question, which is 
denoted by 2 = { 1, @2,°*+,@m}, where Y7, w; = 1 and a; € [0,1]. 


Then Table 1 converts into Table 2, where sets Oj; are included. 
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Q: Qo on Qm 
Si S413 O11 S12; O12 ee Sim} O1m 
S2 S213021 = S223022 S2mi O2m 
Sn Sn1i}9n1 Sn} One as Sam} Onm 


Table 2: Generic table representing the relationship among the members of the social group for the neutrosophic sociogram. 


According to Table 2, the interviewed has also the possibility to include those members of the group whom 
he/she is not sure to carry out the activity. We consider this indeterminate selected group is the potential extension 
of the links among the members of the group. The advantage is that we can influence those imprecise relationships 
to strength the group unity, instead of carrying out some external exercise, e.g. didactic activity in the group class, 
and later to apply another sociogram to study the dynamical changes in the social group. 


Using Table 2 the evaluation matrix RB} = (rn, ), where a is the number of times (0 or 1) that s, selects s; in 
Q;. When k = | we define rj, = 1. 


Thus, F = )j2, w;R), F = (fq) and ifk = 1 we have fy = 1. fy means the degree of preference of s) by sy. If 
f,y = 1 then s, strongly prefers s; and f,y = 0 means s, never prefers s. 
The fuzzy amicable degree gy, between s, and s; is calculated through formula 5: 
2. dtd 
Bafa ik 


Where the arithmetic 1/ 9 = © and 1/5 = 0 is used. 


(5) 


Equivalently, T) = Ga ; where i is the number of times that s, selects or hesitates about s; in Q; (0 or 1), 
T= pa wT). When k = | we define cm = 1. Matrix T determines the preferences of s; by s, or the possibility 


that he/she would prefer him/her in the future. Therefore, the neutrosophic amicable degree wy between s;, and s) 
is calculated with Equation 6: 


2 i eee 6) 
Ud ta tx 

The fuzzy sociogram is represented with the elements of F, whereas the neutrosophic sociogram is a neutro- 
sophic graph, such that the elements of the fuzzy sociogram are represented with continuous lines, and the other 
edges are represented with dashed lines. Every edge of the neutrosophic sociogram is associated with the fuzzy 
value g), and the other edges are associated with symbol I. Let us note that we are dealing with non-directed graphs. 

The interval of indeterminacy is calculated as jy = [giy, Ug]. Ay) indicates a unique value for represent- 
ing the amicable relationship between s, and s|, according to Equation 4, whereas I,; = Ujy — 24 Measures the 
degree of indeterminacy. 

The leadership of the k-th member of the group is measured with the following index [2]: 


1 Ski 
HOODS Se (7) 
Yk di 8k 
Additionally, the potential leadership of the k-th member of the group is measured with the following index: 
1Uki 
Oh) = eer (8) 
Yk 21 Ud 
Below, we use an example for demonstrating how to use neutrosophic sociograms in a simulated case. 
Example 3. 


A teacher of a group of 10 elementary school students wants to investigate the relationships between the chil- 
dren and the potential links among the group members. To do this, he asks three questions to analyze preferences 
and possible future links among students. He also uses this study to determine current and potential leaders within 
the group and if there is any isolated student. That is why he decides to apply the neutrosophic sociogram. 

The total questionnaire consists of the following pairs of questionnaires: 

Write your friends with whom: 

Q,: you want to join a quiz program. 

Q>: you want to study in group. 

Q3: you want to do volunteer activity. 


Apart, write the members of the group in with whom: 
! : you are not sure to join quiz program. 
Q', : you are not sure to study in group. 
Q : you are not sure to do volunteer activity. 
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We denote by S = {5;, S2,°++, Sy9} the set of members of the group of class. Results are shown in Table 3. 


Qi; Qh 


Qo; Qh 


Q3;Q5 


S10 


$3,S6; Sg, S4 
S3,S4, S53 S7 
S1,S2,S9;S6 
S2, $5, S63 So 
S3,87,S10; S9 
S41, $7,Sg} Sq 
S4,S5,S9;S2 
Ss, S7,S9; S3 
S1,Sg,S10; $2 


$9; 55,597,596 


S2,S6, S107 S4 


S1,S4, S93 S7 
Ss, Sg, Sg; S2 
$3, $6» S10; S9 
S4,S7,Sg;S1 
S1, $7, Sg} So 
$2,S4,S9) S5 
S4,S6,S9; $7 
$2,S4,S85) S41 


$39, 53, 55; 84 


S3, Sey Sg; S4 
$1, $3, $43 $7 
S2,S6,S7; S10 
$3, S5, $6} S2 
S4, Sg, S10; $1 
S14, $2,893 $3 
S6, Sg, So; S41 
S1,S2,S5; S3 
$1,S4,S5; $2 


S2,S4,S5;Sg 


Table 3: Preferences and potential links between the members of the group. 


In Table 3, for every child in the row, before the semicolon we have the children he/she prefers for performing 
the activity asked in questions Q;. After the semicolon there are the children that the student is not sure about to 


perform activity asked in Qi. Interestingly, student denoted by s3 prefers to join quiz program with sz, however 


he/she is not sure to study in group with sz. This shows the capacity of the neutrosophic method to model more 
feelings of the members than its precedents do. 


Here we assumed the three questions are equally important, thus, w; = ; g = 1,2,3). 
Tables 4, 5, and 6 contains the evaluation matrices for Q,, Q2, and Qs, respectively. 


Sy S2 S3 S4 S5 S6 S7 Sg Sg S10 
Sy 1 0 1 0 0 1 0 1 0 0 
So 0 1 1 1 1 0 0 0 0 0 
S3 1 1 1 0 0 0 0 0 1 0 
S4 0 1 0 1 1 1 0 0 0 0 
Ss 0 0 1 0 1 0 1 0 0 1 
S6 1 0 0 0 0 1 1 1 0 0 
S7 0 0 0 1 1 0 1 0 1 0 
Sg 0 0 0 0 1 0 1 1 1 0 
Sg 1 0 0 0 0 0 0 1 1 1 
S10 0 1 0 0 1 0 1 0 0 1 
Table 4: Evaluation matrix R*for Q,. 

Sy S2 S3 S4 Ss S6 S7 Sg Sg S10 
Sy 1 1 0 0 0 1 0 0 0 1 
S2 1 1 0 1 0 0 0 0 1 0 
S3 0 0 1 0 1 0 0 1 1 0 
S4 0 0 1 1 0 1 0 0 0 1 
Ss 0 0 0 1 1 0 1 1 0 0 
S6 1 0 0 0 0 1 1 1 0 0 
S7 0 1 0 1 0 0 1 0 1 0 
Sg 0 0 0 1 0 1 0 1 1 0 
Sg 0 1 0 1 1 0 0 0 1 0 
S10 0 1 1 0 1 0 0 0 0 1 


Table 5: Evaluation matrix R*for Q) 
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S14 S2 S3 S4 S5 S6 S7 Sg So S10 
S1 1 0 1 0 0 1 0 0 1 0 
So 1 1 1 1 0 0 0 0 0 0 
S3 0 1 1 0 0 1 1 0 0 0 
S4 0 0 1 1 1 1 0 0 0 0 
Ss 0 0 0 1 1 0 0 1 0 1 
S6 1 1 0 0 0 1 0 0 1 0 
S7 0 0 0 0 0 1 1 1 0 1 
Sg 1 1 0 0 1 0 0 1 0 0 
So 1 0 0 1 1 0 0 0 1 0 
Sip S(O 1 0 1 1 0 0 0 0 1 
Table 6: Evaluation matrix R?for Qs. 
Table 7 contains the result of F, the fuzzy matrix. 

S1 S2 S3 S4 S5 S6 S7 Sg So S10 
S1 1 0.33 0.66 0 0 1 0 0.33 0.33 0.33 
So 0.66 1 0.66 1 0.33 0 0 0 0.33 0 
$3 0.33 0.66 1 0 0.33 0.33 0.33 0.33 0.66 0 
S4 0 0.33 0.66 1 0.66 1 0 0 0 0.33 
Ss 0 0 0.33 0.66 1 0 0.66 0.66 0 0.66 
S6 1 0.33 0 0 0 1 0.66 0.66 0.33 0 
S7 0 0.33 0 0.66 0.33 0.33 1 0.33 0.66 0.33 
Sg 0.33 0.33 0 0.33 0.66 0.33 0.33 1 0.66 0 
So 0.66 0.33 0 0.66 0.66 0 0 0.33 1 0.33 
S10 0 1 0.33 0.33 1 0 0.33 0 0 1 
Table 7: Fuzzy matrix. 
Table 8 summarizes the matrix G of fuzzy amicable degree. 

S1 S2 S3 S4 S5 S6 S7 Sg So S10 
Sy 1 0.44 0.44 0 0 1 0 0.33 0.44 0 
S2 0.44 1 0.66 0.5 0 0 0 0 0.33 0 
$3 0.44 0.66 1 0 0.33 0 0 0 0 0 
S4 0 0.5 0 1 0.66 0 0 0 0 0.33 
Ss 0 0 0.33 0.66 1 0 0.44 0.66 0 0.8 
S6 1 0 0 0 0 1 0.44 0.44 0 0 
S7 0 0 0 0 0.44 0.44 1 0.33 0 0.33 
Sg 0.33 0 0 0 0.66 0.44 0.33 1 0.44 0 
So 0.44 0.33 0 0 0 0 0 0.44 1 0 
S10 0 0 0 0.33 0.8 0 0.33 0 0 1 


Table 8: Matrix of fuzzy amicable degree. 
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Equivalently, we calculate matrices T+, T?, and T?, which are summarized in Tables 9, 10, and 11, respectively. 


Sy S2 S3 S4 S5 S6 S7 Sg So S10 
Sy 1 0 1 0 1 0 1 0 
S 0 1 1 0 1 0 0 
S3 1 0 0 1 0 0 0 
S4 0 0 1 1 1 0 0 0 
Ss 0 0 1 0 1 0 1 
S6 1 0 0 0 1 1 1 0 
S7 0 0 1 1 0 1 0 0 
Sg 0 0 0 1 0 1 1 0 
So 1 0 0 0 0 0 1 1 

0 0 0 1 0 1 0 1 


Sio 


Table 9: Evaluation matrix T+for Q,. 
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Sy S2 S3 S4 Ss S6 S7 Sg Sg S10 
Sy 1 1 0 1 0 1 0 0 0 1 
So 1 1 0 1 0 0 1 0 0 
S3 0 1 1 0 1 0 0 1 0 
S4 0 0 1 1 0 1 0 0 1 
Ss 1 0 0 1 1 0 it 1 0 0 
S6 1 0 0 0 0 1 1 1 0 
Sz 0 1 0 1 1 0 1 0 0 
Sg 0 0 0 1 0 1 1 1 0 
So 1 1 0 1 1 0 0 0 0 
S10 0 1 1 1 1 0 0 0 0 1 
Table 10: Evaluation matrix T?for Qo. 

Si S2 S3 S4 Ss S6 S7 Sg So S10 
Sy 1 0 1 1 0 1 0 0 1 0 
S 1 1 1 0 0 1 0 0 0 
S3 0 1 0 0 1 1 0 0 1 
S4 0 1 1 1 1 0 0 0 0 
Ss 1 0 0 1 1 0 0 1 0 1 
S6 1 1 0 0 1 0 0 1 0 
S7 1 0 0 0 0 1 1 1 0 1 
Sg 1 1 0 1 0 0 1 0 0 
So 1 0 1 1 0 0 0 1 0 
S10 0 0 1 1 0 0 1 0 1 
Table 11: Evaluation matrix T*for Qs. 

Table 12 contains the values of matrix T. 

Si S2 S3 S4 Ss S6 S7 Sg So S10 
Sy 1 0.33 0.66 1 0 1 0 0.33 0.33 0.33 
Sp 0.66 1 0.66 1 0.33 0 1 0 0.33 0 
S3 0.33 1 1 0 0.33 0.66 0.33 0.33 0.66 0.33 
S4 0 0.66 0.66 1 0.66 1 0 0 0.66 0.33 
Ss 0.66 0 0.33 0.66 1 0 0.66 0.66 0.33 0.66 
S6 1 0.33 0.33 0 0 1 0.66 0.66 1 0 
S7 0.33 0.66 0 0.66 0.66 0.33 1 0.33 0.66 0.33 
Sg 0.33 0.33 0.66 0.33 0.66 0.33 0.66 1 0.66 0 
So 1 1 0 0.66 0.66 0 0 0.33 1 0.33 
Sto 0 1 0.33 0.66 1 0 0.33 0.33 0.33 1 


Table 12: Matrix T. 


Table 13 summarizes the values of the amicable degrees in matrix U = (y,)) 


S41 S2 S3 S4 S5 S6 S7 Sg So S10 
S1 1 0.44 0.44 0 0 1 0 0.33 0.5 0 
So 0.44 1 0.8 0.8 0 0 0.8 0 0.5 0 
S3 0.44 0.8 1 0 0.33 0.44 0 0.44 0 0.33 
S4 0 0.8 0 1 0.66 0 0 0 0.66 0.44 
Ss 0 0 0.33 0.66 1 0 0.66 0.66 0.44 0.8 
S6 1 0 0.44 0 0 1 0.44 0.44 0 0 
S7 0 0.8 0 0 0.66 0.44 1 0.44 0 0.33 
Sg 0.33 0 0.44 0 0.66 0.44 0.44 1 0.44 0 
So 0.5 0.5 0 0.66 0.44 0 0 0.44 1 0.33 
S10 0 0 0.33 0.44 0.8 0 0.33 0 0.33 1 


Table 13: Matrix U. 
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According to Tables 8 and 13 we have that, for example, the relationship between the students sz and s3 and 


its potentiality is I; = 132 = [0.66, 0.8], which means that currently the amicable degree between them is 0.66, 
however this degree can be potentially increased up to 0.8 in the future. Thus, the teacher should work to 
strengthen 
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the relationship between these two students, instead of students s, and s, with ],. = 1,, = [0.44,0.44], which 
seems to do not have the opportunity of changing and is weaker than the relationship between s. and s3. 
Calculating the leadership index with Equations 7 and 8, we have the following results: 
pL — 
(0.127217, 0.102159, 0.084811, 0.086739, 0.135698, 0.100231, 0.088666, 0.111796, 0.077101, 0.085582). 
Whereas, 0 = 
(0.098068, 0.114461, 0.100117, 0.094262, 0.120609, 0.087822, 0.097190, 0.099532, 0.102459, 0.085480). 
It is interpreted that student 5 is the leader according to u(5) = 0.135698 that is a maximum; however, po- 
tentially his/her leadership can slightly diminish because of 6(5) = 0.120609. 
Finally, we depict the neutrosophic sociogram of the example. See Figure 3. 


Figure 3: Neutrosophic sociogram of the example. 


Let us note that the neutrosophic sociogram in Figure 3 shows in black continuous lines the relationships 
between the pair of students with fuzzy amicable degree bigger than 0, from Table 8. With dashed lines in red, we 
represent the edges with amicable degree bigger than 0 in matrix U and null value in matrix G, according to Table 
13. 

The results represented with continuous lines model the current preferences and the dashed lines represent the 
potential future links. For simplicity, we omitted in the graph the fuzzy amicable degrees values associated with 
the edges and the symbol I associated with the lines in red. Let us remark that this is a non-directed graph. 


Conclusion 


This paper introduces the neutrosophic sociograms. The crisp and fuzzy sociograms only take into account the 
preference relationships between individuals of the social group under investigation. However, it is possible that 
there are individuals in the group, especially if it is a large group, where some individuals do not know each other 
well and therefore are not designated as preferred ones. This type of relationship with lack of knowledge or lack 
of trust between two members can be consider an indeterminate relationship, where the future of the bond may be 
a preference relationship or a non-preference relationship, depending on group dynamics. Neutrosophic socio- 
grams consider these indeterminacies, which are measured a possible future relationship. They are non-directed 
neutrosophic graphs. In this paper, we introduce a method to calculate the matrix of the graph, which is a neutro- 
sophic matrix. The calculations include the weights or importance of each of the questions used to measure the 
preferred individuals to carry out the activities with. The advantage of defining a neutrosophic sociogram, instead 
of a crisp or fuzzy sociogram, is that it achieves greater accuracy in the representation of social relationships, and 
offers a better idea of what group dynamics is like and in which individuals the group cohesion can be strengthened. 
In future works we will study in depth the relationship of neutrosophic sociograms with Shapley value, taking into 
account that in the offsets [26, 27] there is an example ofa solution for cooperative n-personal games using these 
neutrosophic sets [28]. 
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The Score, Accuracy, and Certainty 
Functions determine a Total Order on the Set 
of Neutrosophic Triplets (T, I, F) 


Florentin Smarandache 


Florentin Smarandache (2020). The Score, Accuracy, and Certainty Functions determine a Total 
Order on the Set of Neutrosophic Triplets (T, |, F). Neutrosophic Sets and Systems 38, 1-14 


Abstract: In this paper we prove that the Single-Valued (and respectively Interval-Valued, as well 
as Subset-Valued) Score, Accuracy, and Certainty Functions determine a total order on the set of 
neutrosophic triplets (T, I, F). This total order is needed in the neutrosophic decision-making 
applications. 


Keywords: single-valued neutrosophic triplet numbers; single-valued neutrosophic score function; 
single-valued neutrosophic accuracy function; single-valued neutrosophic certainty function. 


1. Introduction 


We reveal the easiest to use single-valued neutrosophic score, accuracy, and certainty functions 
that exist in the literature and the algorithm how to use them all together. We present Xu and Da’s 
Possibility Degree that an interval is greater than or equal to another interval, and we prove that this 
method is equivalent to the intervals’ midpoints comparison. Also, Hong-yu Zhang et al.’s interval- 
valued neutrosophic score, accuracy, and certainty functions are listed, that we simplify these 
functions. Numerical examples are provided. 


2. Single-Valued Neutrosophic Score, Accuracy, and Certainty Functions 


We firstly present the most known and used in literature single-valued score, accuracy, and 
certainty functions. 

Let M be the set of single-valued neutrosophic triplet numbers, 

M =({(T,1,F),where T,1,F €[0,1],0<T+I+F <3}. (1) 

Let N = (T,1,F) ¢M bea generic single-valued neutrosophic triplet number. Then: 

T = truth (or membership) represents the positive quality of N; 

I =indeterminacy represents a negative quality of N, 

hence 1—TIJ represents a positive quality of N; 

F = falsehood (or nonmembership) represents also a negative quality of N, hence 1—F 
represents a positive quality of N. 


We present the three most used and best functions in the literature: 
2.1. The Single-Valued Neutrosophic Score Function 


s:M > [0,1] 


T+(1-1D+(1-F) _ 2+T-I-F 


s(T,1,F) = : : (2) 


that represents the average of positiveness of the single-valued neutrosophic components T, I, F. 
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2.2. The Single-Valued Neutrosophic Accuracy Function 


a:M > [-1,1] 
a(T,I,F)=T—F (3) 


2.3. The Single-Valued Neutrosophic Certainty Function 


c:M > [0,1] 
c(T,1,F) =T (4) 


3. Algorithm for Ranking the Single-Valued Neutrosophic Triplets 


Let (T,,4,F,) and (T),h,F,) be two single-valued neutrosophic triplets from M, ie. 
Tolkien Bee (0,01, 

Apply the Neutrosophic Score Function. 

1. If s(Ty, Ly, Fy) > $(To, Ip, Fo), then (Ty, Ly, F,) > (To) Io, Fp). 

2. If S(T, ly, F,) < S(T» Ty) Fp), then (Ty, ly) Fy) < (Tos lo, Fp). 

3. 1f s(T, 1, F,) = s(12, Iz, F2), then apply the Neutrosophic Accuracy Function: 

3.1 If a(Ty,1,, Fy) > a(T», Ip, Fy), then (Ty, 1y, F,) > (To) Ip, Fa). 

3.2 If a(Ty, ly, Fy) < (To, 1p, Fy), then (Ty, [y, Fy) < (To, 1p, Fp). 

3.3 If a(Ty, 1, F,) = a(T2, Iz, Fz), then apply the Neutrosophic Certainty Function. 

S80 If Cy Fy) eC b Fo) then (eh Fi) > (be Fy): 

3.3.2 If c(Ty, ly, F,) < C(T 2) Io, Fo), then (Ty, ly, F,) < (To) 1p, Fp). 

3.3.1 If c(Ty, Ly Fy) = C(Tos Io, Fo), then (Ty, ly, Fy) = (Tp, Io, Fy), ie. Ty =T>, |, = hy, Fy = Fo. 


3.1. Theorem 


We prove that the single-valued neutrosophic score, accuracy, and certainty functions all 
together form a total order relationship on M. Or: 

for any two single-valued neutrosophic triplets (T,,1,,F,) and (T2, In, F2) we have: 

a) Either (11,1), F,) > (To, Io, Fo) 

b) Or (Ty, I, Fi) < (12, Ia, Fo) 

c) Or (1,11, Fy) = (T2, Io, Fz), which means that T, = Tz, I) = Ih, Fy = Fo. 

Therefore, on the set of single-valued neutrsophic triplets M = {(T,1,F),withT,I,F € 


[0,1],0 <T+1+F < 3}, the score, accuracy, and certainty functions altogether form a total order 
relationship. 
Proof. 
Firstly we apply the score function. 
The only problematic case is when we get equality: 
S(T, Ty, Fy) = so, 12, Fa). (5) 
That means: 


24+T-ly-Fy _ 2+T2-12-Fy 


3 3 


ei ean en eas eee a 2 
Secondly we apply the accuracy function. 

Again the only problematic case is when we get equality: 
a(T,,1,,F,) = a(T2, In, Fz) or Ty — Fy = Tz — Fo. 
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Thirdly, we apply the certainty function. 

Similarly, the only problematic case may be when we get equality: 

c(T,, 1, Fy) = c(T2, 15, F,) or Ty = To. 

For the most problematic case, we got the following linear algebraic system of 3 equations of 


6 variables: 
(ey a mes ae pee 2 
Fy at, EB 
T, = T, 

Let’s solve it. 

Since T, = T2, replacing this into the second equation we get F, = Fy. 

Now, replacing both T, = T, and F, = F, into the first equation, we get I, = In. 

Therefore the two neutrosophic triplets are identical: (T,,l,, F,) = (12,12, Fz), ie. equivalent 
(or equal), or T, = Tz, 1, = In, and F, = Fy. 

In conclusion, for any two single-valued neutrosophic triplets, either one is bigger than the 


other, or both are equal (identical). 


4. Definition of Neutrosophic Negative Score Function 


We have introduce in 2017 for the first time [1] the Average Negative Quality Neutrosophic Function 


of a single-valued neutrosophic triplet, defined as: 


s- :[0,1P > [0,1],s° (ti, f) = a = — (6) 


4.1. Theorem 


The average positive quality (score) neutrosophic function and the average negative quality 


neutrosophic function are complementary to each other, or 
s (t,i, f)+s (t,i, f) =1. (7) 


Proof. 
Fah PACES gs, 


Shi pis eee (8) 
3 3 
The Neutrosophic Accuracy Function has been defined by: 
h: [0,1}8 D[-1, 1], h(t, i, p=t -f. (9) 
We have also introduce [1] for the first time the Extended Accuracy Neutrosophic Function, defined 
as follows: 
he: [0, 1) D[-2, 1], helt, i, fl=t-—i-f, (10) 


which varies on a range: from the worst negative quality (-2) [or minimum value], to the best 


positive quality (+1) [or maximum value]. 


4.2. Theorem 
If s(T1, i, Fi) = s(T2, lz, F2), a(T1, li, F1) = a(T2, L, F2), and c(T1, l1, F1) = c(T2, [2, F2), 


then Ti = Tz, l= 12, Fi = F2, or the two neutrosophic triplets are identical: 
(T1, hi, F1) =(T2, Iz, F2). 
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Proof: 
It results from the proof of Theorem 3.1. 


5. Xu and Da’s Possibility Degree 


Xu and Da [3] have defined in 2002 the possibility degree P(.) that an interval is greater than 
another interval: 
[a,, a2] = [by, bz] 


for @,,@,b,,bz € [0,1] and a, < a,,b, < bz, in the following way: 


P([a,, a2] = [b,, bz) = max {1 — max (= 0), 0} 


a2—-a,+b2—b, , 


where az = ay + bo aes by x 0 (i.e. az x ay or bo x b,. 


They proved the following: 


5.1. Properties 
1) P([a,, a2] = [b,,b2]) € [0,1]; 
2) P([az, a2] aa [b,, bz]) = 0.5; 
3) P([ay, a2] = [b1,b2]) + P([b1, b2] = [ay,a2]) = 1. 


5.2. Example 
Let [0.4, 0.7] and [0.3,0.6] be two intervals. 
Then, 
P((0.4, 0.7] = [0.3, 0.6]) = {1 ( oo 0) 0| = {1 (<) 0| 
ae eae nL eek ire Ome GUE oe Lc me re Gy 
= {1 oe =o 0.66 > 0.50 
Tl ibe te ogy o oo 
therefore [0.4, 0.7] = [0.3, 0.6]. 
The opposite: 
P((0.3, 0.6) > ([0.4,0.7])) = {1 ( era 0) 0} = {1 (53 0) 0| 
S02) ee) a me en eee Oa oe) 
= {1 as ol => 0.33 < 0.50 
= max 06’ = 06 YU. ; 
therefore [0.3, 0.6] < [0.4,0.7]. 
We see that 
P((0.4, 0.7] > [0.3, 0.6]) + P({0.3, 0.6] > [0.4,0.7]) = ~* ES ~ =1. 


Another method of ranking two intervals is the midpoint one. 


6. Midpoint Method 
Let A = [a1, a2] and B = [b1, b2] be two intervals included in or equal to [0, 1], with 
Ma = (a1+ a2)/2 and mg = (b1+ b2)/2 the midpoints of A and respectively B. Then: 
1) If my < mg then A < B. 


2) If m, > mg then A> B. 
3) If m, = mg then A =y B, i.e. A is neutrosophically equal to B. 
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6.1. Example 


1) We take the previous example, 


0.4+0.7 


where A = [0.4,0.7], and m, = 5 


0.55; 


_ 0.3+0.6 


and B = [0.3,0.6], and mg = 


= 0.45. 


= 
Since m, = 0.55 > 0.45 = mg, we have A> B. 
Let C = [0.1,0.7] and D = (0.3, 0.5]. 


_ 0.3405 _ 


= 0.4,and mp = = 0.4. 


0.1+0.7 
Then mp = —— 
2 


Since Mc = Mp = 0.4, we get C =y D. 
Let’s verify the ranking relationship between C and D using Xu and Da’s possibility degree 
method. 


0.5—-0.1 0.4 
P({0.1, 0.7] = [0.3, 0.5]) = max {1 — max (5 —1+05= =570),.0| = max {1 — max (=5.9).0} 
= {1 0| = { a 0| =0.5 
= max _ 8’ max 03” = , 
and P([0.3, 0.5] > [0.1,0.7]) = max {1 — max (—~_, 0), 0} = max {1 = 


max (“=,0),o} a max {1 — “*,o} = max {~*,0} = 0.5; 
thus, [0.1, 0.7] =, [0.3, 0.5]. 


6.2. Corollary 


The possibility method for two intervals having the same midpoint gives always 0.5. 

For example: 

p(10.3, 0.5] > [0.2, 0.6]) =max{1 - max( ((0.6-0.3) / (0.5-0.3 + 0.6-0.2)), 0), 0} = 

= max{1-max( ((0.3)/ (0.6), 0), 0}. = max{1-max( 0.5, 0), 0} = 0.5. 

Similarly, 

p(l0.2, 0.6] = [0.3, 0.5]) = max{1 - max( ((0.5-0.2) / (0.6-0.2 + 0.5-0.3)), 0), O} = 0.5. 

Hence, none of the intervals [0.3, 0.5] and [0.2, 0.6]) is bigger than the other. 

Therefore, we may consider that the intervals [0.3, 0.5] =, [0.2, 0.6] are neutrosophically equal 


(or neutrosophically equivalent). 


7. Normalized Hamming Distance between Two Intervals 


Let’s consider the Normalized Hamming Distance between two intervals [a1, a2] and [b1, b2] 
h: int({0, 1]) x int([0, 1]) > [0, 1] 
defined as follows: 
h([a1, bi], [a2, b2))= %(\a1- b1| + |a2- be1). 


7.1. Theorem 


7.1.1. The Normalized Hamming Distance between two intervals having the same midpoint 


and the negative-ideal interval [0, 0] is the same. 
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7.1.2. The Normalized Hamming Distance between two intervals having the same midpoint 


and the positive-ideal interval [1, 1] is also the same (Jun Ye [4, 5]). 


Proof. 
Let A=[m-a,m+a] and B=[m—b, m+ b] be two intervals from [0, 1], where m-a, m+a, m-b, m+b, 


a,b, m €[0, 1]. A and B have the same midpoint m. 
7.1.1. h(im-a, m+al, [0, 0)= “(lm —-a-01+\lm+a-01)=%(m-at+m+t+a)=m, and 


h([m - b, m+ b], [0, O)=“%I1m —b-01 + lm+b-0l) =“Ym-b+mt+b)=m, 
7.1.2. h([m-a,m+al], [1, 1)=%(|lm-—a-11+lm+a-1l)=¥%(1-m+a+1-m-a)=1-m, and 


hi([m - b, m+ b], [1, I= Yim —b-11 + lm+b-11)=%0-m+b+1-m-b)=1-m. 


8. Xu and Da’s Possibility Degree Method is equivalent to the Midpoint Method 


We prove the following: 


8.1. Theorem 


The Xu and Da’s Possibility Degree Method is equivalent to the Midpoint Method in ranking 


two intervals included in [0, 1]. 


Proof. 

Let : and B be two intervals included in [0,1]. Without loss of generality, we write each interval 
in terms of each midpoint: 

A=[m,—a,m,+a] and B = [m, —b,m, + bl], 

where m,,mz € [0,1] are the midpoints of A and respectively B, and a,b € [0,1], A,B & [0,1]. 


0440.7 
= 2 


(For example, if A = [0.4,0.7], m, = 0.55, 0.55-0.4=0.15, then A = [0.55 — 0.15,0.55 + 


0.15]). 
1) First case: m, < mz. According to the Midpoint Method, we get A < B. Let’s prove the same 
inequality results with the second method. 
Let’s apply Xu and Da’s Possibility Degree Method: 
P(A = B) = P([m, —a,m, +a] = [m, — b,m, + b)) 


_ 1 (mz + b) — (m, — a) 0\.0 
= max ~ ne (pa ay ), 


M,—-m,+at+b ) 0} 


= 1 
max ee ( 2a+ 2b 


M,—-m,+at+b 
2a + 2b 


= max {1 - ,0}, because mM, <M, 


- (farm em a” ol = (evo em 
ye 2a + 2b 7 eee eo 


iIf a+b+m,—m, <0, then p(A = B) = max {242 9} = 0, hence A<B. 


ii) If at+b+m,—m,>0, 


then p(A = B) = max { 


a+b+m,-—m2 } _ atb+m4-m2 
2at2b ’ J —-2a+2b 


> 0. 
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a+b+m,4-m2 
2a+2b 


We need to prove that < 0.5, 


ora+b+m,—my, < 0.5(2a + 2b), 

ora+b+m,-—m,<atb, 

or m,—m, <0, 

or Mm, < m,, which is true according to the first case assumption. 

2) Second case: m, = m;. According to the Midpoint Method, A is neutrosophically equal to B 
(we write A =y B). 

Let’s prove that we get the same result with Xu and Da’s Method. 

Then A = [m, —a,m,+ a], and B = [m, —b,m, + BD]. 

Let’s apply Xu and Da’s Method: 


P(A > B) = max |1 ~ max ( te SDS) 0), 0} 


(m, + a) — (m, — a) + (m, +b) — (m, — b)’ 


= {1 (<5 0) o} = {1 50} = 05 
= max max Fa Lope) = max 5705 = 0. 


Similarly: 


P(B > A) = max {1 ~ max( (m, + a) — (m, — b) ).o} 


(im, + b) — (my — 6) + (my, +a) — Cm, —a)"" 
= max {1 — max (<., 0), 0} =0.5 
2a + 2b 
Therefore, again A =y B. 
3) If m, > m2, according to the Midpoint Method, we get A > B. 
Let’s prove the same inequality using Xu and Da’s Method. 
P(A => B) = P([m, — a,m, + a] = [m, — b,m, — b]) = 


1 (m, + b) — (m, — a) 0\0 
mas | wt a ee ao i 


M,—-—m,+at+b 0) 0} 
2a+2b spe 


i) If my -m,+a+b <0, then P(A = B) = max{1 — 0,0} = 1, therefore A > B. 
ii) If mz —-m, +a+b > 0, then 


= max {1 _ max ( 


M,—-m,+at+b 2a+2b—m,+m,-a-b at+b+m,—-m, 


> = =— = 
PAB) max {1 2a + 2b 2a + 2b 2a + 2b 


a+b+m,4-m2 
2a+2b 


We need to prove that > 0.5, 


or a+b+m, —m, > 0.5(2a + 2b) 
orat+tb+m,—-—m,>a+b 
or m,—m,>0 


or Mm, > M2, which is true according to the third case. Thus A > B. 


8.2. Consequence 


All intervals, included in [0, 1], with the same midpoint are considered neutrosophically equal. 
C(m) = {[m —a,m + a], where all m,a,m —a,m+aé [0,1]} 


represents the class of all neutrosophically equal intervals included in [0, 1] whose midpoint is m. 
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i) If m=0 or m = 1, there is only one interval centered in 0, ie. [0, 0], and only one interval 
centered in 1, i.e. [1, 1]. 


ii) If m € {0, 1}, there are infinitely many intervals from [0, 1], centered in m. 


8.3. Consequence 


Remarkably we can rank an interval [a,b] & [0,1] with respect toa number n € [0,1] since the 
number may be transformed into an interval [n,n] as well. 

For example [0.2,0.8] > 0.4 since the midpoint of [0.2, 0.8] is 0.5, and the midpoint of [0.4, 0.4]= 
0.4, hence 0.5 > 0.4. 

Similarly, 0.7 > (0.5, 0.8). 


9. Interval (-Valued) Neutrosophic Score, Accuracy, and Certainty Functions 


Let T,/,F & [0,1] be three open, semi-open / semi-closed, or closed intervals. 

Let T* = infT and TY = supT; I’ = infl and I¥ = supI; F& =infF and FY = supF. 

Let 74,74, 1',1",F*,F¥ € [0,1], with T’ <T4,) <1¥, FL < FY, 

We consider all possible types of intervals: open (a, b), semi-open / semi-closed (a, b] and [a, b), 
and closed [a, b]. For simplicity of notations, we are using only [a, b], but we understand all types. 

Then A = ((T", TY], [I",1"], [F”, F’]) is an Interval Neutrosophic Triplet. 

T” is the lower limit of the interval T, 

TY is the upper limit of the interval T, 

and similarly for 1,1”, and F",F” for the intervals I, and respectively F. 

Hong-yu Zhang, Jian-qiang Wang, and Xiao-hong Chen [2] in 2014 defined the Interval 
Neutrosophic Score, Accuracy, and Certainty Functions as follows. 

Let’s consider int([0, 1]) the set of all (open, semi-open/semi-closed, or closed) intervals included 
in or equal to [0, 1], where the abbreviation and index int stand for interval, and Zhang stands for 


Hong-yu Zhang, Jian-qiang Wang, and Xiao-hong Chen. 
9.1. Zhang Interval Neutrosophic Score Function 


ss - Snt([0, 1])}° — int([0, 1]) 


int 
sZheng¢ay = [TE +1 —-1 +1—F", TY 41-F 41-F4] (11) 


int 


9.2. Zhang Interval Neutrosophic Accuracy Function 


aves » Sint([0,1])}* — int([0, 1]) 


a (A) = [min{T! — F4,TY — F¥}, max{T! — F4,TY — F}3] (12) 
9.3. Zhang Interval Neutrosophic Certainty Function 
Zhang . ¢: 3 : 
Cint . {int([0, 1})} > int([0, 1}) 
cine (A) = [T", T?] (13) 
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9. New Interval Neutrosophic Score, Accuracy, and Certainty Functions 


Since comparing/ranking two intervals is equivalent to comparing/ranking two members (i.e. 


the intervals’ midpoints), we simplify Zhang Interval Neutrosophic Score ( S77"), Accuracy 


), Certainty (c 


Zhang 
int 


Zhang 


(a mt ) functions, as follows: 


s*® : Snt((0,1])}* > [0,1] 
a; : fint([0,1])? > [-1,1] 
Cee: {int((0,1)}° > [0,1] 
where the upper index FS stands for our name’s initials, in order to distinguish these new functions 


from the previous ones: 


10.1. New Interval Neutrosophic Score Function 


FS poy pl 4 (4-7) 4(1-1¥)4.(1—FL)4.(1—-FU L,pU_,;L_;U_pLb_,U 
Spe (U4, 72], 4,14] [Ft FU)) = = eee 


, 


which means the average of six positivenesses; 


10.2. New Interval Neutrosophic Accuracy Function 


| ee] | ed Pa ; ; 
a eT Lee eS rp) = — zs rY , which means the average of differences 
between positiveness and negativeness; 


10.3. New Interval Neutrosophic Certainty Function 


L U 
ofS (C7, 78), U,12), [FY FY) = 


which means the average of two positivenesses. 


10.4. Theorem 


Let Min, = {(7,1,F), where T,1,F © [0,1],and T,J/, F are intervals} , be the set of interval 
neutrosophic triplets. 
The New Interval Neutrosophic Score, Accuracy, and Certainty Functions determine a total 


order relationship on the set M;,,; of Interval Neutrosophic Triplets. 


Proof. 


Let’s assume we have two interval neutrosophic triplets: 

P, = (Tp, Ty), Ur, 17), [FL FD, 

and P, = ((Tf,T¥], U4, 12), [FE FLD, both from Mint. 

We have to prove that: either P; > P,, or P, < Pz, or Py = Pp. 


FS 


Apply the new interval neutrosophic score function (5S, 


) to both of them: 


44+TP+TP -—IF -1f - Fh - FP 


FS 

Sint (P;) = 6 

FS 44+TL +7? —IF — 1 — FL - FP 
sip (P,) = 
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If , then P, > Pp. 


FS FS 
Sint (Py) > Sint (P2) 


If , then P, < Pp. 


FS FS 

Sint (P1) < Sing (Po) 

If Fs FS , then we get from equating the above two equalities that: 
Sie (P1) = Sie (Pa) eee q 

TL+TY — ib —1f — FE-PE = TE4+TY — 1h - 19 — FA-FY 


In this problematic case, we apply the new interval neutrosophic accuracy function 


(a. )to both Pyand P2, and we get: 
int & 


ofp) th AR 
Z 

Ti +1! - Fi -FY 
2 


din (Fy) = 


If , then P, > Pp. 


FS FS 
Ging (P,) > Gint (P2) 


If , then P, < Pp. 


FS FS 
Gint (P;) < Gint (P2) 


If y then we get from equating the two above equalities that: 


FS FS 
Gint (P,) = Gint (P, 
TE+TY — FE-FY = TH+TY — FE-FY 


FS 


Again, a problematic case, so we apply the new interval neutrosophic certainty function (C.,, ) 


to both P, and P,, and we get: 
FS 
C.F a ier: 


FS 
Cont (P2) = TY+Ty 


If , then P, > Po. 


FS FS 
Crt (P,) > Crt (P2) 


If , then P, < Pp. 


FS FS 
Crt (P,) < Cit (P2) 


If y then we get: 


Cit (Pt) = Cine Pe 
TEATY = TE+TY 
We prove that in the last case we get: 
P, =n P2 (or P, is neutrosophically equal to Pz). 
We get the following linear algebraic system of 3 equations and 12 variables: 
TL+TY — 1-1) — FL-FY = TE+TY — Ik -19 — FL-FY 

TELAT? — FE-PE = TE+TY — FE-FY 

TE+TY = TL+TY 
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Second equation minus the third equation gives us: 

—FL—FY = —FL-FY, or FL + FY = FE + FY. 

First equation minus the second equation gives us: 

—[h=[Y = —7k-1 or FE + Y= 1 + 1, 

The previous system is now equivalent to the below system: 
TL+Ty — Ty+Ty 


Lucu — pLypu 2 2 
ae fe-ye hp 
H+ =B+Y o +t4=7 4 


2 

L U _ GL U 

ad eee eae _ FEARY 
a 


which means that: 

i) the intervals [T{,TY] and [TS,T)] have the same midpoint, therefore they are 
neutrosophically equal. 

ii) the intervals [/{, 1] and [/5,1¥] have also the same midpoint, so they are neutrosophically 
equal. 

iii) similarly, the intervals [F{, F//] and [F¥, F’] have the same midpoint, and again they are 
neutrosophically equal. 


Whence, the interval neutrosophic triplets P, and Pz are neutrosophically equal, ie. Py, =y Pz. 


10.5. Theorem 


Let’s consider the ranking of intervals defined by Xu and Da, which is equivalent to the ranking 
of intervals’ midpoints. Then, the algorithm by Hong-yu Zhang et al. for ranking the interval 


neutrosophic triplets in equivalent to our algorithm. 
Proof 


Let’s consider two interval neutrosophic triplets, P, and Pz € Minz, 
P= (Ty, Ty], [t, 71, [Fr Fy’), 
and Ps = (77 7? ee Fee Dp: 


Zhang 
int , 


Let’s rank them using both methods and prove we get the same results. We denote by S$ 


Zhang 
int i 


Zhang FS FS 


a cat, and sf*, af?., ci. the Interval Neutrosophic Score, Accuracy, and Certainty 


Functions, by Hong-yu Zhang et al. and respectively by us. 


Interval Neutrosophic Score Function 


Zhang 
int 


Ss (P,) = [TE +1-124+1-FP,72+1-i1+1- Ff] 


sles (p,) = [Te +1—W +41—-FY,TY 41-2 4+1- Fe] 


a) If then 


Zhang Zhang ; 
Sint (P,) > Sint (P2) 


the midpoint of the interval _zn midpoint of the interval _ zn 7 
r i ae See Pa) 
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Tey 44-6 + TY 4a—rh44—Fb S Tey 44 —FY + 4-41 —Fb 
tt YO +. VB 
2 2 


or TE + TY —1h - 1) — FE - FY > TE + TY — 1 - 19 — FE FY, 


Ce ee Bee ae ae ee ee ee ee ee ee ee 
fie ee SEE oy SE A el han 
6 6 


oF Sint (P1) > Sine (Po): 


y 


b) If Zhan (P,) < Zane (P,y the proof is similar, we only replace the inequality symbol > by 


< into the above proof. 
c) If . Zhang _ Zhang , the proof again is similar with the above, we only replace > by = 
int (P1) = Sint (P2) 


into the above proof. 


Interval Neutrosophic Accuracy Function 
Zhan i i 
int . (Pi) = [min{Tt = ve oe 4 Fy}, max{Ty _ Fr, Ty - Fy’3] 


ace’ (P,) = [min{ TE — FE, TY — FE}, max{Ti — FE, TY — FLY) 


a) If then 


Zhang Zhang , 
Gin (Pi) > Gin ~ Pad 


the midpoint of the interval Gee (P,) > the midpoint of the interval Gees (P2), 


L L U U L L U U 
Ty —Fy+T- F. T>'— Fo +T- F. 
or 2a yee ; 
2 2 
FS FS 
or int (Pr) > int (Po). 


b) Similarly, if | Zhan han , just replacing > by < into the above proof. 
Jean i OG tae hay eee ee Sr P 
c) Again, similarly if | Zhan han , only replacing > by = into the above proof. 
) Ag YE Gare (ph ag ee (py OMY Replacing eBy P 
Interval Neutrosophic Certainty Function 
han 
Cy a) Se ae 


Zhan 
Cit (Pz) = (TE, T?] 


a) If then 


Zhang Zhang , 
Cint (Px) > Cint (P2) 


b)the midpoint of the interval the midpoint of the interval Zhang 


int 


Zhang 
Cit (P1) > 


(P2) 

L U L U 

Ty +T- Tz +T: 
Oe oe 


orc (Pi) > ae (Ps): 


b) Similarly, if Zhang Cp yy just replacing > by < into the above proof. 
t 2 


Zhang 
Cint (P,) < Cin 
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c) Again, if , only replace > by = into the above proof. 


eo (P, )= ee (P, ) 


Therefore, we proved that, for any interval neutrosophic triplet P, 


sZ where ~ means equivalent; 
at (P)~shs (PY : 


hes 
ain . (PI Cine (Py 


and Zhan 
Cint Z (Py ane (Py: 


11. Subset Neutrosophic Score, Accuracy, and Certainty Functions 


Let Mgubset = [Cleanse Tsubsev Fsubset), Where the subsets Tsubset» /subset» subset G [0, 1]}. 
We approximate each subset by the smallest closed interval that includes it. 

Let’s denote: 

T” = inf (Tsybset) and TY = sup(Tsupset); therefore Tsubset 
I© = inf Ugubset) and!” = supCUsypset); therefore Isubsee C [I-, IY; 
F* = inf (Feypset) and FY = sup(Foypset); therefore Fsubsee C [F¥, FU]. 
Then: 


c [T+ TY]; 


((7",.T "1.0.27, [FF )), where 74,74, 15,14, F4, F¥ € [0,1], 
and T2791 10 Fe Re 


Mgubset od 


11.1. Definition of Subset Neutrosophic Score, Accuracy, and Certainty Functions 


Then, the formulas for Subset Neutrosophic Score, Accuracy, and Certainty Functions will 
coincide with those for Interval Neutrosophic Score Accuracy, and Certainty Functions by Hong-yu 


Zhang, and respectively by us: 


11.2. Theorem 


Let N be the Interval Neutrosophic Triplet 

N= ("T° LF Fe), 

where. feiss TY oF Sr, 

and all [T",T7], [I*,1°], [F*«, F"] & [0, 1]. 

If each interval collapses to a single point, i.e. 

T’ =TY =T, then [T4,T”] = [T,T] =T € [0,1], 

fe =1¥ =1, then [4,14] = [1,1] =1 € [0,1], 

F! = FY =F, then [F!,F¥] =[F,F] =T € [0,1], 

then sin¢(N) = s(N), aine(N) = a(N), and cie(N) = c(W). 


Proof 
At+T +79 —-J'-19—-FL—-FY 4474+T-I1-I1-F-F 442T-21-2F 
sf§ (W) = = =$ 
6 6 6 
2+T—-I-F 
= SY): 


Sle ac! WG ed A a 


af (W) = 5 = = a), 
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TERT TE OF 
nn cane) 


Cint(N) = = c(N). 


12. Conclusion 


The most used and easy for ranking the Neutrosophic Triplets (T, I, F) are the following 
functions, that provide a total order: 
Single-Valued Neutrosophic Score, Accuracy, and Certainty Functions: 
2+T—-I-F 
s(T, 1, F) = —_—_—_ 
3 
ar LFy=T =F 
c(T, 1, F) =T 


Interval-Valued Neutrosophic Score, Accuracy, and Certainty Functions: 


447k 478 — be — FE BU 
= 6 


Se EY TL USL EP )) 


(is SY Salat ire” Oi 
Ss 
ay? (ir! 72], We, 2), (FY, FYE) = ———-——_ 


2 
aa ge ie 
on (Ure, 7Y1 4,11 [FY Fe) = —— 


All these functions are very much used in decision-making applications. 
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Some Fundamental Operations on Interval Valued 
Neutrosophic Hypersoft Set with Their Properties 
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Florentin Smarandache, Muhammad Irfan Ahamad 


Rana Muhammad Zulgarnain, Xiao Long Xin, Muhammad Saqlain, Muhammad Saeed, 
Florentin Smarandache, Muhammad Irfan Ahamad (2021). Some Fundamental Operations on 
Interval Valued Neutrosophic Hypersoft Set with Their Properties. Neutrosophic Sets and 
Systems 40, 134-148 


Abstract: Multi-criteria decision-making (MCDM) focuses on coordination, choice and planning 
issues, including multi-criteria. the neutrosophic soft set cannot handle environments involving 
multiple attributes. In order to overcome these obstacles, the neutrosophic hypersoft set (NHSS) 
and Interval Value neutrosophic hypersoft set (IVNHSS) are defined. In this paper, we extend 
the concept of IVNHSS with basic properties. We also developed some basic operations on 
IVNHSS such as union, intersection, addition, difference, Truth-favorite, and False-favorite, etc. 
with their desirable properties. Finally, the necessity and possibility operations on IVNHSS with 
properties are presented in the following research. 


Keywords: Soft set; Neutrosophic Set; Interval-valued neutrosophic set; Hypersoft set; Interval- 
valued neutrosophic hypersoft set. 


1. Introduction 


Anxiety performs a dynamic part in lots of areas of life such as modeling, medicine, and 
engineering. However, people have raised a general question, that is, how can we verbalize anxiety in 
mathematical modeling. Several investigators all over the world have recommended and advised 
different methodologies to minimize uncertainty. First of all, Zadeh planned the idea of fuzzy sets [1] 
to resolve these complications which contain anxiety as well as ambiguity. It is seen that sometimes; 
fuzzy sets can't deal with scenarios. To overcome such scenarios, Turksen [2] suggested the concept 
of interval-valued fuzzy sets (IVFS). In some cases, we need to debate the suitable representation of 
the object under the circumstances of anxiety and uncertainty, and regard its unbiased 
membership value and non-membership value of the suitable representation of the object, that cannot 
be processed by these fuzzy sets or IVFS. To overcome such concerns, Atanassov projected the theory 
of IFS in [3]. The theory proposed by Atanassov only considers membership and non-membership 
values to deal with insufficient data, but the IFS theory cannot deal with incompatible and imprecise 
information. To deal with this incompatible and imprecise data, Smarandache proposed the idea of 
NS [4]. Molodtsov [5] proposed a general mathematical tool to deal with uncertain, ambiguous, and 
undefined substances, called soft sets (SS). Maji et al. [6] extended the work of SS and defined some 
operations and their attributes. In [7], they also use SS theory to make decisions. Ali et al. [8] Modified 
the Maji method of SS and developed some new operations with its properties. In [9], they proved 
De Morgan's SS theory and law by using different operators. Cagman and Enginoglu [10] proposed 
the concept of soft matrices with operations and discussed their properties. They also introduced a 
decision-making method to solve problems that contain uncertainty. In [11], they modified the 
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actions proposed by Molodtsov's SS. In [12], the author proposed some new operations for soft 
matrices, such as soft difference product, soft restricted difference product, soft extended difference 
product, and weak extended difference product. 

Maji [13] put forward the idea of NSS with necessary operations and characteristics. The idea of 
Possibility NSS was proposed by Karaaslan [14] and introduced a neutrosophic soft decision method 
to solve those uncertain problems based on And-product. Broumi [15] developed a generalized NSS 
with certain operations and properties and used the proposed concept for decision-making. To solve 
the MCDM problem with single-valued neutrosophic numbers proposed by Deli and Subas in [16], 
they constructed the concept of the cut set of single-valued neutrosophic numbers. Based on the 
correlation of IFS, the term correlation coefficient of SVNS is introduced [17]. In [18], the idea of 
simplifying NS introduced some algorithms and aggregation operators, such as weighted arithmetic 
operators and weighted geometric average operators. They constructed the MCDM method based on 
the proposed aggregation operator. Zulqarnain et al. [19] extended the fuzzy TOPSIS technique to 
the Neutrosophic TOPSIS technique and used the developed approach to solve the MCDM problem. 
Abdel-basset et al [20] presented the integration of TOPSIS methodology decision-making test as well 
as evaluation laboratory (DEMATEL) solution (TOPSIS) CIIC environment delivers a new method to 
pick out the proper project. Abdel-basset Mohamed [21] developed an MCDM model to discover 
along with display screen cancer addressing obscure, anxiety, the incompleteness of reported signs 
as well as handicapping apparently within cancer or replaceable ailments in the signs and symptoms. 
Abdel-Basset et al. [22] raised the issue of assessment of the smart emergency response techniques is 
interpreted as MCDM problem. they suggested a framework by combining three common MCDM 
strategies which are AHP, TOPSIS, and VIKOR. 

All the above-mentioned studies cannot deal with the problems in which attributes of the 
alternates have their corresponding sub-attributes. To handle such compilations Smarandache [23] 
generalized the SS to HSS by converting the function to a multi-attribute function to deal with 
uncertainty. Saqlain et al. [24] developed the generalization of TOPSIS for the NHSS, by using 
accuracy function they transformed the fuzzy neutrosophic numbers to crisp form. Zulgarnain et al. 
[25] extended the notion of NHSSs and presented the generalized operations for NHSSs, they also 
developed the necessity and possibility operations and discussed their desirable features. In [26], the 
author’s proposed the fuzzy Plithogenic hypersoft set in matrix form with some basic operations and 
properties. Saqlain et al. [27] proposed the aggregate operators on NHSS. In [28], the author extended 
the NHSS approach and introduced IVNHSS, m-polar, and m-polar IVNHSS. Zulqarnain et al. [29] 
presented the intuitionistic fuzzy hypersoft set, they developed the TOPSIS technique by developing 
a correlation coefficient to solve multi-attribute decision making problems. Many other novel 
researchers are done under neutrosophic environment and their applications in everyday life [30-34]. 

The following research is organized as follows: Some basic definitions recalled in section 2, 
which are used in the following research such as SS, NS, NSS, HSS, NHSS, and IVNHSS. We present 
different operators on IVNHSS such as union, intersection, addition, difference, extended union, 
extended intersection, truth-favorite, and false-favorite operations in section 3 with properties and 
prove the De Morgan laws by using union and intersection operators. We also proposed the necessity 
and possibility operators, OR, and operations with some properties in section 4. 


2. Preliminaries 


In this section, we recollect some basic definitions such as SS, NSS, NHSS, and IVNHSS which use in 
the following sequel. 

Definition 2.1 [5] 

The soft set is a pair (F, A) over U if and only if F: A — P (U) is a mapping. That is the parameterized 
family of subsets of U known as a SS. 

Definition 2.2 [4] 
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Let U be a universe and A be an NS on U is defined as A = {< u,u,4(u), v4 (u),w,(u) > : u € Uf, 
where u, v, w: U > ]0°, 1t[ and 07 < ua(u) + wa(u) + wa(u) < 37. 

Definition 2.3 [13] 

Let U and E are universal set and set of attributes respectively. Let P(U) be the set of Neutrosophic 
values of U and ACE. A pair (F, A) is called an NSS over U and its mapping is given as 

F: A— (U) 

Definition 2.4 [35] 

Let U be a universal set, then interval valued neutrosophic set can be expressed by the set A = 
{< u,u,(u), va(u),w,(u) >: ue U}, where uy, v4, and wy, are truth, indeterminacy and falsity 
membership functions for A respectively, “4, #%4,and uw, & [0,1] foreach ue€ U. Where 

uia(u) = [ack (u), 104 (w)| 

oa) = [ok (w), 04 (w)| 

wa(u) = [wh (wu), 4 (u)] 

For each point u€ U, 0 < uy(u) + v4(u) + wy(u) < 3 and IVN(U) represents the family of all 
interval valued neutrosophic sets. 

Definition 2.5 [23] 


Let U be a universal set and P(U) be a power set of U and for n = 1, there are n distinct attributes 
such as ky, ky, kz, ..., ky, and K,, Kz, K3, ..., K, are sets for corresponding values attributes 
respectively with following conditions such as K; N K; = (i#j) andi, j € {1,2,3 ... n}. Then the pair 
(F, K, x Kz x Kx... x Ky) is said to be HSS over U where F isa mapping from K, x Kz x Kx... x 
K, to P(U). 

Definition 2.6 [23] 

Let U be a universal set and P(U) be a power set of U and for n = 1, there are n distinct attributes 
such as k,, ky, kz, ..., ky, and K,, Kz, K3, ..., K, are sets for corresponding values attributes 
respectively with following conditions such as K; N Kj = 9@ (i 4/) and i, j € {1,2,3 ... n}. Then the pair 
(F, A) is said to be NHSS over U if there exists arelation K, x K2 x K3x...x K, =A. Fisamapping 
from K, x Kz x K3x ... x Ky, to P(U) and F(K, x Kz x K3x ... x Ky) = {< u,u,4(u), v4 (u), w,(u) > 
:u€U} where u, w», w are membership values for truthness, indeterminacy and falsity 
respectively such that u, v, w: U > JO", 1*[ and 07 < ua(u) + o(u) + wa(u) < 3%. 
Definition 2.7 [28] 

Let U be a universal set and P(U ) be a power set of U and for n 2 1, there are n distinct attributes 
such as ky, kz, Kz, ..., ky, and K,, Kz, Kz, ..., Ky, are sets for corresponding values attributes 
respectively with following conditions such as K; N Kj = @ (i 4/) and i, j € {1,2,3 ... n}. Then the pair 
(F, A) is said to be IVNHSS over U if there exists a relation K, x K, x Kx... x K, = A. Where 

F: K, x Ky x K3x...* K, — (U) and 

F(K, x K, x K3x ... x Ky) = {<u,[ug (uw), ug (WI), [os @), 04 (WI), [wa (wu), wd! (U)] >: uw € U3, 
where “4, v4, and wy are lower and ui, v4, and wj are upper membership values for 
truthiness, indeterminacy, and falsity respectively for A and [uj (u), uf (u)], [og (wu), 07 WI, 
[wi (u), wf (u)] S [0,1] and 0 < supu,(u) + supv,(u) + sup wy(u) < 3 foreach ue U. 
Example 1 Assume U = {u,, uz} be a universe of discourse and E = {x 1, x2, *3, x,} be a set of 


attributes. Consider F, be an IVNHSS over U can be expressed as follows 
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Fa = {(21, {(uy, [. 6, 8], [. 5, 0.9], [.1,.4]), (uz, [.4,.7], £3, 9], [.2, 6])p, 
(22, {(uy, [.4,.7], [. 3, 9], [.3, 5]), (ua, [0,3], [. 6, 8], [.3,.7])), 
(23, {(uz, [.2, 9], [. 1,.5], [.7, .8]), (ua, [.4,.9], [. 1,-6], [.5,.7])p, 
(x4, (uy, [.6, 9], [. 6,-9], [1, 1]), (ue, [.5, 9], [. 6, 8], [.1,.8])p} 


Tablur representation of IVNHSS F, over U given as follows 


Table 1: Tablur representation of IVNHSS F, 


U Uy Uy 

xy {[. 6, 8], [. 5, .9], [.1,.4]) {[.4,.7], [. 3, 9], [.2,.6]) 
X2 (L4,.7], [. 3, .9], [.3,-5]) ([0, .3], L 6,.8], [-3, .7]) 
x3 (L 2, .9], [.1,.5], [.7,-8]) (L4, .9], [. 1, .6], [.5,-7]) 
x4 ([. 6, .9], [. 6, .9], [1, 1]) (L5,.9], [. 6, 8], [.1, .8]) 


3. Operations on Interval Valued Neutrosophic Hypersoft Set with Properties 

In this section, we extend the concept of IVNHSS and introduce some fundamental operations on 
IVNHSS with their properties. 

Definition 3.1 

Let F, and Gg € IVNHSS over U, then F, © Gp if 

infu,(u) < infug(u), supu,(u) < supug(u) 

infw,(u) = infu,(u), supv,(u) = supr,(u) 

infw,(u) = infwe,(u), supw,(u) = supw,(u) 

Example 2 Assume U = {u,, uz} be a universe of discourse and E = {x 1, x2, *3, x4} be a set of 


attributes. Consider Gg be an IVNHSS over U canbe expressed as follows and Fy given in example 
1 
Gp ={(%,, {(u,, [.6,.9], [. 3,.7], [-1, .3]), (ue, [. 6,9], E 3, .5], 0.1, 4])), 
(2, {(uyz, L. 6, 8], [.2,.5], [.2,.3]), (uz, [3,5],  4,.7], £1, -4])), 
(x3, {(uyz, |. 4, .9], [. 1, 3], [-4,.6]), (ue, L 6, 1], [. 1,.41], [-3,.4])), 
(%4, {(uz, L 7,9], [ 4,-6], [-6, 1]), (ua, | 5,.7], L 4.7], [-1,-4])p}- 
Thus 
FoeGy. 
Definition 3.2 
Let F, € IVNHSS over U, then 
i. Empty IVNHSS can be represented as Fy, and defined as follows Fx = {< u,[0,0], [1,1], 
[1,1] >:u € U}. 
ii. Universal IVNHSS can be represented as Fz, and defined as follows Fz = {< u, [0,0], [1,1], 
[1,1] >:u € U}. 
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The complement of IVNHSS can be defined as follows Fy = {<u,[wf (u), wf (u)], 


[1-4 (u),1—- v4 (u)], [ug (u), ua (u)] >: u € UR. 


Example 3 Assume U = {u,, u,} be a universe of discourse and E = {x 1, x2, *3, x4} be a set of 


attributes. The tabular representation of Fx and Fx given as follows in table 2 and table 3 


respectively. 
Table 2:Tablur representation of IVNHSS F;5 
U Uy, uy 
x4 ([0, 0], [1, 1], [1, 1]) ([0, 0], [1, 1], [1, 1)) 
x2 ([0, 0], [1, 1], [1, 1]) ([0, 0], [1, 1], [1, 1)) 
x3 ([0, 0], [1, 1], [1, 1]) ([0, 0], [1, 1], [1, 1)) 
x4 ([0, 0], [1, 1], [1, 1]) ([0, 0], [1, 1], [1, 1)) 
Table 3:Tablur representation of IVNHSS Fx 
U U4 uy 
x4 ([1, 1], [0, 0], [0, 0]) ([1, 1], [0, 0], [0, 0]) 
x2 ([1, 1], [0, 0], [0, 0]) ([1, 1], [0, 0], [0, 0]) 
x3 ([1, 1], [0, 0], [0, 0]) ([1, 1], [0, 0], [0, 0]) 
x4 ([1, 1], [0, 0], [0, 0]) ([1, 1], [0, 0], [0, 0]) 


Proposition 3.3 
If Fy €IVNHSS, then 


Ty GE Px 
2. (Fy)o = Fz 
So: ey By 


Proof 1 Let Fy 


{<u, [uh (u),u¥ (uw), [of (uw), of (u)], wk (uw), wf! (W]>:u EU} be an 


IVNHSS. Then by using definition 3.3(iii), we have 
Fy = {<u,[wy (u), wa (w], 1-07 ),1- of @)), [44 44 (W] >: u € U} 


Thus 

(Fs)° = {<u [uj (w), ug @)), [1-1 - 07 @)),1-G-—07 @)]), [ws wd @] > :u EU} 
(Fx)° = {< wu [4 (u), v4 (u)], [oa (), 0 (WI, [wa (U), wg’ (u)] > su € US 

Cia) he 

Proof 2 


As we know that Fy = {< u,[0,0], [1,1], [1,1] >:u € U} 


By using definition 3.3(iii), we get 


(F5)° 


= {<u,[1,1], [0,0], [0,0] >: ue U} = Fz. 


878 


Florentin Smarandache (author and editor) Collected Papers, XII 


Similarly, we can prove 3. 
Definition 3.4 
Let F, and Gg € IVNHSS over U, then 


(1) 


[min{infv,(u), infveg(u)},min{supv,(u), supvg(u)}l, 


(< u,[maxt{infu,(u), infug(u)},max{supu,(u), supu,(u)3l, 
F, U Gp= 
“ nmr infw,(u)},min{supw,(u), supw,(u)}] >/u € 5 


Example 4 Assume U = {u,, uz} be a universe of discourse and E = {x1, x2, *3, x4} be a set of 
attributes. Consider Fy and Gg are IVNHSS over U can be given as follows 
Fy, = {(%4, {(uy, [. 6, .8], [.5, 9], [.1,.4]), (us, L 4.7], [3,9], [-2,-6])), 
(%, {(u,, [.4,.7], [3,9], [.3, .5]), (we, 2, 8], [. 6, 8], [.3,.7])), 
(%3,{(u,,[.2, 9], [-1,.5], [.4,.7]), (ue, L 4, 9], [. 1,.6], [-5,.7])), 
(x4, {(uyz, L. 6, .9], [. 6, 9], [1, 1]), (ua, [.5,.9], [. 6, 8], [-1,.8])p} 
Gp = {(%1, {(u,, [.5,.7], [.5,.7], [.4, .6]), (ue, [.3,.9], L 3, .6], 4, .7])), 
(%2, {(u,,[.3,.8], [4.5], [-4,.9]), (ue, L4,.7], [.5,.9], [.-4, .6])), 
(x3, {(uyz, |. 3, .5], [. 2, .6], [.3, .8]), (uz, L 3, 1], [.2,.7], [-3, .8])), 
(x4, {(u,, [.4, 6], [. 7, 8], [.4, 1]), (ue, [. 4,.8], [. 3, 6], [-2, .6]) Pp} 
Then 


_ 


Fy U Gg= {(%, (uz, 
(x2, {(uz, | 4,8 
(#3, (uy, [-3,. 
(44, (uz [- 6, 


= 


, 


3, 5], [.3,.5]), (uo, [. 4, 8] 5, 3 
1,5], [.3,.7]), (ua, 4, 1], £ 1,.6], [.3,.7])p, 
, 8], [.3 1 


.6, 8], [.5,.7], [-1,-4]), (ua [.4,.9], 3, 6], 
6, 8], [.41]), (uy, [.5,.9], [.3, 


[. 
9], [. 
9], [. 


— 


Proposition 3.5 
Let Fx, Gg, He € IVNHSS over U. Then 
1. Fy U Fx = Fx 
Fx U Fy = Fa 
Fx U FR = Fx 
Fx U Ge = GRU Fx 
(Fx U Gg) U He = Fx U Ge VU He) 


OT! RY Ge oN 


Proof By using definition 3.4 we can prove easily. 
Definition 3.6 
Let F, and Gg € IVNHSS over U, then 


[maxtinfv,4(u), infvg(u)},max{supya(u), suprg(u)}], 


<u, [min{infu,(u), infug(u)},min{supu,(u), supu,(u)}I, 
F, 0 Gp = 
“ [max{infur,(u), infu, (u)}, max{supw,(u), supw,(u)}] >/u € 5 


Example 5 Reconsider example 4 


Fy ={(ay, ((uy, [.6,.8], [5,9], [.1,.4]), (us, [4,7], [3,9], [.2,-6])), 
(x5, {(u,, [.4,.7], [3,9], [.3, -5]), (uo, [- 2,8], [. 6,8], [.3,.7])p, 
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(%3, {(u,, [. 2, .9], [.1,.5], [.4,.7]), (ue, L 4, 9], [. 1,.6], [-5,.7])), 
(x4, {(uz, L. 6, .9], [. 6, 9], [1, 1]), (ue, [.5,.9], [. 6, 8], [-1, .8])p} 
Gp = {(%,, {(u,, [.5,.7], [.5,.7], [.4, .6]), (uo, [.3,.9], L 3, .6], 4, .7])), 
(%2, {(u,, [.3,.8], [4.5], [.-4,.9]), (ue, L4,.7], [.5,.9], [.4, .6])), 
(x3, {(uy, [L. 3, .5], [. 2, .6], [.3, .8]), (uz, L 3, 1], [.2,.7], [-3, .8])), 
(x4, {(u,, [.4, 6], [. 7,8], [.4, 1]), (ue, [. 4, .8], [. 3, 6], [-2, .6]) Pp} 
Then 
Fy, 0 Gp= {(%, {(uy, [.5,.7], 5, 9], [-4,-6]), (ue, [3,.7], | 3,9], £4,-7])), 
(%2, {(u,,[.3,.7], [4.9], [-4, .9]), (ue, L 2,.7], [. 6, .9], [.-4,.7])), 
(%3, {(u,, [. 2, .5], [. 2, .6], [.4, .8]), (we, L 3, 9], [.2,.7], [-5, .8])), 
(x4, {(uyz, [. 4, .6], [. 7, 9], [1, 1]), (ue, [. 4,.8], [. 6, 8], [-2, .8])p} 


SS 


Proposition 3.7 
Let Fx, Gz, He € IVNHSS over U. Then 
1. Fx N Fx = Fx 
Fx 0 Fy = Fx 
Fx Fe = Fe 
Fx Ga = GRO FX 
(Fa 9 Ga) He = Fx 0 (G5 N He) 


DIE EN 


Proof By using definition 3.6 we can prove easily. 
Proposition 3.8 
Let F, and Gg € IVNHSS over U, then 
1. (Fy UGg)°= FyS 9 Gp° 
2. (Fy NGg)°= Fy° U G5° 
Proof 1 As we know that 
Fy = {< u,u,4(u), 0,4 (u), wy(u) > : u € U} and Gg = {< u,ug(u), vp (u), we(u) > : u € U}. Where 
u,(u) =[infus(u), supu,(u)] or [ug (u), ug (u)], uA (u) = infug(u) and ug (u) = supug(u) 


va(u) =[infra(u), supya(u)] or [vg (u), om (u)], v4 (u) = infoau) and wo, (u) = supva(u) 


wa(u) = [infwa(u), supwa(u)] or [wy (u),wy (u)], wa (u) = infwa(u) and wy’ (u) 
supur,(u) 
Up(u) =[infug(u), supup(u)] or [ug (u), ug (u)], we (u) = infug(u) and wz (u) = supup(u) 


vp(u) =[infvg(u), supyg(u)]or [vg (u),v8 (u)], oF (u) = infug(u) and vg (u) = supy,(u) 


we(u) =[ infwg(u), supwe(u)] or [we (u),we (W], we (u) = infwetu) and wy (u) 
supur, (u) 


Then by using Equation 1 


[min{infv,(u), infvg(u)},min{supy,(u), supyg(u)}], 


(< u,[max{infu,(u), infug(u)},max{supu,(u), supup(u)}I, 
F, U Gp= 
: [min{infu,(u), infw,(u)}, min{supw,(u), supw,(u)}] >/ue 1 
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By using definition 3.3(iii), we get 
(< u,[min{infw,(u), infwe(u)},min{supw,(u), supwe,(u)}], 
(Fy UGp)°= 4 [1—min{supe,(w), supeg(w)}, 1 — min{infva(u), infos (w)}}], 
[max{infu,(u), infup(u)},max{supu,(u), supup,(u)}] >/u €U) 
Now 
F,° = {<u,[infw,(u), supw,(u)], [1 — supv,(u), 1 — infv,(w)], [inf u,v), supu,(u)] >: u € U} 
Gp° = {< u,[infw,(u), supw,(u)], [1 — supvg(u),1— infu, (u)], [inf ug (u), supug(u)] >: u € U} 


(< u,[min{infw,(u), infw,(u)}, min{fsupw,(u), supw, (u)}], 


F,° 9 Gp° = 4 [max{1 — supv,(u), 1— supr,(u)}, max{1 — infv,(u), 1—infug(u)}], 


[max{infu,(u), infug(u)},max{supu,(u), suptg(u)}] >/ u € U) 


(< u,[min{infw,(u), infw,(u)},min{supw,(u), supw,(u)}], 
BY? .a°G,° = [1 — min{supw,(u), supr,g(u)}, 1 — min{info,(u), infog(u)}, 
[max{infu,(u), infug(u)},max{supu,(u), supug(u)}] >/ u € U) 

Hence 
(Fy U Gg)°= Fy 9 Gp° 
Proof 2 
Similar to assertion 1. 
Proposition 3.9 
Let Fx, Gz, He € IVNHSS over U. Then 

1. Fa VU (GRMN He)= (Fa VU Ga) N (Fa U He) 

2. Fx (GRU He) = (Fa 9 Ge) V (FAN He) 

3. Fy U (Fx Ga) = Fa 

4. Fx 0 (Fx UV Ga) = Fax 
Proof 1 From Equation 2, we have 


(< u,[min{infug(u), infuc(u)},min{supug(u), supuc(u)}], 
GaN He = [max{infu,(u), infrc(u)},max{supyg(u), supv-(u)}], 
[max{infw,(u), infw-(u)},max{supw,(u), supw-(u)}] >/u €U) 


Fx U (GaN He)= 


[min{infv,(u),max{infr,(u), info-(u)}}, min{fsupv, (u), max{supv, (u), suprc(u)}}, 


(< u, [max{infu,(u), min{infup(u), infuc(u)}}, max{supu, (u), min{supu, (u), sup, (u)}}], 
[min{infw,(u), max{infw,(u), infw(u)}}, min{supw,(u),max{supw,(u), supur-(u)}}] >/ue 1 


Fa U Ge = [min{infv,(u), infvg(u)},min{supv,(u), supyg(u)}], 


min{infw,(u), infu,(u)},min{supw,(u), supw,(u)}] >/u € U) 


(< u,[max{infu,(u), infup(u)},max{supu,(u), supu,(u)}], 
[ 


(< u,[maxt{infu,(u), infuc(u)},max{supu,(u), supuc(u)$l, 
Fx U He = [min{infu,(u), infoc(u)}, min{supv,(u), suprc(u)}], : 
[min{infur,(u), infwe(u)}, min{supw,(u), supurc(u)}] >/ u € U) 


(Fx U Gg) N (Fy U He) = 
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(< u, [min{max{infu,(u), infug(u)},max{infu,(u), infuc(u)},min{max{supu,(u), supu,(u)}, max{supu,(u), supuc(u)}], 
[max{min{infv,(u), info,(u)}, min{infv,(u), infoc(u)}, max{min{supy,(u), supv,(u)}, min{fsupv,(u), supo-(u)}], 
[max{min{inf w,(u), infw,(u)},min{infw,(u), infwe(u)}, max{min {supw,(u), supw,(u)}, supw,(u), supw(u)}] >/ u € U) 
(Fx U Ge) 1 (Fx VU He)= 


(< u, [max{infu,(u), minfinfug(u), infuc(u)}}, max{supu,(u), min{supu, (u), supe (u)}}], 
[min{infv,(u),max{infrg(u), infoc(u)}}, min{fsupv, (uw), max{supv, (u), suprc(u)}}, 
[min{infur,(u), max{infw,(u), infw-(u)}}, minfsupw,(u), max{supw,(u), supwe(u)}}] >/ u € U) 
Hence 
Fx VU (GaN He)=(Fa VU Gea) N (Fa VU He). 
Similarly, we can prove other results. 


Definition 3.10 
Let Fy, Gg € IVNHSS, then their extended union is 


[infu,(u), supu,(u)] ifuceA-B 

uw (F, U Gp) = 4 [infug(u), supug(u)] ifue B-A 
[max{infu,(u), infug(u)},max{supu,(u), supup(u)}] ifu € ANB 
[infu (u), supr(u)] ifue A-B 

vu (Fy U Gp)= 4 [infug(u), suprp(u)] ifueB-A 
[min{infu,(u), info,(u)}, min{supry,(u), supr,(u)}] ifu € ANB 
[inf w,(u), supur,(u)] ifue A-B 

w (F, U Gg) = 4 [infw,(u), supu(u)] ifueB-A 
[min{infuwr,(u), infw,(u)},min{supw,(u), supw,(u)}] ifu € ANB 


Definition 3.11 
Let F,, Gg € IVNHSS, then their extended intersection is 


[infu,(u), supu,(u)] ifueA-—B 

uw (Fy N Gp) = 4 [infug(u), sup, (u)] ifueB-A 
[min{infu,(u), infupg(u)},min{supu,(u), sup, (u)}] ifu € ANB 
[inf v%(u), supv,(u)] ifue A-B 

v (F, 9 Gg)= 4 [infve(u), supyg(u)] ifueB-—A 
[max{infu,(u), infrg(u)},max{supv,(u), supyvg(u)}] ifu € ANB 
[infw,(u), supw,(u) | ifue A-B 

w (F, N Gg) = § [infu (u), supu(u)] ifue B-A 
[max{infw,(u), infup(u)},max{supw,(u), supu, (u)}] ifu € ANB 


Definition 3.12 
Let F, and Gg € IVNHSS over U, then their difference defined as follows 


(< u, [min{infu,(u), infug(u)}, min{supu,(u), supu,(u)}, 
(3) 
[ 


[max{infu,(u), 1 — supr,(u)},max{supv,(u), 1 — info, (w)}I, 
max{infw,(u), infup(u)},max{supw,(u), supw,(u)}] >/u € U) 


Fy \ Gp = 
Example 6 Reconsider example 4 


Fy \ Gp = {(ey, (uy, [.5,.7], [5,9], [-4,-6]), (uo, £3,714, 91, £4,-7))), 
(>, {(u,,[.3,.7], £.5,-9], [-4,-9]), (uo, .2,-71 [6-8], [4-7], 
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(%3, {(uz, 2, .5], [. 4,.8], [.4, -8]), (uz, [3,9], L 3, .8], [-5, .8])), 
(x4, {(u,, L 4,-6], L 6, .9], [1, 1]), (ue, L 4,.8], [ 6, .8], [-2, .8]) Pp} 
Definition 3.13 
Let F, and Gg € IVNHSS over U, then their addition defined as follows 


[min{infu,(u) + inf vg (u), 1}, min{supv,(u) + sup, (wu), 13], 


(< u, [min{infu,(u) + infup(u), 1}, min{fsupu,(u) + supup(u), 13], 
F, + Gg = (4) 
[min{infw,(u) + infu,(u), 1}, min{supw,(u) + supw,(u), 1}] >/u € U) 


Example 7 Reconsider example 4 
Fy + Gp ={(x1, {(uy, [1.0, 1.0], [1.0, 1.0], [0.5, 1.0]), (uw, [0.7, 1.0], [0.6, 1.0], [0.6, 1.0])}), 
(x5, {(u;, [0.7, 1.0], [0.7, 1.0], [0.7,1.0]), (wz, [0.6, 1.0], [1.0, 1.0], [0.7, 1.0])}), 
(x3, {(u,, [0.5, 1.0], [0.3, 1.0], [0.7, 1.0]), (w>, [0.7, 1.0], [0.3, 1.0], [0.8, 1.0])p, 
(x4, {(t4, [1.0, 1.0], [1.0, 1.0], [1.0, 1.0]), (222, [0.9, 1.0], [0.9, 1.0], [0.3, 1.0])}}. 
Definition 3.14 
Let F, € IVNHSS over U, then its scalar multiplication is represented as F,.d, where d € [0, 1] and 


defined as follows 


(< u, [min{infu,(u). a, 1}, min{supu,(u). da, 1}], 
[ 


y 


F,.d = [min{infv,(u).d, 1}, min{supv, (uv). a, 1}], 


min{inf w,(u). a, 1},min{supw, (u). a, 13] >/u € U) 


Definition 3.15 
Let F, € IVNHSS over U, then its scalar division is represented as F,/d, where d € [0, 1] and 
defined as follows 
(< u, [min{inf u, (u)/d, 1} , min{supu, (u)/d, 1}, 

Fy/a& = [min{inf v4 (u)/a, 1}, min{supv,(u)/d, 1}], 

[min{inf uw, (u)/d, 1}, minfsupw,(u)/d, 1}] >/ u € U) 
Definition 3.16 
Let F, € IVNHSS over U, then Truth-Favorite operator on F, is denoted by AF, and defined as 


follows 


(< u, [min{infu,(u) + infv,(u), 1}, min{fsupu,(u) + supv, (wu), 13], [0, ea 


AF, = { [inf ur, (u), supw,(u)] >/u € U) 


(7) 


Example 8 Reconsider example 1 
AF, = {(%1,{(ux, [1, 1], [0, 0], [-1,.4]), (ue, [-7, 11, [0, 0], [:2,.6])}), 
(%2, {(uz, |. 7,1], [0, 0], [-3, .5]), (ue, [. 6, 1], [0, 0], [.3,.7])), 
(43, {(uz, |. 3, 1], [0, 0], 7, .8]), (ue, [.5, 1], [0, 0], [.5,.7])), 
(x4, {(ur, [1, 1], [0, 0], [1 1]), (ue, [1, 1], [0, 0], [-1, .8])})} 
Proposition 3.17 
Let Fx, Gg € IVNHSS over U, then 
1. AAFz = AF; 
2. A(Fx U Gz) S AFx UAG; 
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3. A(Fx N Gg) S AFx A AGs 

4. A(Fx + Gs) = AFz + Gi 
Proof of the above proposition is easily obtained by using definitions 3.4, 3.6, 3.13, and 3.16. 
Definition 3.18 
Let F, € IVNHSS over U, then False-Favorite operator on F, is denoted by VF, and defined as 
follows 


VF a { (< u, [infu, (u), Supu, (u)], [0, 0], } (8) 
A [min{infur,(u) + infw,(u), 1}, min{supw,(u) + sup, (u), 1}] >/u € U)) 


Example 9 Reconsider example 1 
VF, = {(%, {(uz, L 6,8], [0, 0], [.6, 1]), (wz, [. 4,.7], [0, 0], [-5, 1]))), 
(2, {(uz [-4,-7], [0, 0], [-6, 1]), (uz, [0,.3], [0, 0], [-9, 1])}), 
(#3, {(uz, L 2,.9], [0, 0], [-8, 1]), (uz, [. 4, 9], [0, 0], [-6, 1])}), 
(4, {(uz [-6,-9], [0, 0], [1, 1]), (ue, L5,-9], [0, 0], 7, 1])})} 
Proposition 3.19 
Let Fx and Gz € IVNHSS over U, then 
1. WWF, = VF x 
2. V(F_zU Gg) S VFq UVGs 
3. V(F_zN Gg) S VFA N VG 
4. V (Fx + Ga) = VF + 0G 
Proof of the above proposition is easily obtained by using definitions 3.4, 3.6, 3.13, and 3.18. 
4. Necessity and Possibility Operations on IVNHSS 
In this section, some further operations on IVNHSS are developed such as OR-Operation, And- 
Operation, necessity, and possibility operations with some properties. 
Definition 4.1 
Let F, and Gz; € IVNHSS over U, then OR-Operator is represented by F, v Gg and defined as 


follows 


u (Faxp) = [maxtinfu,(u), infus (u)},max{supu,(u), suptts (u)3], 
v (Faxp) = [min{infv,(u), infog(u)}, min{supy,(u), supp (u)}], 
w (Faxp)= [mintinf wy, (u), infw,(u)}, min{tsupw,(u), supw,(u)}]. 
Definition 4.2 
Let F, and Gg € IVNHSS over U, then And-Operator is represented by F, a Gg and defined as 


follows 


u (Faxp) = [mintinf u,(u), infug(u)},min{supu,(u), supug(u)}], 
v (Faxp)= [maxtinfv,(u), infvg(u)}, max{supv,(u), sup (u)}], 
w (F4xp) = [maxtinfw,(u), infwe,(u)},max{supw,(u), supws (u)3]. 
Proposition 4.3 
Let Fx, Gx, He € IVNHSSs, then 
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1. Frv Gp = Gav Fx 
Fx GER = Gar Fx 
Fav Gav He) =(FavGs)v He 


(Fx v Ga)° = F°(A) 4 G*(B) 
(Fx 4Gx)° = F°(A) v G°(B) 
Proof We can prove easily by using definitions 4.1 and 4.2. 
Definition 4.4 
Let F, € IVNHSS over U, then necessity operator IVNHSS represented as © F, and defined as 


2 
3 
4. Fan (Gga He) =(FanGa) a He 
5 
6 


follows 
® Fy = {<u,[infu,(u), supu,(u)], [info (u), sup, (u)], [1 — supu,(u),1 — infu,(u)] >: u € U} 
Example 10 Reconsider example 1 
@F, = {(%y, {(ur, [. 6, .8], [.5, 0.9], [.2,.4]), (us, | 4,.7], [.3, 9], [-3,-6])p, 

(%2, {(u,, [.4,.7], [3,9], [.3, .6]), (ue, [0, .3], [. 6, .8], [-7, 1])), 

(%3, {(uyz, | 2, .9], [.1,.5], [.1, .8]), (ue, [4.9], L 1,.6], [-1, .6])), 

(x4, {(uyz, L 6, .9], [. 6, -9], [.1, .4]), (uz, [.5, .9], L 6, .8], [.1, .5])p} 
Definition 4.5 
Let F, € IVNHSS over U, then possibility operator on IVNHSS represented as @ Fy, and defined 
as follows 
@ Fy = (<u, [1 —- supwa(u),1—infwy(u)], [infoa(), supva(u)], [infuwa(u), supw,(u)] >/u € U})} 
Example 11 Reconsider example 1 

® Fy = {(%, {(uy, [. 6, 9], [.5, 0.9], [.1,.4]), (ue, [4,8], [.3,.9], [-2,.6])}), 
(%2, {(uz, L5,.7], [3,.9], [.3, .5]), (uz, [.3,.7], L 6, .8], [-3,.7])), 
(%3, {(uyz, L 2, .3], [.1,.5], [.7, .8]), (ue, [.3,.5], L 1,.6], [-5,.7])), 
(x4, {(uy, [0, 0], [. 6, .9], [1, 1]), (we, [. 2,.9], [. 6, 8], [-1, .8])p} 
Proposition 4.6 
Let Fx and Gz € IVNHSS over U, then 
1. @® (Fy V Ga) =@ Fx VU O Ge 
2. ® (Fi 9 Gs) =O FAN @ Ge 
Proof 1. As we know that 
Fa= ((<u,[infu,(u), supu,(u)], [infoa(u), supva(u)], linfw,(u), supwy(u)] >/ u € U})} and 
Ga= (<u, [infug(), supug(u)], linfug(u), supyg(u)], linfwe(u), supwe(u)] >/u € U})} 
Then by using definition 3.5, we get 
(< u,[max{infu,(u), infup(u)},max{supu,(u), supup,(u)}), 


Fx U Ga [min{infv,(u), infv,(u)},min{supv,(u), supv,(u)}), 
[min{infur,(u), infuwg(u)}, minfsupw,(u), supw,(u)}] >/ u € U) 


By using the necessity operator, we get 
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(< u,[max{infu,(u), infug(u)},max{supu,(u), supu,(u)}], 
® (Fx U Gz) = [min{infv,(u), infv,(u)},min{supv,(u), supy,(u)}I, 
[1 — max{supu,(u), supug(u)},1 — max{infu,(u), infug(u)}] >/u € VU) 
® (Fx VU Ge) = 
(<u, [max{infu,(u), infug(u)}, max{supu,(u), supup(u)}], 
[min{infu,(u), inforg(u)}, min{suprv,(u), supre(u)}], 
[min{1 — supu,(u), 1—-— supup(u)}, min{1 — infu,(u), 1 — infug(u)}] >/u € U) 


® Fx = {(<u,[infu,(u), supu,(u)], linfvg(u), supe,(u)], [1 — supu,(u), 1 — infus(@u)] >/ue 
U})} and 

OB G5 = {(<u,[infug(u), supug(u)], linfogu), supvg(u)], [1 — supug(u),1 — infug(u)] >/ue 
US)} 

Again, by using definition 3.5 we get 


® Fx UV @ Gz = 
(<u, [max{infu,(u), infug(u)}, max{supu,(u), supup(u)}], 
[min{infu,(u), info,(u)}, min{supry,(u), supr,(u)}], 
[min{1 — supu,(u), 1 — supu,(u)}, min{1 — infu,(u), 1 - infupg(u)}] >/u € U) 


Hence 
® (Fx UGs) =O Fx VO Ge 
Similarly, we can prove assertion 2. 
Proposition 4.7 
Let Fz and Gg € IVNHSS, then we have the following 
1. OFA Gs) = OFx 0 OGs 
2. O(Fav Ge) = OF x v OGz 
3. @O(FaGs) = OF 0 OGe 
4. @(FiavGe) = @Fx v OGs 


Proof By using definitions 4.1, 4.2, 4.4, and 4.5 the proof of the above proposition can be obtained 
easily. 


5. Conclusion 


In this paper, we study NHSS and IVNHSS with some basic definitions and examples. We extend 
the work on IVNHSS and proposed some fundamental operations on IVNHSS such as union, 
intersection, extended union, extended intersection, addition, and difference, etc. are developed with 
their properties and proved the De Morgan laws by using union, intersection, OR-operation, and 
And-Operation. We also developed the addition, difference, scalar multiplication, Truth-Favorite, 
and False-Favorite operators on IVNHSS. Finally, the concept of necessity and possibility operations 
on IVNHSS with properties are presented. For future trends, we can develop the interval-valued 
neutrosophic hypersoft matrices by using proposed operations and use them for decision making. 
Furthermore, several other operators such as weighted average, weighted geometric, interaction 
weighted average, interaction weighted geometric, etc. can be developed with their decision-making 
approaches to solve MCDM problems. 
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An integrated model of Neutrosophic TOPSIS 
with application 
in Multi-Criteria Decision-Making Problem 


Rana Muhammad Zulgqarnain, Xiao Long Xin, Muhammad Sadlain, Florentin Smarandache, 
Muhammad Irfan Ahamad 


Rana Muhammad Zulgarnain, Xiao Long Xin, Muhammad Saqlain, Florentin Smarandache, 
Muhammad Irfan Ahamad (2021). An integrated model of Neutrosophic TOPSIS with application in 
Multi-Criteria Decision-Making Problem. Neutrosophic Sets and Systems 40, 253-269 


Abstract: Multi-criteria decision making (MCDM) is the technique of selecting the best alternative 
from multiple alternatives and multiple conditions. The technique for order preference by 
similarity to an ideal solution (TOPSIS) is a crucial practical technique for ranking and 
selecting different options by using a distance measure. In this article, we protract the fuzzy 
TOPSIS technique to neutrosophic fuzzy TOPSIS and prove the accuracy of the method by 
explaining the MCDM problem with single-valued neutrosophic information and use the method 
for supplier selection in the production industry. We hope that this article will promote 
future scientific research on numerous existing issues based on multi-criteria decision making. 


Keywords: Neutrosophic set, Single valued Neutrosophic set, TOPSIS, MCDM 


1. Introduction 


We faced a lot of complications in different areas of life which contain vagueness such as 
engineering, economics, modeling, and medical diagnoses, etc. However, a general question is raised 
that in mathematical modeling how we can express and use the uncertainty. A lot of researchers in 
the world proposed and recommended different approaches to solve those problems that contain 
uncertainty. In decision-making problems, multiple attribute decision making (MADM) is the most 
essential part which provides us to find the most appropriate and extraordinary alternative. 
However, choosing the appropriate alternative is very difficult because of vague information in some 
cases. To overcome such situations, Zadeh developed the notion of fuzzy sets (FSs) [1] to solve those 
problems which contain uncertainty and vagueness. Fuzzy sets are like sets whose components have 
membership (Mem) degrees. In the classical set theory, the Mem degree of the elements in the set is 
checked in binary form according to the bivalent condition of whether the elements completely 
belong to the set. In contrast, the fuzzy set theory allows modern ratings of the Mem of elements in 
the set. This is represented by the Mem function, and the effective unit interval of the Mem function 
is [0, 1]. The fuzzy set is the generalization of the classical set because the indicator function of the 
classic set is a special case of the Mem function of the fuzzy set if the latter only takes the value 0 or 
1. In the fuzzy set theory, the classical bivalent set is usually called the crisp set. Fuzzy set theory can 
be used in a wide range of fields with incomplete or imprecise information. 
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It is observed that in some cases circumstances cannot be handled by fuzzy sets, to overcome 
such types of situations Turksen [2] gave the idea of interval-valued fuzzy sets (IVFSs). In some cases, 
we must deliberate membership unbiassed as the non-membership values for the suitable 
representation of an object in uncertain and indeterminate conditions that could not be handled by 
FSs nor IVFSs. To overcome these difficulties Atanassov offered the concept of Intuitionistic fuzzy 
sets (IFSs) [3]. The theory which was presented by Atanassov only deals the insufficient data 
considering both the membership and non-membership values, but the intuitionistic fuzzy set theory 
cannot handle the incompatible and imprecise information. To deal with such incompatible and 
imprecise data Smarandache [4] extended the work of Atanassov IFSs and proposed a powerful tool 
comparative to FSs and IFSs to deal with indeterminate, incomplete, and inconsistent information’s 
faced in real-life problems. Since the direct use of Neutrosophic sets (NSs) for TOPSIS is somewhat 
difficult. To apply the NSs, Wang et al. introduced a subclass of NSs known as single-valued 
Neutrosophic sets (SVNSs) in [5]. In [6] the author proposed a geometric interpretation by using NSs. 
Gulfam et al. [7] introduced a new distance formula for SVNSs and developed some new techniques 
under the Neutrosophic environment. The concept of a single-valued Neutrosophic soft expert set is 
proposed in [8] by combining the SVNSs and soft expert sets. To solve MCDM problems with single- 
valued Neutrosophic numbers (SVNNs) presented by Deli and Subas in [9], they constructed the 
concept of cut sets of SVNNs. On the base of the correlation of IFSs, the term correlation coefficient 
of SVNSs [10] introduced and proposed a decision-making method by using a weighted correlation 
coefficient or the weighted cosine similarity measure of SVNSs. In [11] the idea of simplified 
Neutrosophic sets introduced with some operational laws and aggregation operators such as real-life 
Neutrosophic weighted arithmetic average operator and weighted geometric average operator. They 
constructed an MCDM method based on proposed aggregation operators and cosine similarity 
measure for simplified neutrosophic sets. Sahin and Yigider [12] extended the TOPSIS method to 
MCDM with a single-valued neutrosophic technique. 

Hwang and Yoon [13] established TOPSIS to solve the general difficulties of DM. The TOPSIS 
method can effectively maintain the minimum distance from the ideal solution, thereby helping to 
select the finest choice. After the TOPSIS technique came out, some investigators utilized the TOPSIS 
technique for DM and protracted the TOPSIS technique to several other hybrid structures of FS. The 
most important determinant of current scientific research is to present an integrated model for 
neutrosophic TOPSIS to solve the MCDM problem. Chen & Hwang [14] extended the idea of the 
TOPSIS method and proposed a new TOPSIS model. The author uses the newly proposed decision- 
making method to solve uncertain data [15]. Zulqarnain et al. [16] utilized the TOPSIS method for the 
prediction of diabetic patients in medical diagnosis. They also utilized the TOPSIS extensions of 
different hybrid structures of FS [17-19] and used them for decision making. Pramanik et al. [21] 
established the TOPSIS to resolve the multi-attribute decision-making problem under a single-valued 
neutrosophic soft set expert scenario. Zulqarnain et al. [21] presented the generalized neutrosophic 
TOPSIS to solve the MCDM problem. Zulqarnain et al. [22] utilized fuzzy TOPSIS to solve the MCDM 
problem. Maji [23] proposed the concept of neutrosophic soft sets (NSSs) with some properties and 
operations. The authors studied NSSs and gave some new definitions on NSSs [24], they also gave 
the idea of neutrosophic soft matrices with some operations and proposed a decision-making 
method. Many researchers developed the decision-making models by using the NSSs reported in the 
literature [25-27]. Elhassouny and Smarandache [28] extended the work on a simplified TOPSIS 
method and by using single-valued Neutrosophic information they proposed Neutrosophic 
simplified TOPSIS method. The concept of single-valued neutrosophic cross-entropy measure 
introduced by Jun [29], he also constructed an MCDM method and claimed that this proposed 
method is more appropriate than previous methods for decision making. 

Saha and Broumi [31] studied the interval-valued neutrosophic sets (IVNSs) and developed 
some new set-theoretic operations on IVNSs with their properties. The idea of an Interval-valued 
generalized single valued neutrosophic trapezoidal number (IVGSVTrN) was presented by Deli [32] 
with some operations and discussed their properties based on neutrosophic numbers. Hashim et al 
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[33], studied the vague set and interval neutrosophic set and established a new theory known as 
interval neutrosophic vague set (INVS), they also presented some operations for INVS with their 
properties and derived the properties by using numerical examples. Abdel basset et al. [34] applied 
TODIM and TOPSIS methods based on the best-worst method to increase the accuracy of evaluation 
under uncertainty according to the NSs. They also used the Plithogenic set theory to resolve the 
indeterminate information and evaluate the economic performance of manufacturing industries, they 
used the AHP method to find the weight vector of the financial ratios to achieve this goal after that 
they used the VIKOR and TOPSIS methods to utilize the companies ranking [35, 36]. Nabeeh et al. 
[37] utilized the integrating neutrosophic analytical hierarchy process (AHP) with the TOPSIS for 
personal selection. Nabeeh et al. [38] developed the AHP neutrosophic by merging the AHP and NS. 
Abdel-Basset et al. [39] merged the AHP, MCDM approach, and NS to handle the indefinite and 
irregularity in decision making. Abdel-Basset et al. [40] constructed the TOPSIS technique for type-2 
neutrosophic numbers and utilized the presented approach for supplier selection. Abdel-Basset et al. 
[41] utilized the neutrosophic TOPSIS for the selection of medical instruments and many. Saqlain et. 
al. applied TOPSIS for the prediction of sports, and in MCDM problems [42-44]. 

The FS and IFS theories do not provide any information about the indeterminacy part of the 
object. Because the above work is considered to examine the environment of linear inequality 
between the degree of membership (MD) and the degree of non-membership (NMD) of the 
considered attributes. However, all existing studies only deal with the scenario by using MD and 
NMD of attributes. If any decision-maker considers the truthiness, falsity, and indeterminacy of any 
attribute of the alternatives, then clearly, we can see that it cannot be handled by the above-mentioned 
FS and IFS theories. To overcome the above limitations, Smarandache [4] proposed the NS to solve 
uncertain objects by considering the truthiness, falsity, and indeterminacy. In the following article, 
we explain some positive impacts of this research. The concentration of this study is to evaluate the 
best supplier for the production industry. This research is a very suitable illustration of Neutrosophic 
TOPSIS. A group of decision-makers chooses the best supplier for the production industry. The 
Neutrosophic TOPSIS method increases alternative performances based on the best and worst 
solutions. Classical TOPSIS uses clear techniques for language assessment, but due to the imprecision 
and ambiguity of language assessment, we propose neutrosophic TOPSIS. In this paper, we discuss 
the NSs and SVNSs with some operations. We presented the generalization of TOPSIS for the SVNSs 
and use the proposed method for supplier selection. 

In Section 2, some basic definitions have been added, which will help us to design the structure 
of the current article. In section 3, we develop an integrated model to solve the MCDM problem under 
single-valued neutrosophic information. We also established the graphical and mathematical 
structure of the proposed TOPSIS approach. To ensure the validity of the developed methodology 
we presented a numerical illustration for supplier selection in the production industry in section 4. 


2. Preliminaries 


In this section, we remind some basic definitions such as NSs and SVNSs with some operations that 
will be used in the following sequel. 


Neutrosophic Set (NS) [30]: Let X be a space of points and x be an arbitrary element of X. A 
neutrosophic set A in X is defined by a Truth-membership function Tg(x), an Indeterminacy- 
membership function I,(x) and a falsity-membership function Fa(x). Ta(x), Iq(x) and F,(x) are 
real standard or non-standard subsets of ]07, 1*[ i-e.; T,(x), I4(x), Fa(x): X — ]07, 1t[, and 07 < 
sup Ta(x) +sup I(x) + sup F(x) < 37. 

Single Valued Neutrosophic Sets [5]: Let E be a universe. An SVNS over E is an NS over E, but 


truthiness, indeterminacy, and falsity membership functions are defined 
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Ta (x): X > [0, 1], Ig(x): X > [0, 1], Fa(x): X — [0, 1], and 0< Ta(x) + Ig(x) + Fa(x) $3. 
Multiplication of SVNS [11]: Let A = {a,, a2, a3} and B = {f;, Bz, B3} are two SVN numbers, then 
their multiplication is defined as follows A @ B=(a@1f1, @2 + B2 — a2B2, a3 + Bz — A383). 

3. Neutrosophic TOPSIS [11] 

3.1. Algorithm for Neutrosophic TOPSIS using SVNNs 

To explain the procedure of Neutrosophic TOPSIS using SVNNs the following steps 

are followed. Let A = {A1, Az, Az, ...., Am} be a set of alternatives and C = {Ci, C2, C3, ...., Cn} be a set of 
evaluation criteria and DM be aset of “/” decision-makers as follows DM = {DM1, DM2, DM3,..., DM}. 
In the form of linguistic variables, the importance of the evaluation criteria, DMs, and alternative 
ratings are given in Table 1. 

Step 1: Computation of weights of the DMs 

Let the SVN number for rating the k** DM is denoted by 

Dy = (Te, Te”, Fe™) 


The weight of the k** DM can be found by the following formula 
0.5 
1-E {(1-né™ca) + (1) +(ae™eo) |] 
ee Ty OORT 
Dhaa(1-[{(1-ne™eo)°+ (x0) +(e¢ C9) J] ) 
Step 2: Computation of the Aggregated Neutrosophic Decision Matrix (ANDM) 
The ANDM is given as follows 


;where A, > Oand Yin, Ay =1 (1) 


A, f%1 M2 * Nn 
Ag |]t1 M2 °° 
_ 412 n| _ 
D= : . . 3 = [Tislmxn (2) 
Am Tnm1 m2 °° Tmn 


where 7; can be defined as 
Nj = (Tj, li, Fi;) cog (Ta; (x;), Iy; (x;), Fy; (x), where i= Ly De 3, sseey NM J = 1, 2, 3, seo ML 


Therefore, ANDM written as follows 


(Ta, (1), Ta, a), Fay (1)) (Tay 02) Fay Or), Faz 02) Day On), Ea, nd Fay, End) 
Da (ba H)eTay D> Fay OD) Tag Cx)o dng Gea) Fag C62) Tay Cmdr dng nds Fae nd) 
Loa, (2), Ebyy C191 Fag, (1)) Tap, (2); Edgy 062)+ Flyy 12) Tag, On): Ha, hn)» Fay, End) 


rating for the i'* alternative w.r.t. the j criterion by the k** DM 
(kK) _pp(k) Ck) (k) 
Vj = (7; y ly , Fj ) 
For DM weights and alternative ratings 1;; can be calculated by using a single-valued neutrosophic 
weighted averaging operator (GSVNWAO) 
k k 
ny = [1 — Mert — 78°), Ta 2) Tha (FS) *] (3) 
Step 3: Computation of the weights for the criteria 
Let an SVNN allocated to the criterion by X; the k'" DM is denoted as 
(kK) _ (k) 7k) pk) 
wees (Th Ee”) 


SVNWAO to compute the weights of the criteria is given as follows 


892 


Florentin Smarandache (author and editor) Collected Papers, XIl 


= [2 = Mer — G9 Mee), Tar) (4) 
The aggregated weight for the criterion X; is represented as 
Ww; =(T;; I, F;) j =1,2,3,....,n 


W &= [Wy, Wo, Way oe» Wy [Parse 


Step 4: Computation of Aggregated Weighted Neutrosophic Decision Matrix (AWNDM) 
The AWNDM is calculated as follows 


M1 M2 Tin 
‘ r ri see ri ; 
= , 2 % : 7 [risbnxn (5) 
ats Ye a 
where 7) = (Taw (x), La.w (%))) Fa,.w (x;)) where i = 1, 2,3,....,.m; jf =1,2,3,...,n 
Therefore, R’ can be written as 
(Taw (41), aw (%1), Faw (x1)) (Taw (%2), Ta,.w (%2), Faw (%2)) os (Ta,.w Gn) Taw (Xn), Faw (Xn) 
R' = (Th,.w (%1), aw (x1), Faw (x1)) (Taw (2), laa.w (2), Faw (%2)) (Ta,.w (Xn), lay.w (xn), Faw (Xn)) 
Lape w CDs 2) Faggw FAD) Tyg Ce) law C2): Faggw 22)) (Taw Cin) Hag w Ondo Faw n))1 


To find Ty,w (xj), Ta.w (%j) and Fa,w (x;) we used 
R @ W= {Taw (0% la.w (X) % Faw (|x € X} (6) 
The components of the product given as 
Ta.w (x)= Ta, (x). T, 
law CD) = 4,0 +) - Lh, OXI OO 
Faw (8) = Fa, 2) + FG) - Fa, CO*F (2) 
Step 5: Computation of Single Valued Neutrosophic Positive Ideal Solution (SVN-PIS) and Single 
Valued Neutrosophic Positive Ideal Solution (SVN-NIS) 
Let J, be the benefit criteria and J, be the cost criteria. A* be an SVN-PIS and A’ be an SVN-NIS as 
follows 
AY = (Taw Os Tarw 05), Farw (5) and 
A’ = (Tary 6), Larw OG), Farw 5) 
The components of SVN-PIS and SVN-NIS are following 


Taw (4) = (Warr lj € Aa) (Oe Taw) lj € i)) 


min 


; *Ia.wq) |i € Ja) 


Ty,.w (%) lj e ies 


max 
i 


min 


; Fa.w(%) |i € Je) 


Fatw (%) = By wig) PE Fe) 


( (o 
( ( 
(a n 


l 


min 
I 


) 
T,.w (%) lj € ye ean ee lj € Jp )) 
) ) 


Gg 


Law G4) = (CP tag) Li € a) Owe) |i © ie 


Farw 0%) = 


>= ( 
( 
row 0) =( 
( 
( 


re 


Faw (x) lj € ia), ( Ee) lj € i)) 


i 
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Step 6: Computation of Separation Measures 


For the separation measures d*and d', Normalized Euclidean Distance is used as given as 
2 2 21\ 0.5 
dj= (2 j= (Taw) — Trew (x4 ) + (la.w(x) — Tyew (% ) a (Fa.w(x) — Faw (x;)) }) (7) 


2 2 27\ 0.5 
di= (2 574 [(Taaw (ss) — Taw (5) + Caw) — tar 5) + (Faw) - Faw) |) ® 
Step 7: Computation of Relative Closeness Coefficient (RCC) 
The RCC of an alternative Ai w.r.t. the SVN-PIS A* is computed as 


RCCi= = where 0 < RCCi< 1 (9) 


dj 
dj+d; 
Step 8: Ranking alternatives 


After computation of RCCi for each alternative A;, the rank of the alternatives presented in 
descending orders of RCCi. 


The flow chart of the presented technique can be seen in Figure 1. 


¢ Computation of weights of decision maker 
Step 1 


stop 2 ¢Computation of the Aggregated Neutrosophic Decision Matrix 


Step 3 ¢Compue the weights for the criteria 


Step 4 ¢Developed the Aggregated Weighted Neutrosophic Decision Matrix 


¢Compute the SVN-PIS and SVN-NIS 
Step 5 


Step 4 ¢Compute the Separation Measures 


eFind Relative Closeness Coefficient 
Step 7 


stop 8 ¢ Ranking alternatives 


Figure 1: Flow chart of the presented approach 


4. Application of Neutrosophic TOPSIS in decision making 


A production industry wants to hire a supplier, for the selection of supplier managing director of the 
industry decides the criteria for supplier selection. The industry hires a team of decision-makers for 
the selection of the best supplier. Consider A = {Ai i= 1, 2, 3, 4, 5} be a set of supplier and DM = {DM1, 
DM2, DM3, DMs4} be a team of decision-makers (I = 4). The evaluation criteria (n = 5) for the selection 


of supplier given as follows, 
X,: Delivery 


Benifit Criteria, Xz: Quality. : 

= ~ ae bg 

Cost Criteria /!~ Xz: Flexibility /? 1X Avice 
X4: Service 
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Calculations of the problem using the proposed SVN-TOPSIS for the importance of criteria and 
DMs SVN rating scale is given in the following Table 


Table 1. Linguistic variables LV’s for rating the importance of criteria and decision-makers 


LVs SVNNs 

VI (.90, .10, .10) 
I (.75, .25, .20) 
M (.50, .50, .50) 
UI (.35, .75, .80) 
VUI (.10, .90, .90) 


Where VI, I, M, UI, VUI stand for very important, important, medium, unimportant, very 
unimportant respectively. The alternative ratings are given in the following table 


Table 2. Alternative Ratings for Linguistic Variables 


LVs SVNNs 

EG (1.0, 0.0,0.0) 
VVG (.90, .10, .10) 
VG (.80, .15, .20) 
G (.70, .25, .30) 
MG (.60, .35, .40) 
M (.50, .50, .50) 
MB (.40, .65, .60) 
B (.30, .75, .70) 
VB (.20, .85, .80) 
VVB (.10, .90, .90) 
EB (0.0,1.0,1.0) 


Where EG, VVG, VG, G, MG, M, MB, B, VB, VVB, EB are representing extremely good, very very 
good, very good, good, medium good, medium, medium bad, bad, very bad, very very bad, 
extremely bad respectively. 

Step 1: Determine the weights of the DMs 

By using Equation 1, weights for the DMs are calculated as follows: 


4-|2 (1-12 G) + (10) +(rg™ “yr 
a eon) | 


fp a oan a a 
Hale HOmo)GroysGrayy) 
1-[{(1-18™a)*+ (1g 00)* «(eg G0) J] 
a 2 20-5 
Bhar (2-[E{(1-ng"en)° + (1) +(e") i } 
1- [; {(1- rim x)) + + (12) +(F Am (x) ‘elie 
Ay = 05 2 2 20-5 
1-[{(a- rm ()) + (12) +(e @)) all +1-[2{(1-79™@)) +(9™@) +(r¥™@) | + 
, 2440-5 . 2 2440-5 
1-[2{(1-rgm@0)" + (1909) +(r¢™ G9) HT +1-[E{(1-r2™Gn) + (1G) +(Fe™ OD) HH 
i 1-[!(-0.9)2+ (0.10)2+(0.10)}] 


a 05 i 05 
1-[5 {(1-0.9)?+ (0.10)?+(0.10)?}| + 1-[3 {(1-0.75)?+ (0.25)?+(0.20)?3| + 


a 0.5 A 0.5 
1-[5 {(1-0.50)2+ (0.50)?-+(0.50)?}] +1-[ {(1-0.35)2+ (0.75)?-+(0.80)?}| 
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Ne 
s 
ll 


Ne 
s 
| 


0.9+0.76548+0.5+0.26402 


= 0.37045 


Similarly, we get the weights for the other decision-makers as follows 


Az = 0.20580 


A, = 


A, = 0.10867 


= 0.31508 


= 0.20580 


= 0.10867 


The weights for DMs are given in the following Table 
Table 3. Weights of Decision Makers 
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Criteria 


X1 


X2 


X3 


Alternatives 


Al 


A2 


As 


A4 


As 


Al 


A2 


As 


A4 


As 


Al 


Decision Makers 


DMi 

VG (0.80,0.15,0.20) 
te a id Eg) 
G (0.70,0.25,0.30) 

toy = (loys xe Ea) 
M (0.50,0.50,0.50) 

ey (rare Ba) 
G (0.70,0.25,0.30) 

ag” Alar) Tae a) 
MG (0.60,0.35,0.40) 


QM _7p®M 7 pO 
Ty = (sy, Igy, Fei) 


G (0.70,0.25,0.30) 

1 = (Ti he Fe) 
VG (0.80,0.15,0.20) 
ta) = (Tras Ina, Fa) 
M (0.50,0.50,0.50) 


QM a77pDM 7; pO 
T° = (T32’1 Igo’, Fy2°) 


MG (0.60,0.35,0.40) 
fag Sle ete) 
G (0.70,0.25,0.30) 


QM _7p®M ;@ -pOM 
To = (T52°1 Igor 52°) 


MG (0.60,0.35,0.40) 


DM2 
MG (0.60,0.35,0.40) 


(2) _ pp) 72) pl) 
m HT Li, Ay) 


VG (0.80,0.15,0.20) 


(2) ~ yp) 72) 7) 
my Ty, Ly, By) 


G (0.70,0.25,0.30) 
ta = (Tg ae Fa) 
MG (0.60,0.35,0.40) 


2 2 2 2 
7 =(T®, 1, F®) 


41/7 “417 


G (0.70,0.25,0.30) 


(2) ~ yp) 72) 7) 
me = (sy Is, Fey) 


G (0.70,0.25,0.30) 

2 2) 12 2 
oe =(T2, ies BD) 
MG (0.60,0.35,0.40) 

2 2) 72 2 
ie =(T2, ie FY”) 
VG (0.80,0.15,0.20) 

2 2) 72 2 
oo = (13, hee Fy”) 
M (0.50,0.50,0.50) 


(22) ~yp@) 72) 7) 
Mya = Tyas Lazy Fp”) 


G (0.70,0.25,0.30) 
2 2) 7(2 2 
og =(12, ie FQ”) 


MG (0.60,0.35,0.40) 
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DMs3 
VG (0.80,0.15,0.20) 
Gy eae Aa) 
MG (0.60,0.35,0.40) 


3) ~77®@ 7B) -@ 
my Ty, by, By) 


MG (0.60,0.35,0.40) 
ta = (Tas as Fa) 
G (0.70,0.25,0.30) 


3 3 3 3 
7 =(7®, 1, R) 


41/7 “417 


VG (0.80,0.15,0.20) 


3) ~77® 7S) -@ 
re = (sy) Isy, Fey) 


MG (0.60,0.35,0.40) 

3 3) 7G 3 
oe =(T9, ie Fo) 
M (0.50,0.50,0.50) 

3 3) 1G 3 
a = ( ee BS) 
G (0.70,0.25,0.30) 
tp = ag ge Re) 
VG (0.80,0.15,0.20) 


3) ~77®) 72) -@ 
Mya = Tyas Lag Fp") 


MG (0.60,0.35,0.40) 


3) _7p® 72) -@ 
152 = (T5271 Isa, Fea) 


M (0.50,0.50,0.50) 


DMs 
G (0.70,0.25,0.30) 


4 ~774M }O -@ 
mF (Ty , Thy , Fy 


MG (0.60,0.35,0.40) 
ty = (av, I, Fev) 
M (0.50,0.50,0.50) 


4 774) 4 -p@ 
y= (317 Igy, ey) 


MG (0.60,0.35,0.40) 


4 774M HO -@ 
"1 = (Ty1 , Ti , Fy ) 


VG (0.80,0.15,0.20) 


4 774) 4 - 
11 = (T5y1 Igy, Foy) 


G (0.70,0.25,0.30) 
tp ay els Ea) 
MG (0.60,0.35,0.40) 


4 774) 4 -p 
2 = (Tha Lay's Fp’) 


G (0.70,0.25,0.30) 

19 = (Taps Ign» Fee) 
M (0.50,0.50,0.50) 

ie Cagle 
VG (0.80,0.15,0.20) 


4 774) 4 -H 
To = (T52°1 I5a°s P52") 


M (0.50,0.50,0.50) 
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QM _7p®M | pO 
m3 =(Ty3, ys, 3°) 


(2) _ gp) 72) pl) 
m3 =(Ty3, 3, 3’) 


3) _77p® 72) -@ 
m3 =(Ty3 3, 3’) 


4 74 4 ~-A 
m3 =(Ty3) Its, 3°) 


A2 VG (0.80,0.15,0.20) G (0.70,0.25,0.30) VG (0.80,0.15,0.20) VG (0.80,0.15,0.20) 
my Say lay) iy Se aE) iS ee) Oy (yd Pe) 
A3 M (0.50,0.50,0.50) G (0.70,0.25,0.30) MG (0.60,0.35,0.40) MG (0.60,0.35,0.40) 
yy (Egy Lea Fe) i Mas nae Bs) i Se a ke) iy sy be Bs) 
As G (0.70,0.25,0.30) MG (0.60,0.35,0.40) G (0.70,0.25,0.30) MG (0.60,0.35,0.40) 
te) Sars dase Fa) te Ce la le) te “gs leeks) tay =n ag Ba) 
As MG (0.60,0.35,0.40) G (0.70,0.25,0.30) VG (0.80,0.15,0.20) G (0.70,0.25,0.30) 
ee eles ey) ee Ung ley Tee) iy =a ee ey) fee Sng leas Fee) 
Xa Al G (0.70,0.25,0.30) M (0.50,0.50,0.50) MG (0.60,0.35,0.40) M (0.50,0.50,0.50) 
heen Chae Be) te =i ly, RL) ia Ht ay a) ie i ee) 
A2 VG (0.80,0.15,0.20) VG (0.80,0.15,0.20) M (0.50,0.50,0.50) G (0.70,0.25,0.30) 
oy Uae ae) ie ea Ee ta oD las Pe) ty =U aE) 
As MG (0.60,0.35,0.40) MG (0.60,0.35,0.40) MG (0.60,0.35,0.40) MG (0.60,0.35,0.40) 
ip (ela Re) ie ae ae) fa ole phar Pe) ae or ee) 
A4 M (0.50,0.50,0.50) MB (0.40,0.65,0.60) MG (0.60,0.35,0.40) VG (0.80,0.15,0.20) 
tp Se ea ta) i =a ay Fe) fae = (ha hae Fa) ye We ae a) 
As MG (0.60,0.35,0.40) G (0.70,0.25,0.30) VG (0.80,0.15,0.20) G (0.70,0.25,0.30) 
vidas (reer ee tee See tay Be) ter Slee lee el) tee er le Ra) 
Xs Al M (0.50,0.50,0.50) MG (0.60,0.35,0.40) VG (0.80,0.15,0.20) M (0.50,0.50,0.50) 
He oe ise ie) ne She le Re) te elie oe) He Se Leta) 
A2 VG (0.80,0.15,0.20) M (0.50,0.50,0.50) G (0.70,0.25,0.30) G (0.70,0.25,0.30) 
ae (bs be he) Oo (be te he) oe oe be) te Ug be Bs) 
A3 G (0.70,0.25,0.30) G (0.70,0.25,0.30) M (0.50,0.50,0.50) MG (0.60,0.35,0.40) 
ee ie ie) Wag) Tyg ges Hae) i AP Dee) fag Oe flag iy) 
As M (0.50,0.50,0.50) M (0.50,0.50,0.50) MG (0.60,0.35,0.40) G (0.70,0.25,0.30) 
te Uigeisy fig) «tq = ig lie Be) ts (yg ge Re) ots Ue ies Be) 
As G (0.70,0.25,0.30) VG (0.80,0.15,0.20) VG (0.80,0.15,0.20) VG (0.80,0.15,0.20) 
2 2 2 2 3 3 3 3 (4) _ (4) (4) (4) 
fee =(72, ie Ee) ie = (172, nS, RO) on =(7&, 12 FS) ee =(Ts5 7 Iss, Fes ) 
Table 4. Importance and Weights of Decision-Makers 
DM1 DM2 DMs DMz 
Linguistic VI(0.90,0.10,0.10) 1 (0.75,0.25,0.20) M (0.50,0.50,0.50) UI (0.35,0.75,0.80) 
Variables = (T¢™, 17", Fi) CPI Ee) gs”) CE lg RE) 
Weights Apy,= 0.37045 Apm,= 0.31508 Apm,= 0.20580 u,= 0.10867 


Step 2: Computation of Aggregated Single Valued Neutrosophic Decision Matrix (ASVNDM) 
To find the ASVNDM not only the weights of the DMs, but the alternative ratings are also required. 


The alternative ratings, according to the DMs given in the following table. 


Now by using Equation 3, alternative ratings rn and the DM weights A, we get 


ij 
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ry= Anny? ® Aarts? B Asn? @- B Ary? 
= (1 — Meer (4 — 7399), Tan 9), Ta (RF) *) 
where i = 1, 2,3, 4,5; 7 =1, 2,3, 4, 5 and (1 = 4). 
sae eet: 
re a) re a) Aare (3) Cah Ane ) 
= a = cam ts rity ays, jE ys) 


Collected Papers, XIl 


f= det CAL GH Dyna ea CMO are Cre ee 


DY RD EYED) 

1. = (1-((1 — 0.8)937945(1 — 0.6)931598(1 — 0,8) 9-20580 (4 — 0,7) 9-10867), 
((0.15)937945 (9,35) 031508 (9,15) 9:20580 (9..25)0-10867) 
((0.20)°37945 (0,40) 93158 (9,20) 9:20580(9, 39) 9-10867)) 
111 = (0.740, 0.207, 0.260) 
Similarly, we can find other values 

1 = (0.711, 0.237, 0.289) 
131 = (0.593, 0.373, 0.407 
141 = (0.661, 0.288, 0.339 
151 = (0.706, 0.241, 0.294 
112 = (0.682, 0.268, 0.318 
1» = (0.676, 0.275, 0.324 
19 = (0.681, 0.275, 0.324 
142 = (0.619, 0.342, 0.381 
152 = (0.695, 0.253, 0.305 
%3 = (0.505, 0.392, 0.429 
13 = (0.773, 0.176, 0.227 
133 = (0.603, 0.359, 0.397 
143 = (0.661, 0.288, 0.339 
153 = (0.693, 0.255, 0.307 
N14 = (0.605, 0.359, 0.395 
T>4 = (0.748, 0.203, 0.252 
134 = (0.600, 0.350, 0.400 
144 = (0.542, 0.443, 0.458 
154 = (0.693, 0.339, 0.307 
115 = (0.614, 0.349, 0.386 
15 = (0.697, 0.257, 0.303 
135 = (0.656, 0.299, 0.344 
14s = (0.548, 0.431, 0.452 
155 = (0.768, 0.181, 0.232) 


) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 


Table 5. Aggregated Single Valued Neutrosophic Decision Matrix D = 


Xi X2 X3 X4 


[rijlsxa 


X5 


Al 
A2 
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%1 = (0.740, 0.207, 0.260) Ty2 = (0.682, 0.268, 0.318) 43 = (0.505, 0.392, 0.429) = 44 = (0.605, 0.359, 0.395) 
21 = (0.711, 0.237, 0.289) 22 = (0.676, 0.275, 0.324) 123 = (0.773, 0.176,0.227) 24 = (0.748, 0.203, 0.252) 


rs = (0.614, 0.349, 0.386) 
rps = (0.697, 0.257, 0.303) 


As 


As 
As 
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Ta, = (0.593, 0.373, 0.407) 
141 = (0.661, 0.288, 0.339) 
151 = (0.706, 0.241, 0.294) 


T32 = (0.681, 0.275, 0.324) 
T42. = (0.619, 0.342, 0.381) 
152 = (0.695, 0.253, 0.305) 


Step 3: Computation of the weights of the criteria 


133 = (0.603, 0.359, 0.397) 
143 = (0.661, 0.288, 0.339) 
153 = (0.693, 0.255, 0.307) 


The individual weights given by each DM is given in Table 6. 


134 = (0.600, 0.350, 0.400) 
T43 = (0.661, 0.288, 0.339) 
Ts4= (0.693, 0.339, 0.307) 
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Table 6. Weights of alternatives determined by the DMs wi= (Ee, ee Be) 


Criteria DM: DM2 DMs DMs 
X1 VI (0.90,0.10,0.10) VI (0.90,0.10,0.10) VI (0.90,0.10,0.10) I (0.75,0.25,0.20) 

@)_pp®M 7D pp) 4 774) 4 ~-A 
(DELIVERY) wy, =(Ty%, I, Fo’) w® =(7®, 12, Fe) w® = (7, 1), Fe) wp (Tp, I, Eo) 
X2 I (0.75,0.25,0.20) M (0.50,0.50,0.50) M (0.50,0.50,0.50) I (0.75,0.25,0.20) 

4) _77p®M HO -@ 

(QUALITY) w = 7, 1, pO) w = (7, 1, B®) w® = (7, 1, BO) w,” =(Tp, Ip, Ee’) 
X3 VI (0.90,0.10,0.10) VI (0.90,0.10,0.10) I (0.75,0.25,0.20) VI (0.90,0.10,0.10) 
(FLEXIBILITY) w = (7, i, FO?) w) = (72, 12 FO) w?) =(72), 12), FO) wi? =(7., ©, F{°) 
xX I (0.75,0.25,0.20) I (0.75,0.25,0.20) M (0.50,0.50,0.50) UI (0.35,0.75,0.80) 
(SERVICE) wo) = (7, 1, FO) w2) = (7, 12, FO) w) = (7, 12, FO) wi? = (7, 1, FO) 
Xs M (0.50,0.50,0.50) M (0.50,0.50,0.50) VI (0.90,0.10,0.10) VI (0.90,0.10,0.10) 
(PRICE) 


@) ~~ GQ) 7 (1) 
ws =(T; 7, Ig’, Ke’) 


(2) _ pp 72) pl) 
ws =(Ts', 15°, Fv’) 


3 3 3 3 
0 = 02.1.) 


4 4 4 4 
We = PR) 


ras = (0.656, 0.299, 0.344) 


T45 = (0.548, 0.431, 0.452) 
Ys55 = (0.768, 0.181, 0.232) 


By using the values from Table 6, the aggregated criteria weights are calculated as follows 
W; = (Tj, i, F) = Aw? ® zw”? ® aw @e:- @ Aw,? 

wy = (1-Tear(d — 7), Mean 2), Mar F?)**) where j = 1, 2, 3, 4, 5 and (1=4). 
Forj=land1=4 

Ww, = Awe? @ Aw @aw ® aw 

w= CIRO eae eae 

W, = (1- (1 — Dye A (1 7 T4581 = Ty (hosts (142 a) 44, 
(FY) (F?)%2 (F{)* (F{?)*4) 

Ww, = (1 = (1 a 0.9)9-37045(4 = 0.9)931508 (4 = 0.920580 (4 | 0.75)°-10867) | 
((0.10)9-37945 (0.10)9-34598 (0,10)%-29589(9,25)9-10867) 

((0.10)9-37945 (0.10)9-34598 (9,10)%-29589 (9,20) 9-19867)) 

%1 = (0.740, 0.207, 0.260) 

Wy (Ty, h, F,) = (0.890, 0.110, 0.108) 

Similarly, we can get other values 

Therefore 


(0.890, 0.110, 0.108) * 
(0.641, 0.359, 0.322) 
We .x5,X9,X,} = (0-879, 0.121, 0.115) 
(0.680, 0.325, 0.281) 
(0.699, 0.301, 0.301)| 
Step 4: Construction of Aggregated Weighted Single Valued Neutrosophic Decision Matrix 


(AWSVNDM) 
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After finding the weights of the criteria and the alternative ratings, the aggregated weighted single- 


valued neutrosophic ratings are calculated by using Equation 4 as follows: 
Nj = (Ti, liv rF;;) = (T4;(x).T;, I4,(x) + iF = 14; (x).Jj, Fy, (x) + F = Fa, (x)-F;) 


By using the above equation, we can get an aggregated weighted single-valued neutrosophic decision 


matrix. 


a 


Table 7. Aggregated Weighted Single Valued Neutrosophic Decision Matrix R’ = [rjj]s5xs 


Xi 


X2 


Xs 


Xa 


Xs 


Ai 


A2 


As 


Aa 


As 


ri, = (0.659,0.294,0.340) 
134 = (0.633,0.321,0.366) 
rh, = (0.528,0.442,0.471) 
ri, = (0.588,0.366,0.410) 


réy = (0.628,0.324,0.3700 


rf = (0.437,0.531,0.538) 
ry = (0.433,0.535,0.542) 
ry = (0.437,0.535,0.542) 
rfp = (0.397,0.578,0.580) 


réy = (0.445,0.521,0.529) 


ri = (0.444,0.466,0.495) 
riz = (0.679,0.276,0.316) 
rig = (0.530,0.437,0.466) 
ri = (0.581,0.374,0.415) 


rég = (0.609,0.345,0.387) 


rf = (0.411,0.567,0.565) 
rq = (0.509,0.462,0.462) 
rq = (0.408,0.561,0.569) 
ri, = (0.037,0.624,0.610) 


rey = (0.471,0.554,0.502) 


ris = (0.429,0.545,0.571) 
ris = (0.487,0.481,0.513) 
ris = (0.459,0.510,0.541) 
r]s = (0.383,0.602,0.617) 


rés = (0.537,0.428,0.463) 


Step 5: Computation of SVN-PIS and SVN-NIS 
Since Delivery, Quality, Flexibility, and Services are benefit criteria that is why they are in the set 


1— {X1,X2,X3,X4} 


whereas Price being the cost criteria, so it is in the set J2= {X,} SVN-PIS and SVN-NIS are calculated 


as, 


Table 8. SVN-PIS and SVN-NIS 


SVN-PIS 


SVN-NIS 


T{ = max {0.659,0.633,0.528,0.588,0.628} = 0.659 
Ij = min {0.294,0.321,0.442,0.366,0.324} = 0.294 
F{ =min {0.340,0.366,0.471,0.410,0.370} = 0.340 


TZ = max {0.437,0.433,0.437,0.397,0.445} = 0.445 
Tz = min {0.531,0.535,0.535,0.578,0.521} = 0.521 
FZ = min {0.538,0.542,0.542,0.580,0.529} = 0.529 


T$= max {0.444,0.679,0.530,0.581,0.609} = 0.679 
I} = min {0.466,0.276,0.437,0.374,0.345} = 0.276 
F3 =min {0.495,0.316,0.466,0.415,0.387} = 0.316 


Ti = max {0.411,0.509,0.408,0.037,0.471} = 0.509 Ty 
= min {0.567,0.462,0.561,0.624,0.554} = 0.462 
FZ =min {0.565,0.462,0.569,0.610,0.502} = 0.462 


iy 


Tt =min {0.429,0.487,0.459,0.383,0.537} = 0.383 
= max {0.545,0.481,0.510,0.602,0.428} = 0.602 
Fs =max {0.571,0.513,0.541,0.617,0.463} = 0.617 Fo 


Is 


T; =min {0.659,0.633,0.528,0.588,0.628} = 0.528 
I; =max {0.294,0.321,0.442,0.366,0.324} = 0.442 
Fr =max {0.340,0.366,0.471,0.410,0.370} = 0.471 


Tz =min {0.437,0.433,0.437,0.397,0.445} = 0.397 
Iz =max {0.531,0.535,0.535,0.578,0.521} = 0.578 
Fy =max {0.538,0.542,0.542,0.580,0.529} = 0.580 


Tz; = min {0.444,0.679,0.530,0.581,0.609} = 0.444 
Iz =max {0.466,0.276,0.437,0.374,0.345} = 0.466 
Fz; = max {0.495,0.316,0.466,0.415,0.387} = 0.495 


= min {0.411,0.509,0.408,0.037,0.471} = 0.037 


I, =max {0.567,0.462,0.561,0.624,0.554} = 0.624 
Fy, = max {0.565,0.462,0.569,0.610,0.502} = 0.610 


Ts; = max {0.429,0.487,0.459,0.383,0.537} = 0.537 
I; = min {0.545,0.481,0.510,0.602,0.428} = 0.428 


= min {0.571,0.513,0.541,0.617,0.463} = 0.463 
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(0.659, 0.294, 0.340), (0.528, 0.442, 0.471), 
(0.445, 0.521, 0.529), (0.397, 0.578, 0.580), 
At = (0.679, 0.276, 0.316), A-= (0.444, 0.466, 0.495), 
(0.509, 0.462, 0.462), (0.037, 0.624, 0.610), 
loo. 383, 0.602, 0.617)) loo. 537, 0.428, 0.463) ) 


Step 6: Computation of Separation Measures 
Normalized Euclidean Distance Measure is used to find the negative and positive separation 


measures d* and d respectively by using Equation 7, 8. Now for the SVN-PIS, we use 


at= (2 df [ (taal) ~ Tew OD) + (laa) — lew (5) + (Faw) — Few) ]) 


Fori=landn=5 
di= (4 B5e4|(Ta,w()) — Tarw (x))) + (tas) — leew (%))) + (Faz (2)) — Faw (23) ) 


ie a) ODO) Hig Shwe) ee © 
(ew Ti) 2 (lyg Otay CODY Fay OO) Pay OS). 
City). Lg aie) + yo hay) + 
(Tasw(%a) —Terw 4) + (lage Xe) = lew CD) + (Faw) Faw KD) + 


| (Ta,.w (Xs) — Tyw (x.)) ao (Ace. — Taw (uy), + (Ew) — Farw 5); | 


+ 


0.5 


(0659 — 0.659)? + (0.294 — 0.294)? + (0.340 — 0.340)? + 
(0.437 — 0.445)? + (0.531 — 0.521)? + (0.538 — 0.529)? + 
dt= [° (0.444 — 0.679)? + (0.466 — 0.276)? + (0.495 — 0.316)? + 
(0.411 — 0.509)? + (0.567 — 0.462)? + (0.565 — 0.462)? + } 
(0.429 — 0.383)? + (0.545 — 0.602)? + (0.571 — 0.617)? 


0.5 
df= |= (0.000245 + 0.123366 + 0.031238 + 0.007481)| 


= 0.1040 
Similarly, we can find other separation measures. 
Step 7: Computation of Relative Closeness Coefficient (RCC) 
The RCC is calculated by using Equation 9. 


RCCi= =“ i= 1,2,3,4,5 


* 7 
d,+ d; 


dj+di 0.127532+0.104029 


RCC: = 0.896 
RCC3 = 0.505 
RCC4 = 0.363 
RCC5 = 0.757 


The separation measure and the value of relative closeness coefficient (RCC) expressed in the 


following Figure 2. 
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md+ md- m@RCCi 


VALUES 


BH 0.045396 
MM 0.141593 


GM 0.104029 

WM 0.127532 

GN 0.159733 
3S [BB 0.091082 


GM 0.106387 
> 
w [I 0.108368 
> 


co 
nN 
ron) 
a 
~ 
a 

e : 

Ss 3 

ro) 

nN 

° 

fos) 

es 
A2 


> 
R 
> 
uw 


ALTERNATIVE 


Figure 2. Separation measure and the RCC for each Alternative 
Step 8: Ranking alternatives 
From the above figure, we can see the RCC are ranked as follows 
RCC: > RCCs > RCC1 > RCC3 > RCC4s = Az2>As>Ai>As> Ag 
By using the presented technique, we choose the best supplier for the production industry and 


observe that Az is the best alternative. 


5. Conclusion 

In this paper, we studied the neutrosophic set and SVNSs with some basic operations and 
developed the generalized neutrosophic TOPSIS by using single-valued neutrosophic numbers. By 
using crisp data, it is more difficult to solve decision-making problems in uncertain environments. 
Single valued neutrosophic sets can handle these limitations competently and provide the 
appropriate choice to decision-makers. We also developed the integrated model for neutrosophic 
TOPSIS. The closeness coefficient has been defined to compute the ranking of the alternatives by 
using an established approach under-considered environment. Moreover, for the justification of the 
proposed technique an illustrated example has been described for the selection of suppliers in the 
production industry. Consequently, relying upon the obtained results it can be confidently concluded 
that the proposed methodology indicates higher stability and usability for decision-makers in the DM 
process. Future research will surely concentrate upon presenting the TOPSIS technique based on 
correlation coefficient under-considered environment. The suggested approach can be applied to 
quite a lot of issues in real life, including the medical profession, robotics, artificial intelligence, 


pattern recognition, economics, etc. 
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Some New Structures in Neutrosophic 
Metric Spaces 


M. Jeyaraman, V. Jeyanthi, A.N. Mangayarkkarasi, Florentin Smarandache 


M. Jeyaraman, V. Jeyanthi, A.N. Mangayarkkarasi, Florentin Smarandache (2021). 
Some New Structures in Neutrosophic Metric Spaces. Neutrosophic Sets and Systems 
42, 49-64 


Abstract: Neutrosophic sets deals with inconsistent, indeterminate and imprecise datas. The concept 
of Neutrosophic Metric Space (NMS) uses the idea of continuous t- norm and continuous t - conorm 
in intuitionistic fuzzy metric spaces. In this paper, we introduce the definition of subcompatible 
maps of types (J-1 and J-2). We extend the structure of weak non-Archimedian with the help of 
subcompatible maps of types (J-1 and J-2) in NMS. Finally, we obtain common fixed point theorems 
for four subcompatible maps of type (J-1) in weak non-Archimedean NMS. 


Keywords: Weak non-Archimedean, NMS, Compatible map, Sub compatible, Subcompatible maps 
of types (J-1) and (J-2). 


1. Introduction 

Fuzzy set was presented by Zadeh [22] as a class of elements with a grade of membership. 
Kramosil and Michalek [8] defined new notion called Fuzzy Metric Space (FMS). Later, many 
authors have examined the concept of fuzzy metric in various aspects. In 2013, Muthuraj and 
Pandiselvi [17] introduced the concept of compatible mappings of type (P-1) andtype (P-2) in 
generalized fuzzy metric spaces and obtains common fixed point theorems are obtained 
forcompatible maps of type (P-1) and type (P- 2). Since then, many authors have obtained fixed 
point results in fuzzy metric space using these compatible notions. 

Atanassov [1] introduced and studied the notion of intuitionistic fuzzy set by generalizing 
the notion of fuzzy set. Park [9] defined the notion of intuitionistic fuzzy metric space as a 
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generalization of fuzzy metric space. In 1998, Smarandache [14-16] characterized the new concept 
called neutrosophic logic and neutrosophic set and explored many results in it. In the idea of 
neutrosophic sets, there is T degree of membership, I degree of indeterminacy and F degree of non- 
membership. Baset et al. [2] Explored the neutrosophic applications in dif and only iferent fields 
such as model for sustainable supply chain risk management, resource levelling problem in 
construction projects, Decision Making. 

In 2019, Kirisci et al [9] defined NMS as a generalization of IFMS and brings about fixed 
point theorems in complete NMS. Erduran et.al.[13] introduced the concept of weak non- 
Archimedean intuitionistic fuzzy metric space and proved a common fixed point theorem for a pair 
of generalized (p, V) — contractive mappings. Later Jeyaraman at el [19,20] proved Fixed point 
results in non-Archimedean generalized intuitionistic fuzzy metric spaces. In 2020, Sowndrarajan 
Jeyaraman and Florentin Smarandache [18] proved some fixed point results for contraction theorems 
in neutrosophic metric spaces. 

In this paper, we introduce the definition of sub compatible maps and sub compatible maps 
of types (J-1) and (J-2) in weak non-Archimedean NMS and give some examples and relationship 
between these definitions. We extend the structure of weak non-Archimedian with the help of 
subcompatible maps of types (J-1 and J-2) in NMS. Thereafter, we prove common fixed point 
theorems for four subcompatible maps of type (J-1) in weak non-Archimedean NMS. 


2. Preliminaries 
Definition: 2.1 

A binary operation * : [0, 1] x [0, 1] — [0, 1] is a continuous t-norm [CTN] if it satisfies the 
following conditions : 


(i) * is commutative and associative, 

(ii) * is continuous, 

(iii) €1*1 = «1 for all e1€ [0, 1], 

(iv) €1* €2 <e3*e4 whenever €1<¢€3and €2 <4, foreach €1, £2, €3, €4€ [0, 1]. 


Definition: 2.2 
A binary operation ¢ : [0, 1] x [0, 1] > [0, 1] is a continuous t-conorm [CTC] if it satisfies the 
following conditions: 


(i) © is commutative and associative, 

(ii) ¢ is continuous, 

(ili) €1° 0 = €1 for all e1€ [0, 1], 

(iv) £10 €2 S$ €30 €4 whenever €1<e3and «&2 < «4, for each €1, €2, e3and €4€ [0, 1]. 


Definition: 2.3 
A 6-tuple (, ©, ©, Y,*,°) is said to be an NMS (shortly NMS), if = is an arbitrary non empty 

set, * is a neutrosophic CTN, ¢ is a neutrosophic CTC and 2,© and Y are neutrosophic on %? x R* 
satisfying the following conditions: 
For all (,7, 6,0 EX,AE R*. 

1. OS E(G,7,6,A)$1,050(¢,7,6,A)S 1,05 VY (¢,7,6,4) <1; 

2. 2(¢,1,6,A)+O( 6,0, 5,4) + (6,1, 6,4) $3; 

3. £(¢,n,6,A)=1 if and only if ¢= 7 = 6; 

4. E(¢,7,6,a)==(p(¢,n,6,A)), when p is the permutation function; 

5. £(0,n,0,A)*E (0, 6,6, u)<2(0,n, 6,4 +p), for all 2, p> 0; 
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6. =£(¢,7,6,.):[0, °) >[0, 1] is neutrosophic continuous ; 
7, ™ 5 (¢,n,6,a)=1 forall A>0; 
8. ©O(¢,7,6,A)=0 if and only if ¢ = n= 6; 
9. O(¢,7,5,4)=O(p(¢,7,6,4)), when p is the permutation function; 

10. ©(¢,n, w,4)°O( 0, 6,6,u)20(,n, 6,4 +p), for alla, u>0; 

11. ©(¢,n,6,.):[0, °) >[0, 1] is neutrosophic continuous; 

12. 3" @(¢,n,6,a)=0 forall A> 0; 

13. Y (¢,n,6,4)=0 if and only if ¢ = n = 6; 

14. Y (¢,7,6,a)=Y (p(¢,7, 6, A)), when p is the permutation function; 

15. Y(¢,n,w,A)°V (0, 6,6,n)=V (0,7, 6,4 +p), for all 2, p> 0; 

16. Y( ¢,7, 6,.):[0, °) >[ 0, 1] is neutrosophic continuous; 

17. '™ Y(¢,n,6,4)=0 forall A> 0; 

18. IfA > 0 then = (@,7,6,A)=0; ©(@,7,6,A)=1; Y (0,7, 6,4) =1. 
Then, (2,0,Y) is called an NMS on X. The functions =,Q@ and Ydenote degree of closedness, 
neturalness and non-closedness between ¢, 7 and 6 with respect to A respectively. 


Example: 2.4 
Let (2, D) be a metric space. Define w * T=min{@,t}and wt =max { w, Tt} and 
=,0, Y : 43 x R*>[ 0, 1] defined by, we define 
E (0, 6,4) = 0 (6,0, 6, a) = PEM (C, 0, 5, a) 2S for all, n, 5 € Zand 
A> 0. Then (x, 2,0, Y,*,°) is called NMS induced by a metric D the standard neutrosophic metric. 
Remark: 2.5 
In NMSE ( ¢, 7,6, A, .) is non-decreasing, © ( ¢, 7, 6, .) is non-increasing and Y ( ¢, 7, 6,.) is 
decreasing for all (,7,5 € X. 
In the above definition, if the triangular inequality (v), (x) and (xv) are replaced by the 
following: 
E(¢,n, 6, max{ A, u})2= (6,0, w,A) *E ( 0,6, 6, My), 
©(¢,n, 6, min{ A, u}) <O (¢,n, w, A) °O( w,6, 6, L), 
Y¥(¢, 0, 6, min{ A, u }) <V(¢, 7, w, A) ° ¥ ( 0,6, 5, L) 
or equivalently 
=(¢,n,6,A) 2E (0,n, w,A)*E( @,6, 6,A), 
©(¢,7, 6, 2)<O(¢,n,0,1)°O( w,6, 6, A), 
Y (6,7, 6, 2) SV (0,n,@,A)°V( 0,6, 6, A). 
Then (2, =, ©, Y,*,°) is called non-Archimedean NMS. It is easy to check that the triangle inequality 
(NA) implies (5), (10) and (15), that is, every non-Archimedean NMS is itself an NMS. 


Example:2.6 

Let X be a non-empty set with at least two elements. Define = ( ¢, 7, 6, A) by: If we define 
the neutrosophic set (L,2,0,Y) by E(¢, 77,4) =1,0 (¢,¢,0,A) =O and Y (¢,¢,¢,A) =0 forall¢ € 
YanddA>0, and =(¢,n,6,2)=0,0( 6,7, 6, 2)=1and Y (¢,7, 6, 2) =1, for? #n #6 and 0 <A<1, 
and =(¢,7,6,A)=1,0(¢,7,6, 2)=0 and Y (¢,n, 6, 1)=0, for §#n #45 anda>1. Then (zZ,&, 0, Y,* 
,©) is a non-Archimedean NMS with arbitrary * is a neutrosophic CTN, ¢ is a neutrosophic CTC. 
Clearly (2, =, 0, Y,*,°) is also an NMS. 


Definition:2.7 
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In Definition 2.3, if the triangular inequality (v), (x) and (xv) are replaced by the following: 
=(¢,n, 6,A)2=>max {2 (0,7, w,A) * 2 (w, 6, 6,,A/2), = (0, 7,0, A/2) * E(w, 6, 6, A)}, 
0(¢,n, 6,4) <min{@(¢,7, w,A)° 0 (w, 6, 6,,A/2 ),9 (f,7,0, A /2) > O(w, 6,6, A)}, 
Y(¢,n,6,a) < min{Y(@,, @,A)°¥ (w, 6, 6,,A/2 ),¥ (0, 7,0, A /2) ° ¥(w,6,6,a)}, 
for all =,0,Y € X and A>0, then (2, &, 0, Y,*,)is said to be a Weak Non- Archimedean (WNA) NMS. 
Obviously, every non-Archimedean NMS is itself a weak non-Archimedean NMS. 
The inequality (WNA) does not imply that = (¢, 7, 6, A, .) is non-decreasing , 0 (¢,7,6, .) is non- 
increasing and Y(¢, 7, 6, .) is decreasing. Thus, a weak non-Archimedean NMS is not necessarily an 
NMS. 


Example: 2.8 
Let 2= [0, °°) and define = ( ¢,7, 6,4); 0(¢,7,6,A4) and Y (¢,7, 6,4) by 

1, €=n=6 

(61,8, =| F 
aaa ¢ #7 +6 
0, ¢=n=6 

(5m 5.A)={ i 
qa1’ C #N +6 


_( 0, ¢=n=6 
VS A=f Capes 
for all A >0. (2, =, 0, Y,*,°)is a weak non-Archimedean NMS with w * T= wt andw°t={w+tT-— at} 
for every w ,t € [0, 1]. 


Definition: 2.9 
Let and 0 be maps from an NMS (%,£,0,Y,*,0). Then the mappings are said to be 
compatible if 
lim E (FOZn, OTZn, OPS, A) = 1, 
noo 
lim 0 (TQZn, OF Zn, ALZn, A) = 0, and 
n- co 
lim ¥ (FOn, OPE, APEn, A) = 0, 
nc 


for all A >0, whenever {¢n} is a sequence in 2 such that lim P'@n= lim N¢n=¢ for some Ze X. 
n-0co n-0co 


Definition: 2.10 
Let I and © be self mappings of an NMS (2%,£,0,Y,*,0). Then the mappings are 
said to be compatible of type (J-1), if 
lim E (OFGn, P%n, PTGo, a) = 1, 


lim © (OT Gn, ITZn, PTZ, A) = 0, and 
n-0co 

lim ¥ (OPGn,ITCn, FTn, A) = 0, 

n- co 


for all A >0, whenever {¢n} is a sequence in 2 such that lim P'Gn= lim N¢n=¢ for some Ge X. 
n-0co n-0co 


Definition: 2.11 
Let T and © be self mappings of an NMS (1%,£,0,Y,*,o). Then the mappings are 
said to be compatible of type (J-2), if 
lim E (FOZn, Nn, On, a) = 1, 
lim 0 (TAZ, ANZn, ANn, A) = 0, and 
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lim ¥ (TOZn, ANZ, AN n, A) = 0, 
n-0co 


for all A >0, whenever {¢n} is a sequence in 2 such that lim P'@n= lim N¢n=¢ for some Ge &. 
n-0o n- oo 


Definition:2.12 

Let T and 0 be maps from an NMS (%,,0,Y,*,0) into itself. The maps I and 2 are 
said to be Occasionally Weakly Compatible (OWC) if and only if there is a point ¢ €2 which 
is a coincidence point of I and Mat which I and 2 commute ie., there is a point ¢ «x such that 
Tg =¢ and rag = are. 


Definition:2.13 
Let I and 2 be maps from an NMS (%,£,0,Y,*,0). The maps FP and 2. are said to be 
reciprocally continuous if limlQ¢n =C¢, lim OPGn, =Q¢7, whenever {(n} is a sequence in 2 such that 
n-0c n-0co 


lim P@n = lim OQfn=¢ for some Ge x. 
n-0co n-0co 


3. Types Of Subcompatible Maps In Weak Non-Archimedean NMS. 


Definition:3.1 

Let (2, =, 0, Y,*,0 ) be a weak non-Archimedean NMS. Self- maps I and on ¥ are said to be 
subsequently continuous if there exists a sequence {fn} in X such that limPGn= lim N¢n= ¢, Ce X and 

nc n-co 

satisfy limT'Sfn=T¢, lim On, =0Z. 

n-0oo no 

Clearly, if P and Qare continuous or reciprocally continuous, then they are subsequentially 
continuous, but converse is not true in general. 


Example: 3.2 
Let 2 = [0, ) and define, for allA>0, 2(¢,7, 6,4); 0(¢,n, 6,4) and Y (¢,7, 5, A) by 


E(¢,1, 6,2) a hee 
4 r1, 7 = a 
aa 6 UO, 
@(¢,7,6,) {. oo 
i, , = af 
Gat 6 EO 


7 0, ¢=n=6, 
(En 5 A=fa 4's C#n #6. 


Then (2, &, 0, Y,*,°) is a weak non-Archimedean NMS with w*t= wtand wet={wt+T- 


wt} for every w ,t € [0, 1]. Define I and Qas follows: 
(dp 28. (Ad CE, 
re= {7 733/%" fy Coe 


Clearly I and 2 are discontinuous at ¢ =3. Let { ¢n} be a sequence in 2 defined by ¢(n=3 - 7 forn=1, 
2 ..., then jim Pen = jim O¢n = 2,2 ¢ Zand jim P.Q¢n = 2=T(2), jim Orn =0 = (2). Therefore, T and 2 
are subsequentially continuous. Now, let { (n} be a sequence in Y defined by ¢n = 3+ = for n=1,2,..., 
then jim Tn = jim O¢n = 3, 3e Zand jim OP¢n =3 #2 =((3). Hence [and are not reciprocally 


continuous. 
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Definition: 3.3 
Let (2,2,0,Y,*,0 )be a weak non-Archimedean NMS.  Self- maps [ and 2 on & are 
said to be subcompatible if and only if there exist a sequence { ¢n} in 2 such that limPn= lim Q¢n= 
n-0co n-0co 


¢,¢€¢ X and satisfies 


lim E (Tn, AFZn, OPn, A) = 1, 

n-0co 

lim 0 (On, OF Zn, ATTn, A) = 0, and 
n-0co 

lim Y(TZn, OPSa, OF Zn, A) = 0. 

n-0co 


It is easy to see that two owc maps are subcompatible, however the converse is not true in 
general. It is also interesting to see the following one-way implication: 


Commuting > Weakly commuting > Compatibility > Weak compatibility > OWC=> Sub 
compatibility. 


Definition:3.4 
Let (2, ©, 0, Y,*,0)be a weak non-Archimedean NMS. Self- maps I and Qon X are said to be 
subcompatible of type (J-1) if there exists a sequence {fn} in 2 such that limP'¢n= lim NGn=@, Ce X and 
n-0o n- oo 


satisfies 
lim E (TAZn, NNZn, ANZn, A) = 1, 
lim O (TNZn, NNZn, ANZ, A)= 0, 
lim ¥ (FAZn, AN a, AN, A) = 0, 
lim E (OFGn, PP Gn, PT Sn, A= 1, 
lim@ (OFGn, FTZn, PTC n, A) = 0, and, 
lim Y¥ (OPEn, IT Cn, ITZ n, A) =0. 


Clearly, if ! and 0 are compatible of type (J-1), then they are subcompatible of type (J-1), but 
converse is not true in general. 


Example: 3.5 

Let 2 =[0, ~). Define 2 (¢, 7, 5, A); ©(¢,n,6,A) and Y (¢,7,6,A) by 
: i a __I=nl+in-61415~¢1 _ Wg-nl+in-61+15-<1 
24) 8, A) = Fe atein arian OOS: 9A) = Fae ate tgmateie—a1 ond Y 6, 8 A) a 


for alla > 0. Then, (2,2,0,Y,*,0) is a weak non-Archimedean NMS with w*t = ot and 
wet={w+t— oat} forevery w,t € (0, 1]. 
Define I and as follows: 
AG Ls el ae <1 
Ex cael Cott OS area: C31 


Let { ¢n} be a sequence in x defined by (n= 1 +5, for n= 1, 2..., then limTGn = limQ¢n = 1, 
n-0co n-0co 


lex and 
rOga=T (1 +2) =2(1 +2)-1=14 (2), 
orga =0.(1 +2) =3(1 + 2)-2 =1+ (5), 
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rrGa=0 (1 +) =2(1 + 2)-1-1+ (4), 
00a= 2(1 +2) =3(1 + )-2=1+ (2). 


Therefore, 
lim E (TM, OM, ONG», 2) =1, 
lim 0 (TAZn, ANZn, ANZn, A)= 0, and 
lim ¥ (TMZn, ANZn, AN n, A) = 0. 
And, _ 


lim B(OMPGa, PPGx, PTSa, A)=1, 
lim 0 (OFEn, PPZn, PPZn, 2) = 0, and 
lim Y(OFn, PPZn, PPZn, a) = 0. 
That is, and 2 are subcompatible of type (J-1) but if we consider a sequence (n= 1- = for 
n=1,2,..., then jim Pen = jim On =2,2€ Zand 


Tagn=T (2 = *) iG = *\-1 =3- (2), Orn=0 ((1 = a 4 1)- 3((1 = xy" 1)2, 
rrga=T((1-2) + 1)-r(1-2+ 4)=(1-24+ S) +1, 
Zn =A (2 = *) = 3(2 = *\.2 =4- (-). 


lim © (PFOQGn, NNGn, ANGn, A) #1 
Ime (TOGn, ONG n, NOG, A) #0 
lim (TOGn, NNGn, O.NGn, . #0, 
lim 5 (OPGo, TTGo, IG, a A)# 
lim © (FG, Po, IT'Go, a neo and 
lim (OPG», FTG, IPGn, a A)# 

That is, [ and Q are not sormpanible of type (J-1). 


Therefore, 


Definition: 3.6 
Let ( 2,2,0,Y,*,0 )be a weak non-Archimedean NMS. _ Self- maps IT and © on 
are said to be subcompatible of type (J-1) if and only if there exist a sequence { ¢n} in 2 such that 
lim P@n = lim Qfn= %,¢ € 2 and satisfies 
lim E (IT Gn, ANGn, AOLn, a) = 1, 
lim  (IT'n, QNZn, ANZn, A)= 0, 
lim ¥ (ITCn, On, ANZn, A) = 0. 
Clearly, if ! and 0 are compatible of type (J-2), then they are subcompatible of type (J-2), but 
converse is not true in general. 


Example: 3.7 
Let = [0, -) and define 5 (¢,7, 6,4); 0(¢, 7,6, A) Se A) by 
1, €=n= 
E(¢, n, 6, A)= A 
a4? ¢ #n #6, 
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0, ¢=n=6, 
(51, 5.4)=| 1 
eae 
7 , ESn= , 
VS 5 A=f yy 4 #7 +6. 
Then, ( 2,4,0,Y,+,0 ) is a weak non-Archimedean NMS with w*t = wt and 


wet={w+t—aot} forevery w,t € [0,1]. Define F and Nas follows: 
G¢+2, ¢€ [0,4] U (5,0) 
=22 = 
Bee oe OS ce GE€(45]. 
Let { ¢n} be a sequence in X defined by (n = 2+ = for n = 1,2..., then limTlGn= lim N¢n= 4, 


and rga=T((2 ++)) = (2 +4)", a0%.=0(4+4) = 4+" 412=16+= 
Therefore, 
lim E (ITn, QOAZn, ANCn, a) = 1, 
lim 0 (IT Zn, ANZn, ANn, A)= 0, and 
lim Y¥ (IT Zn, ANZn, ANn, A) = 0. 
That is, ! and 2. are subcompatible of type (J-2) but if we consider a sequence ¢n = 2- < for 


1 


. : 1\? 1\* 1 
n=1,2,..., then limD Gn lim Qn 4 and [Tn = r((2 a *) )- (2 2 *) , 2Nn =O (4 as *) =4-+49 
1 
=6--. 
n 
Therefore, 
lim E (IT Gn, QNZn, ONE n, A) #1, 
n- oo 
lim © (ITGn,ANZn, AN n, A) #0, and 
n-0o 
lim ¥ (ITZ, Qn, OO n, A) #0. 
n-0o 
That is, FP and 0 are not compatible of type (J-2). 


Preposition: 3.8 
Let (2, 4,0, Y,*,0) be a weak non-Archimedean NMS and I, 0: X > X are subsequentially 
continuous mappings. I and 0 are subcompatible maps if and only if they are not subcompatible of 
type (J-1). 
Proof: 
Suppose [ and 9 are subcompatible, then there exists a sequence { ¢ »} in 2 such that 
lim PGn= lim QGn= ¢ , Ge X and satisfying 
nc no 
lim & (TOG », OF», OF, A) = 1, 
nc 
lim O( TAC», OF n, OF n, 2) = 0, and 
nc 
lim Y( TOG», OP, OPn, A) = 0. 
nc 
Since I and Nare subsequentially continuous, we have 
lim FO +=TZ= limfTgn, lim OPZn= QZ= lim OOo. 
n> 00 n-0o n>0o no 
Thus, from the inequality (WNA), for all A > 0, 
E (FOr, Nn, ANn, A) SE (TAS n, OTTn, OP Gn, A) * E (OPZn, ANZ n, AN n, A/2), 
O(TAZn, ANTn, AN», A) < O(TNZ n, OPGn, OPn, A) ¢ O(APSn, NNZn, ANZ», A/2), 
Y(TMZn, AN n, ANCn, A) <V(TOZn, APTn, ATGn, A) oY (OFZ, ANZn, AN n, A/2), 
and it follows that 
E (FNn, ONn, ANn, A) >1*1=1, 


913 


Florentin Smarandache (author and editor) Collected Papers, XII 


O(TAZn, ANTn, ANn, A) <0 2 0=0, 

Y(FOCn, ANZn, Nn, A) <0 0 0=0. 
That is, for all A >0, 

lim © (TQZn, ANn, NACn, Aa) = 1, 

lim O(FAGn, ANZn, ANZn, A) = 0, 

lim Y(POCn, ANZ, ANZn, A) = 0. 
By the same way, 

lim E(OPGn,IT Sn, PPZn, a) = 1, 

lim O(APGn,ITCn, PPZn, A) = 0, 

lim Y(OPEn,ITCn, PPC, A) = 0. 

Consequently, l and © are subcompatible of type (J-1). 


Conversely, suppose that I and Qare subcompatible of type (J-1), then there exists a 
sequence {Cn} in 2 such that jim Tn = jim On =¢,¢€¢2 and satisfying 
lim E (Qn, On, NM m, A) =1, lim OPM, AN, 1», A) = 0 and 
iim Y(TAZn, ANZn, ANZn, A) =0, iim E(OPTnITCn, PTZn, A) = 1, 
lim O(OFEn,ITSn, ITZ x, A) =0 and lim Y(OPEnIT En, PPT n, A) =0. 


Since I and 2. are subsequentially continuous, we have 
lim FOQ@n= PZ= limTTSn, lim OPZn= AZ= lim NN». 
n-00 n>0o no noo 


Now, from the inequality (WNA), for all A> 0, 
E (Fn, OPEn, OPGn, A) > E (LA n, ANT nA n, A) * E (ON n, OFZ, OF Zn, A /2), 
O (TNZn, OPTn, ATTn, A) < OTA n, ANZ 1, ONn, A) e © (ON », ATZn, ATZn, A /2), 
Y (FMZn, ALTn, APTn, A) S VPA n, ANZ AN n, A) © ¥ (AN n, OPSn, OPGn, A /2), 
and, it follows that, 
lim E (Pn, APZn, OPEn, A)>1 *1 =1, 
n- co 
lim 0 (TAZ n, AT Zn, ATSn, A) <0 0 0=0, 
n-0co 
lim ¥ (FOZ n, OFZn, APZn, A) <0 0=0, 
n-0co 
which implies that 
lim E (FOZn, OTZn, OPE, A) = 1, 
n-0co 
lim 0 (TAZ, OF Zn, ATZn, A) = 0, 
n-0co 
lim ¥ (TO », OFZn, OPZn, A) = 0. 
n- co 


Therefore, T and 0 are subcompatible. 


Preposition: 3.9 

Let (2,2, 0, Y,*,0) be a weak non-Archimedean NMS and I,0: = > ¥ are subsequentially 
continuous mappings. I and 0. are subcompatible maps if and only if they are not subcompatible 
of type (J-2). 
Proof: 

Suppose [ and 2 are subcompatible, then there exists a sequence { ¢n} in X such that 
lim Ton = jim Qn =6, d€ Y and satisfy 
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Lim (TQM a, APG, ACG, A)=1, lim © (FM », ACG, APGn, A) =O, and limY (PAZ », APF, Gn, A) = 0. 
Since I and 2. are subsequentially continuous, we have 
lim POF x= TE = lim TTY, lim APG OF = lim ON». 
Thus, from the inequality (WNA), 
E(ITZn, ANn, ONn, A) FE (TSa, TAZ, FOZ, A) * EB (FOLn, AN, ANn, A/2) 
(FT Zn, FOZ, PA n, A)* EB (LALn, OPGn, OTZn, A /2)* 
E(OPTn, DAZ n, ANC n, 2/4), 
O (IT En, FOFn, FAZn, A) ¢ © (TAFZn, ANZn, ANZ», A/2) 
@ (ITSn, FAn, FOZn, A) o O (TNZn, OPTn, OPCn, A /2) © 
0 (OFZn, ANTn, AME n, 2/4) and 
Y¥ (IT Zn, ANZn, AN n, A) < Y (TT Za, PAZ, FOZ, A) oY (TALn, ANZn, ANZ n, A/2) 
< ¥ (IT n, FOZ, FOZn, A) © Y (TOn, OPSn, OPZn, A /2) 0 
Y (APZn, AN n, ANC n, 2/4), 


O (IT Sn, ANn, ANn, A) < 
< 


for all A> 0, and, it follows that, for all A > 0, 
lim E (PTSa, 20x, AN, A) 21 *1=1, 
lim © (IT Sn, ANGn, NNZn, A) <0 00=0, 
lim Y¥ (IT Zn, DAZ, ANZn, A) <0 0 0=0, 
which implies that, _ 
lim E (PTGa, 20», AN¥n, A) = 1, 
lim O (IT Zn, ANZ, ANZ», A) = 0, 
lim Y (IT Zn, DAZ, ANZ n, A) = 0. 
Consequently, T and 2 are siicompanble of type (J-2). Conversely, suppose that [ and 2 are 
subcompatible of type (J-2), then there exists a sequence {¢n} in 2 such that lim TGn= jim OQGn=6,F0EX 
and satisfying : 
lim E (IT Gn, ANGn, ACn, a) = 1, 
lim O (IT Zn, Zn, ANZn, A) = 
lim Y¥ (IT Zn, ANZn, ANn, A) = 
Now, from the inequality (WNA), we have 


a 


0 
0 


2 (PNGn, OPGn, OFGn, A) > E (TOGn, Tn, PT Gn, A) * E (TTS, OPGn, OFGn, A /2) 
>E (TNS, OPGn, OPGn, A) * E (IT Sn, ONGn, OLE, A /2) 
*E (On, OFGn, OTGn, A /4), 
0 (TNGn, OT Gn, OTGn, A) < O (TOGn, PPGn, TPGn, A) 9 OTT Sn, OPGn, ATG, A /2) 
<O (TNn, OFGn, OFSn, A) o O (IT Sn, ANGn, OFGn, A /2) 
6 O (OANn, OPGn, OPGn, A /4) and 
Y (FNGn, OPGn, OTGn, A) <¥ (FNGn, PT Gn, PP Gn, A) 9 YT Gn, OPEn, OPGn, A /2) 
<¥ (TOGn, OPGn, OFGn, A) o Y (IT Gn, 1OGn, OFSn, A /2) 
oY (AN, OFGn, ATGn, A /4), 
and, it follows that, for all A> 0, 
dim & (POGn, OPGn, OPGn, A) 2 1 * 1* 1 =1, 
lim © (TOGn, OPGn, OFGn, A) <0°0°0=0, 


lim ¥ (TQZn, OPSn, OFZn, A) <0 0 0° 0=0, 


915 


Florentin Smarandache (author and editor) Collected Papers, XII 


which implies that 
lim 3 (TZ, APZn, OPGn, A) = 1, 
noo 


lim © (TACn, OF Zn, OTCn, A) = 0, 
n-0co 
limY (TOZn, OPSn, OTZn, A) =0. 
n-0co 


Therefore, T and 0 are subcompatible. 


Preposition: 3.10 
Let (2,£,0,Y,*,0) be a weak non-Archimedean NMS and I, 0: 2 > X are subsequentially 
continuous mappings. [I and 2 are subcompatible maps of type (J-1) if and only if they are 
subcompatible of type (J-2). 
Proof: 
Suppose I and Mare subcompatible of type (J-1), then there exists a sequence { ¢n} in Z such 
that lim T¢n= lim Gn =@, ¢ € Z and satisfy 
nc nc 
lim E (IT Zn, ANn, ANCn, a) = 1, 
nc 
lim 0 (IT'Zn, QNZn, ANn, A) = 0, and, 
nc 
lim ¥ (ITGn, Ln, ANZn, A) = 0, 
nc 
lim E (OT@n, FT Gn, PT Zn, A) = 1, 
nc 
lim 0 (OFGn, PPZn, PPZn, A) = 0, and, 
n- co 
lim ¥ (OPGn, FPCn, FPCn, A) = 0. 
noo 
Since I and 2. are subsequentially continuous, we have 
lim FOZ = PZ= lim ITS, lim OPZn= NZ= lim NNn. 
n> 00 n-0o noo noo 
Thus, from the inequality (WNA), 
E(ITCn, ANn, Nn, A) > E (IT Sn, FACn, POG, A) * E (PAL, Nn, Nn, A/2), 
O (IT Zn, ANZ, ANZn, A) <O (IT Sn, FACn, FAZn, A) © O (TAZn, ANZn, AN n, A/2), 
Y¥ (IT Zn, ANZ, ANZn, A) SY (IT Sn, FALn, FACn, A) ° V (TAZn, ANZn, AN n, A/2), 
and, it follows that 
lim E (ITGn, ANZn, ANn, A) >1* 1=1, 
noo 
lim  ([T'Zn, DAZ, ANZn, A) <0 0=0, 
n- co 
lim ¥ (ITGn, ANZn, ANC», A) < 00 0 =0, 
nc 
which implies that 
lim E (ITCn, ANZn, ANCn, A) =1, 
noo 
lim 0 (FTn,2AZn, ANCn, A) = 
n- co 
lim ¥ (IT, 2Nn, ANZn, A) = 
nc 
Therefore, T and Qare subcompatible of type (J-2). 
Conversely, suppose that I and Qare subcompatible of type (J-2), then there exists a 
sequence { (n} in XY such that limT'¢n= lim O(n =¢, Ge x and satisfying 
no no 


0, 
0 


lim (IT Gn, 2NZn, ANG, A) = 1, 
in 0 (IT n, NDGn, O.NGn, A) = 0, 
limY (TTGn, ANGn, A) = 0. 

Now, from the incauiality: (WNA), we have 
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E (Fn, Nn, An, A) > E (PAa, PPCn, PPn, A) * E (TPSn, OFSn, OFZn, 2/2), 
O (TAZn, ANZn, ANZn, A) <O (TMZ, PPZn, PPZn, A) e O (ITSn, OFZn, OF Zn, 2/2), 
Y (TNZn, ANZn, ANn, A) <¥ (TMn, PPZa, Pa, A) ¢ ¥ (FT Zn, APn, OT Sn, A/2), 
and, it follows that 
Tim (PG n, OM», WN n, A) 1* 1= 1, 


lim 0 (Fx, AM», ON», A) <0 ° 0=0, 
lim (TAZn, AN, ANZn, A) < 0°0=0, 
which implies that, for all A> 0, ee 

lim (P26, 20», AN», A) =1, 

lim O (TAZ, ANZn, ANZn, A) = 0, 

lim Y (TMZn, ANZn, ANZn, A) = 0. 
By the same way, we Shean: that 

lim (OF%x, PTGn, PPG», a) = 1, 

lim 0 (OFEn, IPZn, PPZn, A) =0, 

lim Y (OFEn, Pn, Pn, A) = 0. 
Therefore, T and 0 are subcompatible of type (J-1). 


4. Main Theorems 


Theorem: 4.1 
Let I, A, Q and H be self-maps of a weak non-Archimedean NMS (2, , 9, Y,*,°) and let the 


pairs (T, Q) and (A, H) are subcompatible maps of type(J-1) and subsequentially continuous. 
E (PG, An, An, A)> wp (min {E (OZ, Hn, Hn, A), & (TG QE MZ, A), = (An, Hn, Hn, A), 
{E (An, 0, OG A) +E (FG Hn, Hn, A)}}) (4.1.1) 
OCC, An, An, A) < ¢(max {O(QZ, Hn, Hn, A), OFC, AC, AC, A), @ (An, Hn, Hn, A), 
*[0 (An, OG, QE, A) + © (CL, Hn, Hy, A)]}) (4.1.2) 
Y(FC, An, An, A) < g (max {¥ (QC, Hn, Hn, A), ¥(TC, QT, OZ, A), Y (An, Hn, Hn, A), 
AY (An, OC, NE, A) + ¥ (PG, Hn, Hn, A)]}) (4.1.3) 
for all C n€ x, A>0, where w,¢,¢@ : [0,1] — [0,1] are continuous functions such that p(s) > s, 
o(s) <s and g(s) <s for eachs € (0,1). Then I, A, OQ and H have a unique common fixed point in Z. 


Proof 
Since the pairs ([, Q) and (A, H) are subcompatible maps of type (J-1) and subsequentially 
continuous, then there exist two sequences {Cn} and {nn} inZ such that limTGn= lim QCn= 6, d€ 2 


and satisfy 
lim © (TOG, QOZn, OOG, A) = E(TS, 01S, OS, A) = 1, 


lim © (TO@n, QOZa, AOL, A) = O(TS, NS, OS, A) = 0, 
Tin Y TOG, QOLZa, OOZa, A) = YTS, 0G, OS, A) = 0, 
lim = (OTCa, IT Ca, TT Gn, A) = B(OS, TS, TS, A) = 1, 
lim © (Ola, ITCa, ITCa, A) = © (OS, TS, TS, A) = 0, 
lim Y (OTG, ITCa, TT Ga, A) = (OS, TS, TS, A) =0. 

lim AGn= lim Hoe w, WE X, and 

—_ ~~ lim = (AHna, HH, HHns, A) = E(Aw, Hw, Hw, A) = 1, 
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lim © (AHn», HH, HHnp, A) = © (Aw, Hw, Hw, A) = 0, 
lim Y (AHnn, HH, HH np, A) = Y(Aw, Hw, Ha, A) =0, 
lim = (HAnp, AAnn, AAnn, A) = 2(Haw, Aw, Aw, A) = 1, 
lim © (HAms, AAnn, AAnn, A) = 0 (Hw, Aw, Aw, A) = 0, 
lim Y (HAnn, AAnn, AAnn, A) = Y (Hw, Aw, Aw, A) = 0. 
Therefore, [ = OQ and Aw = Ha, that is dis a coincidence point of T and Q, w is a coincidence 
point of A and H.Now, we prove that 6 = w. By using (3.1) for C = G and n = mp, we get 
2(TGn, Ann, Ann, A) = pW (min {E(OQGa, Ann, Hp, A), B(Cn, QCn, On, A), & (Ann, Hn, Hn, A), 
5 (Ana, OGy, OCn, A) + E (Cn, Hn, Hp, A)]}), 

© (Gx, Ann, Ann, A) < ¢ (max {0 (QGn, Hn, Hn, A), O(n, QCn, OCn, A), O (Ann, Hnx, Hp, A), 
© (Ana, OGy, Ola, A) + © (Ca, Hn, Hp, A)]}). 

YUGn, Ann Ans A) < g(max {Y¥(QGa Hn», Hn, A), YTCn, QCn, On, A), Y (Ana, Ana, Hn, A), 
“ly (Ann, OG, OCn, A) + ¥ (PCa, Hyp, Hp, A)]}). 

Taking the limit n — ~, we have 
= (6, w, w, A)= ww (min { & (8, w, w, A), & (6, 6, 3, A), = (@, @, w, A), = [E (w, 3, 5, A) + = (6, w, w, A)]}), 
O (6, w, w, A) < d (max { O(8, w, w, A), © (6, 3, 6, A), O (w, w, w, A), 5 [O (w, 6,3, A) +O (8, @, w, A)]}), 
Y(6, w, w, A) < @ (max { Y(8, w, w, A), Y(8, 3, 6, A), Y(w, @, @, A), : [Y(@, 5, 6, A) + Y(O, w, w, A)]}), 
that is, 


1 
2 
1 


= (8., w, w, A) > (FE (6, w, w, A)) > E (6, w, w, A), 
O (6., w, w, A) < bd (© (6, w, w, A)) < © (6, @, w, A), 
Y (6., w, w, A) <@ (Y (6, w, w, A))<Y (0, w, w, A), 
which yield 6 =a. 
Again using (3.1) for C=6 and 1 = mn, we obtain 
E (P5, Ann, Ana, A) > W (min {E (Q8, Hyp, Hyp, A), = (18, 08, NB, A), E (Ana, Hyp, Hn, A), 
“E (Ann, 28, 08, A) + E (8, Hn, Hyp, A)]}), 
© {Td, Ann, Ann, A) < ¢@ (max {O (Od, Hp, Hp, A), © (TS, 0B, 8, A), O (Ann, Hy», Hn, A), 
“[8 (Ap, 03, NB, A) + © (1, Hy», Hn, A)]}). 
Y{FS, Ans, Ana, A) < pmax {Y(QS, Hyp, Hs, A), YTS, 28, 28, A), Y(An», Hyp, Hn, A), 
“[¥(Ans, 08, 08, A) + ¥ (7S, Hs, Hn, A)]}). 
Taking the limit as n — -, we have, 
=(Td, w, w, A) = (min {E(OS, w, w, A), (TS, 0S, 0B, A), E(w, w, w, A), 
“[E (w, 08, 08, A) + E (TB, w, @, A)]}), 
OTS, w, w, A) < d (max {O(O4, w, w, A), OTS, OS, NS, A), © (@, w, ~, A), 
{© (w, OS, OS, A) + © (TS, «, w, A)]}), 
Y(T, w, w, A) < g (max {Y(ODB, w, w, A), Y(TS, 03, OB, A), Y (w, w, w, A), 
“ly (w, Q8, QB, A) + ¥ (TS, w, w, A)]}). 
That is, 
=(Td, w, w, A) > W (E(TS, w, w, A)) > E(TS, w, @, A), 
O(TS, w, w, A) < d (OTS, w, w, A)) < OTS, w, w, A), 
Y(TS, w, w, A) < gp (Y(TS, w, w, A)) < Y(TS, w, w, A). 
which yield Td = w= 6. 
Therefore 5 = w is a common fixed point of I, A, O and H. 
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For uniqueness, suppose that there exist another fixed point u of T, A, QO and H. 
Then from (3.1), we have 
=(PS, Au, Au, A) 2 W(min {E(OS, Hu, Hu, A), BPS, 0S, 08, A), = (Au, Hu, Hu, A), 
Je (Au, 08, OS, A) + E (TS, Hu, Hu, A)]}) 
= (min {&(1d, Au, Au, A), 1, = (Td, Au, Au, A), 
J (Au, ', Fd, A) + E (FS, Au, Au, A)]}) 
= (E(Td, Au, Au, A) 
> & (Td, Au, Au, A), 


© (TS, Au, Au, A) < ¢ (max {(M8, Hu, Hu, A), O(TS, 8, M8, A), © (Au, Hu, Hu, A), 
{0 (Au, 08, 08, A) + © (Td, Hu, Hu, A)}}) 
= $ (max {@(TS, Au, Au, A), 0, © (TS, Au, Au, A), 
{© (Au, Td, Td, A) + © (T3, Au, Au, A)]}) 
= $ (Q(T, Au, Au, A) 
< © (Td, Au, Au, A), 


Y (TS, Au, Au, A) < o (max {¥(Q8, Hu, Hu, A), Y(T5, 28, MS, A), Y (Au, Hu, Hu, A), 
“Y (Au, 8, 8, A) + ¥ (18, Hu, Hu, A)]}) 
= g (max {Y(T, Au, Au, A), 0, Y ([3, Au, Au, A), 
“{Y (Au, T8, 8, A) + ¥ (8, Au, Au, A)]}) 
= g (Y(T8, Au, Au, A) 
<Y(TS, Au, Au, A), 
which yield =u. Therefore, uniqueness follows. 


If we put QO = Hin Theorem 3.1, we get the following result. 


Corollary: 4.2 
Let IT’, A, and QO be self-maps of a weak non-Archimedean NMS (z, €, 9, Y,*,°) and let the pairs 
(T, Q) and (A, Q) are subcompatible maps of type (J-1) and subsequentially continuous. If 


E(IC, An, An, A) = w (min {E(QZ, Qn, Qn, A), EPC, QZ QZ, A), E (An, Qn, Qn, A), 

AE (An, OG OC, A) +E (FT, Qn, On, A)]}) (4.2.1) 
@(IZ, An, An, A) < ¢ (max {O(NZ, Qn, Qn, A), OT, AZ NZ, A), @ (An, Qn, Qn, A), 

[9 (An, OG AF, A) + © (CE, On, Qn, A)]}) (4.2.2) 
Y(TC, An, An, A) < g (max {¥(QZ, Qn, Qn, A), YT QZ, AZ, A), Y (An, Qn, Qn, A), 

AY (An, DG, QZ, A) + ¥ (FC, Qn, On, A)]}) (4.2.3) 


for all C n €X, A> 0, where y, ¢, g: [0,1] — [0,1] are continuous functions such that y(s) > s, 
p(s) <s and g(s) <s foreachs € (0,1). Then I, A and Q have a unique common fixed point in 2. 


If we put [= A and QO = Hin Theorem 4.1, we get the following result. 


Corollary: 4.3 
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Let land Q be self-maps of a weak non-Archimedean NMS (,£, 0, Y,*,0) and let the pairs 
(T, Q) is subcompatible maps of type (J-1) and subsequentially continuous. If 
BPC, ly, Pn, A) 2 W (min (2(OG On, On, A), BIS OC, OZ, A), 2 Ty, On, Qn, A), 
4E (Pn, QC, QE A) +E (Qn, Qn, AN), (4.3.1) 
OTC In, In, A) < @ (max {O(OZ, On, On, A), OTT OG OZ A), O (In, Qn, On, A), 
“10 (Ly, QE, QZ, A) + © (FG, Qn, Qn, A), (4.3.2) 
YC In, Tn, A) < @ (max {Y(OG, On, On, A), YPC, OZ OZ, A), ¥ Py, Qn, On, A), 
SY rn, QZ, OG, A) + ¥ (LE, Qn, Qn, A)]}), (4.3.3) 
for all C n€ xz, A>0, where yw, ¢,¢@ : [0,1] — [0,1] are continuous functions such that p (s) > s, 
p(s) <s and g (s) <s foreachs € (0,1). Then T and Q have a unique common fixed point in 2. 


5. Conclusion 

In this work, we obtained new structure of weak non-Archimedian with the help of 
subcompatible maps of types (J-1) and (J-2) in NMS. Also, we proved common fixed point theorems 
for four subcompatible maps of type (J-1) in weak non-Archimedean NMS. 
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Analysis of Neutrosophic Multiple Regression 


D. Nagarajan, S. Broumi, F. Smarandache, J. Kavikumar 


D. Nagarajan, S. Broumi, F. Smarandache, J. Kavikumar (2021). Analysis of Neutrosophic 
Multiple Regression. Neutrosophic Sets and Systems 43, 44-53 


Abstract: The idea of Neutrosophic statistics is utilized for the analysis of the uncertainty 
observation data. Neutrosophic multiple regression is one of a vital roles in the analysis of the 
impact between the dependent and independent variables. The Neutrosophic regression equation 
is useful to predict the future value of the dependent variable. This paper to predict the students’ 
performance in campus interviews is based on aptitude and personality tests, which measures 
conscientiousness, and predict the future trend. Neutrosophic multiple regression is to authenticate 
the claim and examine the null hypothesis using the F-test. This study exhibits that Neutrosophic 
multiple regression is the most efficient model for uncertainty rather than the classical regression 
models 

Keywords: Neutrosophic multiple regression; Neutrosophic regression; Neutrosophic correlation 


1. Introduction 


The concept of fuzzy logic was introduced by Zadeh [1], the elements in the collections are 
represented by the membership value in the closed interval [0,1]. Atanassov [2,3,4] introduce the 
intuitionistic fuzzy set that is an extension of the fuzzy set. It is useful to examine the real-life 
circumstances by considering membership and non-membership grades but without indeterminate 
membership grades. Smarandache [5, 6] extend the idea of intuitionistic fuzzy sets with the account 
of indeterminate membership grades, which we called Neutrosophic sets. Aftermath, Salama et al., 
[7] introduced the operations on Neutrosophic sets and progressed Neutrosophic sets theory in [8, 9, 
10, 11, 12]. 


The important role of analyzing the correlation of dependent and independent variables is 
to estimate the strength and relation between two variables. Hanafy et al., [13] introduced the 
concepts of Neutrosophic correlation and its coefficients for the case of finite spaces. The 
Neutrosophic regression analysis is a powerful method to identify the relationships between the 
dependent and independent variables and also forecasting the uncertainty observation data. Some of 
the applications of Neutrosophic regression can be seen in literature such as Karacoska [14], 
Cervigon, et al., [15], Kumar & Chong [16], and Abdul et al., [17]. Smarandach [18] introduced the 
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theory of Neutrosophic statistics that is the extension of classical statistics and also investigated 
Neutrosophic regression analysis. The real-time applications of Neutrosophic regression can be seen 
in Aslam [20], Salama et al., [21]. Prabhu et al., [22] analyzed the real-time multiple analysis. Some 
other contributions are in this domain have already been done by various researchers such as Tanaka 
& Ishibuchi [23] and Aslam [24]. 


Broumi & Smarandache [25] studied the weighted correlation and correlation coefficient 
between two interval Neutrosophic sets that were defined by Wang et al., [26]. Zhang et al., [27] 
explained the correlation coefficient measures and their entropy for interval Neutrosophic sets. Ye 
[28] proposed the two correlation coefficients between normal Neutrosophic numbers (NNSs) based 
on the score functions of normal Neutrosophic numbers (NNNs) and investigated their properties. 
He also developed a MADM method with NNS&Ss under normal Neutrosophic numbers. Ye [29] 
presented a new correlation coefficient measure between dynamic single-valued Neutrosophic 
multisets. Karaaslan [30] studied the measures between two Neutrosophic sets; two interval- 
Neutrosophic sets; two Neutrosophic-refined sets and their applications of these methods are utilized 
in multi-criteria decision-making problems. Broumi and Smarandache [31] also proposed the 
correlation coefficient between interval Neutrosophic sets. Rajarajeswari and Uma [32] put forward 
the correlation measure for IFMS. Recently, Broumi and Smarandache [reference] defined the 
Hausdorff distance between Neutrosophic sets and some similarity measures based on the distance 
such as the set-theoretic approach and matching function to calculate the similarity degree between 
Neutrosophic sets. Broumi [32] explained the concept of correlation measure of Neutrosophic-refined 
sets that is the extension of the correlation measure of Neutrosophic sets and intuitionistic fuzzy 
multi-sets. Le [33] established the fuzzy decision-making method based on the weighted correlation 
coefficient under the intuitionistic fuzzy environment. Le [34] explained the cosine similarity 
measures for intuitionistic fuzzy sets and their applications. Gerstenkorn [35] studied the concept of 
correlation under the environment of intuitionistic fuzzy sets. Further, Hung [36] defined the 
correlation for intuitionistic fuzzy sets based on the centroid method. Ye [37] introduced the 
multicriteria decision-making method by the use of the correlation coefficient under a single-valued 
Neutrosophic environment. Deli [38] studied the concept of Neutrosophic-refined sets and their 
applications in medical diagnosis. Sahin [39] explained the correlation coefficient of single-valued 
Neutrosophic hesitant fuzzy sets and applied them in decision-making problems. Pramanik et al., 
[40] studied the multicriteria decision-making problems by applying a rough Neutrosophic 
correlation coefficient. Nagarajan et al., [41] explained Neutrosophic interval valued graphs. Lathamaheswari 
et al., [42] explained type 2 fuzzy in bio medicine. Ye [43] explained the improved correlation coefficients 
of single-valued Neutrosophic sets and interval Neutrosophic sets for multiple attribute decision- 
making problems. Liu et al., [44] established a correlation coefficient for the interval-valued 
Neutrosophic hesitant fuzzy sets and applied them in multiple attribute decision-making. Ye [45] 
studied the multi-criteria decision-making method using the correlation coefficient under a single- 
valued Neutrosophic environment. Gonzalez-Rodriguez et al.,[46] explained ANOVA test for 
Fuzzy data. Jiryaei A et al.,[47] studied fuzzy random variables. 
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2.Preliminaries: 


Regression line with dependent and one independent equation is 
Y=a+bX+ e (1) 


Wher Y is the output value on dependent, variable X is the input value of the independent variable, 
b is the slope, a is the intercept and e is the residual. 


More than one independent variable equation as: 
Y=atb,X, + b2X24+...+byXn +e (2) 


Here n number of independent variables and b,,b2...b, | are number of slopes for each.e is the 


standard error . The estimation of a and b for to minimize the error of prediction equation 
Y =atb,X, +b, X24... +b,Xpn (3) 


The equation for a with two independent variables is: 


a=Y-b,X, -b,X, (4) 


For the two-variable case: 


he i a a oy 
Si: —(0x,x,) (5) 


A yO ae ee yy 
: ya ae -—(0%,*,) (6) 


From the above equations 5 & 6 only for two variables x1 and x2. 


Smarandache [18] is given the Neutrosophic extended for classical statistics operation. The 


operations are as follows. 

Let’s Si and S2 be two sets of numbers. 
Sit S2 = {x1t+-x2 | x1€S1 and x2€S>} 

S1-S2 = {x1-x2 | x1€S1 and x2€S>} 

S1-S2 = {x1-x2 | x1€S1 and x2ES2} 
a-Si=Si1-a = {a-xi | x1€S1} 


at+S1= Sita = {atxi | x1€S1} 
a-Si = {a—x1 | x1€Si} 

Si-a = {xi-a | x1€S:} 

S182 = {xix2 | x1€S1, x2ES2, x240 } 
Sin = {xin | x1€51} 
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Sia= {xia | x1€S1, a#0} 
aS1 = {ax | x1€S1, 2140} 
VSin = {Vxin | x1€51} 


3.Numerical example 


In table 1 shows the student performance campus interview based on aptitude and personality 


test, that measure the conscientiousness 


Y is the dependent variable conscientiousness x: is the aptitude test and personality test as shown 


in the following table 1. 


table:1 Database 


Y xX x2 
[1,3] 3 2 

2 2 [2,1] 
[2,4] [1,2] [3,2] 
4 [2,3] 4 
[1,4] [2,1] [4,4] 
6 [2,3] [4,5] 
[2,4] 2 1 
[10,13] [5,6] [6,7] 
[14,15] 7 8 

5 [7,1] 3 


yy = say eet 


(7) 
Six = x,y - ede 
N (8) 
bee = DUES e ws 4 
N (9) 


Using the equation 7, 8, and 9 
> xy = [3891.9] Do x,y =[23136.1] >> x,x, =[35,19.9] 


Matrix form of the values is corresponding to the correlation, sum of square, and cross product of the 


variables as shown in the following table 2. 
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table 2: Matrix form of the values 


7 i X2 

"| yy? =[387,532] LY 218,247] 2? 245,10 
| Sst sfoss0s4,131925) | 2" 41561236 20 146,10 
Pe NN Piss -11.56309, 1.17855] "1x2 =[1.172603, 0.406182] ay =[175,189] 


Using equation 5 and 6 the value of the regression coefficient 
bi= [-2.34988, 1.650734], b= [0.965172, 1.093934] 
from equation 4 the value of the intercept is 
a= [-4.29976, 10.18347] 
Therefore the Neutrosophic regression equation is 
Y=[-4.29976, 10.18347] + [-2.34988, 1.650734] x: +[0.965172, 1.093934] x2 


The proportion of variance is in the set of independent variables is R square value. The Neutrosophic 


R square value is 


A Neutrosophic residual sum of squares is NRSS = (vy — 9)? (9) 
NRSS = xe a sy =[183,267.7] 
A Neutrosophic total sum of squares NTSS = Yi(y — ¥)? (10) 


NTSS = ¥\(y—y)? =[22682,1875] 


A Neutrosophic coefficient of determination is NCD = 1 — — (11) 


NCD =1-— DES [0.097,0.129] 
NTSS 


The Neutrosophic mean of Y is [46,50]. The Neutrosophic r square is [0.09,0.12] from the above results 
shows that the variation between independent and dependent variables is 9% and 12%. That means 
the student performance campus interview variation based on aptitude and personality test is 
between 9 % and 12 %. Hence, it is revealed that these variables are also affected by the student 


performance on-campus interview. 
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4.Significance test of R square 
Using the F test for significance of R square is 


- R*/K 
~ (1-R?)(N-K-1) 


(12) 


Which is distributed as F with K and N-K-1 degrees of freedom when the null hypothesis is true. 


Now R? represents the multiple correlations rather than the single correlation. 
The null hypothesis: R square value is not zero population with degrees of freedom is N-K-1 


Using (12), the Neutrosophic F value is [0.007904,0093] 


Comparing the tabulated value using degrees of freedom and the calculated value. It shows that the 


null hypothesis is accepted. 
5.Regression with beta weights 


Comparison of correlation and regression equation is 


ae (13) 


But 6 means ab weight when X and Y are in standard scores, so for the simple regression case, 


r= 6 ,and we have: 


(14) 


The bottom line on this is we can estimate 6 weights using a correlation matrix. 


B = Pyx, me ie 
1 2 
TP (15) 
— Tyx27Tyx1 1x1 x2 
py = Baa (16) 


where ryx1 is the correlation of y with X1, ry is the correlation of y with X2, and riz is the correlation of 


x1 with x2. Note that the two formulas are nearly identical and the correlation matrix shows in table:3 
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table :3 Correlation matrix 


Y Xi Xo 
Y 1 

Xi [-0.89954, -1.31925 1 

Xe [-1.56309, -1.17855] [1.172603, 0.406182] 1 


Using the equation 15 and 16 calculate the Neutrosophic beta coefficients. That is 


B, =[-0.50399-1.3679], B, =[-1.23030.329977 


Note that there is a surprisingly large difference in beta weights given the magnitude of correlations. 


6.The limitations on statistics 


In table 4 shows that limitation on different category statistics 


table:4 Limitation on Statistics 


Statistics 


Limitations 


Classical statistics 


It is applied for the analysis to 
determining the sample and the 
parameter in the population or 


sample space is determined. 


The analysis only for the determined 
parameter. Testing the analysis of 
variance and significance under 
classical _ statistics only for 


determined observation. 


Fuzzy statistics 


The analysis using fuzzy 
statistics applies to the data 
having uncertainty. The statistics 
depend on Fuzzy statistics and 


do not consider indeterminacy. 


It will be applied for observations in 
Fuzzy. 

Under fuzzy statistics testing the 
analysis of variance and significance 
only for the observations are fuzzy 


and uncertain. 


Intuitionistic 


statistics 


fuzzy 


It is the extension of fuzzy 
statistics and considering 
membership and non- 


membership grades. 


It will apply only intervals belongs to 
membership and non-membership. 

Under Intuitionistic statistics testing 
the analysis of variance and 
significance only for the observation 
are membership and non- 
membership that belongs to the real 


unit interval. 


Neutrosophic statistics 


It is based on Neutrosophic logic 
and is considered the measure of 


indeterminacy. It is the 


It is applied to an _ uncertain 
environment. Under Neutrosophic 


statistics testing the analysis of 
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extension of intuitionistic fuzzy | variance and significance when the 
sets. observations are not fuzzy in the 
interval and it is an extension of 


classical and fuzzy statistics. 


7. Conclusion 


In this paper, we introduce the multiple regression method under the environment of 
Neutrosophic sets. Moreover, we proposed a method to compute the correlation coefficient of 
Neutrosophic sets which is given us information about the degree of the relationships between the 
variables based on Neutrosophic sets. Further, the method is applied to predict the students' 
performance in campus interviews based on aptitude and personality tests. Based on the above 
method the result shows that the variation between independent and dependent variables is 9% and 
12%, which means that the students’ performance variations based on aptitude and personality tests 
are between 9% and 12%. Thus, it is revealed that aptitude and personality tests are affected students’ 
performance in campus interviews. Future work will be focused on the concept of interval 
Neutrosophic multiple regression analysis. 
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A New Similarity Measure Based on Falsity Value 
between Single Valued Neutrosophic Sets Based on the 
Centroid Points of Transformed Single Valued 
Neutrosophic Numbers with Applications to Pattern 
Recognition 


Memet Sahin, Necati Olgun, Vakkas Ulugay, Abdullah Kargin, 
Florentin Smarandache 


Mehmet Sahin, Necati Olgun, Vakkas Ulugay, Abdullah Kargin, Florentin Smarandache (2021). 
A New Similarity Measure Based on Falsity Value between Single Valued Neutrosophic Sets 
Based on the Centroid Points of Transformed Single Valued Neutrosophic Numbers with 
Applications to Pattern Recognition. Neutrosophic Sets and Systems 45, 31-48 


Abstract. In this paper, we propose some transfor- 
mations based on the centroid points between single 
valued neutrosophic numbers. We introduce these trans- 
formations according to truth, indeterminacy and falsity 
value of single valued neutrosophic numbers. We 
propose a new similarity measure based on falsity value 
between single valued neutrosophic sets. Then we prove 
some properties on new similarity measure based on 


falsity value between single valued neutrosophic sets. 
Furthermore, we propose similarity measure based on 
falsity value between single valued neutrosophic sets 
based on the centroid points of transformed single valued 
neutrosophic numbers. We also apply the proposed 
similarity measure between single valued neutrosophic 
sets to deal with pattern recognition problems. 


Keywords: Neutrosophic sets, Single Valued Neutrosophic Numbers, Centroid Points. 


1 Introduction 


In [1] Atanassov introduced a concept of intuitionistic 
sets based on the concepts of fuzzy sets [2]. In [3] 
Smarandache introduced a concept of neutrosophic sets 
which is characterized by truth function, indeterminacy 
function and falsity function, where the functions are com- 
pletely independent. Neutrosophic set has been a mathe- 
matical tool for handling problems involving imprecise, 
indeterminant and inconsistent data; such as cluster analy- 
sis, pattern recognition, medical diagnosis and decision 
making.In [4] Smarandache et.al introduced a concept of 
single valued neutrosophic sets. Recently few researchers 
have been dealing with single valued neutrosophic sets [5- 
10]. 

The concept of similarity is fundamentally important in 
almost every scientific field. Many methods have been 
proposed for measuring the degree of similarity between 
intuitionistic fuzzy sets [11-15]. Furthermore, in [13-15] 
methods have been proposed for measuring the degree of 


similarity between intuitionistic fuzzy sets based on trans- 
formed techniques for pattern recognition. But those meth- 
ods are unsuitable for dealing with the similarity measures 
of neutrosophic sets since intuitionistic sets are character- 
ized by only a membership function and a non- 
membership function. Few researchers dealt with similarity 
measures for neutrosophic sets [16-22]. Recently, Jun [18] 
discussed similarity measures on internalneutrosophic sets, 
Majumdar et al.[17] discussed similarity and entropy of 
neutrosophic sets, Broumi et.al.[16]discussed several simi- 
larity measures of neutrosophic sets, Ye [9] discussed sin- 
gle-valued neutrosophic similarity measures based on co- 
tangent function and their application in the fault diagnosis 
of steam turbine, Deli et.al.[10] discussed multiple criteria 
decision making method on single valued bipolar neutro- 
sophic set based on correlation coefficient similarity meas- 
ure, Ulucay et.al. [21] discussed Jaccard vector similarity 
measure of bipolar neutrosophic set based on multi-criteria 
decision making and Ulucay et.al.[22] discussed similarity 
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measure of bipolar neutrosophic sets and their application 
to multiple criteria decision making. 

In this paper, we propose methods to transform be- 
tween single valued neutrosophic numbers based on cen- 
troid points. Here, as single valued neutrosophic sets are 
made up of three functions, to make the transformation 
functions be applicable to all single valued neutrosophic 
numbers, we divide them into four according to their truth, 
indeterminacy and falsity values. While grouping accord- 
ing to the truth values, we take into account whether the 
truth values are greater or smaller than the indeterminancy 
and falsity values. Similarly, while grouping according to 
the indeterminancy/falsity values, we examine the inde- 
terminancy/falsity values and their greatness or smallness 
with respect to their remaining two values. We also pro- 
pose a new method to measure the degree of similarity 
based on falsity values between single valued neutrosophic 
sets. Then we prove some properties of new similarity 
measure based on falsity value between single valued neu- 
trosophic sets. When we take this measure with respect to 
truth or indeterminancy we show that it does not satisfy 
one of the conditions of similarity measure. We also apply 
the proposed new similarity measures based on falsity val- 
ue between single valued neutrosophic sets to deal with 
pattern recognition problems. Later, we define the method 
based on falsity value to measure the degree of similarity 
between single valued neutrosophic set based on centroid 
points of transformed single valued neutrosophic numbers 
and the similarity measure based on falsity value between 
single valued neutrosophic sets. 

In section 2, we briefly review some concepts of single 
valued neutrosophic sets [4] and property of similarity 
measure between single valued neutrosophic sets. In sec- 
tion 3, we define transformations between the single val- 
ued neutrosophic numbers based on centroid points. In sec- 
tion 4, we define the new similarity measures based on fal- 
sity value between single valued neutrosophic sets and we 
prove some properties of new similarity measure between 
single valued neutroshopic sets. We also apply the pro- 
posed method to deal with pattern recognition problems. In 
section 5, we define the method to measure the degree of 
similarity based on falsity value between single valued 
neutrosophicset based on the centroid point of transformed 
single valued neutrosophic number and we apply the 
measure to deal with pattern recognition problems. Also 
we compare the traditional and new methods in pattern 
recognition problems. 


2 Preliminaries 

Definition 2.1[3] Let U be a universe of discourse. The 
neutrosophic set Ais an object having the farm A = 
{(x: Tacx)» Lacey Facxy) xE U} the 
T,1I,F:U -]~0,1*[ respectively the degree of member- 


where functions 


Collected Papers, XII 


ship, the degree of indeterminacy and degree of non- 
membership of the element x € U to the set A with the 
condition: 


Definition 2.2 [4] Let U be a universe of discourse.The 
single valued neutrosophic set Ais an object having the 
farm A = {(x¢: Tage, Lacey Facey) x€ U} where the func- 
tions T,1,F:U -— [0,1]respectively the degree of member- 
ship, the degree of indeterminacy and degree of non- 
membership of the element x € U to the set A with the 
condition: 


0 < Tacx) + Tacx) + Facx) < 3 


For convenience we can simply use x = (T,LF) to represent 
an element x in SVNS, and element x can be called a sin- 
gle valued neutrosophic number. 


Definition 2.3 [4] A single valued neutrosophic set A is 
equal to another single valued neutrosophic set B, A = B 
ifvx € U, 


Tacx) -_ Tacx), Tacx) = Ip@e) Face) = Fa): 


Definition 2.4[4] A single valued neutrosophic set A is 
contained in another single valued neutrosophic set B , 
Ac Bifvx eu, 


Tae) S Tae) Lacy S aces Facey 2 Fac): 
Definition 2.5[16] (Axiom of similarity measure) 


A mappingS(A, B): NS() X NSqy > [0,1] , where NS; 
denotes the set of all NS inx = {x,, ... ,X,},is said to be the 
degree of similarity between A and B if it satisfies the fol- 
lowing conditions: 


sP,)0 <S(A,B) < 1 
Sp2) S(A, B) = lifand only ifA =B,VA,B € NS 
sP3) S(A,B) = S(B,A) 


sp,) If AS BE C for all A,B,C € NS, then S(A,B) = 
S(A, C)and S(B,C) > S(A,C). 
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3 The Transformation Techniques between Single 
Valued Neutrosophic Numbers 


In this section, we propose transformation techniques 
between a_ single valued neutrosophic number 
(Tacx; lax; Facey) and a single valued neutrosophic 
number C(,,). Here (Tacx,) »lacx;) » Facey) denote the single 
valued neutrosophic numbers to represent an element x; in 
the single valued neutrosophic set A, and C, (x) is the cen- 
ter of a triangle (SLK) which was obtained by the trans- 
formation on the three-dimensional Z — Y — M plane. 


First we transform single valued neutrosophic numbers ac- 
cording to their distinct T,, I,, F,values in three parts. 


3.1 Transformation According to the Truth Value 


In this section, we group the single valued neutrosophic 
numbers after the examination of their truth values T,’s 
greatness or smallness against J, andF, values. We will 
shift the Ty(,,,and F4(,,) values on the Z — axis andT4(,) 
and I4(,,;)values on the Y — axis onto each other. We take 
the F4,,)value on the M — axis. The shifting on the Z and 
Y planes are made such that we shift the smaller value to 
the difference of the greater value and 2, as shown in the 
below figures. 


1. First Group 
For the single valued  neutrosophic numbers 
(Tacx) Face) » Face), if 
Tae) = Fac 
and 
Taxi) S Lacey 
as shown in the figure below, we_ transformed 


(Tacx; tacx;) Fac) into the single valued neutrosophic 
number Cy,x,), the center of the SKL triangle, where 


Stax = (Tacei Tacey» Facey) 
Kaxy = (2—Fagy Tae Fae) 


Las = Caer 2 — lacie Baep) - 
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M 


Race) 


Par 


Tax Paes 


(2= hay bes) 
3 
27> Fray + 2 Tap 
~ 3 


Teacey = Tac + 


(2 = Tacx) He Tacx) 
3 
2 =o Tacx) + 2 Ta (xj) 
~ 3 


Tea(xp = Tage) + 


and 
Facey) = Facey » 
we have 


2- Fa(xj)t 2 TA(x;) 2> Ta(x;)* 2 TA(x;) 
3 a 3 


Facea)- 


Cac) = ( 
2. Second Group 


the 
Tacx) lacey) Face), if 


For single valued neutrosophic numbers 


Tae) 2 Facey 
and 
Taj) 2 Lace» 


the 
(Tacx; tax) Face) into the single valued neutrosophic 


as shown in figure below, we transformed 


number C,,x,), the center of the SKL triangle, where 
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Saony = ( Pico xclacsars Face,)) into the single valued neutrosophic number Cy(,,), the cen- 
ter of the SKL triangle, where 

Law) = (Facey 2 — Tacx; Fax) Sacx;) = (Tacs, Tacx)» Fac,)) 

Kacey = (2 a Taxi) Tace;) Fax) ; Law) = (Tacs). = Tacx)» Facx,)) 


Kacey = (2 — Facey lacey Facep) - 


Sax + 
oa Cus 
ade) K " 
7 ye t 
2 
In of oe aie pee ee ee ~ ry 
f ‘he rs 
— —>Z 
Tpke 
ra Tacx 
Y # 
Here, as 
Here, as 
(2 = Tacey — Facey) 
Tea = Fag t+. eee ae (2 = Fag — Tan) 
7 2- Tacx) +2 Face;) Ca(Xi) A(x) 3 
3 = 2 ‘mm Facx;) + 2 Tacx;) 
3 
(2 — Tay — lacey) 
Ieace) = lacy + 3 a ee (2 - Tacx — Lace) 
_ pe Ties +2 lac) Ca(xj) A(xi) 3 
ae Gt 2 EGS 
3 
and 
and 
Fea) = Face: : » 
Ca(xp) = A(xj)’ 
we have 
we have 
Cae) é 
= 2- Tacx;) +2 Fax) 2- Taw) + 21a) A(xi) 
=\ 7 AD 


_ (27 Faan +2 Tag 27 Tag + Zlacn 
Ree a ees 
3. Third Group 
4. Fourth Group 
For the single valued neutrosophic numbers 
(Tacx Face) » Face)» iflacey S Tage S Face) .a8 shown For the single valued neutrosophic numbers 
in the figure below, we transformed (T4(,) lac » Fac) (Tai) lac) » Facey Face S Tac S la@p-a8 shown in 
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the figure below, we transformed (Ta¢x,) »1a¢x;) » Fac) i> 
to the single valued neutrosophic number Cj(,,), the center 
of the SKL triangle, where 


Sac = (Fac, Tap» Fac) 
Lage = (Faw: 2— Tawa: Fay) 


Kay = (2—Tawds Tatep» Fatep) - 


Example3.1.1Transform the following single valued neu- 
trosophic numbers according to their truth values. 


(0.2, 0.5, 0.7), (0.9, 0.4, 0.5), (0.3, 0.2, 0.5), (0.3, 
0.2, 0.4). 


i. (0.2, 0.5, 0.7) single valued neutrosophic number be- 
longs to the first group. 


The center is calculated by the formula,Cy(,,) = 
2- Fa(x))* 2 T A(x) 2- Ta(x;)* 2 TA(x;) 
Ss ee a = 


and we haveCa(,) = (0.566, 0.633, 0.7). 


ii. (0.9, 0.4, 0.5)single valued neutrosophic number is in 
the second group. 


The center for the values of the second group is, Ca¢x,) = 


2- Tacxpt2 Facx;) 2- Tact 2Ta(x;) F 
3 : 3 © AX) 


and for (0.9, 0.4, 0.5),Cagy = (0.7, 0.633, 0.5). 
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iii. (0.3, 0.2, 0.5)single valued neutrosophic number be- 
longs to the third group. 


The formula for the center of (0.3, 0.2, 0.5) is Cary) = 


Z= Facxjt2 Taw) 2- Tact 2Ta(x;) 
( = ; : ,F acy and therefore we 


have Ca) = (0.7, 0.7, 0.5). 


iv. (0.3, 0.2, 0.4)single valued neutrosophic number is in 
the third group and the center is calculated to be Cag = 
(0.733, 0.7, 0.4). 


Corollary 3.1.2The corners of the triangles obtained using 
the above method need not be single valued neutrosophic 
number but by definition, trivially their centers are. 


Note 3.1.3As for the single valued neutrosophic number(1, 
ber(1, 1, 1) there does not exist any transformable trian- 


; gle in the above four groups, we take its transformation 


equal to itself. 


Corollary 3.1.41f Fag) = Tacx = Tac, the  transfor- 
mation gives the same center in all four groups. Also, 
if Tacx;) = Tacx S Facey » then the center in the first group 
is equal to the one in the third group and if Fay, S 
Tacx) = Tacx » the center in the second group is equal to 
the center in the fourth group. Similarly, if Tag) = 
Facx,) S lacxy » then the center in the first group is equal to 
the center in the fourth group and if Tacx,) S Tacx) = Face 
, the center in the second group is equal to the one in the 
third group. 


3.2Transformation According to the Indeterminancy 
Value 


In this section, we group the single valued neutrosophic 
numbers after the examination of their indeterminancy val- 
ues [,’s greatness or smallness against T, andF,values. We 
will shift the I4c,,) and Facx,) values on the Z — axis 
and T4(,,) and I4(,,)values on the Y — axis onto each other. 
We take the Fy(,,)value on the M — axis. The shifting on 
the Z and Y planes are made such that we shift the smaller 
value to the difference of the greater value and 2, as shown 
in the below figures. 


1. First Group 
the single 


Tacx) Lac) Fac), if 
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lace) S Facey 
and 
Tage) S Facey) » 


the below, we _ transformed 


(Tax;) 1acx;) »Fa(x;)) into the single valued neutrosophic 


as shown in figure 


number C,,x,), the center of the SKL triangle, where 


Sexy = (sey acy Fax) 
Kary = (2 - Fags laa Fan) 


Lexy = aay 2 - Tac» Facey) - 


We transformed the single valued neutrosophic number 
(Tacx) tcc; » Face; )into the center of the SKL triangle, 


namely C4(x,). Here, as 


(2= Figs lias) 
Tego) = lay + ———— 


= 2 om Facx;) + 2 Tacx;) 
is 3 


(2 — Tae) = lacey) 
loa) = Ley  ———— 3 


ne 2 ee! Ta 0x) + 2 Tacx; 
7 3 


and 


Foam) = Fay > 


Collected Papers, XII 


we have 


C = 2- Fa(x,;)t 2 lap 2-Ta(x;)* 2 A(x;) 
A(xi) 3 3 © A(xi) J * 


2. Second Group 


the numbers 


(Tage; Face» Facep)s if 


For single valued neutrosophic 


Tacx) 2 Face) 
and 
Taxi) 2 Faces » 


as shown in the figure below, we transformed 
(Tacx;) Tacx) »Facx;)) mito the single valued neutro- 
sophic number C,,,,), the center of the SKL triangle, 
where 


Saaxy =(Faey Tae Fac) 
Kary = ( Faeeg2 — Lacey» Faceo) 


Leaxy = (2—Iaey» Tatep» Facey) - 


ly 
- 
Here, as 
(2 hes Fac) 
LG) = Gy ht ——— a 
_ 2 aa Tacx; + 2 Facx;) 
i 3 
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(2 — Incey — Tay) 
“oV= Let 


‘= 2 came Tacx) + 2 Tacx;) 


3 
and 
Facey) = Facey 
we have 
Cacxi) 
2— lay + 2Fa@y 27 a + 2 Mae 
= 3 , 3 » Face) ; 


3. Third Group 


the number 


(Tacx) lace) Facey) f Tage S Tac S Facey » 


For single valued neutrosophic 


as shown in the figure below, we transformed 
(Tacx;) lacx,) »Facx,)) into the single valued neutro- 
sophic number Cj,,,), the center of the SKL triangle, 
where 


Sax) = Une Tawa  Facep) 
Kary = ( ae 2 — lacey» Face) 


Leaxy = (2 — Facey» Tag» Facey) - 
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Here as 


(2 = Facey — lacey) 
(3465-16. 


= 2 ay Facx;) + 2 rea) 
7 3 


(2—hey — Tey) 
lege) = Tay + 


fa 2 a Tacx) + 2 Ta (x;) 


3 
and 
Fea) = Faw» 

we have 

Cac) 

_ (27 Fao + Zhe 27= wy + 2 Maw 

gg FAY J 

4. Fourth Group 

For the single valued  neutrosophic numbers 
(Tae) Facey Facep) f Facey S laa S Tacs > 
as shown in the figure below, we _ transformed 


(Tacx; tacx;) Face) into the single valued neutrosophic 
numbers Cy(,,), the center of the SKL triangle, where 


Saaxy = (Faw aap Facey) 
Kear) = ( Facey 2 — Tac» Face) 


Lexy = (2 — lac ap Facey) - 


M 
+ 
Cue, 
on 
ae x Sus 
| 
Ey 7. & 
Fixe 2- I 
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Here, as 
(2:=hhes = Faas) 
[G5 = hay h-——<—<— 


_* 2 ct ea) + 2 Facx;) 
7 3 


I = (2 7 Tacx) = lace) 
Ca(xi) = facey) + ———— 


= 2 iol Tax;) + 2 Tacx; 


3 
and 
Foace) = Facey 
we have 
Cacxi) 
— (247 laa + 2 Facey 27 Tae + 2 lacy 
ae ey (C0 


Example3.2.1:Transform the single neutrosophic numbers 
of Example 3.1.3 , 


(0.2, 0.5, 0.7), (0.9, 0.4, 0.5), (0.3, 0.2, 0.5), 
(0.3, 0.2, 0.4)according to their indeterminancy values. 


i. (0.2, 0.5, 0.7) single valued neutrosophic number is in 
the third group. The center is given by the formula 


Cacei) 
= 2 , Fax) + 2 Tacx; 2 =. rea) + 2 Ta (x;) 
= 3 , 3 , A(xj) , 


and so Cay) = (0.766, 0.633, 0.7). 


ii. (0.9, 0.4, 0.5) single valued neutrosophic number is in 
the first group. 


By 


Cacxi) 
2— Facey + 2la@y 27 Tac + 2 be 
= Facey 


3 3 
we have Cary) = (0.733, 0.633, 0.5). 


iii. (0.3, 0.2, 0.5)single valued neutrosophic number be- 
longs to the first group and the center is 
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Cacxi) 
2- Fay + 2laay 27 Tao + 2 laa 
= Se ee nes , 
3 3 
s0,Caq = (0.633, 0.9, 0.5). 


iv. (0.3, 0.2, 0.4)single valued neutrosophic number is in 
the first group. 


Using 
Cac) 
= 2 me Facx;) + 2 Tacx;) 2 = Tacx) + 2 Tacx;) 
ad 3 , 3 , A(xj) , 


we have Cag = (0.666, 0.7, 0.4). 


Corollary 3.2.2 The corners of the triangles obtained using 
the above method need not be single valued neutrosophic 
numbers but by definition, trivially their centers are. 


Note 3.2.3As for the single valued neutrosophic number 
(1, 1, 1) there does not exist any transformable triangle in 
the above four groups, we take its transformation equal to 
itself. 


Corollary 3.2.4 If Fac) = Taw = Tac, the transfor- 
mation gives the same center in all four groups. Also if 
Tacx, = lace S Facx,), then the center in the first group is 
equal to the center in the third group, and ifFag) S 
Tacx) = lace then the center in the second group is the 
same as the one in the fiurth group. Similarly, ifFac,,) = 
Tacx;) S Tacx, then the center in the first group is equal to 
the one in the fourth and in the case that Tac.) S Fag = 
Tacx;)-the center in the second group is equal to the center 
in the third. 


3.3 Transformation According to the Falsity Value 


In this section, we group the single valued neutrosophic 
numbers after the examination of their indeterminancy val- 
ues F,’s greatness or smallness against I, and Fy, values. 
We will shift the 4(,,jand F4(,,) values on the Z — axis and 
Tacx; and Fax) values on the Y — axis onto each other. We 
take the F4(,,,value on the M — axis. The shifting on the Z 
and Y planes are made such that we shift the smaller value 
to the difference of the greater value and 2, as shown in the 
below figures. 
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1. First Group 


For the single valued neutrosophic numbers 
(Tacx, Lace) Face)» if 
Face) S Tac) 


and 


Face) Sac > 
then 


as shown in_ the below, we transformed 


(Tacx; tax) Fac) into the single valued neutrosophic 


figure 


number Cy,x,), the center of the SKL triangle, where 


Saxo = (fea Fea» Facey) 
Kuaxy = (2 - lnap Facey Facey) 


Lexy = (Faw 2- Tac Fac) - 


Here, as 
( L= Tacx) i Face) 
Teac = Fagg + ——— 3 
2 ame ea) + 2 Facx;) 
~ 3 
(2165 f ipo) 
Ieacen = Facey + 3 
— 27 Tae + 2 Facey 
i. 3 
and 
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Foam) = Fac; 


we get 
Cacx;) 
_ (47 laa + 2 Fae 27 Tae + 2 Fan 
=|. Or? 


2. Second Group 


For the single valued  neutrosophic numbers 
(Tacx) lace) Fagep) if 
Face) = Tage) 
and 
Fac) 2 lacy » 
then 
as shown in the figure below, we _ transformed 


(Tacx; tacx;) Fac) into the single valued neutrosophic 


numbers Cy(x,), the center of the SKL triangle, where 


Sax = (sey Tay Facey) 
Keax) = Cac» 2 — Facey Facey) 


Liax;) = (2 = Facxj» Tacx Fixx) : 


M 


Ta 
x 
A 
Fach 
- 
_ 
Here, as 
( 2—- Facx;) = lacey) 
Teac) = laggy + ————3— 
_ 2 ae Face) + 2 rea) 
~ 3 
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(2 — Faw — Tacxp) 
le = he 


3 
-_ 2 o~ Facx;) + 2 Ta(x;) 
i 3 
and 
Fogo) = Face 
we have 
Caxi) 
(7 — Fao + 2 Tae 27 Fay + 2 Tae ) 
= ; » Face) . 
3 3 
3. Third Group 
For the single valued neutrosophic numbers 
(Tage) Tac) Facey)» if Tag S Fag S Taw then as 
shown in the figure below, we _ transformed 


(Tacx;) Hace) »Facx;)) into the single valued neutrosophic 


numbers Cy(,,), the center of the SKL triangle, where 


Say = (hep Fae Frey) 
Kazy = Uae 2 — Tage Facep) 


Lax) = (2 —Faga Facep: Fac) - 


‘wv 


abe 
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Here, as 


( 2- Face) Zz lac) 

3 
a 2 << Facx;) + 2 Tacx;) 
~ 3 


Te ace; = lacey + 


(2=hes = Faas) 
log hey. 


3 
= 2 iw Tax;) + 2 Fax) 
~ 3 
and 
Foace) = Facey» 
we have 
Cacx;) 
— (247 Fagan + 2 aay 27 Tage + 2 Fac 
= me) 


4. Fourth Group 


For the single valued neutrosophic numbers 

(Trea) tage» Facep) f Tacxy S Facey S Taq > then as 
shown the figure below, we transformed 
(Tacx; lace) » Face) ito the single valued neutrosophic 


in 
numbers Cy(x,), the center of the SKL triangle, where 
Sux = (Fray Tao Facey) 
Keaxy = (Fac 2 - Facey Facey) 


L(ax;) = (2 a eny Tacx Facey): 


M 


Example 3.3.1: Transform the single neutrosophic 
numbers of Example 3.1.3. 
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(0.2, 0.5, 0.7), (0.9, 0.4, 0.5), (0.3, 0.2, 0.5), 
(0.3, 0.2, 0.4)according to their falsity values. 


i. (0.2, 0.5, 0.7) single valued neutrosophic number be- 
longs to the second group. So, the center is 


ee 2- Faay + 2Taay 27 Fac + 2 Taco . 
‘A(xj;) 3 , 3 » FP A(x) Jp 


and we get Ca.) = (0.766, 0.7, 0.7). 


ii. (0.9, 0.4, 0.5) single valued neutrosophic number is in 
the third group. Using the formula 


_ (27 Faa@y + 2@heg 27 Tae + 2 Facey F 
Cacai) 3 3 Face) 


we see thatCa() = (0.766, 0.7, 0.5). 


iii. (0.3, 0.2, 0.5)single valued neutrosophic number is in 
the second group. As 


_ (27 Fac + 2 Maa 27 Fae + 2 Tay : 
Cac) 3 , 3 Facey pp 


the center of the triangle is Ca(,) = (0.633, 0.7, 0.5). 


iv. (0.3, 0.2, 0.4)single valued neutrosophic number be- 
longs to the second group. 


ate 2— Faay + 2Taay 27 Fac + 2 Tac . 
‘A(xji) 3 , 3 »FA(x;j) Pp 


and so we have Cay) = (0.666, 0.733, 0.4). 


Corollary 3.3.2The corners of the triangles obtained using 
the above method need not be single valued neutrosophic 
numbers but by definition, trivially their centers are single 
valued neutrosophic values. 


Note 3.3.3 As for the single valued neutrosophic 
ber(1, 1, 1) there does not exist any transformable trian- 
gle in the above four groups, we take its transformation 
equal to itself. 


Corollary 3.3.4 If Fac.) = Taw = lac. the transfor- 
mation gives the same center in all four groups. Also, 
if Tacx;) = Face, S lag; » then the center in the first group 
is equal to the one in the fourth group, and if lag, S$ 
Tac) = Fac), then the center in the second group is the 


same as the center in the third. Similarly, if Iac,) = 
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Facx) S Tag, » then the centers in the first and third 
groups are same and lastly, if Ta¢x,) S Tag = Fac) » then 
the center in the second group is equal to the one in the 
fourth group. 


4. A New Similarity Measure Based on Falsity 
Value Between Single Valued Neutrosophic Sets 
In this section, we propose a new similarity measure 
based on falsity value between single valued neutrosophic 
sets. 


Definition 4.1 Let A and B two single valued neutrosoph- 
ic sets in X = {X1 Xp, Xp}. 


Let A = {(x, eny Weny Facey} 
and 
B = {(%, Tacxp» lace,» Face) }- 


The similarity measure based on falsity value between the 
neutrosophic numbers A(x;) and B(x;) is given by 


2 Faw — Fey) — Caw — Tae) 
S(Ag), Bay) = 1- {ABaa th = Se Teal 


2 Faw — Fay) — Cac — bap) 
2. 9 


‘ lt Fea) 


Here, we use the values 
2(F ay = Fray) — Caep:= Tap) 
2(Faces Paws) = Cap ~18e), 


2(Fac — Feap) + (Fao — Fae) 
= 3(FaGa— Feup): 


Since we use the falsity values Fa,,) in all these three val- 


ues, we name this formula as “similarity measure based on 
falsity value between single valued neutrosophic num- 
bers”. 


Property4.2 :0 < S(Aqw,), Bay) < 1. 
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Proof: By the definition of Single valued neut- 


rosophic numbers, as 


0 SMa Tap lacey lap Facey Fae S 1, 


we have 
0 <2(Facey — Foo) — (Tae Tap) S 3 
0 < 2(Facey — Fea) — Caen loa) $3 
and 
0 <3(Fawy Fea) <3- 


So, 


Fiat y Eee Cay es 
ee i-(| Fac) so (Tay — Ta) | 


2Fawy — Fea) — Gacy — bap 
eee 


Mies tel) Aa 


9 
Therefore,0 < S(Aq,) Bap) <1. 
Property 4.3:S(A(x;) »Box;)) =1so A¢x;) = Bo) 


Proof.i) First we show Agi) = Baiy 
S(Aqi Boy) =1. 


Let (Au, Ba) =. 


2.69 — Faq) — Ta@y 7 Tae) 
S(A@) Bay) = 1- (Hate Sete 
12(Fac) — Fea) — dace — bea) 
+ SE NE a ee A 
9 
3|(Fac) — “eal 
ack a 


and thus, 


(Ata — Faw) — (laa) — Tae) 
9 
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2 |2(Fac,) — Feap) — acy — Ibe) | 


9 
31 awe = Faw) a 
9 
So, 
lac = Fax))| =0, 
[2 Facey — Fay) — Tacey — Tae)| = 0, 
and 


[2 Facey — Feo) — Caay — Jace) = 0- 
As |(Face) — Fao) |=0. then Fac, = Fecxp- 
Tf Faw) = Fee > 

[2(Facp- Fee) — Tacp- Taap)| = 0 
and 

Taa)= Tac))- 

When Fac,) = Fac;,)> 

I2Fawp — Fae) — Cage) — Ine) | = 0) 
and 


Ta@)= laa 


Therefore, if (AG, Bee) =1, then by Definition 2.3, 


Aw = Bay: 


ii)Now we show if Aq, = Ba, thenS (Aj), Bo,)) =1. 


Let Aq) = By. By Definition 2.3 , 


Tawp= Teap lacp=lBey» Facp= Fao) 


and we have 


Taw) — Tea =% Tac) — laa = 9% Fay Fea = 9 


So, 
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. Proof: 
SCA... Be) a — (2G aco a Fee) — Tac — Teen) i) 
(Aq Bay) = 1- 9 By the single valued neutrosophic set proper- 
ty,ifA © BEC, then 
2(Facx-) — Fare) — Gace) — Ipcx: 
2 Fac Bao) acy — lean) Tiic= hens hs. 
Tac 2) = Tac D < Ic¢ i? 
i 3|(Faw) — Fao)! i ‘ : 
: Fac = Fea = Fe - 
So, 
=1-l=1. 
Taw)- Tea S 9, 
Property4.4 :5(A(x), Bary) = S(Bee Acep) « eaten aeo 
Proof: Gr tee rene (1) 
12(Fac) — Fea) — Tac — Tea) 
S(Awj Boxy) = 1- ( 9 Tacai)- Tec) S 9, 
Tacy.)— lerx:) < 9, 
" [2(Faq,) — Feap) — dace) — Ina) Ba) 
9 
Faw, — Fe, 2 0 (2) 
3|(Fac iD Fa »)| 
+ aT rere Tacw)— Tae) 2 Tawp— Tee,» 
lac)-Ipeey 2 Vac lecxp» 
es (az — Fay) — (- Cac — Taer))| i a A 
‘ Faw, — Fee) SFaa@y —Feep  @) 
it |2((-Face,) — Fee) — (-aay — Inc) | Using (1), we have 
9 
2(Fac) — Fee) — Tacxp- Tap) 2 0 
< 3|-Faay — ras) 
9 2(Faw — Feo) — aap- leap) = 0 
Sees! (Been — Faw) — aay — Taax))| and 
~ 9 
3(Taw)-Tew)) 2 0- 
ae Fae See es) 
“| sn Gl 9 BGS BD | Thus, we get 
Bites Fees) ne tae: 
3|Feoy — Fac)| 5(Aq Boy) = 1- (!Basa= Ta = Se Tal Fac = Foun) = Maan = Tea) 
+ ———— oO i i 9 
9 
= S(Bex, Ace): + 2 Fac) = rae0) = Cac, = Ipo))| 
Property 4.5: If ASC BCC, 
3|Gaaa = Fao) 
+ 
i) S(Aq Bay) = S(Aq Cap) : 
ii) S(Beey Cap) = S(Aai Cay) 
= 1 — LFacn~Fatep)~(ateg™ Tate) “(lated “tate) cy) 
; 
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Similarly, by (2), we have 


l2Faw) — Fee) — Tara — Te) 


S(Aq@ Cay) =1- ( 5 


[2CPac) — Fee) — daca — Ieewp)| 
a 9 


‘ 3|(Facy — Fal) 


9 


_ 7(Facen~Fetx)))~ ace) Tee))—Claee Hee) 65) 


9 


Using (4) and (5) together, we get 


S(Ace Bay) — S(Aap Cap) 


=1 


_ 7Fac = Fea) — Tac — Teen) — Gace — ee) 


—1 


9 


: 7(Faay — Fey) — Tac — Tap) — ac 7 Ibe) 
9 


9 9 9 


_ Fac — Fee) _ Taco = Tex) _ Caen = lees) 


9 9 9 


_ (Fac — Fea) , 7(Facy — Fea) _ (Tac — Tan) 


9 9 9 


(Tac Teed) Cay —!eep) Cac = Ieea) 


9 9 9 


by (1) and (3), 


7(Facy — Fee) be 7(Facy — Feo) = 
9 9 ai 


— Maa = Tea) — Maan = Tea) aah 
9 9 

Cae = Ie) — Caan = Icon) ‘ 
9 9 


and therefore 


and 


S(Agy Bag) — Sap Sep) 2 0 
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S(A@p Bey) 2 S(Aap Cop) - 


ii. The proof of the latter part can be similarly done as the 
first part. 

Corollary 4.6 : Suppose we make similar definitions to 
Definition 4.1, but this time based on truth values or inde- 
terminancy values. If we define a truth based similarity 
measure, or namely, 


[2(Tace) — Tao) — Facey — Fee) 
S(Agy Bay) = 1- ( 9 


[2(Tacep ~ Tae) = Cac) a lbep)| 
+ —— ee 


s alteed = Teel) 


or if we define a measure based on indeterminancy values 
like 


12acy) — Ib@p) — Tae — Tae) | 
S(Aq@) Bey) =1- (teste ete 


[2ace) — Ipey) — Faap — Feep)| 
= 9 


: aioe “say 


these two definitions don’t provide the conditions of Prop- 
erty 4.5 . For instance, for the truth value 


12(Ta@ — Tae) — awa — Fee) 
S(Aq@) Bey) =1- (AS Dn aes 


[2(Tacp Zs Tae) = Cac) a Ibe) 
+ os edo fe sa 


4 ies feel) 


when we take the single valued neutrosophic numbers 
Ace) = (0, 0.1, 0), Bex) = (1, 0.2, 0) andC (x) = (1, 0.3, 0), 
we see S(A(z), Bay) = 0.233 and S(Ag), Cixy) = 0.244. 
This contradicts with the results of Property 4.5. 


Similarly, for the indeterminancy values, 
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12ac) — Ibe) — Tae — Tax) 
S(A@y Bay) = 1- (ABest Tet 


2dacp = Ine)) -_ Fac) ~ Feap)| 
+ ee is re 


‘ elteaie ao) 


if we take the single valued neurosophic numbers A(,) = 
(0.1,0,1), Bey = (0.2, 1, 1)and CQ.) = (0.3, 1, 1), we have 
S(Ace), Boxy) = 0.233 and S(Acxy, Cay) = 0.244. 


These results show that the definition 4.1 is only valid for 
the measure based on falsity values. 


Defintion 4.7 As 


2Fawy — Fae) — Taw — Tae) | 
S(Aq@) Bay) = 1- (Base teed es = Th 


2Fac) a Fae) = Cac) = lap) 
+ age 


. sa Fao) 


The similarity measure based on the falsity value between 
two single valued neutrosophic sets A and B is; 


Sys (A, B) = Lika (w; x S (Ac Bep)) 


Here,Sys(A, B) € [0,1]and w;,’s are the weights of the x,’s 
with the property 17, w; = 1. Also, 


A = {(x: Tacx) lacey Facey) } 
B= {(x: Ta¢x,)) Ipap» Faep)}- 


Example4.8 Let us consider three patternsP,, P,, P; repre- 
serted by single valued neutrosophic sets P, and P,in X = 
{x1, X2} respectively, where 
PB, = {(x,, 0.2, 0.5, 0.7), (x5, 0.9, 0.4, 0.5)} and Pi = 
{(x,, 0.3, 0.2, 0.5), (x2, 0.3, 0.2, 0.4)}. We want to classify 
an unknown pattern represented by a single valued neutro- 
sophic set Q@ in X ={x,,x,} into one of the patterns 
P,, Py;where 0 = {(x,, 0.4, 0.4, 0.1), (x2, 0.6, 0.2, 0.3)}. 
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IA 


Let w; be the weight of element w; , where w; =< 1 
i<2, 


Sns(P1,Q) = 0.711 


Sus(F,, 0) = 0.772 . 


We can see that Sus(B, Q)is the largest value amongthe 
values of Sys(P;, @) and Sys(P2, @) . 


Therefore, the unknown pattern represented by single val- 
ued neutrosophic setQ should be classified into the pat- 
tern P. 


5. A New Similarity Measure Based on Falsity 
Measure Between Neutrosophic Sets Based on the 
Centroid Points of Transformed Single Valued 
Neutrosophic Numbers 


In this section, we propose a new similarity measure 
based on falsity value between single valued neutrosophic 
sets based on the centroid points of transformed single val- 
ued neutrosophic numbers. 


Definition5.1: 


12Fawy — Fay) — Taw — Tae) 
S(Agy Bay) = 1- ( 9 


2Fac) = Fae) = ac) Zz lbep)| 
+ ——— = gS 


“ SAU Fea) 


Taking the similarity measure as defined in the fourth sec- 
tion, and letting Ca(,,) andCg,,,)be the centers of the trian- 
gles obtained by the transformation of A(,,jand By,,)in the 
third section respectively,the similarity measure based on 
falsity value between single valued neutrosophic sets A 
and B based on the centroid points of transformed single 
valued neutrosophic numbers is 


n 


SysclA.B) =) (wexS(Cacay »Caca)), 


i=1 


where 
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A = (x: (Tacx lacey Facey) 
B= {x: (Tae) le@p Fac) } - 


Here again, w;’s are the weights of the x;’s with the prop- 
erty Vina Wj = 1. 


Example5.2: Let us consider two patterns P, and P, repre- 
sented by single valued neutrosophic sets P,, P, in 
X = {x,,xX2}respectively in Example 4.8,where 


P, = {(x,, 0.2, 0.5, 0.7), (xz, 0.9, 0.4, 0.5)} 
and 
P, = {(x,, 0.3, 0.2, 0.5), (x>, 0.3, 0.2, 0.4)}. 


We want to classify an unknown pattern represented by 
single valued neutrosophic set Q in X = {x,,x2} into one 
of the patterns P,, P;, where 


6 = {(x,, 0.4, 0.4, 0.1), (x, 0.6, 0.2, 0.3)}. 


We make the classification using the measure in Definition 
5.1, namely 


Snsc(A, B) = Lina (w; x S(Caciy Ceci) : 


Also we find the Cai) ,Cgci) centers according to the 
truth values. 


Let w; be the weight of elementx;, w; = =; 1<i<s2. 


P.x, = (0.2, 0.5, 0.7)transformed based on falsity value 
in Example 3.1.1 


Cex, = (0.566, 0.633, 0.7) 


Pix, = (0.9, 0.4, 0.5) transformed based on falsity value 
in Example 3.1.1 


Cp-y, = (0.7,0.633,0.5) 


Px, = (0.3, 0.2, 0.5) transformed based on falsity value 
in Example 3.1.1 


Cosy, = (0.7, 0.7,0.5) 


Px, = (0.3, 0.2, 0.4) transformed based on falsity value 
in Example 3.1.1 
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Cpy, = (0.733, 0.7, 0.4) 


om i= (x, 0.4, 0.4, 0.1) transformed based on falsity value 
in Section 3.1 


Cox, = (0.6, 0.8, 0.1)(second group) 


Os = (x,,0.6, 0.2, 0.3)transformed based on truth falsity 
in Section 3.1 


Cox, = (0.666, 0.6, 0.3)(second group) 
Snsc(Pi,@) = 0.67592 
Snsc(Pz, @) = 0.80927 


Therefore, the unknown patternQ,represented by a single 
valued neutrosophic set based on truth value is classified 
into pattern P,. 


Example5.3 : Let us consider two patterns P, and P, of 
example 4.8, represented by single valued neutrosophic 
sets P,, P;, in X = {x,, x2} respectively, where 


P, = {(x,, 0.2, 0.5, 0.7), (x2, 0.9, 0.4,0.5)} 
and 
P, = {(x,, 0.3, 0.2, 0.5), (x2, 0.3, 0.2, 0.4)}. 


We want to classify an unknown pattern represented by the 
single valued neutrosophic set Q in X = {x,,x } into one 
of the patterns B,, P;,where 


6 = {(x,, 0.4, 0.4, 0.1), (x>, 0.6, 0.2, 0.3)}. 


We make the classification using the measure in Definition 
5.1, namely 


Snsc(A, B) = Yin (wixS(Caceiy Caxiy))). 


Also we find the Cai) ,Cg¢i) centers according to the in- 


determinacy values. 
Let w; be the weight of elementx;, w; = 5 1<is2. 


P,x, = (0.2, 0.5, 0.7) transformed based on falsity value 
in Example 3.2.1 


Cex, = (0.766,0.633, 0.7) 
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Pix, = (0.9, 0.4, 0.5) transformed based on falsity value 
in Example 3.2.1 


Coy, = (0.766, 0.633, 0.5) 


Px, = (0.3, 0.2, 0.5) transformed based on falsity value 
in Example 3.2.1 


Cosy, = (0.633, 0.9, 0.5) 


Px, = (0.3, 0.2, 0.4) transformed based on falsity value 
in Example 3.2.1 


Cosy, = (0.666, 0.7, 0.4) 


Ox i= {x,, 0.4, 0.4, 0.1) transformed based on falsity value 
in Section 3.2 


Cox, = (0.6, 0.8, 0.1)(second group) 


Oy: = (x, 0.6, 0.2, 0.3)transformed based on truth falsity 
in Section 3.2 


Cox, = (0.7, 0.666, 0.3) (first group) 
Snsc(Pi, Q) = 0.67592 
Snsc(Pz,Q) = 0.80927 


Therefore, the unknown patternQ, represented by a single 
valued neutrosophic set based on indeterminacy value is 
classified into pattern Pp. 


Example5.4: Let us consider in example 4.8, two patterns 
P, and P, represented by single valued neutrosophic sets 
P,, PB, in X = {x,,x>} respectively ,where 


P, = {(x,, 0.2, 0.5, 0.7), (x2, 0.9, 0.4, 0.5)} 
and 
P, = {(x,, 0.3, 0.2, 0.5), (xp, 0.3, 0.2, 0.4)}. 


We want to classify an unknown pattern represented by 
single valued neutrosophic set Q inx = {x, , x2} into one of 
the patterns P,, P,, where 


O = {(x,, 0.4, 0.4, 0.1), (x, 0.6, 0.2, 0.3)}. 


We make the classification using the measure in Definition 
5.1, namely 
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Snsc(A,B ) = Mii (wixS(Cacai Cua). 


Also we find the Ca¢xi) , pci) centers according to the fal- 
sity values. 


Let w; be the weight of elementx;,w; = 33 1<is2. 


Px, = (0.2, 0.5, 0.7)transformed based on falsity value 
in Example 3.3.1 


Cex, = (0.766,0.7,0.7) 


Px, = (0.9, 0.4, 0.5) transformed based on falsity value 
in Example 3.3.1 


Cry, = (0.766, 0.7,0.5) 


Px, = (0.3, 0.2, 0.5) transformed based on falsity value 
in Example 3.3.1 


Coy, = (0.633,0.7,0.5) 


Px, = (0.3, 0.2, 0.4) transformed based on falsity value 
in Example 3.3.1 


Cosy, = (0.666, 0.733, 0.4) 


Ox i= (x,, 0.4, 0.4, 0.1) transformed based on falsity value 
in Section 3.3 


Cox, = (0.6, 0.6, 0.1)(first group) 


Oy: = (x>,0.6, 0.2, 0.3)transformed based on truthfalsity 
in Section 3.3 


Cox, = (0.7, 0.666, 0.3) (third group) 
Snsc(Pi,@) = 0.7091 
Snsc(Pz, Q) = 0.8148 


Therefore, the unknown pattern Q, represented by a single 
valued neutrosophic set based on falsity value is classified 
into pattern P,. 


In Example 5.2, Example 5.3 and Example 5.4, all 
measures according to truth, indeterminancy and falsity 
values give the same exact result. 
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Conclusion 


In this study, we propose methods to transform between 
single valued neutrosophic numbers based on centroid 
points. We also propose a new method to measure the de- 
gree of similarity based on falsity values between single 
valued neutrosophic sets. Then we prove some properties 
of new similarity measure based on falsity value between 
single valued neutrosophic sets. When we take this meas- 
ure with respect to truth or indeterminancy we show that it 


does not satisfy one of the conditions of similarity measure. 


We also apply the proposed new similarity measures based 
on falsity value between single valued neutrosophic sets to 
deal with pattern recognition problems. 
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On Neutrosophic Uninorms 


Erick Gonzalez-Caballero, Maikel Leyva-Vazquez, Florentin Smarandache 


Erick Gonzalez-Caballero, Maikel Leyva-Vazquez, Florentin Smarandache (2021). 
On neutrosophic uninorms. Neutrosophic Sets and Systems 45, 340-348 


Abstract. Uninorm generalizes the notion of t-norm and t-conorm in fuzzy logic theory. They are three increasing, 
commutative and associate operators having one neutral element. However, such specific value identifies the kind 
of operator it is; t-norms have the | as neutral element, t-conorms have the 0 and uninorms have every number 
lying between 0 and 1. Uninorms have been applied as aggregators in many fields of Artificial Intelligence and 
Decision Making. This theory has also been extended to the framework of interval-valued fuzzy sets, intuitionistic 
fuzzy sets, interval-valued intuitionistic fuzzy sets and L-fuzzy sets. This paper aims to explore neutrosophic 
uninorms. We demonstrate that it is possible to define uninorms operators from neutrosophic logic. Additionally, 
we define neu-trosophic implicators induced by neutrosophic uninorms. The combination of both, Neutrosophy 
and uninorms, enriches the applicability of uninorms operators due to the possibility of incorporating 
indeterminancy as part of the Neutrosophy contribution. 


Keywords: neutrosophic uninorm, uninorm, neutrosophic logic, neutrosophic implicator. 


1 Introduction 


Uninorms generalize the concepts of t-norm and t-conorm in fuzzy set theory, see [17]. Uninorm operators 
fulfill commutativity, associativity, increasing monotonicity and the existence of a neutral element e, in the same 
way that t-norm and t-conorm do, see [21]. When e is 1, the uninorm is a t-norm, when e is 0, it is a t-conorm. The 
generalization consists in widening to [0, 1] the range of values where the neutral element can lie. 

Uninorms are not only used to extend theoretically the other aforementioned fuzzy operators, furthermore we 
can find in literature many fields where they are applied as aggregators, for example, in expert systems, image 
processing, neural networks, classifiers, among others, see [4, 10, 13, 16, 19, 22, 27]. Moreover, there exists a 
fuzzy implicator theory based on uninorms, [7]. 

G. Deschrijver and E. Kerre in [15], extend fuzzy uninorms concepts to interval-valued fuzzy sets, 
intuitionistic fuzzy sets, interval-valued intuitionistic fuzzy sets and L-fuzzy sets, see [5-6, 14, 18]. They proved in 
[14], that these four kind of fuzzy sets are isomorphic each another, therefore, it is sufficient to prove uninorm 
properties in the framework of the L*-fuzzy set theory. 

On the other hand, “Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of 
neutralities, as well as their interactions with different ideational spectra”, [23-24, 26]. The novelty of this theory is 
that it includes for the first time the notion of indeterminacy in fuzzy set theory, that is to say, this approach 
admits the membership and non membership of elements or objects to a set, akin to intuitionistic fuzzy set theory 
does, as well as a third function which represents indeterminacy. This theory acknowledges that ignorance, con- 
tradiction, paradox and other knowledge representation conditions, which are often considered undesirable from 
the classic logic viewpoint, also should be taken into account. 

Neutrosophy has been applied in wide-ranging kinds of areas, e.g., image processing, decision making, clus- 
tering, among others. This is due to the nature of this theory, which allows representing and calculating with 
indeterminacies. 

This paper is devoted to introducing neutrosophic uninorms or N-uninorms, for generalizing uninorm operators 
to the neutrosopic framework. It is worthily to remark that N-uninorms are used to denote neutrosophic uninorms, 
not n-uninorms, see [2]. To our knowledge, this seems to be the first approach to neutrosophic uninorms. In neu- 
trosophic logic, neutrosophic norms generalize t-norms and neutrosophic conorms generalize t-conorms, hence, 


N-uninorms extend fuzzy uninorms, uninorms on L*-fuzzy sets, n-norms and n-conorms. 
N-uninorms could replace fuzzy uninorms in the mathematical models where usually the latter one are 
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employed, because this new approach keeps the advantages of uninorms as an esteemed aggregator, which is here 
improved with the appropriateness of neutrosophy to deal with human reasoning, knowledge representation, 
vagueness and uncertainty, when indeterminacy is present. 

The present paper is organized as follows; the preliminary definitions and results necessaries to develop our 
work will be given in Section 2. Section 3 is dedicated to exposing the N-uninorm theory, including N-uninorm 
implicators. Finally, Section 4 draws the conclusions. 


2 Preliminaries 


This section is devoted to exposing the preliminary definitions and results necessaries to develop the proposed 
theory of N-uninorms. The first subsection is dedicated to summarizing the basic definitions and results on 
uninorms. In the second one we recall the definition and aspects concerning neutrosophic logic theory. 


2.1 Basic notions of uninorm theory 


Definition 2.1. A uninorm is a commutative, associative and increasing mapping U: [0, 1]? > [0,1], where 
there exists e € [0,1], called neutral element, such that Vx € [0, 1], U(e, x) = x, [17]. 

If e = 1, U is a t-norm and if e = 0, U is a t-conorm. 

Deschrijver and Kerre in [15] extend this definition to the framework of interval-valued fuzzy sets, intuition- 
istic fuzzy sets, interval-valued intuitionistic fuzzy sets and L-fuzzy sets, which are pairwise isomorphics, there- 
fore they restrict their theory to the set L" = {(x,,x) € [0,1]? and x, + x, < 1}. 

Let us recall two well-known algebraic definitions that we explicitly write for the sake of being self-contained. 
They are namely, Partially Ordered Set or poset and Lattice, [1, 9, 20]. 


Definition 2.2. A Partially Ordered Set or poset is a pair (P, <), where P is a set and < is a binary relation over 
P, which satisfies for every x, y, z € P, the three following conditions: 

1. xx (Reflexive). 

2. If xs<y and y<x, then x = y (Antisymmetry). 

3. Ifxs<y and y<z, then x<z (Transitivity). 

An upper bound of X, XCP, is an element aéP, such that VxeX it holds x<a. Equivalently, a lower bound is 
an element beP, such that VxeX, b<x. The supremum of X is the least upper bound and the infimum is the greater 
lower bound. 


Definition 2.3. A lattice (L, <,) is a poset, where every pair of elements x and y in L have an infimum or 
‘meet’, denoted by xAy and a supremum or ‘join’ denoted by xvy. 
L is a complete lattice if every of its subsets has an infimum and a supremum in L. 


The lattice (L*, <;+) is defined by the following poset: 


(x1, X2) Spx GW, 2) @ X1 Sz and xz = yz , V(X, Xz), (yz, ¥2) € L*. The units of L*are 0,» = (0,1) and 
1,» = (1,0). See that x = (x,,x2) and y = (y;, yz) can be incomparable with regard to <;+, where either x, < 
yi and x2 < yz , or X; > y, and x2 > yz . It is denoted by x lly* y. 

Evidently, (x,,X2) 2,* (Y1,Y2) if and only if (v1, ¥2) Sz* (&1, X2). If 1X2) Sp Gi,y2) and 
(X1,X2) 2p* (V1, Y2) then (x%1,X2) =," (Wi V2). 

Formally, the uninorm on L” is defined as follows: 


Definition 2.4. A uninorm on L* is a commutative, associative and increasing mapping U: L'? > L*, where 
there exists e € L*, called neutral element, such that Vx € L*, U(e, x) = x, [15]. 


Here, ife = 1,+, U defines a t-norm on L‘and if e = O;;, it is a t-conorm on L*. Nevertheless, the most in- 
teresting cases of uninorms are those where e satisfies 0,» <y* e <;* 1,.. 


In [15] we can find properties and their demonstrations concerning uninorms on L* that generalize the proper- 
ties of fuzzy uninorms, including those of the uninorm-based R-implicators and S-implicators. Further, we shall 
guide the exposition of N-uninorms theory through the theory developed in that paper. Our goal is to prove that 
N-uninorms extend uninorms on L’. 


2.2 Basic notions of neutrosophic logic 


Definition 2.5. Given X, a universe of discourse containing elements or objects. A is a neutrosophic set ([25- 
26]) if it has the form: A = {(x: Ta (x), In Cx), Fa(x)), xe€ x}, where T, (x), I, (x), Fa(x) G]~0,1*T, ie., they are 
three functions over either the standard or nonstandard subsets of |] ~0, 1*[. T, (x) represents the degree of mem- 
bership of x to A, I, (x) represents its degree of indeterminacy and F, (x) its degree of non-membership. They do 
not satisfy any restriction, i.e., Vx € X, “0 < inf Ty (x) + inf I, (x) + inf Fy (x) S sup Ta(x) + sup I,(x) + 
sup Fa(x) < 3*. 
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Another particular definition is that of Single-valued Neutrosophic set, which is formally defined as follows: 


Definition 2.6. Given X, a universe of discourse which contains elements or objects. A is a single-valued 
neutrosophic set (SVNS) [25] if it has the form: A = {(x: Ta (x), 148), F,(x)),x € x}, where 
Ta (x), I, (x), Fa (x) € [0, 1]. Ta (x) represents the degree of membership of x to A, I, (x) represents its degree of 
indeterminacy and F,(x) its degree of non-membership. Vx € X,0 < Ta(x) + Ig(k) + Fax) S 3. 

See that SVNS is derived from the definition of neutrosophic sets. In the present paper we prefer to use the 
former one. 

In neutrosophic set theory a lattice can be defined as follows: 

Given the universe of discourse X and x(T,, I,, Fy), y(T,, ly, Fy) two SVNS, we say that x<ny if and only if 
Ty S$ Ty, 1], 2 ly and F, = Fy, (X, <n) is a poset. Whereas, (L, A, V) is a lattice, because it is a triple direct prod- 
uct of lattices, see [9]. xAy = (min{T,, Dy max{I,, ea ; max{F,, Fy}) andxVy = (max{T,, Ty}, 
min{l,, ly} ; min{F,, Fy }). Moreover, it is easy to prove that it is complete. 

Let us remark that this definition is valid for interval-valued neutrosophic sets, when we substitute their oper- 
ators by interval-valued operators. 

See also that there exist two special elements, viz., Oy = (0,1,1) and 1y = (1,0,0), which are the infimum 
and the supremum respectively, of every SVNS with regard to <n. 

Given two neutrosophic sets, A and B, three basic operations over them are the following [25]: 


1.A4NB=AAB (Conjunction). 

2.AUB=AVB (Disjunction). 

3. A = (Fa, 1 — Iq, Ta) (Complement). 

Definition 2.7. A neutrosophic norm or n-norm Ny [25], is a mapping N,: (| “0, 1t [x] 70, 1* [x 
]70,1*[)? >] -0,1*[x] “0, 1*[] “0, 1", such that Ny (x(Te x, Fx), ¥(Ty ly Fy) = 
(N, TCX, y), NalC, y), NaF (x, y)), where NaT means the degree of membership, Nyl the degree of indeterminacy 
and N,F the degree of non-membership of the conjunction of both, x and y. 

For every x, y and z belonging to the universe of discourse, Nn must satisfy the following axioms: 

1. Nn (&,0n) = On and Nz (x, 1) = x (Boundary conditions). 

2. Nn (XY) = Nn (y,x) (Commutativity). 


3. Ifx<yy, then Nn (x,Z) <n Nn (y,z) (Monotonicity). 

4. Nn (Nn (xy), Z) = Nn (x, Nn (y,z)) (Associativity). 

Definition 2.8. A neutrosophic conorm or n-conorm N, [25], is a mapping N,: (| ~0, 1* [x] ~0, 1*[x 
]70,1*[)? >] -0,1*[x] “0, 1*[<] “0, 1*[, such that Ne (x (Ty, he Fx), ¥(Ty, ly, Fy)) = 
(N,T( y), NIC, y), N-F(x, y)), where N.T means the degree of membership, N.I the degree of indeterminacy 
and N.F the degree of non-membership of the disjunction of x with y. 

For every x, y and z belonging to the universe of discourse, N, must satisfy the following axioms: 

1. Ne (x,0n) = x and N- (x,1n) = ln (Boundary conditions). 

2. Ne (x,y) = Ne (yx) (Commutativity). 

3. Ifx<yy, then Ne (x,z) <n Nc (y,z) (Monotonicity). 

4. Ne (Ne (X,y),Z) = Ne (x, Ne (y,z)) (Associativity). 

According to [8] a Singled-valued neutrosophic negator is defined as follows: 


Definition 2.9. a singled-valued neutrosophic negator is a decreasing unary neutrosophic operator 
Ny: [0,1]? — [0, 1], satisfying the following boundary conditions: 

1. Nn (On) = 1y. 

9. Nu (lg) = Oe, 


It is called involutive if and only if Nn(Nn(x)) = x for every x € [0,1]?. 


In the following, we show the neutrosophic negators that we shall consider hereunder, extracted from the lit- 
erature, see [25]. Given a SVNS A(Ta, Ig, Fa), we have: 
1. Ny((Ta, 1a, Fa)) = (1 — Ta, 1 — 14,1 — Fa), Nn((Ta, Ta, Fa)) = 1 -— Tada, 1 — Fa), 
Nn ((Ta, Ia, Fa)) = (Fala, Taand Ny ((Ta Ia, Fa)) = (Fa, 1 — Ia, Ta) (Involutive negators). 
2. Ny((Ta la, Fa)) = (Fa 27 8*4, T,) and Ny((Ta, Ta, Fa)) = (1 - Ty “24, 1 — F,) (Non-invo- 
lutive negators). 
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In literature, we found neutrosophic implicators, which extend only the notion of S-implications [11]. More- 
over, we did not find a general definition on neutrosophic implications except in [8]. In the following, we con- 
clude this section with such definition and properties. 


Definition 2.10. A singled-valued neutrosophic implicator is an operator Iy: [0,1]? x [0,1]? > [0, 1]? 
which satisfies the following conditions, for all x, x’, y,y’ € [0,1]?: 

1. Ifx’ <y x, then Ivy) <n Ine’, y). 

2. Ify <n y’, then In(x y) Sn In(x y’). 

3. In(On, On) = In(On, In) = ING, 1Nn) = In. 

4. Iy(1n, On) = On. 

Herein we use the term neutrosophic implicator or n-implicator to mean singled-valued neutrosophic 
implicator. 

It can satisfy the following properties for every x, y,z € [0,1]? : 
Iy(1n,X) = x (Neutrality principle) 
In@y) = In (NinGy), Nin (x)), where Nyy (x) = Iy(X, Oy ) is an n-negator (Contrapositivity). 
In(x In(y,2)) = In(y, In, z)) (Interchangeability principle). 
X Sy y if and only if Iy(x, y) = 1y (Confinement principle). 
Iy is a continuous mapping (Continuity). 


Cae Se hee 


3 Neutrosophic uninorms 


This section is the core of the present paper, because here we explain the neutrosophic uninorm theory. We 
start defining this concept formally. 


3.1 N-uninorms 


Definition 3.1. A neutrosophic uninorm or N-uninorm Uy, is a commutative, increasing and associative 
mapping, Uy: (]~0,1*[x] ~0, 1*[x] ~0, 1*[)? >] “0, 1* [x] 70, 1*[ x] 70, 1*[, such that: 
Un (x, lL, Fy), y(Ty, ys Fy)) = (UyT( y), UnIG, y), Uy F(x, y)), where UnT means the degree of member- 
ship, UnI the degree of indeterminacy and UnF the degree of non-membership of both, x and y. Additionally, 
there exists a neutral element e €] ~0, 1*[x]~0, 1*[x] ~0, 1*[, where Vx €] ~0,1*[x] ~0, 1t[x] ~0,1*[, 
Un(e, x) = x. 


Remark 3.1. See that Def. 3.1, extends Def. 2.4 in two ways, according to the differences between L* fuzzy 
sets and neutrosophic sets. First, Un includes the third function representing indeterminacy and secondly, there not 
exists constraints in the relationship among T, I and F. In addition, Def. 3.1 extends Def. 2.7 when e = 1y and 
Def 2.8., when e = Oy. 


Remark 3.2. For the sake of simplicity, we shall develop the theory only for singled-valued neutrosophic 
uninorms. 

A trivial consequence of Def. 3.1 is that the neutral element is unique, which is a uninorm property in Def. 2.1 
and Def. 2.4. 

In the following, we explore the formulas of N-uninorms related to those corresponding to n-norms and n- 
conorms. For this end, first we need to describe two kinds of sets, namely, E, = {x € [0,1]?: x <y e} and E, = 
{x € [0,1]? : x Sn e}. 


Lemma 3.1. Let e €]0, 1] x [0, 1[x [0, 1[. The mapping ¢,: [0, 1]? > [0, 1], defined by: 
e(x) = (e1X1, X2 + e2(1 — x2), x3 + e3(1 — X3)) (1) 


for every x € [0, 1]? is an increasing bijection from [0, 1]? to E, and d¢? is increasing as well. 

Proof. To prove eg is injective, let x,y € [0, 1]? and suppose ,.(x) = ¢(y).Then, clearly the equation 
(ei%i;% + e,(1 — X2),xX3 + e3(1 — X3)) = (e1y1, V2 + e,(1 — yo), v3 + e3(1 — y3)) is fulfilled only if x = y, 
and the injection is proved, also taking into account that we excluded the cases e; = 0, e2 = 1 and e3 = 1. 


Yay, = 2% and x, = 3. Then, 
ey i=e5 1-e3 
e(x) = y and x1, X2,X3 € [0,1], which can be proved applying y <j e. Therefore, de is surjective and evi- 


dently it is increasing. The equation of the inverse is the following: 


Let us take any y € E, and define x = (X,,X2,X3), such that x, = 


b310) = (222, S=) 


e;' 1-e,’1-e3 


(2) 
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Lemma 3.2. Let e € [0, 1[x]0, 1] x]0, 1]. The mapping We: [0, 1]? > [0, 1], defined by: 
WelX) = (e, +x, — €1X1, €2X2, 3X3) (3) 


for every x € [0, 1]? is an increasing bijection from [0, 1]? to E, as well as We" is increasing. 
Proof. This lemma can be proved similarly to the proof carried out in the Lemma 3.1. The equation of the 
inverse is as follows: 


(4) 


Xy — €y X2 =) 
1—e,'e,’e3 


We") =( 


Theorem 3.3. Given Un an N-uninorm with neutral element e €]0, 1[?. Then the following two conditions 
are satisfied: 
i. The mapping Ny yy: [0,1]* x [0, 1]? > [0, 1]* defined for all x,y € [0, 1]* by the equation: 
Nuuy OY) = 3" (Un (eC), be(y))) (5) 
is an n-norm. 
ii. | The mapping N,y,:[0,1]* x [0,1]* — [0, 1]° defined for all x, y € [0, 1]? by the equation: 
Neu ¥) = We" (Un (els), Wey))) (6) 


is an n-conorm. 
Proof. This theorem is a consequence of Lemmas 3.1 and 3.2. 


Remark 3.3. Some cases of e were excluded in Lemmas 3.1, 3.2 and Theorem 3.3, for instance, e = 
(0,8, y), where 0 < B, y < 1 in Lemma 3.1. It is easy to prove that when e is one of them, there not exist any 
increasing bijection from [0, 1]? to E, or E,, because E, or E, have one constant component, and therefore they 
only depend on at most two components, however, [0, 1]? depends on three, and that contradicts the injection. 
For example, if e = (0,8,y), then E, = {0} x [8,1] x [y, 1], and there not exists a bijective mapping from 
[0, 1]? to E,. 


Corollary 3.4. Given Un an N-uninorm with neutral element e €]0, 1[?. Then the following two conditions 
are satisfied: 


i. For every x,y € E,, Un(&\ y) = be (Nuun (be1(x), =*(y))). 


ii, For every x,y € Ep, Un(X,) = We (Nouy (Wet), Ws"). 
Proof. The proof is obtained immediately from Theorem 3.3. 


Remark 3.4. See that Theorem 3.3 and Corollary 3.4 mean that we can define N-uninorms from n-norms 
and n-conorms, and vice versa. 


Remark 3.5. Comparing the precedent issues with their similar ones appeared in [15], we can find few dif- 
ferences and numerous similarities. Indeed, so far we have proved that N-uninorms extend the approach to struc- 
tures of uninorms on L* fuzzy sets, which is valid to interval-valued fuzzy sets, intuitionistic fuzzy sets, interval- 
valued intuitionistic fuzzy sets and Goguen’s L-fuzzy sets. 


Definition 3.2. We say that N,(x, y) is an Archimedean n-norm respect to <y if for every x € [0, 1]?it satis- 
fies: Ny (XX) <p X. 


Definition 3.3. We say that N,(x,y) is an Archimedean n-conorm respect to <y if for every x € [0, 1]? it sat- 
isfies: N.(x,X) >y X. 

Definition 3.4. Un(x,y) is an Archimedean N-uninorm respect to <y if it satisfies the following conditions: 

1. Uy(x,x) <n x for every 0 <y x <j e. 

2. Un(x,x) >n x for every e <y X <y 1n. 

Proposition 3.5. Given Un an N-uninorm with neutral element e €]0, 1[?. It is Archimedean if and only if 
the n-norm and n-conorm defined in Eq. 5 and 6, respectively, are Archimedean. 

Proof Let 0 <y x <y e, and Uy(x, y) an Archimedean N-uninorm, i.e., Uy (x, x) <j x, then taking into ac- 
count that c), and d;? are increasing bijections, we have N nUy % X) = 


oe? (Uy (d¢ (x), e(x))) <n e1(h¢(x)) = x. Equivalently, it is easy to prove that Nyy, (x, x) <n X implies 
Uy (x, X) <y X. The proof for the n-conorm is similar. 
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Proposition 3.6. Given Un an N-uninorm with neutral element e, and x, y € [0, 1]? are two elements such 
that either xX <y e Sy yory Sy e Sy x, then the following two inequalities hold: 

min(x,y) <j Uy(x, y) <n max(x, y). 

Proof. Without loss of generality, suppose x <j e <j y, then because of the monotonicity of the N-un- 
inorms Uy (x,y) <n Un(e, y) = y = max(x, y) and Uy (x, y) =n Un, e) = x = min(x, y). 

The proposition above means that there exists a domain where Uy is compensatory with regard to <y. 

Let us note that there exists other sets where x ll<, y or X ll<, e. 


Example 3.1. Two examples of N-uninorms are the following: 
Recalling the well-known weakest and strongest fuzzy uninorms, respectively, defined as follows: 


0 if0 < x,y, < e min{x,,y,} if0 <x,y, Se, 
Ue, (X11): = j max{x,,y,} ife; < x,y, $1 and U,, (&1,y1):= 41 ife, <x,y, <1 
min{x,,y,} otherwise max{x,, y,} otherwise 


For every X,,Y; € [0,1] and e, € ]0, 1[. 
Let us define two N-uninorms as follows: for every x,y € [0,1]? and e € [0, 1]%is the neutral element: 


Ue(x, y):= (Us, i ¥1), Ue, &o,¥2), Ue, (X3,Y2)) (7) 


and 


U. (x, y): = (U., (x1, Yu), Ue, (x2, Y2), Ue, (x3, ys) (8) 


Both U,(x, y) and U,(x, y), are N-uninorms, because every one of the components are uninorms, thus, they 
are commutative, associative and increasing. The neutral element components are formed by the neutral ele- 
ments of every individual uninorm. 

Moreover, U,(x, y) is a conjunctive N-uninorm and U, (x, y) is a disjunctive N-uninorm, i.e., Ue(On, In) = 

On and U,.(0n, In) _ 1y. 

See that U(x, y) = (Ue, (X1,91), Ue, (Xz, ¥2), Ve, (Xs, ys) is also an N-uninorm, nevertheless, it is neither 

conjunctive nor disjunctive, U.(0y,1y) = (0,0,0). 


Definition 3.5. An N-uninorm Un is said to be representable if there exist three fuzzy uninorms, 
Ue, &LY1), Ue, (Kz, 2) and Ue, (X3,Y3), such that for all x = (x,,xX2,X3) and y = (y1,Y2,y3) it has the form 


Un(%y) = (Ue, Or ¥1), Ue, (2 V2), Veg (Xa Va)) 


Proposition 3.7. Let Un be an N-uninorm with neutral element e and x € [0, 1]?, then the following proper- 
ties hold: 
i. Uy (On, On) = Oy and Uy(1y, 1n) = In. 
ii. Ife € [0,1]? \ {0y, 1}, we have Uy (On, 1y) = Un(Uy (On, 1y),x), for every x € [0, 1]?. 
iii, Ife € [0,1]* \ (Oy, 1N}, then either Uy (Oy, 1n) = Oy or Uy(Oy, 1y) = 1y or Uy (On, 1n) ley e- 


Proof. 
i. See that Uy(e, Oy) = On, Un(e,1n) = 1x and apply the increasing axiom of N-uninorm. 
il. If x<ye then because Uy is increasing, we have Uy(Oy,x) <yj Uy(On,e) = Oy , thus, 


Uy (On, X) = On and Uy (On, 1y) = Un(Un (On, x), 1n). Because of the commutativity and the asso- 
ciativity, Uy(On, 1y) = Uy(Uy (On, 1), x). 
If x >y e then Uy(1y,x) =n Un(1y,€e) = 1y and therefore, Uy(1y,x) = 1yn . Uy(Oy, In) = 
Un (On, Un (1, X)), and finally due to the commutativity and associativity, we obtain Uy (Oy, 1y) = 
Un (Uy (On, 1y),X). 
If xll<, e then xAe Sy X Sy XV. We have xAe Sy e and e Sy x Ve, thus according to the 
precedent results Uy (On, 1y) = Uy(Uy (On, 1), XA €) = Un (Uy (On, 1), x V €). Applying the in- 
creasing axiom of N-uninorms we obtain Uy (On, 1y) = Uy(Uy (On, 1), x) . 
iii. Suppose Uy (On, 1) He, @, that implies either Uy(On, 1n) Sn € or e Sy Un (On, 1n). 

If Uy (On, 1n) Sw e, then Uy (On, 1n) = UnCUn (On, 1n), ON) = On , according to ii. 
If Uy (On, 1n) =n e, then Uy (On, 1n) = UnCUn (On, 1n), 1n) = 1n , according to ii. 

Let us note that the precedent issues are similar to the ones obtained in [15]. 
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3.2 Implicators induced by N-uninorms 


This subsection is dedicated to explore the notion of n-implicators induced by N-uninorms. First of all we 
define the concept of neutrosophic R-implicator, which is new in this framework, at least in the scope of our 
knowledge. 


Definition 3.6. A neutrosophic R- implicator or n-R-implicator is an n-implicator defined as follows: 

Given N,, an n-norm, for every x,y € [0, 1]°, RIy(x, y) = sup{t € [0,1]: N,(x, t) <y y}. 

Let us note that this definition extends both, the definition of fuzzy R-implicator, see [7], and that of L* fuzzy 
implicator, [15]. As well as others appeared in [3, 12]. 

Indeed, it is an actual n-implicator. Taking into account the properties of <j, and the increasing property of 
n-norms with regard to <y, we have that Rly (x,) is decreasing and RIy(, y) is increasing. Additionally, the sat- 
isfaction of the boundary conditions by Rly can be verified straightforwardly. 


Example 3.2. Let a = (0.6, 0.2, 0.4), b = (0.7, 0.1, 0.3) and c = (0.5, 0.3, 0.5) be three SVNS. Observe 
that c <y a Sy b. Consider the n-norm, Ny_min(% y) = (min{T,, Ty}, max{I,, i}; max{F,, F,}). 

Then, RIy(a,b) = 1y , RIn(a,c) = (0.5, 0.3, 0.5), RIy(b,a) = (0.6, 0.2, 0.4) and RIy(c, a) = 1y. See that 
Rly (a,c) <j RIy(a,b) and RIy(b, a) <y RIy(c, a). 


Proposition 3.8. Let RIy be an n-R-implicator induced by the n-norm N,, then the two following properties 
hold: 
i. RIy(1y, y) = y for every y € [0, 1]? (Neutrality principle). 
il. RIy (x, X) = 1y for every x € [0, 1]? (Identity principle). 
iil. x,y € [0,1]? and x <y y if and only if Rly (x, y) = 1y (Confinement principle). 
Proof. 
i. ory € [0,1]?, we have RIy(1y, y) = sup{t € [0, 1]?:N,(1y,t) =t <y y}=y. 
ii. For x € [0,1], we have Rly(x,x) = sup{t € [0, 1]?: N, (x,t) <y x} = 1y, because N,, is increasing 
and Ny (x, 1y) = x. 
ili. For x, y € [0,1]? and x <y y, taking into account the inequalities N,(x, t) <y Ny(x 1y) = x Sy y for 
every t € [0, 1]3, we have Rly(x,y) = 1y. On the other hand, RIy(x, y) = 1y evidently implies x <y y, 
from the definition. 


Theorem 3.9. Let Un be an N-uninorm with neutral element e €]0, 1[%. Let us establish the mapping 
Rly: [0, 1]* x [0,1]? > [0, 1]? defined as follows: 

Rly, (& y) = sup{t € [0, 1]*: Uy (x,t) <y y} for every x,y € [0, 1]°. 

It is an n-implicator if and only if there exists X >y Oy such that every x >y X satisfies Uy(On, x) = On . 

Proof. It is easy to verify that Rly, (x) is decreasing and Rly, (-, y) is increasing. 

On the other hand, Rly, (On, In) = Rlyy (ny, In) = 1, because Uy is increasing and 1y is the supremum. 

See that for every t € [0,1], Uy(1y, t) =y Uy(e,t) = t, then Uy(1y, t) >y Oy if and only if t >y On, 
therefore Rly, (1n, On) = On. 

Additionally, if there exists X >y Oy such that every x >y X satisfies Uy (On, x) = Oy, then because Uy is 
increasing and 1y is the supremum of that set, Uy (Oy, 1y) = On and Rly, (On, On) = In. 


Remark 3.6. The Theorem 3.9 is valid when Uy is a conjuctive N-uninorm. 


Example 3.3. Given again a = (0.6, 0.2, 0.4), b = (0.7, 0.1, 0.3) and c = (0.5, 0.3, 0.5), three SVNS, 
as in Example 3.2. Let us consider U, of the Example 3.1, where e = (0.5, 0.5, 0.5). Recall that U.(0y, 1y) = 
Oy. Then, Rly, (a,b) = (0.7,0.1, 0.3), Rly, (a,c) = (0.5, 0.5, 0.5), Rly, (b, a) = (0.5, 0.5, 0.5) and Rly, (c,a) = 
(0.6, 0.2, 0.4). 

Proposition 3.10. Given Uy an N-uninorm with e € [0,1]? \ {On, 1}. Then, Rly, (e, x) = x, for every x € 
[0, 1]?. 

Proof. Let us fix x € [0, 1]*, Rly, (e,x) = sup{t € [0,1]*: Uy(e,t) = t <y x} =x. 


Proposition 3.11. Given Uy an N-uninorm with e € [0,1]? \ {On, In}. Rluy (& 1N) = 1n, for every x € 
[0, 1]? (Right boundary condition). 

Proof. Taking into account Uy is increasing and 1y is the supremum of the elements of the lattice, then, 
Rly, (% In) = supf{t € [0,1]?: Uy, t) Sy 1y} = 1y- 


Proposition 3.12. Given Uy an N-uninorm with e € [0,1]? \ {Oy, 1,}. If it is contrapositive respect to a ne- 
gator Ny, which satisfies Ny(e) = e, then Ny(x) = NNtuy (x) = Rly, (x e) for every x € [0, 1]?and Nnty, 8 in- 
volutive. 

Proof. Reproduce the similar proof in [15] adapted to N-uninorms. 
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Proposition 3.13. Given Uy an N-uninorm and Ny an n-negator. The mapping Sly, (x, y) = Uy(Nn(x),y) is 
an n-implicator if and only if Uy is disjunctive. 

Proof. Reproduce the similar proof in [15] adapted to N-uninorms. 

Example 3.4. Revisiting Examples 3.2 and 3.3, where a = (0.6, 0.2, 0.4), b = (0.7, 0.1, 0.3) andc = 
(0.5, 0.3, 0.5). Now we consider the n-negator Nn((Ty, l, F,)) = (F,, 1,, T,,) and from the Example 
3.1, U.(x, y) with e = (0.5, 0.5, 0.5). There, we proved it is disjunctive. 


Then, we have SIg, (a, b) = (0.7, 0, 0.3) , SIg, (a,c) = (0.4, 0, 0.6), SIg,(b, a) = (0.6, 0,0.4) and 
Sly,(c,a) = (0.6, 0,0.4). 


Proposition 3.14. Given Uy an N-uninorm and Ny an n-negator. The mapping Sly,, satisfies the Inter- 
changeability Principle: 


Sluy (x, Sluy &, z)) = Sluy (y, Sluy z)) for every x,y,z € [0,1]°. 
Proof. It is proved by using the commutativity and associativity of N-uninorms. 


Conclusion 


The proposed paper was devoted to define and study a new operator called neutrosophic uninorm or N-uninorm. 
We demonstrated that it is possible to extend the notion of uninorm to the framework of neutrosophy logic theory. 
In addition, we defined new neutrosophic implicators induced by N-uninorms. Moreover, we introduced a new 
neutrosophic implicator which generalizes the fuzzy notion of R-implicator. The importance of this new theory is 
that the appreciated quality of fuzzy uninorms as aggregators is enriched with the capacity of neutrosophy to deal 
with indeterminacy. 
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Bipolar Neutrosophic Sets and an Application to Medical Diagnosis. Neutrosophic Sets and 
Systems 45, 444-458 


Abstract: A single-valued neutrosophic set is one of the advanced fuzzy sets that is capable of 
handling complex real-world information satisfactorily. A development of single-valued 
neutrosophic set and fuzzy bipolar set, called a bipolar neutrosophic set, was introduced. Distance 
measures between fuzzy sets and advanced fuzzy sets are important tools in diagnostics and 
prediction problems. Sometimes they are defined without considering the condition of the 
inclusion relation on sets. In decision-making applications, this condition should be required (here 
it is called the inference of the measure). Moreover, in many cases, a distance measure 
capable of discriminating between two nearly identical objects is considered an effective measure. 
Motivated by these observations, in this paper, a new distance measure is proposed in a bipolar 
neutrosophic environment. Furthermore, an entropy measure is also developed by the similarity 
between two sets of mutual negation. Finally, an application to medical diagnosis is presented to 
illustrate the effective applicability of the proposed distance measure, where entropy values 
are used to characterize noises of different attributes. 


Keywords: neutrosophic distance; similarity measure; bipolar neutrosophic sets; entropy measure; 
medical diagnosis 


1. Introduction 


In 1965, the concept of a fuzzy set (FS) was introduced by Zadeh [1] to handle uncertainty of 
information in real-world inference systems. According to him, the degree of membership (positivity) 


of anelement u toaFSonauniverse U is one value s(u), where u“(u)€ | 0,1 | . The theory of FSs 


has reached a huge amount of achievements in a variety of application areas. However, in many real- 
life problems, the presence of negativity cannot be ignored. In 1983, Atanassov [2] proposed the 
concept of an intuitionistic fuzzy set (IFS) by considering the membership degree su(u) as well as 
the non-membership degree v(u) with the condition on their sum which is s(u)+v(u)<1. The 


theory and applications of IFSs have been strongly developed such as studies on logical operators [3- 
5] and applications in decision making [6-10]. 

From a philosophical perspective on the existence of the field of neutrosophy, Smarandache 
considers that using IFSs to treat indeterminate and inconsistent is not satisfactory enough. In 1999, 
Smarandache [11] introduced the concept of neutrosophic set (NS). He named its three characteristic 
functions the truth membership function, the indeterminacy-membership function, and falsity- 
membership function, denoted by T(u), I(u), and F(u), respectively. Their outputs are real 
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standard or nonstandard subsets of ]0,1°[. From the requirement of practical applications about 
representing the featured degrees by real values, Wang et al [12] provided the definition of single- 
valued neutrosophic sets (SVNSs). Cuong [13] also proposed the concept of picture fuzzy set (PFS) 
as a particular case of NSs. Some results on PFSs can be found in [14-19]. Because of the independent 
existence between the considered property and its corresponding implicit antagonist, Deli et al. [20] 
introduced the concept of bipolar neutrosophic sets (BNSs). This is a generalization of SVNSs and 
bipolar fuzzy sets [21]. Ina BNSX, T"(u), I"(u), F'(u) represent the characteristic degrees of an 
element u¢U corresponding to X and T*(u), I~(u), F*(u) represent characteristic degrees of u 
to some implicit counter-property corresponding to X . Some research on NSs and BNSs and their 
applications can be found in [22-36]. 

The advanced fuzzy distance measures are known as effective tools for solving decision-making 
problems [6-10, 13, 37]. Some of distance measures of SVNSs were proposed such as Hausdorff 
distance [38], Cosine similarity measures [39], and the distance measures of Ye [40], Aydogdu [41], 
Huang [26], and Ngan et al. [42]. In 2018, Vakkas [43] et al. introduced similarity measures of BNSs 
and their application to decision-making problems. Vakkas's measure was defined without 
considering the condition of the inclusion relation on sets. In decision-making applications, this 
condition (in this paper, it is called the inference of the measure) should be required. Moreover, 
Vakkas's proposal does not imply cross-evaluation, which is necessary to distinguish the differences 
and was discussed in intuitionistic fuzzy and single-value neutrosophic environments [7,10,42]. 
Motivated by these observations, in this paper, a new distance measure set that includes cross- 
evaluation and the inference of the measure is first proposed in a bipolar neutrosophic environment. 
Furthermore, an entropy measure is also developed by the similarity between two sets of mutual 
negation. Finally, an application to medical diagnosis on the UCI dataset is presented to illustrate the 
effective applicability of the proposed distance measure, where entropy values of different attribute 
sets are used to characterize their noises. 

The next sections of the paper are distributed content as follows. Some basic concepts and the 
related measure formulas are presented in Section 2. In Section 3, the proposals on the distance 
measure, the similarity measure, and the entropy measure on BNSs are introduced. In Section 4, an 
application to medical diagnosis given to show the effectiveness of the proposed distance measure. 
Finally, Section 5 shows the conclusions of the study. 


2. Preliminaries 


Definition 1. [25] ANS X onauniverseset U is characterized by three feature functions including 


a truth-membership function, T,:U — ]0,1°[, an indeterminacy-membership function, I: U 


— ]0,1'[, and a falsity-membership function, F,: U — J] 0,1°[, where 
“0 <supT, (z)+supI1,(z)+supF,(z)<3°,zeU. (1) 
u u u 
Definition 2. [20] ABNS X on U is defined by the form as follows: 


X ={< 2,Ty (2), Ty (2), Fy (2), Ty (2), 15 (2), Fx(z) >| €U} or 


Mesilla es (2) 


KPO ROE REX 
where Ty,Iy,F,:U—>[0,1], and Tz,Iy,Fz :U->|-1,0]. 
Denoted by BNS(U) the set of all BNSs on U. 


Definition 3. [20] Let X, and X, be two BNSs on U, then 
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e X, <X, if and only if TOs Ow Oeste GE Geb OT O25 Gh Os @), 
and F/*(z)<F,*(2). 

* Mex, aandonly ut Liab ey Bat 6b OH- Ot O=-Lot OL, 
and F*(z)=F,*(z). 

© X= \< z, F°(z),1-1°(z),T°(z), F*(z),-1-I°(z),T*(z) az u}. 


Definition 4. [43] A similarity measure of BNSs isa S: (BNS(u)) > [0,1] mapping satisfying 
i. “OSS(X Xp 1, 
2. B(x aS( kA, 
3. $(X,,X,)=1 for X,=X,,where X,,X, ¢ BNS(U). 
In 2018, Vakkas et al. [43] proposed a similarity measure of BNSs as follows: 


S, (X,,X,) =aS,, (X,,X, )+(1-a) 5S, (X,,X,), (3) 
where @€|0,1], 


(Ty (2)Ty, 2) +1, (21g, 2+ FE Fe ,)) 
: —(Ty (2, )Ty (2) + 15, (2 i, (2) + Fe (Fe, @,)) 
=e 2| (T27(z,) +15, 2(z,) + Fe 7(z,)) + (Tz) +102) +F7(z,)] 


-(T2) +2) + Fe) (Be) +) +B) | 


y 


and 
(TE (x, JT) +1, (2 IE, (2) + Fe (2, Fx, (@;)) 
; —(Tz (x) TE, (&,) +15, (@ i, (@,) + Fe @ DFE, @,)) 


Sip( Xr) =>. 
a 2 Ta ?(x,) +15, 2(x,) + Fe (x,) xf TE 2(x,) + Fo 2(x,) + F(x) 
-[Te2(x;) +15 2(x,)+ Fe2(x,) x rieee. +152(x,)+ FG) | 


Note that: Vakkas’s proposal is without considering the condition related to the inclusion 
relation on sets. Some other measures are built based on the triangle inequality condition instead of 
the condition related to the inclusion relation on sets, such as the Hamming distance and the 
Euclidean distance [44, 45]. 


In 2021, by reasoning about the need for the cross-evaluation, Ngan et al. [42] defined the H- 


max distance measure on SVNSs by 
diy (X,,X,) 7 vy, (2, [r, (z;) -T, (z,) +a, le (;) —Ty (z,) + Qt; is (z;) Se (z;) 
i=1 
max {Ty (Z,)-Ly, (z,)}-max{I, (2,),T,, @)} (4) 


max {Ty (2; Fy, (2; )} —max {Fy (2;),Ty, (2; I) 


+a, 


+a, 


where @, € (0,1), + a. =1, x, €[0,1], v4, =1. 
kal i=l 
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3. H-max bipolar neutrosophic weighted measure 


Now, the provided definition of distance measures of BNSs includes the inference condition. 
Furthermore, a specific distance measure, called H-max bipolar neutrosophic weighted measure, is 
introduced based on the formula of d,,, proposed by Ngan et al. [42]. 


Definition 5. For all X,,X,,X,¢BNS(U) where U={z,,...,z,}, then a distance measure of BNSs is 
d:(BNS(U)) [0,1] mapping satisfying 

1. d(X,,X,)=d(X,,X,), 

2. d(X,,X,)=0 ifand only if X,=X,, 

3. If X,cX,cX,,then d(X,,X,)<d(X,,X,) and d(X,,X,)<d(X,,X,). 


n 


Definition 6. Let X,,X, € BNS(U) where U= Zips 
X, = \< hile (z), iB (z), EF (z), Ty (z), i (z), Fy (z)>lze u} ? 


\ and 


X, = \< z,Te (z)ly, (2),Fe, 2) Te, (2), Tz, 2), Fe (2) al z€ u} 
Then, the formula of H-max bipolar neutrosophic weighted distance measure between X, and X, 


is as follows 
yy eee (X,,X,)+(1-A) dy. ayo (X,,X,) ’ (5) 


where 


n 


Dee (Xx) iL, (2 


i=1 


iy, )— Hy, &)| + [Fe @,)- Fe ,)| 


Ty, (2;)-Ty, (@)| +29 
+a) max {Ty (z;), ie (z,)} —max ie (Z;), Ty. (zt 


max{Ty. (Z,), a (z, )t —max Hea (z,), Ty. (Zz, )} 


), 


Ayana (XX) =Doae (at [EE @,)-TE + of |, 1-1, + as [FEF 
i=1 


), 


where a ,a, €(0,1), Ya, =1, +a, =1, Gt €[ 0/1], y yet and 4 < (0,1). 
i=1 


5 5 
k=1 k=1 


i} 
+a, 


min {Tz (z,),15, (z,)}~min {Fy (2,),Tz, @,)}] 


min {Ty (z;),Fe, (z,)}-min{F; (z,),Tz, (z,)} 


+a, 


+a, 


Proposition 1. d,, ,, satisfies the following properties for all X,,X,,X, € BNS(U) , 


L. Ode ( X81, 

2. dies (X,,X,) =0 if and only if X,=X,, 

3. dis BN (Xs) = dis BN (X,,X, ) , 

W. diesigs Mis VS ase KyiXe and sag MG Say | Map) De eG, 
Proof 


1. Apparently, for all 7=L...,n, 
[te @-T, &) 


K-12) [Fe @)- FE] € [01], 


y 
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max {Ty (2,), Ty, @,)}—max {I (z,), Te, (z,}| e[0,1], 


max {Ty (2,), Fe, (z,)}-max {Fe (z,), Te, @,)} €[0,1], 


and 
Ie @)- Te, @,)) He, @ He, @)) [Eg @) Fe, @)] € [0.1], 
hmin {T (2,),T;, (z,)}—min {Ty (2,), Ty (z,)}| e[0,1], 
hmin {Tz (z,), Fy, (z,)}-min{F; (z,),Tz, @)}| € [0,1]: 
Hence, 0< dy yy (X,,-X,)S1. 


Ty, 5 Ty, Ty, = Ty, 
2. Clearly, dy gy (XX, )=0e Vy HK =T, @X,=X, 
Fy = Fy Fy, = Fy, 


3. Itcanbe seen that d has the symmetry property. 


H-BN 


4. Let X,cX,cX, then forall i=1,..,n, 
LG) t, Get ag 2ek G2, @). 


HG@sh. GG) @)G@)en@) 2k @), 
jai @ ek Gand Fest) see). 


These lead to 
bes -T) | < [re -Te Aes -1). | < IE, -1). Bi Fe | < Fe, -Fi , 
kes -Ty | < bes -Tz Bes - Iz | < iss -I Bis Fy | < IF, Fy , 
Moreover, 
max {Ty nee \ > max {Ty Ay. \ > max {Ty ily, \ > max {Ty ee \, 
min {Tz ,T;,}<min{Tz ,T;,}<min{Tz 1;,}<min{T; 1;,\, 
max {Ty pee \ > max {Ty pee \ > max {Ty aoe > max {Te ee ? 
min {T; ,F; | <min{Ty ,Fy |< min{Ty Fy} <min {Ty ,F; }. 
Hence, 
lmax{Ty. ie \ —max|{Ty, ae \ < lmax|{Ty ye } —max{Ty ile } r 
lmin {Tz , 1%, }-min {Ty ,15, }|<|min {Ty 15, }-min {Tz 1, }L, 
lmax{Ty fe \ - max{T? ica \ < lmax|{Ty, P i } - max{Ty. igs | 7 
min {T, /Fz }|—min{Ty , Fy, \ < lmin {Ty /F;,\-min{Tz ,F; 
Thus, dj, py (X,,X)<dy_py(X,X3)- Similarly, dy_yy (Xp/X3)<4y-gy (X/X) is proven. 
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Definition 7. Let X,,X, < BNS(U) where Ua tain.ge} . Then, the formula of H-max bipolar 


neutrosophic weighted similarity measure between X, and X, is as follows 
X,,X,)=1-dy,_ py (XX). (6) 


satisfies the following properties, for all X,,X,,X, € BNS(U) : 


eee 


Proposition 2. s 


H-BN 
Ly: O88 ia ( XX) Sh 

2. Sy_gy(X,,X,)=1 if and only if X,=X,, 

BO Banga Gp Seige ee 

A. Bae (MG 7G.) SS Ge and Bx jo Casi ok (ke Xe) dt eX, eX 


Remark 1. The proposed distance measure overcomes the limitations of the Hamming distance, the 
Euclidean distance [44, 45], and Vakkas's proposal [43]. Specifically, 


e The proposed measure d includes cross-evaluations: 


H-BN 


max}Ty (z,),ly 2) )}- max {I (2,),Ty, (Z;) : 


(Ty, @), 
ts 


Ty, (2;),Fy, (@,)}—-max{ Fe (z,), Ty, (Z,)}L, 


xX, 1 


max 


min {Ty CA RERC )} - min {I5, (2,),Tz, (2)}), 


min {Tz (2,),Fy, (z,)}-min {Fe (z,), Tz, (2) 


e The proposed measure satisfies the property related to the inclusion relation, i.e., the 
property 4 in Proposition 1. 


Example 1. Let U= eae . Put 
X, = <0,,,0.01,,,1,,,-0.15,,,0,,,-0.8,, >, 


X, = <0.79,,,0.01,,,0.61,,,-0.79,,,0,,,-0-61,, >, 
X, = <08,,,0,,,0.6,,,-0.8,,,0,;,-0.6,, >- 


Then, X,,X,,X,¢BNS(U) and X, <X, CX,. By the similarity measure of Vakkas et al. [43] and 


choosing specific values for the parameters, we have 


1 


1 
Sy (X,,X;) = pina (X.X3)+5 $2 (eke) 


1 
Avi (X,,X, )+= 


Sy (X,,X,) = 


where, 

(00.8 + 0.01x0 +1x0.6) - ((-0.15)(-0.8) +0 + (-0.8)x(-0.6)) 
2| (0? +0.017 +17) + (0.8? +0° +0.6”) - 
-((-0.15)" +0* +(-0.8)")-((-0.8)' +0 +(-0.6) ) 

(00.8+0.01x0+1x0.6)—((-0.15)(-0.8)+0+(-0.8)x(-0.6)) 


2| vo +002 +12 x08? +02 +06” 


—(-0.15)" +0? +(-0.8)' x (-0.8) +0°+(-06) | 


Spits) = 


ed Gre, =0, 
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— (0.79 x0.8 +0.01x0 +0.61x 0.6) —((—0.79)x(-0.8)+0+(-0.61)(-0.6)) 
$a (%%)= 2| (0.797 +0.01° +0.61") +(0.8? +0? +0.6") a 
-((-0.79)' +0? +(-0.61)'}-((-0.8)' +0* +(-0.6)" ) 

(0.79 x0.8 +0.01x0 +0.61x0.6)—((-0.79)x(-0.8)+0+(-0.61)(-0.6)) 


2| v0.79" +0.012 +0.612 x08? +07 +0.6” 


—,|(-0.79)' +0? +(-0.61)’ x (-08) +07 +(-0.) | 


Sy {X,-X5) = =0. 


The obtained calculation results are S, (X,, X,) =0 and S, (exe) =0. 


Now, from Definition 6 and choosing specific values for the parameters, we have 


1 1 
Be Ske (X,,X,) = 5 ta-ant (x ) ale 5 Aan (X26) 


1 
d X,,X,)+=dy ayo (yx) 


1 
X,,X,)=5d 5 


H-BN ( H-BN1 ( 


where 


1 
di.-axi (XX) = =(|0-0.8| +|0.01-0]+[t-0.6} 


+|max {0,0} —max {0.01, 0.8}|+|max{0,0.6} — max {1,0.8}]) = 0.482, 


d 


wna (XX) = 3 [015 0.8|+|0 -0| +|0.8 -0.6| 


+|min {-0.15,0}—min {0,-0.8}|+|min {-0.15,—0.6} — min {-0.8,-0.8}]) = 0.34, 


diy pn (Xp/X3) = = (0.79 —0.8|+|0.01—0|+|0.61—0.6| 


+|max {0.79, 0}—_max {0.01,0.8}|+|max {0.79, 0.6} ~max {0.61,0.8}|) = 0.01, 


d 


mvs (Xa»%) = 50.79 0.8] +|0 -0| +|0.61-0.6| 


+|min {-0.79,0}—min {0,—0.8}|+|min {-0.79, -0.6}—min {-0.61,-0.8}]) = 0.008. 


Hence, 
dy gy (XX; )=0.411> dy gy (X_-X; ) = 0.009 


(S35 ay (X,/X5 ) = 0-589 <8, oy (Xq-X3)= 0.991). 


H-BN 


In this case, by observation we can also see that X, and X, are almost the same. In addition, 
since X, X, CX,, it can be deduced that the difference between X, and X, is greater than the 
that between X, and X,. The proposed distance measure is likely to properly represent this 


assessment and inference and overcomes the limitation of the proposal of Vakkas et al. [43]. 


Example 2. Let U= ave . Put 
X, = <04,,,0,,,0.4,,,—0.8,,,0,,,-0.8,, >, 
X, = <0.5,,,0,,,0.5,,,-0.7,,,0,,,-0.7,, >, 
X,= <04,,,0,,,0.6,,,-0.6,,,0,,,-0.8,, >. 
Then, X,,X,,X,¢BNS(U), X,¢X,,X,¢X,, and X,cX,. 
The Hamming distance [44, 45] on BNS (u) can be defined as follows: 
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ds (X/Xa) = 5D ((FE Te, + |, @)-B, @d]+|F @)-FE 
+[T @)-Tz + |, @ Fe, @)|+ [Be @)-Fe ,))}- 


The Euclidean distance [44, 45] on BNS (u) can be defined as follows: 


dous(%%2)= | oe ()-T2 @)f +18, @)-B @)) +E @)-F &)) 


1 
Z af ie cite 5, oy ee est ye YR 
+f @-T3 ef +[5,@)-4,G0f +R @)-F if JP 
Some of the calculation results obtained are as follows: 


Ham 


4 
on (X,/X,) =d OG) oe , 


a 


Fx (X,/X,) = Fey (X,,X,) - he 


di py (X, Xp) =0.06 <d,,_ gy (Xz/X,) =0.08 


Clearly, in this case, because of cross-evaluations, the proposed measure can distinguish the 


H-BN ( 
difference better than two related measures. 


Definition 8. For E: BNS(U) > [0,1] mapping, if the following conditions are satisfied then E is 

an entropy measure of BNSs. 

1. E(X)=0 ifandonlyif X or X° isacrisp set, 

2. E(X)=E(X‘); E(X)=1 ifandonlyif X=X°*, 

3. \EQG)S EGG)? If AyD x, 185. if i <T,. j i Ea os , T 2, Fy sk for ea SF j 
Ty, 2s iD = Ty, =0.5,, I =I, =-0.5,; and hee zai be Y ie ao , TT sTy, Fy 2 for 


on ee sa 0b =) 0a 


x 


Proposition 3. Let X € BNS(U), where U = ay ae then s,, ,y(X,X°) is an entropy measure of 


xX. 
Proof. 

1. If X be a _ crisp set, ie, a1 He a0 a1 0k Sal. at 
i i. 0, Fy LT LJ =F, =0,, then, §,, py(X,X°)=0. Similarly, if X° is a crisp 


set, then s$,, ,(X,X°)=0. If s,, ,,(X,X°)=0, then it's not hard to show that X or X° isa 
crisp set. 

2. From Proposition 2, we obtain that E(X)=E(X‘); s,, ,,(X,X°)=1 ifand only if X=X°. 

8. “Let 25 Pay assume that Te Sl, Ter ye ele SE tert ar ee 


ly = iy =05,, Ty, =I, =-0.5,,, then 


Xx 


max|{T;. /0.5,,} < max{Ty. 0.5, +S max {Fy 05, < max| Fe icone 


min{T; ,-0.5,,} > min{T; ,-0.5,,} > min{F; ,-0.5,,}> min{F; ,-0.5,}, 
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1 max {Ty (Zz, ),0.5} 


+(1-4).4; (of +0; + 0% )|T; (z,)-F; (z,)|+0; pie) /t=1,2. 


a -min{-0.5,F; (z,)} 


Therefore, d,, py (X,,X,') a) ae (X,,X,") and then 5s, py (X,,X ) = BG aoc 


Similarly, the remaining case is proved. 


4. An application of the H-Max Bipolar Neutrosophic Distance Measure to medical diagnosis 


4.1. The H-BN method 
A diagnostic problem is stated as follows: 
e A medical dataset includes 
* m records of m corresponding patients P,i=1,2,....m, 
* n attributes (symptoms) A, , ]=1,2....1,o0fadisease D, 
« _k disease classes labeled C,, t=1,2,...,k, of D. 


e The problem is to build a diagnostic system with 
«the inputs are the symptoms of a patient, 
«the output is a disease label. 


The proposed method: 


Inspired by the diagnostic method introduced in [42] by Ngan et al, the proposed method (H- 
BN) includes four steps as follows. 


e Step 1. Built two relation matrices in the bipolar neutrosophic environment: 
«Matrix 1 (M1) presents the relations between the symptoms and patients (P, and A, 


are the ittrow and the j*column of M1, respectively, 1=1,...,m;]=1,....1), 
«Matrix 2 (M2) shows the relations between the symptoms and the disease or the 
classification results. Specifically, M2 is a kxn matrix (C, is the tt row of M2, 


t=1,..,k). 
e Step 2. Find the entropies E (A,) of the symptoms A,. 
e «Step 3. Calculate the similarity s,,_,, (P,C.) between the symptoms of P. and the disease 
classes C,, where E (A,) is put in the weight of A,. 


e Step 4. Diagnose the it patient by finding the highest similarity value 
Serre eh) eral cae t, €|1,k|. The outputis t,. 


4.2. Numeric example 


In this section, we use the data in the numerical example in [42] on 5 male patients (aged about 
30) of Indian Liver Patient Dataset (ILPD) taken from UCI. In the dataset described in Table 1, there 
are 2 diagnosis labels which are La-I (liver patient) and La-II (non-liver patient). In Table 1, the 
considered attributes (A, - A,) are Alkaline Phosphotase, Alamine Aminotransferase, Aspartate 


Aminotransferase, Total Bilirubin, Direct Bilirubin, Albumin, and Albumin and Globulin Ratio. 
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Table 1. Data of 5 male patients of the ILPD dataset. 


A, As A, A, A. A, As Class 
P, 3 0.4 482 102 80 33 0.9 La-l 
P, 0.8 0.2 198 26 23 4 1 Lal 
P; 0.9 0.2 518 189 17 2.3 0.7 Lal 
P, 3.8 15 298 102 630 3.3 0.8 Lal 
P; 0.8 0.2 156 12 15 3.7 11 Lal 


The steps of the proposed algorithm are implemented as follows: 
e Step 1: Input data is fuzzified by the following fuzzification functions selected by experts. 


0 zZ<a 1 zZ<a' 
Z-a o— A 
R* (z)= a<z<f, L*, .(z)= a'<z< fp 
ap (2) B- B ap (2) a'- B B 
1 B<z 0 p'<z 
-1 zZspe 0 zsp' 
z—-é z F : 
R’ (2) = hae p<2sl, Dig (Z) = O - p 2252 
0 L<z -1 L'<Z 
Pp f vA 
1 
RS Ro 
0 > 2 
a B 
p' £ Zz 
1 ) 
Eh, 5 r:, 
0 Z <4 
a B’ 


Figure 1. The fuzzification functions are illustrated by graphs. 


Specifically, the symptoms on patients are represented as the following BNSs. 


A, =<! (2),12@),E°@), G2). (@,E(@) > = 


= er (Z), Liss (2), Dies (2), ae (z), Liege (Z), Liga (z) > 


A, = <7 (2),12 (2),Ee (2),Ty (2,1; (@),Ey (2) > = 


=< Reams (Z), Loa (z), Dois1s(2)» ee (Z), Laie (Z), Lass (z) > 
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Aja te) Leb Ae (Zl, (2) e, (2) 2 = 


= Re yate (Z), L350 (Z), Don ,400(2)s Rigas bes Lo sae) Liga (z) > 


A, = <T2(2),15(2),E (2,7, (2,1, (2), FE, (2) > = 


es Re tis (Z), Lg (z), Lip (2), Rss (Z), Liga (z), Ene (z)> 


A, = < Te (2),12 (2), Feo (2), Ts (Zils (2, Ee (2) > = 


=s Reson (Z), ie (Z), Lose (Z), Rete (z), Dio oo(Z)- Loyos(Z) > 


A= (21, Ghte Oa, Gy eb es= 
a< Le), K (2), Retz) Ele) Re a2), Koago(4) > 


A=<1 2) OE e. ©) ese 
=e Posi; Red sta), Riva): Laat (z),Ro, (z) > 


0.2,1 0.72.8 
Two bipolar neutrosophic relation matrices M1 and M2 are placed in Tables 2 and 3. 


Table 2. The relations between the symptoms and patients are presented. 


(M1) A, A, A, A, A, A, A, 
ica <0.02,0.6, <0,0.6, <0.9,0, <0.8,0, <0.7,0.1, <0.1,0.6, <0.2,0.5, 
0.8,-0.9, 0.8,-0.9, 0,0, 0,0, 0.2,-0.3, 0.1,-1, 0.08,-0.6, 
-0.3,-0.2> -0.2,-0.06> -1,-1> -1,-1> -0.9,-0.8> -0.4,-0.8> -0.1,-0.9> 
P, <0,0.7, <0,0.8, <0.1,0.3, <0,0.6, <0,0.8, <0,1, <0,0.5, 
0.9,-1, 0.9,-1, 0.6,-0.7, 1,-1, 1,-1, 0.5,-1, 0.1,-0.8, 
-0.1,-0.1> 0,0> -0.5,-0.3> -0.3,0> -0.2,0> -0.05,-0.5> 0,-0.85> 
P, <0,0.7, <0,0.8, <1,0, <1,0, <0,0.9, <0.9,0.1, <0.6,0.3, 
0.9,-1, 0.9,-1, 0,0, 0,0, 1-1, 0,0, 0,-0.2, 
-0.1,-0.1> 0,0> -1,-1> -1,-1> -0.09,0> -0.9,-1> -0.4,-1> 
P, <0.6,0, <0.5,0, <0.4,0, <0.8,0, <1,0, <0.1,0.6, <0.4,0.4, 
0.05,-0.3, 0,-0.3, 0.3,-0.4, 0,0, 0,0, 0.1,-1, 0,-0.4, 
-1,-0.8> -1,-0.7> -1,-0.6> -1,-1> -1,-1> -0.4,-0.8> -0.25,-0.95> 
P, <0,0.7, <0,0.8, <0.04,0.5, <0,0.8, <0,0.9, <0,0.8, <0,0.6, 
0.9,-1, 0.9,-1, 0.8,-0.9, 1,-1, 1,-1, 0.3,-1, 0.2,-1, 
-0.1,-0.1> 0,0> -0.3,-0.1> -0.03,0> -0.06,0> -0.2,-0.6> 0,-0.8> 


Table 3. The relations between the symptoms and the classification results are shown. 


(M2) A, A, A, A, A, A, A, 

La-I <1,0,0, <1,0,0, <1,0,0, <1,0,0, <1,0,0, <1,0,0, <1,0,0, 
0,-1,-1> 0,-1,-1> 0,-1,-1> 0,-1,-1> 0,-1,-1> 0,-1,-1> 0,-1,-1> 

La-I <0,1,1, <0,1,1, <0,1,1, <0,1,1, <0,1,1, <0,1,1, <0,1,1, 
-1,0,0> -1,0,0> -1,0,0> -1,0,0> -1,0,0> -1,0,0> -1,0,0> 
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e Step 2: Finding the entropies E(A,) = Sy imnlapAy) = 1G ay (Ayr A;) with: “fo = y= 


i 


bee ee = 
O, =O a (i,j =1,...,5) and baa 


E(A,)=0.27, E(A,)=0.2, E(A,)=0.33, E(A,)=0.08, 


E(A,)=0.13, E(A,)=0.55, E(A,)=0.68. 


¢ Step 3: Calculating the similarities S(i—I) =s,_,,(P,(La-I)) and S(i-II)=s,, yy (P,,(La-1)) 


: o ra re 1 Q = E(A\) 
with @, =a; = 5 G@j=l..5), a= 57 ands ef, Sas 
E(A,) 
ja} 
include: 7," =0.12, 7," =0.09, 7, =0.15, v7," = 0.035, v7," =0.06, v7," =0.245, 7," =0.3, 
S(1-I) = 0.49 > S(1- IT) =0.475, S(2-I)=0.2 < S(2-II) =0.75, 
$(3-1) = 0.642 > S(3-II) =0.327, S(4—I) =0.63 > S(4—ID) =0.33, 
S(5—1) = 0.186 < S(5— II) = 0.788. 


H-BN 


The obtained results 


e Step 4. The outputs are decided as follows: The outputs of P.,P,,P,,P,, and P, are La-I, La- 


Ph 2 Bray 5 


IL, La-I, La-I, and La-II, respectively. These decisions and the last column of Table 1 are the same. 


4.3. Experiment 


In this part, we test the proposed method on the ILPD dataset on Matlab programming with the 
evaluation criteria on accuracy is Mean Absolute Error (MAE) and the speed of the algorithms is 
measured in seconds (sec). Also on this data, Ngan et al. [8] tested 14 other diagnostic methods, 
denoted by M,,,,, M M M M Mg 2 Mga Mie Mig Mig My MA 


SK1-3/ 
Me opm, and M based on the considered intuitionistic fuzzy distance measures (see Table 4). 


SK1-2/7 SK1-4/ SK2/ SA’ H—max / 


P-QDM ’ 


Table 4. MAEs and Sec of the considered methods on the ILPD dataset. 


Methods MAE Sec 
1 eae 0.3195 0.6177 
Mogi 0.3158 0.4427 
Mies 0.3316 0.4827 
WA oe 0.2918 0.4602 
Mais 0.2902 0.6527 
Migs 0.3227 0.4427 
My 0.2893 0.5552 
M,, 0.3096 0.5602 
My 0.2915 0.8452 
M, 0.289 1.2077 
M,,, 0.3031 0.8102 

1 0.2848 0.51 
MI iii 0.2836 0.155 
Ms oui 0.2831 0.469 
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H-BN 0.2729 0.559770 


In Table 4, it can be observed that the MAE value of the proposed method (H-BN), which is 
0.2729, is less (better) than those of the other algorithms on the ILPD datasets. Figure 2 shows the 
MAE values of the considered methods on the ILPD dataset, where the heights of the vertical bars 
present the MAE values of the corresponding algorithms. The heights of the H-BN method (green 
bars) are lower than those of the remaining bars, that means, it is the best algorithm in terms of 
accuracy of the considered algorithms on the ILPD dataset. We note that the computation time of our 
algorithms is very close to the computation time of the other methods. 


0.35 
0.3 
0:25 
0.2 
0.15 
0.1 
0.05 
0 
ee gS? eS ZEISS 


Figure 2. MAEs of the considered methods on the ILPD dataset. 


5. Conclusions 


In this paper, based on the H-max distance measure on IFSs and SVNSs, a new distance measure 
on BNSs is introduced to overcome the limitations of the related measures by including cross- 
evaluations and satisfying the condition of inference of a distance measure. Furthermore, a bipolar 
neutrosophic entropy measure and its basic properties are presented and proven. In addition, an 
application to medical diagnosis is shown to illustrate the effective applicability of the measures. 
There, the proposed diagnostic method called H-BN, a numerical example and real experiment are 
clarified in detail. In the future, we will test the proposed diagnostic method on other real datasets 
taken from UCI. Furthermore, we will develop the distance measure for interval-valued bipolar 
neutrosophic sets. 


Funding: This research received no external funding. 


Conflicts of Interest: The authors declare no conflict of interest. 


Appendix 


Source code and dataset of this paper can be found at this link: 


https://sourceforge.net/projects/hbn-datasets-code/. 
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Neutrosophic Quadratic Residues and Non-Residues 


Chalapathi Tekuri, Sajana Shaik, Florentin Smarandache 


Chalapathi Tekuri, Sajana Shaik, Smarandache Florentin (2021). Neutrosophic 
Quadratic Residues and Non-Residues. Neutrosophic Sets and Systems 46, 
356-371 


Abstract: In this paper, we present the Neutrosophic quadratic residues and nonresidues with their 
basic interpretation as graphs in an algebraic manner and analog to the algebraic graphs. We 
establish the Neutrosophic, number-theoretic, and graph-theoretic properties of the set of 
Neutrosophic quadratic residues and nonresidues, many of which mirror those of the classical 
quadratic residues and nonresidues of modulo an odd prime. These properties, especially the 
algebraic ones, are connected to algebraic graphs, and thus we conclude the paper by studying the 
structural properties of Neutrosophic quadratic residue and quadratic nonresidue graphs. 


Keywords: Quadratic residues; Quadratic nonresidues; Neutrosophic quadratic residues; 
Neutrosophic quadratic nonresidues; Neutrosophic quadratic residue graph; Neutrosophic 
quadratic nonresidue graph. 


1. Introduction 

For any positive integer n=1, the set 2, = {0,1.2,...m—1} is a ring under the usual 
addition and multiplication modulo ™. Moreover, for any prime p, the ring Zz is a field of order p 
and hence 23 = {1,2,3,...~ — 1} is a group under multiplication modulo p, see [1-2]. 

For @€ Z5, @ is a quadratic residue modulo p if and only if @=x* for some © Z5. Now 
suppose Q» denote the set of all quadratic residues modulo »p. Then @» isa nonempty subset of Z5, 
given by Q, = {z*€Z3:x=1, 2, a a | It is clear that for any @,5 € Q;, there exists ¥ and y in 
Z5 such that a *b=(x-*y)*€@,. Therefore, Qp is a subgroup of Zz and also the index 
[Z3:Qp] = 2. This implies that xy © Q, if and only if * and y are both in @z or neither of them is 


in Qy. This specifies that an element in Zp asa residue or nonresidue according to whether or not it 
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is a quadratic residue modulo p. In particular, the set of all quadratic nonresidues modulo p in Z3 
is denoted by Qp. Hence lex = Gel = =. So, @» is the normal subgroup and a, is the only 


nonempty subset of Z3 whose orders are equal. For more information about @, and Q5, reader 


refer [3]. 


Much of the specific power and utility of modern mathematics arises from its abstraction of 
important features similar to various circumstances and illustrations. But many sets and systems we 
encounter have a usual addition and multiplication defined on their elements. These operations 
often satisfy a few common properties that we want to isolate and study. Besides the obvious 
illustrations in different number systems and algebraic systems, we can operate polynomials, 
functions, matrices, etc. Studying the algebraic structure of groups, rings, and fields based on 
number theoretic and combinatorial properties has caught the interest of many researchers order the 
last decades. Recently, algebraic systems associated with neutrosophic elements and sets [4] seem to 


be more interesting and active area compare to those associated with classical algebraic structures. 


For instance, the Neutrosophic set N(Z3, I) is generated by the multiplicative group Z5 and the 
neutrosophic unit element I (17=I and I~* does not exist), that is, N (=. I) or equivalently 
n(z;) =<2Z}, 1>=Z,UZjI, where p is prime. This is a Neutrosophic group [5] concerning 


Neutrosophic multiplication (af) (bI) = abl for every al, bl € N(Zj, I). 


The concept of the Neutrosophic graph of Neutrosophic structures was first introduced by 
Vasanth Kandasamy and Smarandache [6], but this work was mostly concerned with the basic 


properties of Neutrosophic algebraic structures. Recently, the authors Chalapathi and Kiran studied 


the Neutrosophic graphs [5] of finite groups. The Neutrosophic graph of a finite group ©, which is 
denoted by Ne(G. I), is an undirected simple graph whose vertices are elements of the neutrosophic 
group N(G) with two distinct vertices x and y which are adjacent if and only if either xy = x or 


zy— ¥ 
) * 


2 


In 1879, author Cayley considered the Cayley graph for finite groups. After that, a lot of 
research has been done on various families of Cayley graphs. For instance, Quadratic residue Cayley 
graphs [7], Quartic residue Cayley graphs [8]. Many researchers exist in the literature on Cayley 


graphs quadratic residues on odd prime and prime power modules. The authors studied quadratic 
residues modulo 2” Cayley graphs in [9]. In this paper, we will focus on Neutrosophic quadratic 


residues and their corresponding algebraic graphs, which are not Cayley graphs. 
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2. Neutrosophic Quadratic and Non Quadratic Residues 


In this section, for convenience and also for later use, we define some definitions and 


notations concerning integers modulo an odd prime p , and Neutrosophic quadratic and 


nonquadratic residue modulo p. 


First, we recall some results about neutrosophic groups from [5]. 
Theorem 2.1: 


1. Z3l= {al : a€Z3} 
2. N(Z3)=Z;U Z51, where Z,NZ;I=@ 
Theorem 2.2: Let Z3 be a finite group with respect to multiplication modulo m. Then 

1. |Z3|=p—1 and |z31|=p-1 

2. ING)|=2@-1) 

Let al © N(Q,). Then al is a neutrosophic quadratic residue modulo p if and only if 
al =(xI)* for some xl € Z2!1. Now suppose N(Q,)} denote the set of all neutrosophic quadratic 
residues modulo p . Then Q,J is a nonempty subset of WN(2Z3) given’ by 
Qp! = (GI)? « N(Z;): x=12,....). 

Further, if for any al, bJ€Q,? , then al= (x)* and bI=GI)* for some 


xl, yl €ZzI, so Gal) GI = (yl) € Q,! 


Hence Q5/ is a neutrosophic subgroup of N (z;) = ZU Z3! with neutrosophic index, by the 


Theorem 2.1. 


*}. _ biz) apap _ 
[w(z3) : QpI] ~ Tel [=] = 4. 


Similarly, the set of all neutrosophic quadratic non-residues modulo p in Z5/ is denoted by 


0.2 wi —|(g.7|—F 
Qf with |Q,1| =|@,1| = = 
Example 2.3: The following shortlist shows that the Neutrosophic quadratic and nonquadratic 


residues modulo 3, 5.7, respectively. 
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N(q,. D = 1 0. N(Q,. D = £2, 213, 
Nn(Q,., D=f1, 4. 403, n(Q,. D = £2, 3, 21, 313, 
N(Q,. D = {1,3,4,5,9, 1,31, 41, 51,91}, N(Q,. 1) = {2,6, 7.8.10, 21, 62, 71, 81, 107 }. 


From the above example, we observe the following: 


n(Q,. i)= Q@,UQ,1l and NW (G,. i= Q, U Qp1 In particular, 

lw(Qp» 1)| = l@p1+|@ptl =" +2 =p —1 and 

Iw(>. |= lopl+ lp = "2 +2 =p—2. 
Theorem 2.4: Given p > 2, n(W,".1) = WW UWE is the neutrosophic prime subgroup of N (z;.1), 
where Wy = {1p — 1}. 
Proof: It is clear from the well-known result that WZ is a subgroup of the group 23, because 
(p — 1)? =1 (med p). 


Theorem 2.5: Fundamental Theorem of Neutrosophic Quadratic Residues Modulo p 


N(Zp 2) 
NW, 1 


For each p>2, we have the neutrosophic quotient group is isomorphic to the 


neutrosophic group N(Qp-). 


Proof: For any p>2, we have (p— 1)* =1 (mod p) and ((» —1) =! (mod p). Therefore, 


n(W,", =f, p—1. I, (p—1)J} is a neutrosophic subgroup of N(Z3. I). So, there exists a 


Mi B Mi B 
ail Now we claim that —_= 


Neutrosophic quotient group way. 1° mam. 1 


= N(Q,.I). For this, we define a 
map ¥: N(Z3. I) + N(Q,.1) by the relation 


x*, ifxeZ, 


PG) = Pee if xleZ3I 


Clearly, Y is a well-defined group and Neutrosophic group homomorphism, because 


(ab)? = a*b?, v a, bE Z3 and ((al)@I))* = (al*(ON?, v al, bl € Zpl. 
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Now to find a kernel of ¥. If x € 23, then by the definition of kernel of group (classical) 


homomorphism, 


K ={xeZ): x*=1} 
= {1-1} 
= fl, p—1}. 
Similarly, if x! € Z5J, then by the definition of a kernel of a Neutrosophic group homomorphism, 
K = {xl €Z31:(21f = 
= {.-} 
= {L@- DN. 
Hence, Ker ¥=KU K 
=f{l, p—1, L@—-1)1} 
= NCW. I). 
Finally, to find image of ¥. 
Im (P) = (P(x) € N(Z;. 1) : x e N(Z3. 1} 


= {fx2EZ5:xE Z5}U{(al) €Z3I: x1 EZ3H 


= Q,UQyl 
=N@,. ND. 
s ' M(Zpa) : 
By the fundamental theorem of a Neutrosophic group homomorphism, [| = Im(W). This shows 


N(zs, 1) 


that 
ar Mm, 1 


= N(Q>. I). 
Remark 2.6: x € N(Z;. I) is a Neutrosophic quadratic residue if and only if x € Im (¥), otherwise, 


it is called neutrosophic quadratic residue modulo Pp. 
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Example 2.7: For the prime p= 5, we have Zs = f1,2, 3, 4} , Nn(Z3, nD = 1,2, 3, 4,1, 21, 31,47} , 


a(zz, a =. * * * nf 
wwe, ay = ENGHE. D, 2NGWZ, 1), ING; 1. 4NCWE. D, 


We ={14} , NW. D={1.4,.14} , 


ING, D, 21 NQWZ, D, 31 NCWy. 2, 41 NOW. D}. 


Theorem 2.8: The neutrosophic product of two neutrosophic quadratic residues is again a 


neutrosophic a quadratic residue modulo p. Similarly, the neutrosophic product of two 
Neutrosophic quadratic nonresidues is a Neutrosophic quadratic residue modulo p. 
Proof: Since N(Q,. I) is a Neutrosophic normal subgroup of the Neutrosophic group n(z;. 1) 


w(zs, t} w(zs, 
ee aia a = 4 that 
N(Qp. 1) My 1) 


whose index is #. So there exists a Neutrosophic quotient group 


N(Zpp qi) 


ae {x NW (Q,. 1) :x ENG}. D}. 


2 
Let x € Z3 such that x € Q,. Then (x Qn) = Q" =@Q,, since AH = Hh=H. Let @€ Zp such 
2 
that a€ Qy. Then (aQ,) = Qs. 
2 
Let x€ZpI such that x€QyJ. Then (xQ,1) =(Q,N7 =Qy* 17 =Qyl. Let @€Z3I such 
2 

that @€ Qyl. Then (aQpl) # Qyl. 


Because N(Z3, I) = Z,UZzl and N (Q,. 1) =Q.,U Ql, we know that the neutrosophic 


Np t) 
M(Qp. 


quotient group defined as {Qp- GQ» 1Qy» @1Qz }. 
(1) If x» ¥ © Qpl, then 
xy Qpl = ( QpINy Op) 
= @,D(9,) 
= (Q,17 


— Q, i 
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= Qyl, since Qp7 =Qy, 
and thus xy © Qp/. 
(2) If xy €Qpl, then x ye Qz. So there exists @ 5 € Gn such that x= @I and y=5 I. Then 
xy Q,I = G@D(b1) Q, 
= (25) Q, 
=1((@5) Q,) 
=1Q,, since &b EQ, > GbEQ, and abQ, = Qy. 
Hence xy € Qpl. 
(3) If e€ Qpl and y € Qyl then 
xy Qp1 = (x QpI)(y Qp1) 
= (Qp1)(y Qp1), since x E Qpl & x QyI =Qyl 
= y(Q,1)° 
=yQ,'l? 
=yQpl 
* Qyl, since y € Qyl iff y Qpl = Qyl. 


Hence xy € Qp/. This proves the theorem. 
Now, let us start with simple undirected graphs of neutrosophic quadratic residue and 


Neutrosophic quadratic Nonresidue graphs of the Neutrosophic graph N(Z3. 1) whose vertices are 
members in the Neutrosophic graph N(Z3. I) where p is an odd prime. 


3. Neutrosophic Quadratic Residue Graphs 


Structurally, many real-world concepts, aspects, and situations can be described by using and 


applying diagrams of a set of vertices with edges joining pairs of these vertices. So, a mathematical 


abstraction of this type of diagram gives rise to the concept of a graph. A graph G and is denoted by 
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G =(¥. E), where ¥=V(G) and E =E(G) vertex and edge sets of G, respectively. A graph & is 
said to be connected if there is at least one path between every two vertices in @ and disconnected if 
G has at least one pair of vertices between which there is no path. Every graph © consists of one or 
more connected graphs as subgraphs, and each such connected subgraph of & is called a 


component of G , and each component of G is denoted by Comp(G). It is clear that every connected 


graph contains only one component and every disconnected graph of more than one vertex contains 


two or more components. Now a graph & is said to be complete if every vertex in @ is connected to 


another vertex in &. 


n(n—1)} 


A complete graph of order m is denoted by K, and it has exactly = mg, edges, and it is 


called the size of Ky. If & is a vertex of @, then the number of edges incident on a vertex w is called 
the degree of w and it is denoted by deg (u). In particular, if deglu) = & for every vertex u in G, 
then G is called a k —regular graph. A graph G is said to be bipartite if its vertex set ¥ can be 
partitioned into two non-empty disjoint subsets and Vz such that each edge of G connects a 
vertex of Mj to a vertex of Wz, and the pair (4. ¥) is called bipartite of G. Similarly, @ is called a 
complete bipartite graph if each vertex of Mj is adjacent to each vertex of ¥. Now, consider two 


graphs G = (¥. E) and G =(V., E),then G and G are isomorphic to each other and it is denoted 


by G =@ if there is a one-to-one correspondence between their vertices and between their edges 


such that the incidence relationship is preserved, see [10]. 


Definition 3.1: An undirected simple graph G(23.Q,5.I) is called a Neutrosophic quadratic residue 
graph of the Neutrosophic group N(23.2) whose vertex set is N(Z3.J) and two distinct vertices = 


and y are adjacent in G(Z3.Q,.l) if and only if xy © N(Q,.1). 


Before studying the properties of neutrosophic quadratic residue graphs, we give two 


examples to illustrate their usefulness. 
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Example 3.2: Since N (Zz.0) = {1, 2, 3, 4, I, 21, 31, 40} is the vertex set of the graph G(Zz. Qs. I), 


where N(Q;, I) = {1,4, I, 41}. 


Figure 1. Neutrosophic Quadratic Residue Graph G(Z3. Qs» I) of modulo 5. 
Example 3.3: For p=7, we have N(Z3.1) ={1 2, 3, 4 5, 6, I, 22, 31, 41, 51, 61} and 


Nn(Q;. 1) = {1, 2, 4, I, 2%, 42. Then the graph G(Z>. Q;. I) is represented as follows. 


Figure 2. Neutrosophic Quadratic Residue Graph G(Z}. Q;. I) of modulo 7. 
In this section, the basic properties of G(Z3. Q. I) being studied. We begin with the 
disconnectedness of the graph G(Z3. Qy. I). 


Theorem 3.4: For p > 2, the graph @(Z3. Q,. 2) is disconnected. In particular, graph G(Z3, Q. J) 


is the disjoint union of two complete components. 


Proof: Let p > 2 be an odd prime. Then the vertex set of neutrosophic quadratic residue graph 
GZ. Qy. TD) is N(Zp. 1). But 
n(Z;. 1) =N(Qp. DUN@,. D 
= @,U9,DU(Q,UQ) 


where (Q,u Qpl) n (2, uU Ql) =. This gives us that the vertex set n(z3. 1) is partitioned into 
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two disjoint unions of (Q,U Qp1) and (2, U Ql). So, because of Theorem 2.8, we clear that 
G(Z3. Qy» D) is disconnected. Now consider the following three cases. 
Case 1: Suppose x. y © N(Q,. 1). Then obviously xy © N(Q,. J). This implies that there exists an 
edge between any two vertices * and y in the graph G(Z;. Q,. I). Thus, G(Z3. Qp. I) has a 
complete subgraph, say Comp(Z3. Q,. 1) whose vertex setis N(Qp» J). 
Case 2: Suppose x. ¥ © N(Q,. I). Then again by Theorem 2.8, x¥ € N@,. TI). So, in this case also 
there exists an edge between every two vertices x and y in the graph G(Z3. Q,. I). Thus, the 
graph, G(Z3. Qy» I) has another complete subgraph, say Comp(Z3, Q,. I) whose vertex set is 
N(Q,. I). 
Case 3: Suppose x € N(Q,. I) and y€ N(Q,. I). Then xy € N(Q,. 2). It gives us that there is no 
edge between x and y when x €N(Q,. I) and y€ N(Q,. J). 

From the above three cases, we conclude that Comp(Z3, Q,. I) and Comp(Z3. Q. I) are two 
disjoint complete components of the graph G(Z3. Qy» I) such that 

G(Z3. Qp. 1) = Comp(Z3. Qp. I) U Comp(Z;. Qp. I). 


Example 3.5: Two components of the graph G(Zz. @5. I) as shown below. 


1 2 


I 21 


Comp(Z;. Q;- I) Comp(Z3. Q;. I) 
Figure 3. Components of the graph G(Z5. Qs» 2). 


For each odd prime p, the structure of G(Z3. Qp» I) is easy to describe, because it contains 


the following properties: 
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1. G(Z3. Qy. DT) contains two disjoint connected components for each p > 2. 
2. Each component of G(Z3» Qy» J) contains even and odd cycles for p = 5. 


3. Each component of G(Z3» Qy» J) is not a bipartite graph for p = 3. 
The next result gives useful and important properties of the components of the graph 


G(Zp: Gp. TD) when p> 2. 

Theorem 3.6: For each prime p > 2, Comp (Z;. Q,. I) = Comp (Z5. Q,. I). 

Proof: For each prime p > 2, the Neutrosophic quadratic residue and non-residue sets of N (2p. Ty 
are given by N(Qp. 1) =Qy UQpl and N(Q,. 1) =Q, UQpl. 

These are the vertex sets of the components Comp (Z3, Q,.J) and Comp (Z;, Qp- fy), 
respectively. Also, we have In(Q,. 1)| = a+ = =p-—1= In(@,. 1)| . Now to prove that 
Comp (2, Q,. 1) and Comp (3. @,. 1) are isomorphic as groups. For this, we define a function 
P:N@Q,. D- n(Q,. 1) by the relation f (uw) = v for every #€ N(Q,. I) and ve N(Q,. 1). Because 
of Iw (Q,. 1)| =p-—1 and In (@,. 1)| = p-—1, the map f isa one-to-one correspondence. 

Now, suppose @ be an edge with end vertices w and v in the component 
Comp (Z;. Gy. 1). Then #=(v, v) 82 =F). Fu’) 

e2=ftu.u) 
= @= fe), 


where ¢ =(u, u) be an edge with end vertices & and u in Comp (Z;. Q»» 1). This shows that 
there is a one-to-one correspondence between their vertices and their edges such that the incidence 
relationship is preserved. Hence, Comp (Zz, Qp. I) = Comp (Z;, Qp» I). 

The following example illustrates the procedure of the above theorem 3.6 clearly. 


Example 3.7: Since N(Q;, I) ={1.4, I, 41} and N(Q,. 1) = {2.3, 21, 37} . Using the map 


f:N(@,;. D + N@;. 1) as above, write the equations f4)=2, F@)=3, FO) =F(2I) and 
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f (41) = f@GI). These equations show that f is a one-to-one correspondence between the graph 
components Comp (Zz, Q;. 1) and Comp (23, @;. I), and thus which are isomorphic as graphs. 


This special case of the above theorem when p > 2 occurs frequently and so we isolate it as a 


corollary. 


Corollary 3.8: Each component of the neutrosophic quadratic residue graph is isomorphic to the 


complete graph Kp_,. 
Proof: Due to Theorem 3.6, the only possibility of the graph Comp (Z;, Q,.J) is 


Comp (Z;. Q,. I) = Comp (Z3. Q,. I). Therefore, the order and size of each component are p —1 


and (? > si | respectively, and thus each component of the graph G(Z3. Q»» I) is isomorphic to the 
complete graph Kp_,. 
Example 3.9: Comp (23. Qs, I) = K, and Comp (23, Q;. I) = Kg. 

The integer p is prime if and only if p= 2 or p= 3{mod 4) p= 1{mod 4). But, this paper p 
will denote odd prime integer such that either p = 1(mod 4) or p = 3{mod 4). These prime integers 
are weapons for verifying two components of the graph G(Z3. Q» I) are Eulerian or not. It is now 


the time for determining the cases in which the components of the graph G(Z3. Q5. I) are Eulerian, 
but first, we recall the following well-known result. 
Theorem 3.10 [10]: A connected graph & is Eulerian if and only if the degree of each vertex of @ is 
even. 

For p = 1 (mod 4) or p= 3 (mod 4), the following theorems show that G(Z3. Qz. I) could 
not be Eulerian. 
Theorem 3.11: If p= 1(mod 4) or p= 3 (mod 4), then each component of G(Z3. Gy» J) is not 
Eulerian. 
Proof: Suppose on contrary that each component of G(Z3. Qy» I) is Eulerian, which implies that the 
degree of each vertex is even. By Theorem 3.6, it is clear that 


Comp (Z;. Q,. 1) = Comp (25, Q,. I) = Kp-x. 
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So, for every vertex x in G(Z3. Q,. I), we have 

deg(x) = @ —1) -1=p-2. 

deg(x) = (4q +1)-—2=4q-—1, which is odd. Similarly, we can show that 
deg(x) = (4g + 3) — 2 =4g + 1, whichis also odd. Hence, we found that the degree of each vertex in 
the graph G(Z;. Q,. 2) can not be even. This contraposition shows that each component of 
G(Z3. Qy. TD) is never Eulerian when p = 1(mod 4) or p = 3(mod 4). 


4, Neutrosophic Quadratic Nonresidue Graphs 


In this section, we establish a complement graph of the neutrosophic quadratic residue graph 


G(Z3. Qy» I), which is denoted by G(Z;. Q,. I) and it is called a Neutrosophic quadratic 
nonresidue graph whose vertex set is the Neutrosophic group N(Z3.J) and edge set is 
E(G(Z;. Q,. D) ={G. y): x. y © N(Zp. I) and xy € N(Q,. 1) }. 

Example 4.1: Since N(Z3, I) = {1, 2, I, 2 and N(@Q;, I) = {2, 21}. The Neutrosophic quadratic 


nonresidue graph of N(Z3. I) is shown below. 


1 2 
wo T 


Figure 4. The graph G(Z3. Q;. I). 
Now several interesting properties of these graphs on Neutrosophic quadratic nonresidues of 


modulo p have been obtained. 


We begin with the basic properties of G(Z3. Qp. I). 


Theorem 4.2: The Neutrosophic quadratic nonresidue graph G(Z3. Qy» I) is connected. 
Proof: By the Theorem 2.8, x¥ € N(Q,. 1) whenever X* & N(Q,. 1) and x€ n(@,. 1). This relates, 


_ =I 
foreach L=i= md we have 
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Qr = fe. Ezy wuss =r} , 

Q,1= fe Kol, was xesl} 
2 

Q2= fy. Poraue ves} and 


Q,1= {yt Pale ace yes 
These sets determine the elements 


X4¥z, %4¥z, ..., a¥i ; 


X2¥i, X2¥2,..., *2¥i ; 
Xi¥u, Xi¥z,... 2M ; 


DOu), (30022), ..., ®sDOi2); 


GND, =O), .... eNO); 
GND, DOD, .... DOWD; 


are elements in n(Q,. 1) and which are the edges in the graph G(Z3. Q,. I). Consequently, there is 
a path between any two distinct vertices in G(Z;. Q> I) and hence G(Z. Qo» I) is connected. 
Theorem 4.3: The Neutrosophic quadratic nonresidue graph G(Zj.Q@,.0) is 
(p — 1)- regular. 

Proof: If x is any vertex of the Neutrosophic quadratic nonresidue graph G(Z3. Q,. I), then x 
must be an element of the Neutrosophic group N(Z3. J). So there exist Neutrosophic quadratic 


residues N(Q>. 1) and nonresidues N (Qp. I) such that 


n(Z;. 1)=N@Qp. DUNG@,. D. 
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This partition of the vertex set of the graph G(Zj.Q,.I) implies that either 
x €N(Qp. 1) or x EN(Q,. 2). 
Now x € N(Q,. I), and if N(@,. 1) = fy. Var ov Wee ale Wal on yest} then by Theorem 
2.8 xN(G,. i) = fry. 2Yze =o» ZVEt zyl, zl, 2 xyzzst}= n(Q,. i). 
It gives that the vertex x is adjacent to every element in n(Q,. I). This means that 
deg(x) = |(@,. 1)| 
=|, u@1| 


= |@p1+ I@pal 


pot, pot 
z+ a 


Next £€ n(Q,. 1) and if N(Qp. 1) =f... Xqe oy EPA, Kyl, Xl, 200 xe. Then, again by 
2 2 
the Theorem 2.8, 


x N(Q,. 1) = N(Q,. 1). 
It yields that deglr)=p—1, proving that the Neutrosophic Quadratic nonresidue Graph 


G(Z;. @,. D is @ —1) — regular. 


Finally looking at another basic property of the Neutrosophic quadratic nonresidue graph, we 


state the following fundamental theorem of graph theory. 


Theorem 4.4 [10]: If G is a simple undirected graph of the size /E! . Then 
Yxevcs) deg) = 2|El. 
Theorem 4.5: The size of the graph G(Z}. Qp. I) is (p—1)*. 


Proof: By the Theorem 4.3 and theorem 2.5, the size of the graph G(Z;. c. I) is denoted by lE(G)I 


and defined as 


IE(G)I = =Sremzs, n deg) 
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= = Laren, n(P —1) 
==(p—1)NG;. DI 
=3@-D@p —2) 
= (p —1)?. 


5. Conclusions 


In this paper, we have studied two Neutrosophic graphical representations for determining the 
Neutrosophic Quadratic residues and nonresidues of the Neutrosophic group of modulo prime by 
using Neutrosophic algebraic theory, number theory, and classical algebraic theory. In addition to 
these, the Neutrosophic algebraic system can find Neutrosophic properties of Quadratic residues 
and nonresidues. Also, this algebraic-based application produces the complement neutrosophic 
graphs of each disjoint union of Neutrosophic Quadratic residue and nonresidue sets. 
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Practical Applications of the Independent 
Neutrosophic Components and of the 
Neutrosophic Offset Components 


Florentin Smarandache 


Florentin Smarandache (2021). Practical Applications of the Independent Neutrosophic 
Components and of the Neutrosophic Offset Components. Neutrosophic Sets and Systems 47, 
558-572 


Abstract: The newly introduced theories, proposed as extensions of the fuzzy theory, such as the 
Neutrosophic, Pythagorean, Spherical, Picture, Cubic theories, and their numerous hybrid forms, 
are criticized by the authors of [1]. In this paper we respond to their critics with respect to the 
neutrosophic theories and show that the DST, that they want to replace the A-IFS with, has many 
flaws. 


Their misunderstanding, with respect to the partial and total independence of the neutrosophic 
components, is that in the framework of the neutrosophic theories we deal with a MultiVariate 
Truth-Value (truth upon many independent random variables) as in our real-life world, not with a 
UniVariate Truth-Value (truth upon only one random variable) as they believe. 


About the membership degrees outside of the interval [0, 1], which are now in the arXiv and 
HAL mainstream, it is normal that somebody who over-works (works overtime) to have an 
over-membership (i.e., membership degree above 1) to be distinguished from those who do not 
work overtime (whose membership degree is between 0 and 1). And, similarly, a negative 
employee (that who does only damages to the company) to have a negative membership (i.e., 
membership degree below 0) in order to distinguish him from the positive employees (those 
whose membership degree is above 0). There are elementary practical applications in this paper 
that allow us to think out of box (in this case the box is the interval [0, 1]). 


Keywords: Neutrosophy; Neutrosophic Components; Neutrosophic Offset Components; 
TriVariate Truth-Value; MultiVariate Truth-Value; UniVariate Truth-Value. 


1. Independence and Dependence of the Neutrosophic Components 


The introduction should briefly place the study in a broad context and highlight why it is 
important. It should define the purpose of the work and its significance. The current state of the 
research field should be reviewed carefully and key publications cited. Please highlight 
controversial and diverging hypotheses when necessary. Finally, briefly mention the main aim of the 
work and highlight the principal conclusions. As far as possible, please keep the introduction 
comprehensible to scientists outside your particular field of research. References should be 
numbered in order of appearance and indicated by a numeral or numerals in square brackets, e.g., 
[1] or [2,3], or [4-6]. See the end of the document for further details on references. 


1.1 TriVariate Truth-Value 


Neutrosophy [15], as new branch of philosophy, started from the practical principle that 
everything (E) should be evaluated from three independent points of view (or sources of information, or 
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random variables): two opposite ones (positive and negative), and a third one the neutral in between 


them, for a fear evaluation. Thus, a neutrosophic triplet has been constructed, <positive, neutral, 
negative>, for studying especially contrary philosophical concepts, ideas, and schools. Therefore, 
one deals with a TriVariate Truth-Value because one uses three independent random variables 
(sources of information): one that presents the degree of positive side of E, another that presents the 
degree of negative side of E, and a third one that presents the degree of neutral (indeterminate) side 
of E. 

That’s what happens in our everyday life, and the most known one is in the court of law 
(defender, persecutor, jury). Also, everything has good, bad, and common features. 

{Surely, more generally, everything may be evaluated from n points of view (n random 
variables, or n sources of information), for any integer 2<nm<oo, as such dealing with a 
MultiVariate Truth-Value, where the random variables may have degrees of positiveness, or 
negativeness, or neutrality (indeterminacy), but this case falls under the Refined Neutrosophic Logic 
[13], or under the Plithogenic Logic as generalization of MultiValued Logic [14], or under the 
Plithogenic Probability & Statistics as generalizations of MultiVariate Probability & Statistics [30], 
which are different stories.} 

For example, in general you are evaluated by a friend in a positive way, by an enemy in a 
negative way, and by a neutral person in a neutral way. 

Surely, in the Refined Neutrosophic Set and Logic and Probability , you may be evaluated by 
many friends in positive ways, and by many enemies in negative ways, and by many neutral 
persons in neutral ways. That’s life, as in neutrosophy. 

This ThreeVariate way of thinking (neutrosophic evaluation) was transferred to the scientific 
disciplines that resulted from neutrosophy: 

Neutrosophic Set (degree of membership, degree of indeterminate-membership, degree of 
nonmembership); 

Neutrosophic Logic (degree of truth (T), degree of indeterminate-truth (I), degree of falsehood 
(F)); 

Neutrosophic Probability (chance of an event to occur, indeterminate-chance of the event to 
occur or not, chance of the event not to occur); etc. 

For simplicity, we preferred to use the descriptive notation (T, I, F) for all neutrosophic triplets. 

Let’s consider the single-valued neutrosophic components, where all 7, /,/ €[0,1]. 

Depending on each application, in the neutrosophic theories one may encounter three (or more) 
possibilities: 

a. UniVariate Truth-Value, when only one source assigns values to the neutrosophic 
components, and thus the neutrosophic components are totally dependent as in the other 
fuzzy theories, whence 0<7+/+F <1. 

b. BiVariate Truth-Value, when two independent sources assign values to the neutrosophic 
components, for example one source assigns values to two neutrosophic components (let’s 
assume to T and F, thus 0<7'+F'<1) and the second one to the other neutrosophic 
component (which is I, thus 0</ <1), and therefore the neutrosophic components are 


partially dependent and partially independent {or T and F are totally dependent of each 
other, while I is totally independent from both of them}, whence O<$7T+/+F' <2. 

c. TriVariate Truth-Value, when three independent sources assign values to the neutrosophic 
components, each source to one distinct neutrosophic component, thus 0<7+/+F <3) 


and all three neutrosophic components are totally independent. 
d. TriVariate Truth-Value, when the three sources are partially dependent and partially 
independent. For example, John’s work is evaluated by three sources: a friend, an enemy, 


and a neutral person, which communicate with each other and arrive to some agreement 
about John’s work that is interpreted as degree of dependence (d) between these three sources, 
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and to some disagreement about John’s work that is interpreted as degree of independence (i) 
between the three sources, where d,i €[0,1],d+i=1. 

e. MultiVariate Truth-Value, in general, for Refined Neutrosophic Set/Logic/Probability [13], 
and for Plithogenic Logic/Probability/Statistics [14, 30]. 


1.2 “Unfortunately, this fact [independence of components — our note] is not usually taken into 
account in the works, where NST was applied.” 


Their assertation is untrue, the independence of components was used in most of the 
neutrosophic applications. 

The independence of the neutrosophic components comes from the unrestricted summation T + 
I+ F that can get any value between 0 and 3. The independence comes from the fact that if a 
neutrosophic component gets a value, it does not affect in no way the other two neutrosophic 
components’ values. Not restricting the value of the sum T + 1+ F means from the start the existence 
of degrees of independence and dependence between the components. 

In many neutrosophic applications that presented numerical examples, looking at the 
neutrosophic triplets (T, I, F), you would see: some whose sum is < 1, others whose sum is > 1, and 
others whose sum is = 1. For example (0.1, 0.3, 0.5), or (0.9, 0.8, 0.6), or (0.7, 0.1, 0.2), etc. 

Also, in all neutrosophic papers the neutrosophic operators were employed, which means that 
the Indeterminacy (I) was used independently from T and F into the operators’ formulas, which is 
not the case for the previous classical, fuzzy (especially A-IFS) set and logic, and probability theories. 

Unlike in other previous theories (for example in DST), no normalization is done in the 
neutrosophic theories, therefore, after aggregation, the resulted neutrosophic components sum may 
be any number between 0 and 3. 

Yet, the situation is more complex, since the neutrosophic theories comprises all possibilities of 
the neutrosophic components, i.e.: to be totally independent, partially independent and partially 
dependent, and totally dependent. Not only the case of the totally independent components - as they 
have written in their equation (6). 


1.3. In their paper [1], their equation (6): 
“0<T+I1+F 3 for the completely independent components” 


is partially wrong. 


The correct one is only: 


“OST+I+F <3" 

which means that the summation T + I + F can be any number in [0, 3], with 7,/,F €[0,1], 

and consequently, it comprises all possibilities, i.e. the components may be: 

either totally independent, or partially independent and partially dependent, or totally 
dependent. 

The independence and dependence of the components depend on each application and on the 
experts. Practical examples will follow below. 

It is obvious that if 7,/,F €[0,1],then of course 0<7+/+F' <3, but we emphasized this 
double inequality to make sure the readers would not take for granted that O<7+/+F'<1 asin 
the previous classical, fuzzy set and logic, and probability theories. Therefore O<7+/+/F <3 is 
no restriction at all! 


1.4. “We have deep doubts about the validity of this hypothesis of the components mutual 
independence from its practical applicability point of view” (p. 3). 
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Ironically, just the practical applications have inspired us to consider the independence of the 
components, and very simple ones, as these authors will see below. 

Their misunderstanding is that these authors are considering only the UniVariate Truth-Value 
{truth that depends on a single parameter (or point of view, or random variable), which enforces the 
sum of the neutrosophic components to be up to 1, and they are totally dependent}. But, in our 
everyday life, we almost always deal with a MultiVariate Truth-Value {truth that depends on many 
independent parameters (or random variables, or sources of information), and the neutrosophic 
components may be: partially dependent and partially independent, or they may be totally 
independent}. 

Practical Examples will follow below. 

In general, 

UniVariate Truth-Value # MultiVariate Truth-Value. 

Complete Independence of the neutrosophic components means that there are different (and 
independent) sources of information that provide estimations on each of T, I, and F respectively. 

This happens in our everyday life: an item (person, object, event, action, proposition, theory, 
etc.) is evaluated from many points of view (or many random variables). 


1.5 “According to the independence hypothesis, the event T= 1, F=1 and I= 1 is allowed in the 
NST and in this case, the constraint (6) is fulfilled. Suppose T, F and I are the degrees of truth, 
false and indeterminacy, respectively (this is the notation used in the NST). Thus, if we deal with 
a complete truth (T= 1), then in compliance with the formal logic and common sense, the measure 
of false is 0 (F = 0) without any indeterminacy (I= 0).” 


{We used the notations T, I, F because they are more descriptive for the Truth, Indeterminacy 
(or Neutrality), and Falsehood respectively, instead of the Greek letters {,7,V that are not 
descriptive and were used in their paper [1].} 

Here it is their confusion, these authors consider only the UniVariate Truth-Value of a 
proposition. 

As we showed before, from a point of view a proposition may be true, from other point of view 
it may be false, or may be neutral (or indeterminate). 

When these authors talk about “common sense” they are automatically / stereotypically 
referring to a single source of information that provides information about all three neutrosophic 


components of a proposition (therefore the components are all totally dependent). When a single 
source provides information about an event, it knows and adjusts the sum of the components to be 1. 
See the below practical examples. 


1.6 “It is interesting that the events T= 1, F=1, 1=1 and T=0, F=0, I =0 are interpreted in [9] asa 
paradox, and its definition is treated as a merit of the NST. In our opinion, generally, it seems to 
be more reliable to use theories, which have no paradoxes” (p. 4). 


We agree to these authors with the fact that the theories that have paradoxes are not reliable, 
but the Neutrosophic Logic was not designed for the theories with paradoxes. 

We only proved that a proposition (not theory) P, which is a paradox (totally true and false in 
the same time, and totally uncertain as well), can be represented in the Neutrosophic Logic as P(1, 1, 
1), while in other classical or fuzzy and fuzzy extension set, logic or probability theories the 
proposition P cannot be represented, since the sum of the components is not allowed to be greater 
than 1. 


2. Practical Examples of Independent or Dependent Neutrosophic Components 


Let’s see several practical examples, as these authors have required: 


2.1 Practical Example 1 
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The following event E takes place: 

E = {There is a street protest in Minneapolis}. 

a. From the point of view of the Human Rights Activists the protest is positive, because 
people have the right to express their view, and consequently the CNN television station 
(reflecting the left politics) joys it. Let’s say T(positiveness) = 0.8. 

b. But, from the point view of the Police, the protest is negative, since the protesters are violent 
and destroy and burn houses and injure people; then the Fox News television station 
(reflecting the right politics) presents the negative side of the protests: violence, destruction, 
arson, chaos. Let’s say F(negativeness) = 0.9. 

c. Let’s consider an unbiased (neutral) Media that reports on the event. This is the neutral 
source, it evaluates the event in general as, for example, I(positiveness and negativeness) = 
0.4. 

As seen, T + I + F > 1, and the three neutrosophic components T, I, and F are totally 
independently assessed, since the Human Right Activists, the Police, and Media are three different 
and independent entities. 

The authors wrote: “Therefore, we can say, e.g., that the high degree of truth is obligatory 
accompanied by the low degrees of false and indeterminacy.” (p. 3). 

This is true ONLY for the UniVariate Truth-Value of the Classical and Fuzzy Logic. This is false 
for the MultiVariate Truth-Value of the Neutrosophic Logic as we previously proved with several 
elementary practical examples. 

To contradict these authors, let’s assume, in this practical example, that the Human Rights 
Activists reassess their evaluation of the event, and they reassign T(positiveness) = 0.7. But this has 
nothing to do with the Police or Media to reassess their evaluations of F(negativeness) and 
I(positiveness and negativeness) respectively. Since all three sources, and thus the T, I, F, are totally 
independent. If a neutrosophic component increases or decreases, it may have no effect on the other 
neutrosophic components. 

This is a TriVariate Truth-Value, since the event E is evaluated by three independent 
parameters (from three different points of view): Human Rights Activists, Police, and Media. 

As seen, it’s not fair to analyze something from only one point of view (from only one 
parameter). 

This is a TriVariate Truth-Value. 


2.2 Practical Example 2 


A murderer John Doe is being tried in the court of law for having committed a crime. There are 
three player parts in the court: 

the Persecutor team, which presents the suspect in a negative way, for example F(Doe) = 0.9; 

the Defense team, that presents the suspect in a positive way, for example T(Doe) = 0.4; 

and the Jury, that is neutral, where /(Doe) €[0,1]. 

Herein, the Persecutor and the Defense are totally independent sources (since they are 
opposite). Therefore, T and F are totally independent. 

But the Jury is dependent on the evidences provided by both the Persecutor and the Defense. 

Therefore, the neutrosophic component I is totally dependent on both T and F. 

Let’s assume I = 0 means not guilty, I= 1 means guilty, while / € (0,1) means a hung-jury (i.e. 
some jurors say he is guilty, while others say he is not guilty) or unable to reach a verdict. 

This is a TriVariate Truth-Value. 


2.3 Practical Example 3 that refutes their assertation 


Proposition: G = George is a good student. 
George is evaluated by three different independent professors. 
The math prof: George is excellent in mathematics and he gets only A’s. Hence T(G) = 1. 
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The sport prof: George is the worst athlete in the team since he cannot run, cannot play baseball. 
Hence F(G) = 1. 

The literature prof: I am totally uncertain about George’s ability to write a literary composition 
since he never turned in any of them. Hence I(G) = 1. 

Therefore we got G(1, 1, 1). 

This is a TriVariate Truth-Value. 


2.4 Example 4 that refutes their assertation 


A paradox is a proposition that is true and false at the same time (hence T = F = 1), and 
completely unclear/indeterminate (hence I = 1). 


2.5 Example 5 from mathematics that refutes their assertation 


Assume the proposition M is “1 + 1= 10”. 

If the base of numeration is 2, then proposition M is true: T(M)=1. 

If the base of numeration is 10, the proposition M is false: F(M) = 1. 

This is a proposition that is totally true and totally false, without being a paradox. 

Herein one has a BiVariate Truth-Value (i.e. with respect to two parameters: Base 2, and 
respectively Base 10). 


If the base of numeration is unknown (let’s denote it by b), then the truth-value of M is also 


unknown (indeterminate): I(M) =1. 


Now one has a TriVariate Truth-Value (i.e. with respect to three parameters: Base 2, Base 5, 


and unknown Base J). 


2.6 Example 6 of independent and dependent neutrosophic components 


There will be a football match between Poland and Belarus. For each country there are three 
possibilities: to win, to draw, or to lose. Therefore, as in neutrosophic theories. 


a) Totally independent neutrosophic components 


Asking a Polish person what is Poland’s chance to win, he may say T(Poland) = 0.8. 

But a Belarusian person may say that Belarus will win, let’s say F(Poland) = 0.7. 

Another person, from another country (Romania), may answer that it is a chance of a tie game: 

I(Poland) = 0.4. 

It is supposed that the three sources, the Polish, Belarusian, and Romanian persons do not 
communicate nor know the evaluations of the others. They are totally independent and 
consequently are the components T, I, F. 

Herein there is a TriVariate Truth-Value. 


b) Totally Dependent Neutrosophic Components 


Let’s assume that a Polish mathematician evaluates all three possibilities of Poland. Being a 
mathematician, he knows that the sum of the component has to be 1, as in the classical and fuzzy set 
theories, logic, or probability. 

He then may say: T = 0.7, F=0.1, 1 =0.2. 

The neutrosophic components are totally dependent, since all three depend on a single source. 

Herein there is a UniVariate Truth-Value. 


c) Partially Dependent and Partially Independent Neutrosophic Components 
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Another situation. Assume that a scientist George has to evaluate both chances of Poland, to 
win or to lose. 

If he choses T = 0.6, for example, he knows that 0 < F< 1 — 0.6 =0.4. Suppose he takes F = 0.3. 

A second source Marcel has to evaluate the possibility of tie-game, without nothing anything 
about George’s. Let’s suppose that he says: I= 0.8. 

In this case, T and F are totally dependent of each other, while I is totally independent from both 
T and F. HereinO0<7+/+F <2. 

Herein there is a BiVariate Truth-Value. 


3. Neutrosophic Overset/Underset/Offset 


“Tn our opinion, the most daring theory was proposed in [*18]. This theory allows negative and 
greater than 1 values of membership degrees. There are some basic definitions introduced in [*18], 
but here, we analyze only the most general one: 

Definition 4. For T(x), I(x) and F(x) being the degrees of truth, indeterminacy and false, 
respectively, a Single-Valued Neutrosophic Offset A is defined as follows: 

A={(x, <T00, 100, FOd>), x. U}, 

such that there exist some elements in A that have at least one neutrosophic component that is > 
1, and at least another neutrosophic component that is < 0. 

For example: A = {(x1, <1.3, 0.3, 0.2>), (x2, <0.1, 0.4, -0.8>)}, since T(x1) = 1.3 > 1 and F(x2) =-0.8 < 
0.” (p. 6) 

{We took the liberty of updating the reference citation to be adjusted to our paper. Instead of 
[16] as in these authors’ reference, we wrote [*18]. See more papers on Neutrosophic 
Overset/Underset/Offset: [27-29].} 

These neutrosophic overset (degree > 1), neutrosophic underset (degree < 0), and neutrosophic 
offset (some degree > 1 and other degree < 0) were well understood by the prestigious Cornell 
University arXiv (New York City) mainstream Archives that approved our book: 

https://arxiv.org/ftp/arxiv/papers/1607/1607.00234.pdf 
and by the mainstream French Hal Archives as well: 

https://hal.archives-ouvertes.fr/hal-01340830 . 

These concepts were inspired from our real life [*18, 27, 28, 29]. 

The authors continue with the below citation from our book: 

“There is a crucial example in [*18], which clarifies the author’s reasoning that we critically 
analyze: “In a given company a full-time employer works 40 h per week. Let’s consider the last week 
period. Helen worked part-time, only 30 h, and the other 10 h she was absent without payment; 
hence, her membership degree was 30/40 = 0.75 < 1. 

John worked full-time, 40 h, so he had the membership degree 40/40 = 1, with respect to this 
company. But George worked overtime 5 h, so his membership degree was (40+5)/40 = 45/40 = 1.125 
> 1. Thus, we need to make distinction between employees who work overtime, and those who work 
full-time or part-time. That’s why we need to associate a degree of membership strictly greater than 
1 to the overtime workers.” (p. 6) 

The above was our practical example. 

The authors reject it: 

“The crucial drawback of this reasoning is the lack of the clear definition of fuzzy classes, which 
memberships are estimated. We can see here two distinct fuzzy classes: the class of employees 
working at least no more than 40 h a week and the class of employees that works more than 40 h. The 
first class is presented by the membership function rising from 0 to 1 in the interval [0, 40] of worked 
hours and equal to 0 if the sum of worked hours is greater than 40. The second class is defined by the 
membership function increasing from 0 to 1 in the interval of worked hours from 40 to Hmax, where 
Hmax is the maximal allowed by government (and trade unions) value of worked hours. We can see 
that such an obvious reasoning does not allow membership degrees greater than 1. The incorrect 
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reasoning of the author of [*18] is also based on the implicit mechanical conjunction of two different 
classes with not intersected supports. Of course, such a conjunction can be made, but the resulting 
fuzzy class and the corresponding membership function should have a new sense reflecting a 
synthetic nature of a new class. In the considered case, we can introduce the class of “hard working 
employees” with the membership function rising from 0 to 1 in the interval [0, Hmax].” 

There are people who invent theories and then try to squeeze the reality into them. 

But, we did the opposite, we started from the real-world problems (over-work, negative work) 
and tried to make the theories that model / approximate the reality as accurate as possible. Late on, 
we improved our models little by little. 

First, we do not work with fuzzy classes, but with a neutrosophic approach. 

Also, we see no reason to make two classes where the membership, in both of them, starts from 
0 and ends to 1. What about if one gets the same value, for example the membership degree T = 0.3 in 
both classes [or in the three classes, as they added one more similar class for the negative 
membership]? It’s a confusion. On the other hand, these two classes cannot catch the employees with 
negative membership (those who produce damages to the company, T < 0). 

These authors belong to the category of people that try to squeeze the reality (the membership 
degree of overtime workers which overpasses 1, or T > 1) to the narrow classical set theory, where 
the membership degree has to be T < 1. The classical set theory is not written in stone, so we may 
enlarge it if the reality requires it. 

When Zadeh founded in 1965 the Fuzzy Set and allowed the membership degree to be any 
number between 0 and 1 (not only 0 or 1 as in classical Set Theory) he was criticized at that time by 
several scientists (as he told me in 2003 at an international conference at the University of Berkeley, 
California, where we met). But he prevailed, because in the real world there exist many partial 
memberships. 

About the membership degrees that are outside of the interval [0, 1], it is normal that somebody 
who over-works (works overtime) to have an over-membership (i.e., membership degree above 1) to 
be distinguished from those who do not work overtime (whose membership degree is between 0 
and 1). 

Our example of negative employee who deserves a negative membership (T < 0), is cited by 
these authors: 

“Let us turn to the example: “Yet, Richard, who was also hired as a full-time, not only did not 
come to work last week at all (0 worked hours), but he produced, by accidentally starting a 
devastating fire, much damage to the company, which was estimated at a value half of his salary 
(i.e., as he would have gotten for working 20 h that week). Therefore, his membership degree has to 
be less that Jane’s (since Jane produced no damage). Whence, Richard’s degree of membership, with 
respect to this company, was -20/40 = -0.50 <0.” ” (p. 6) 

The authors continue: 

“As we are analyzing only the last week, we can see that Richard does not belong to any of the 
classes described above. It is a member of a practically unlimited class of those who do not work for 
a given company. We can significantly narrow this class by considering only those people who, by 
their actions or inaction, cause damage to the company (the most harmful are the top managers of 
competing firms). This way we can estimate the maximum damage Dmax (it does not matter in 
money or equivalent worked hours), which can be inflicted on the company by an external detractor. 
Thus, the class of external (nonworking for the company) people who bring company damages can 
be presented by the membership function varying from 0 to 1 in the interval of damages [0, Dmax]. 
There is no place for any negative membership degree.” 

These authors did not read/understand exactly: Richard is indeed a full-time employee, he 
works for the company, as we have written into our book: “Richard, who was also hired as a 
full-time” it is certainly an employee. The authors make a false statement for Richard as 
“nonworking for the company”. 
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Even so, it is not clear, why did they make a third class varying from 0 to 1 for the negative 
employees? As such, we’d like to return the ancient Occam’s wisdom back to themselves: “Entities 
should not be multiplied unnecessarily.” 

If you have a negative person in your group, for example, which creates only problems to the 
group, you cannot assign him a membership degree equals to zero (as for people that do neither 
positive nor negative things to the group), but you should assign him a negative membership 
degree. It is very logical this way. 

A negative employee (that who does only damages to the company) has to have a negative 
membership (i.e, membership degree below 0) in order to distinguish him from the positive 
employees (those whose membership degree is above 0). 

We see no reason to complicate the problem by creating three classes of membership degrees in 
order to avoid membership degree values greater than 1 or less than 0, instead of keeping a single 
class, but enlarging it to the left-hand side of 0 and respectively to the right-hand side of 1. 

Because neutrosophic set has 3 components, they would need 9 classes, not talking of the 
refined neutrosophic set, that may have any number 2 <n < ~ of refined neutrosophic components, 
therefore they would need 3n classes! Better they should think out of box (in this case the box is the 
interval [0, 1]). 


4. Applicability 


The authors wrote: “there is no need for such somewhat artificial and heuristic theories as the 
Neutrosophic, Pythagorean and Spherical sets and their derivatives” (p. 5). 

We disagree. The neutrosophic theories are not artificial, they started from our real-world 
practicability, where there are so many neutrosophic triplets (<A>, <neutA>, <antiA), where <A> is 
an item (concept, proposition, idea, etc.), formed by two opposites <A> and <antiA>, together with 
their neutrality (indeterminacy) <neutA>. 

For examples: (friend, neutral, enemy), (positive particle, neutral particle, negative particle), 
(masculine, transgender, feminine), (true, indeterminate, false), (win, tie-game, defeat), (yes, 
uncertain, no), (take a decision, pending, not taking a decision), etc. 

The neutrosophic theories have many applications [25] in various fields such as: Artificial 
Intelligence, Information Systems, Computer Science, Cybernetics, Theory Methods, Mathematical 
Algebraic Structures, Applied Mathematics, Automation, Control Systems, Big Data, Engineering, 
Electrical, Electronic, Philosophy, Social Science, Psychology, Biology, Genetics, Biomedical, 
Engineering, Medical Informatics, Operational Research, Management Science, Imaging Science, 
Photographic Technology, Instruments, Instrumentation, Physics, Chemistry, Optics, Economics, 
Mechanics, Neurosciences, Radiology Nuclear, Medicine, Medical Imaging, Interdisciplinary 
Applications, Multidisciplinary Sciences, etc. and there were published over 2,000 papers, books, 
conference presentations, MSc and PhD theses by researchers from 82 countries around the world. 

With respect to what the neutrosophic theories brought new, we invite these authors to read 
our 2019 paper, so we do not repeat the things [26], whose weblink is provided. 

Rather, these authors’ transformation/substitution of the Atanassov-Intuitionistic Fuzzy Set 
(A-IFS) into the Dempster-Shafer Theory (DST) framework is artificial, since their transformation is 
not quite equivalent with the A-IFS, while practically their transformation is useless because of the 
very large intervals they use that supposed to catch the solution. 


5. Publications 


They say that the “caution of editors and reviewers of solid old journals is not caused by their 
conservatism at all, but by the desire to see, in addition to formal definitions of these theories and 
numerous theorems, the solution of real methodological and practical problems” (p. 1). 
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In general, in any field of knowledge, when a Theory1 is generalized by the Theory2, the 
proponents of Theory] are reluctant to publish and even to admit Theory2, and the first reason is the 
rivalry between theories, the conservatism is only an excuse. But each theory has its flavor. 

The authors are less informed, since in the last years there have been books published by 
prestigious publishing houses such as Springer [19, 21], Elsevier [20], IGI Global [22-24] (we cite the 
last ones), etc. and many high rank journals by Springer, Elsevier, IOS Press, Tayler & Francis, MDPI, 
Hindawi, Emerald Publishing, IGI Global, World Academy of Science Engineering and 
Technology, IEEE, Wiley, etc. have published papers on the neutrosophic environment, such as: 
Complex & Intelligent Systems, Cognitive Computation, Artificial Intelligence Review, International 
Journal of Fuzzy Systems, Evolving Systems, Complex & Intelligent Systems, Soft Computing, 
Journal of Machine Learning & Cybernetics, Multiple-Valued Logic, Design Automation for 
Embedded Systems, Granular Computing, Neural Computing and Applications, Journal of Systems 
Architecture, Applied Soft Computing, Measurement, Symmetry, Mathematics, Information, 
Axioms, Entropy, Computational and Applied Mathematics, BMC Medical Research Methodology, 
International Journal of Aerospace and Mechanical, Cognitive Systems Research, Theoretical and 
Applied Climatology, Journal of Metrology Society of India, Journal of King Saud University — 
Science, Journal of Intelligent & Fuzzy Systems, IEEE Access, Expert Systems, etc. 

Further on, they will see in this paper many solutions using the neutrosophic theories to 
practical problems. 


6. Critics of the DST 


These authors [1] want to destroy the fuzzy extension theories just to promote the 
Dempster-Shafer Theory (DST) that they support, but from the beginning they are going on an 
uncertain way, since DST is a flawed theory which gives many counter-intuitive results [2-8; 
weblinks provided; download the papers and respond to the DST problems], as we'll show below. 

They assert that all fuzzy extension theories can be substituted by the DST, which is not true. 


6.1 The DST fails in the Zadeh’s Counter-Example 


Zadeh’s Counter-Example [2], as know by all fusion community, is the following: 

Two doctors examine a patient and agree that he suffers from either meningitis (M), contusion 
(C), or brain tumor (T). Thus © = {M, C, T} is the frame of discernment. Assume that the doctors 
agree in their low expectation of a tumor, but disagree in likely cause and provide the following 
diagnosis: 

mi(M) = 0.99, mi(T) = 0.01, and m2(C) = 0.99 m2(T) = 0.01, where mi(.) represents the diagnoses 
provided by the first doctor, while m2(.) the diagnoses by the second doctor. If we combine the two 
basic belief functions using the DST (first doing the conjunctive rule, then the Dempster’s rule of 
combination), one gets the unexpected conclusion: 

0.0001 - 
— 0.0099 — 0.0099 — 0.9801 
which means that the patient suffers with certainty from brain tumor, which is wrong. 
Zadeh [2] has clearly written down: “there is a serious flaw in Dempster's rule which restricts its 


a ae 


use in many applications”. 
Similarly, P. M. Williams questioned the validity of Dempster’s Rule [31]. 


6.2 The A-IFS gives a better solution to Zadeh’s Counter-Example than DST 


After criticizing Atanassov’s Intuitionistic Fuzzy Set (A-IFS), the authors proposed 
“redefining the A-IFS in the framework of the more general Dempster-Shafer theory of evidence 
(DST)” (p. 2). 

Okay, then let’s set and analyze the Zadeh’s Counter-Example in the frame of the A-IFS, and we 
show that A-IFS gives better result than DST. 
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Let: 

Di = {M(0.99, 0), C(O, 0), T(0.01, 0)}, 

D2 = {M(0, 0), C(0.99, 0), T(0.01, 0)}, 

where Di represents the diagnoses provided by the first doctor, i.e. 

M(0.99, 0) means that the degree of membership (truth) of the patient to have meningitis is 0.99, 
and the degree of nonmembership (falsehood) of the patient not to have meningitis is 0; 

And similarly for the other diseases. 

And where D2 represents the diagnoses provided by the second doctor. 

Let’s use the A-IFS min/max intersection operator (A ,_;;< ) for the two doctors’ diagnoses: 

Di Aas Dy = (0.99, 0) A 4 irs (0, 0),(0, 0) A 4 irs (0.99, 0),(0.01, 0) A, js (0-01, 0)} = 

{(min {0.99, 0}, max {0, 0} ), (min {0, 0.99}, max {0, 0}), (min {0.01, 0.01}, max {0, 0})} = 

{(0,0), (0,0), (0.01, 0)! = {44 (0,0), C(0, 0), 7(0.01,0)}. 

A-IFS shows that the chance of the patient of having tumor is 0.01, which is more realistic with 
respect to the chance of tumor of the patient, than DST’s. 

More counter-examples to the Dempster’s rule have been published in the literature [3-8]. 

After these failures of the DST, new theories have been proposed, such as TBM, DSmT [9], etc. 


and many quantitative and qualitative fusion rules [10-12] in order to overcome the Dempster’s rule 
counter-intuitive results. 


7. Conversion from A-IFS to DST 


The authors [1] propose the conversion from the framework of the A-IFS to the DST in the 
following way (pp. 7-8). 

Let U be a universe of discourse, and: 

Bars = 4(X,< T(x), F(x) >), T(x), F(x) €[0,1],0 < T(x) + F(x) <1,.xeU} be a non-empty subset of 
it, that is called an Atanassov-Intuitionistic Fuzzy Set (A-IFS). 

Let’s x(T(x),F(x)) be a generic element that belongs to B,,. , with 
T(x), F(x) €[0,1], 0 < T(x) + F(x) <1, whence the indeterminacy (hesitancy) is I(x) =1-T(x)—F(x) € [0,1]. 


From the fusion theory, and especially from Dempster-Shafer Theory, the Basic Believe 
Assignment (bba), denoted by m(.), is defined as: 


- DBs = 
m:2° [0,1] such that m() =0, where p is the empty-set, and Yo m(x)=1. 
And the Believe Function Bel and the Plausible Function Pl are defined as follows: 
Bel: 2°" [0,1], Bel(x)= > m(y) 


pye2PAtFs yor 
9 


PL:2°" [0,1 Pix)= > mi) 


pe2Palls yrxng 
Afterwards, they approximate the above B,_;,, to an interval-valued fuzzy set (IVFS), denoted 
AS Cys = {(x,[Bel(x), Pl(x))),x € 2°} = {(x,[T(x), T(x) +10); T 0), (x) €[0, 1], T(x) +1) <1 x € 27} which is 
notequalto B,_j-;. Their approach is similar to that of a Vague Set. 
The interval [Bel(x), Pl(x)]] BI(x) was called Believe Interval (BI). 
Mathematically, this is beautiful, but practically it is useless. When converting from an 
approach to another one, it is supposed to diminish the indeterminacy (hesitancy) and get better 


results. But, it is not the case. The higher is indeterminacy (I) the larger is the believe interval that 
suppose to catch the solution. 


As counter-examples, let’s consider the following A-IFS triplets (their components’ sums are 
equal to 1): 

(T, I, F) = (0.2, 0.5, 0.3) produces the BI = [0.2, 0.7]; 

(T, I, F) = (0.3, 0.6, 0.1) produces the BI = [0.3, 0.9]; 
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(T, I, F) = (0.2, 0.8, 0.0) produces the BI = [0.2, 1], etc. 

There are pretty large intervals to deal with, that make the result vaguer. To say that the 
solution lies inside of the interval, for example [0.2, 1], means almost nothing towards solving the 
problem whose solution is always between 0 and 1. 

Another drawback is the fact that computing with intervals is more complicated than 
computing with crisp numbers. 


8. Differences between A-IFS and NST 


“The conceptual difference between the NST and the A - IFS is the introduction of the 
hypothesis of complete independence of the components” (p. 3). 

By NST they meant Neutrosophic Set Theory. 

This is not the only difference, another big distinction is with respect to the construction of the 
neutrosophic operators (negation, intersection, union, implication, equivalence, etc.), since within 
the frame of neutrosophic environment the Indeterminacy (I) is getting full consideration and “I” is 
involved in the neutrosophic operators’ formulas, while in the A-IFS operators the indeterminacy 
(called hesitancy) is completely ignored and does not appear in none of their operators’ formulas. 

Even for the case when the sum of the neutrosophic components is equal to 1, as occurs for the 
A-IFS components, the results after applying the neutrosophic operators are different from those 
obtained by the A-IFS operators. 

A simple example is below, for the neutrosophic conjunction (A, >) vs. A-IFS conjunction 


(A 41s): 

Let’s denote by A, the fuzzy set t-norm, and by V,, the fuzzy set co-norm. 

Let (7,1,,F)and (7,,1,,r,) be two neutrosophic triplets, where 7,7,,F,,7,,/,,F, €[0,1], and there is 
no restriction on the sums of the two neutrosophic triplets. 


Then, the neutrosophic conjunction is: 
(TL.F) Ans Toto Fy) = (0 Aes Tool Vrs LaF Ves Ff) 


where we clearly see that the indeterminacy/hesitancy (I) is involved in the above formula on 
the right-hand side: 1, V p<, I,. 

But, for the A-IFS conjunction formula the indeterminacy/hesitancy is completely ignored, 
which makes the operator less accurate. If T+ <1, 7,+F,<1, and 7.+/,+F, =17,+/,+F, =1 


in order to comply with the A-IFS constrains, one gets: 
(LF) A srs Ty Fy) = (Ti Aes Ty FV es B) 


unfortunately, no indeterminacy/hesitancy (I) is involved into the formula. 

Even when the sum pf the neutrosophic components is 1, as in A-IFS, the results of the 
neutrosophic and respectively A-IFS operators are different. Let’s see this numerical example: 

(0.6,0.1,0.3) Ax. (0.5, 0.4, 0.1) = (min {0.6, 0.5}, max {0.1, 0.4}, max {0.3, 0. 1}) = (0.5, 0.4, 0.3) 

while 

(0.6,0.3) Ay is (0.5, 0.1) = (min {0.6, 0.5}, max {0.3,0.1}) = (0.5, 0.3) 

whence the indeterminacy/hesitancy = 1-0.5-0.3=0.2 #0.4. 

In this case these authors agree with us: 

“In the case of mutually dependent components, the main constraint O<7+/'+J/ <1 inthe 
NST seems to be more fruitful than that in the A - IFS (T+ F+ I=1). This was quickly discovered and 
the so-called Picture fuzzy sets theory (PFS) was proposed” (p. 4). 

Thanks to the indeterminacy (I), that plays an important role in the neutrosophic environment 
and in the real world that is full of indeterminate (vague, unclear, conflicting, incomplete, etc.) data, 
more fields were developed within the field of neutrosophy, such as: Neutrosophic Algebraic 
Structures (based on neutrosophic numbers of the form a + bI, where | = literal indeterminacy, and a, 
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b are real or complex numbers), Neutrosophic Statistics (using classical statistical procedures and 
inference methods but on indeterminate data), Neutrosophic Probability (chance of an event to 
occur, indeterminate-chance of the event to occurring or not, and chance of the event not to occur), 
etc. 

Therefore, there are many distinctions between the neutrosophic theories and the A-IFS. 


9. Conclusions (authors also should add some future directions points related to her/his research) 


Many practical applications have been given in this paper about the independence and 
dependence of the neutrosophic components in our every-day life. 

The misunderstanding of some authors, with respect to the partial and total independence of 
the neutrosophic components, is that in the framework of the neutrosophic theories we deal with a 
MultiVariate Truth-Value (truth upon many independent random variables) as in our real-life world, 
not with a UniVariate Truth-Value (truth upon only one random variable) as they believe. 

Similarly with respect to the degrees of memberships greater than 1 or less than 0, which are 
now mainstream subjects. The neutrosophic theories were inspired from the practical applications.. 
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